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1 Introduction and main result
In this article, we study the existence and multiplicity of positive solutions to the following
Schrédinger—Poisson system:

“Au-du=u’+2, ing2,
—A¢ =u?, in £, (1.1)
u=¢=0, on d52,

where £2 C R3 is a smooth bounded domain, 0 < ¥ <1, A > 0 is a real parameter. It is well
known that system (1.1) is related to the following system:

—Au+Vu+du=f(xu), inR3 12)
-A¢ =u?, in R3,
which was firstly introduced by Benci and Fortunato in [1]. It described the quantum me-
chanics models and semiconductor theory. We can learn more details about physical back-
ground from [2, 3] and the references therein. System (1.2) has been extensively studied,
focusing on the existence of positive solutions, multiplicity of solutions, ground state so-
lutions, sign-changing solutions, radial solutions, by using the variational methods and
critical point theory under various assumptions of potential V' and nonlocal term f, see
for example [4—17] and the references therein.
In addition, existence and multiplicity of the Schrédinger—Poisson problem in a bounded
domain has been paid attention to by many authors, we can see [18—24]. More precisely,
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Fan [21] considered the following system:

—Au+l(x)pu =fi|u|T u + g(x)u®, in £2,
—A¢ = l(x)u?, in £2,
u=¢=0, onds2,

where 2 ¢ R3 is a bounded domain with smooth boundary, 1 < g < 2, and the functions
I(x), fi, and g(x) satisfy some assumptions, the author proved multiple positive solutions
with the help of Nehari manifold and Ljusternik—Schnirelmann category theory.

Zhang in [22] considered the system involving singularity on bounded domain as fol-
lows:

-Au+nou=ru"?, inS2,

-A¢ = u?, in 2,

(1.3)
u>0, in £2,
u=¢=0, on d52.

For n =1 and A > 0, the author obtained the existence and uniqueness of positive solution
of system (1.3) by using variational method; for = —1 and A > 0 small enough, the author
also considered the existence and multiplicity of positive solutions via Nehari manifold.
For the case that replaced with concave-convex nonlinearities and critical growth terms of
system (1.3), the authors in [23] got two positive solutions by using the variational method
and the concentration-compactness principle when A is small enough.

Recently, Zheng [24] studied the following Schrédinger—Poisson system:

—Au—pu=u’+ruil, in £,
—-A¢ = u?, in £2,
u=¢=0, on 052,

where 2 < g < 6, A >0 is a parameter, the authors obtained one positive ground state solu-
tion with the mountain pass theorem and the concentration compactness principle.

As far as we know, there have been no works concerning the existence for system (1.1) up
to now. Motivated by the above papers, we study the Schrodinger—Poisson system involv-
ing critical and weak singular nonlinearities. Compared with the above mentioned papers,
our system has a special point, which makes it difficult to estimate the critical value level.
In order to overcome the difficulty, we shall give a special estimate so that two positive
solutions of the system can be found by applying the variational method.

Now, our main result is as follows:

Theorem 1.1 Assume thaty € (0, 1), then there exists A, > 0 such that, for any ) € (0, 1),

system (1.1) has at least two pairs of different positive solutions.

2 Preliminaries
In this section, we give the variational setting for system (1.1) and use the following nota-
tions:
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H{(£2) is the usual Sobolev space with the norm ||u|| = ([, [Vu«|* dx)"/?, and the norm
in L?(£2) is represented by |u|, = (fg |ul? dx)'’?. We denote by B, (respectively, B,) the
closed ball (respectively, the sphere) of center zero and radius r. u}; (x) = max{u,, 0}, u;, (x) =
max{-u,,0}. C1, Cy, Cs,... denote various positive constants, which may vary from line to
line. S is the best Sobolev constant, namely

Vul?dx
s it Je!Vd

e (2.1)
ueHg (2N} ([, |ul® dx)3

By using the Lax—Milgram theorem, for each u € H}(£2), there exists a unique solution
¢, which satisfies the second equation of system (1.1). We substitute ¢, to the first equa-
tion of system (1.1), we can rewrite system (1.1) as follows:

—“Au—pu=u®+iu’, inf$2,

u=0, ondS52.

(2.2)

Now we define the energy functional I, on u € H}(£2) by
+\6 A +\1-v
L(u) = —||u|| - ¢>u dx—— (u*) dx——— [ (u*) " dx.
2 1-yJe

If a function u € H}(£2) satisfies

/g(Vu,Vv)dx—/Q%(u*)vdx—‘/Q(u*)svdx—)nfg(u*)_yvdxzo

for v € H}(£2), then we say u is a weak solution of (2.2) and (u, ¢,) is a pair solution of
system (1.1).

Because of the singular nonlinearity z~7, the functional I; on H}(£2) is not differentiable.
Therefore, we cannot apply directly the usual critical point theory to solve this problem.
However, we can find two positive solutions by an approximation approach. That is, for
a > 0, we consider the following perturbation problem:

—Au—pu= W)+ m, in £, 23)
u=0, on d452.

The solution of problem (2.3) corresponds to critical point of the C*-functional on H} (2)
by

bt ——||u||2——/¢u Vet [ (@) ds
2

- m (u +a)1_y 17 dx. (2.4)

Moreover, if a function u € H}($2), and for v € H}(£2), then (u,¢,) is a pair solution of
problem (2.3) satisfying

+ Y v
/;Z(Vu,Vv)dx—/Qqﬁu(u )vdx—/ﬂ(u ) de—k/gmdxzo.
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3 Existence of positive solution for problem (2.3)

Before proving Theorem 1.1, we recall the following lemma (see [1, 22]).

Lemma 3.1 For every u € H}(82), there exists a unique solution ¢, € H}($2) of

-Ap=u?, in$2,
¢ =0, on 452,
and
D) Npul® = [o pur® dx;
(2) ¢, > 0; moreover, ¢, >0 when u #0;
(3) Foreacht#0, ¢ = 2dy;

)
4) [odudx =[5 |Veul*dx < S7Hulj|21*? < SHultys < S ul*12);
(5) Assume that u, — u in Hy(2), then ¢y, — ¢, in Hy(2) and

/ Qu, UnVdx — / ouuvdx, Vve Hé(.Q);
I?) 7
(6) Set F(u) = [, puu®dx, then F(u) : Hy(2) — Hy(£2) is C* and
(F'(w),v) = 4/ ¢ uvdx, Yve Hy($2).
17

Lemma 3.2 There exist Ao, p > 0 such that, for every X € (0, Ao), we have

Lo(n) >« forue@ and I, ,(u) <0 forueB_p. (3.1)
Proof of Lemma 3.2 According to Holder’s inequality and (2.1), we have

f (u*)H’ dx 5/ lu|'" dx < |u|é’y|9|5+TV < |,{2|5+TVS’PT}/||M||1*V' (3.2)

7 2
Note the subadditivity of £!~7, namely

(u+ + a)l_y —al7 < (u+)1_y, Yu € Hy(2). (3.3)

It follows from (2.1), (3.2), and (3.3) that

1 A _
Do) = = ||2——/ $u(u*)’ dx ——/(u+)6dx-— (' +a) ™ — o' da
2 2 1-yJa
1 6 A n1-
= 5””” __/ ¢u dx__/‘;l(lxl ) dx—m Q(M ) 14
1 _
5” ul)® - | | aull* = =87 flull® —|9| 7Ty||bl||17y

1 2 1 1-
> ||u||1-y<§||u||“y - %S*W*V ~ oSl ~ 1—|9|Ty —>
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Set g(t) = 3617 - “Z—‘S‘gtg"y — 18736°* for £ > 0, then there exists a positive constant

33+ ¥)|2] + /93 + y)2[2]2 + 48(5 + 6y + y2)S3 2 0
= >
p 45+ y)

1y
such that max;.g(t) = g(p) > 0. Letting A¢ = % (p), it follows that there exists a
21216
constant « > 0 such that I, ,(u)|s, > « for every A € (0, Ao).

Especially, we define a function f(x) = x177, x € £, by using the Lagrange mean value

theorem, there exists & > 0 such that
(' +a) ™ —a' = f (e
here & € (o, u* + ). For every u € B,, u* #0, we have

L o (tu A 1 _
lim e ) —— lim / (tu + oz)1 Y _ a7 dx
t—0* t 1 -y t=0tt Jgo

= —A/ E7tut dx
2

< 0.

For ¢ small enough, we have I, ,(tu) < 0. Hence, there exists # small enough such that
I, (1) < 0. Therefore, we deduce that

d=:inf I, ,(u) < inf [ 4(u).

u€B, u€dB,
The proof is complete. d

2
Lemma3.3 LetO<a <1, if{un} CHl(.Q) is a (PS), sequence for I , with ¢ < 15% —-DAT+
where D = 1”’ (3”’ |£2] 76 &3 S‘T) Ty , then there exists ug € Hy($2) such that u, — uq in
Hl(.Q)amde undx—> [ouSd

Proof of Lemma 3.3 Let {u,} C H}($2) be such that
IA,a(un) ) I;L,a(un) — 0. (34)

Now, we claim that {u,} is bounded in H}(£2). Otherwise, we assume that ||u,| — oo, as
n — oo. It follows from (3.2), (3.3), and (3.4) that

1
T+c+oM)unll = Da(un) - Zm:"‘(u”)’ Mn>
1 1 6 A - _
leun||2+5/9(u*) dx—m Q[(u;+ot) Vot ”]dx
1 A 1-
= lwall® e () " dx

1 .
1||un||2——|9|”5‘*H e

Page 5 of 15
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Since 0 < y < 1, the last inequality above is impossible, which implies that {,} is bounded
in H}(£2). So there exists T € L'(£2) for all # such that |u,(x)| < t(x) a.e. in £2. And there
exists a subsequence, still denoted by {u,}. We assume that there exists w1, € H&(.Q) such
that

u, — ug, weakly in H}(2),
u, — ug, stronglyin L?(2) (1 <p<6), (3.5)

u,(x) = uo(x), a.e.in £2.

Note the given condition « > 0, we can easily get —“l_ < 1“0l Then, by the dominated

(ug+a)y — ¥
convergence theorem and (3.5), we have
lim [ () +a) uodx = / (ug +a) " uo dx. (3.6)
H—0Q Q 0

Moreover, we have | —*.-.| < -*, by the dominated convergence theorem, we also have
(g, +o0)Y aY

lim (u; + a)_y Uy, dx = / (u{; + ot)_yuo dx. (3.7)

n—00 Q Q

Now, set w,, = u,, — ug, then ||w, || — 0as n — oco. Otherwise, there exists a subsequence,
still denoted by w,,, such that

lim ||w,| =1>0.
n—0o0

Note that lim,,, o (I} , (), o) = 0 and (3.6), we deduce

||u0||2—f qbuo(ua)de—/ (ug)6dx—,\/ (uf + o) " ugdx = 0. (3.8)
Q R3 Q

Using the Brézis—Lieb lemma [25], we have

leall® = lwall® + lluoll* + o(1),

(3.9)
Jo@)edx = [, (w})Sdx + [, () dx + o(1).

It follows from (3.4), (3.7), and (3.9) that
0o(1) = [wull* + lluo|* - / Puo () dx
I?)
- / (w;)de - / (u(’;)édx - A/ (ug + ) o dx. (3.10)
I?) 7] Q

Therefore, (3.8) and (3.10) lead to
ol = [ (07)° = o0, (3.11)
2

Since also [, (w})® dx < [, |wy|® dx, then, according to (2.1), (3.11) implies that

NI

2> S2,
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From (3.2) and using the Young inequality, we have

1 1 1
Lo (uo) = §||M0||2— E/ﬂd’,lo(u(*))zdx— g/;lugdx

A 1-y 1-
- [(u++a) -« V]dx
1-y Jo 0
1,1 ) 1/ A —
> —|lupll” = = u ) dx—= | uldx—- —— u’ dx
= gl = 5 [ ()= [ wbae- 2= [ (@)
1 1 1 1 _
=—||uo||2+—fuodx M—— - f(us)”dx
4 12 Jo 1-y 4 Q
> Dol = a( 2 1) 120 s o
=4 1-y 4
E—D)\,h'y,

where D = (11+ (3”’ |.Q| S—*) Tiy . Combining (3.10) with (3.11), we also have

1 1
Do (tt0) = Dy (tt) — S w2 + = / 1€ dx + o(1)
2 6/,

1
=c- §||wn||2+o(1)

It is obvious that the above two inequalities are impossibility. Thus, we get / = 0, which
yields u, — uo in H}(£2). By (3.11), we get

05/ufldx—/ugdx=/ngx+0(1)=||wn||2—>0
2 2 2

which implies that [, u§dx — [, u§ dx as n — 0o. The proof is complete. 0

Note that 0 < @ < 1, we can get

La(u) = %HMHZ——/ bu(u dx——/ (u+)6dx—% (" +a) ™ — a7 dx
2 -v /e

1 1 A - A
< —u)?- /(u*)6dx—— (u++oz)1 Vdx + /al‘ydx
—2 6Ja 1-yJe 1-yJe

1 L[ e, & iy A
<= g [ - [ @) e

|£2]. (3.12)
14
Now, we define a new functional J; () : H} (£2) — R as follows:

_1 2_1 +\6 _ A +\1-v
Jo(u) = 2||u|| 6/;2(u) dx R Q(u) dx. (3.13)
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Consequently, we consider the following problem:

5

A .
-Au=u + 5 in £2,

u=0, on £2.

(3.14)

And we find that the weak solutions of problem (3.14) correspond to the critical points of

the functional J;.

Remark 3.4 There exists p, Ag > 0 (given by Lemma 3.2 such that problem (3.14) has a
positive solution v, € B_p with J; (vg) < 0 and ])\I@ > 0 for every X € (0, Ag). In fact, from
(3.13), we have

1 ) 1 +\6 A 1-y
u) = —llul*-- | (u*) de— —— | (4"
1) = Sl [ (@)= = [ )
1 1 A 5+y _1-y _
> lul? - =S )l — ——|82) 78§~ flu)
2 6 1-y
1 1 A N _
>l Sl - 283 a5 - L2 s ).
2 6 1-y

By Lemma 3.2, when ||«|| = p, we have

lphy_ﬂs—?)p?wy_ls—SpSW_ A |‘Q|5+TVS—T>0

2 4 6 1-y

for every A € (0, Ap). Then we deduce that J;, |E >0 for A € (0, Ag). Similar to Lemma 3.2,
we get vo € B, and J,(v) < O for every A € (0, Ap). Moreover, there exist two constants
m, M > 0 such that m < vo(x) < M.

As usual, we consider the following function:

1
(B
=—,
(&2 + [x]%)2
where ¢ is a positive constant. Moreover, we know that U, is a positive solution of problem
3
—Au = |ul*uin R? and [, |VU,|*dx = [, |U,|® + S2. Let { be a smooth cut-off function

¢ € C3°(£2) such that 0 < ¢(x) < 1in £2. £(x) = 1 near x = 0 and it is radially symmetric.
Set v¢(x) = ¢ (x)U(x). Then we have the following.

Lemma 3.5 Assume 0 <y < 1, there holds

—_

2
supl o (vo + tve) < =83 —DAT, (3.15)
>0 3

Proof of Lemma 3.5 From [26], one has

/ |va|2dx:5% + O(e), /‘vg(x)’6dx:S% +O(83).
I?) 2
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It is well known that the following inequality
(a+b)°>ab+b°+6a°b + 6ab®

holds true for each a,b > 0. With no loss of generality, for 4 > m and b > 0, we can get
that

(a+b)"" —a'7 >0.
Since vy is a positive solution of problem (3.14), then there holds

L.(vo + tv)

1 1 A
:—||v0+tv€||2——/(v0+tvg)6dx——/ (vo + tve)' " dx
2 6 /o 1-v Jgo

£ )
=5 (vo) + E”Vs” +t

1
[(VVO,VVS) VOVE — AV, vg] dx — 5/ [|V0 + 1, [°
2

2

A _ -
-5 — vty | dx — =y / [Ivo + tve " — vy 7 = (1 = y)vy tu, | dx
-7 Ja

£ )
SI)»(VO)-"E”VS” +t

_ 1
[(Vvo, Vve) = vive — Avy" v ] d _8/ [Ivo + tv|°
I7)

2

-5 - 6V0tvg]dx+kf(zvaytv5dx

2
§||V8||2——/ [ve|®dx — ¢° / Volvel dx+)»/ Vo tve dx
Q

2
E||Vs||2——/ [ve|® dox — mt / [Vel® dx + M~ ykt/ Ve dx.

Let

t6
h(t) = —||v5||2—€/ |v8|6dx—mt5/ |v8|5dx+M"VAt/ Ve dx.
2 2

2

Similar to paper [27], we can find that there exist £, and positive constants ¢, £, (indepen-
dent of ¢, 1) such that sup,. , 4(t) = h(t;) and

O<t1 <t <t,<oo.
Indeed, since lim;_,¢ 4(t) = 0, lim;_, .o, A1(t) = —00, there exists £, such that

h(t;) =suph(¢), and W (t)|s=, = 0.

t>0
Note that [, [v:(x)|* dx = Cie? and Jo ve(x)| dx = Cre7, one has

supJx(vo + tve) < suph(t) = h(t.)

t>0 t>0

<sup{—||u8||2——/ 78 dx} mt1/ [ve|® dx
=0
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+ M_V)»tZ/ Ve dx
2

tz 2 t6 6 1 1
< sup E”Mg” —g Q|u3| dx —C382+)\.C482

t° 3 £° 3 1 1
<supy =S2 — =82 + Cse — C362 + LCye2
0| 2 6
1 s 1 1
5552 + Cs5e — C382 + ACye2.

From (3.12), we get the following estimate:

A
suply o (Vo + tve) < sup/,(vo + tve) + |£2]
>0 >0 1-y
1 3 1 1
< §S2 + Cse — C382 + ACye2 + Cgh
1 1
< §S2 + Cse + CoA — C3e2,

2
Let ¢ = AT+7, and for % > 1, there holds

2 1
C58 + C7)u - C38% = CS)\.W + C7)L—C3)»W

2 y-1 -1
S ATy (Cg)\, T+y — CS)\' T+y )

2 Cg Cg
(GG
)\_W )\’1+y

1y 1
As 0 <y <1, we have t—]’j < ﬁ Moreover, we get that AT > AT for every A € (0,1).

Consequently, there exists A; > 0 such that A < Aj, then it is shown that

<

& S _ )
Ly 1=
ATV AT

Thereby, from the above inequality, we conclude that

1 s 2
sup [ o (vo + tve) < §S2 — DAT7,
£20

Hence, (3.15) holds true for A < min{Ag, A1}. The proof is complete. O

Theorem 3.6 Assume0<a <1,0<y <1, there exists L, >0 such that 0 < A < A, problem
(2.3) has at least a positive solution v, € H}($2) satisfying I o (vy) > 0.

Proof of Theorem 3.6 Let A, = min{Ag, A1}, then Lemmas 3.3 and 3.5 hold for 0 < X < A,.
As a matter of fact, according to Remark 3.4, we have I, ,(0) = 0, [ 4 (vo) < 0 and [, 4 |E > 0.
By Lemma 3.5, we can choose Tj > 0 large enough so that I, , (vo + Tov,) < 0. Consequently,
I, 4 satisfies the geometry of the mountain pass lemma [28]. Applying the mountain pass
lemma, there exists a sequence {v,} C H} such that

Lo(y) = ¢>0 and I (v,) >0, asn— oo, (3.16)
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where

¢ = inf max I; t
yel tel0,1] A,a(y( ))

and
I =1y eC([0,1],Hy) : ¥ (0) = ug, ¥ (1) = vo + Tove }.

Moreover, by Lemmas 3.2 and 3.5, we get

1 2
O<k<c< m[ax]l,\,a(vo + Tove) <suplyo(vo + Tove) < §S% — DAT+7 (3.17)
te[0,1 t>0

According to Lemma 3.3, we know that {v,} C H}(£2) has a convergent subsequence, still
denoted by {v,.}, we may assume that v, — v, in H}(£2) as n — oo. Hence, from (3.16) and
(3.17) we have

La(Ve) = lim [ 4 (v,) = ¢ >k >0, (3.18)

n—00

which implies v, 0. Furthermore, from the continuity of I; ,, we find that v, is a solution
of problem (2.3), namely

/(Vva,Vgo)dx—/ ¢M(V;)¢dx—/ (V;)Sgodx—k/ de:O
o) 2 o) 2

(vt +a)r

for all ¢ € H}($2). Taking the test function ¢ = v, we have

ke [ ednzo
2

v+ o)y

we infer that v, = 0. Then we deduce that v, > 0 and v, # 0. Hence, by the strong maxi-
mum principle, we obtain v, > 0 in £2 and v, is a positive solution of problem (2.3). The
proof is complete. d

Theorem 3.7 Assume0<a <1,0<y <1, there exists L, > 0 such that 0 < A < A, problem
(2.3) has at least a positive solution v, € H}(82) satisfying I o (vy) > 0.

Proof of Theorem 3.7 From Lemma 3.2, by applying Ekeland’s variational principle in B,,,
there exists a minimizing sequence {u,} C B_p such that

1
Ik,a(un) S iri])n,a(u) + =

1 _
) LooW) = Lo(uy) — =1lv—uull, veB,.
u€By n n

Therefore,
Lo (u,) >0 and ILo(u,) — d.

Since {u,} is bounded and B, is a closed convex set, there exist u, € B, C H}(£2) and a
subsequence still denoted by {u,,} such that u, — u; in H}(£2) as n — oo.
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Note that [; 4(|uy|) = L4 (1), by Lemma 3.3, we can obtain u, — u, in H}(£2) and
d =1im,_ o I 4 (y) = I 4 (ts) < 0, which suggests that u; > 0 and u, # 0. Similar to The-
orem 3.6, we obtain u#, >0 in £2, then u, is a solution of problem (2.3) with I , (¢,) < O.

The proof is complete. O
4 Existence of positive solutions for system (1.1)

Proof of Theorem 1.1 Now, we need to prove that system (1.1) has two positive solutions.
Let {v,} be a family of positive solutions of problem (2.3), one has

||Va||—f qb‘,av dx — fv dx—k/(va+a)’yvadx=0. (4.1)
fo)

Hence, it follows from (2.1), (3.2), and (4.1) that

1 3 L 1
§57—D A TH IAa(Va) <Aa(V0!) VO‘)
- e g [ aned [ Mg
4 12 « 4 Jove+a
A 1-y 1-y
-1 [(ve + @) o' dx
-vJe
1 1 A -
z—||va||2+—/ v dx - (vi)' " dx
4 12 Q 1_)/ 2
1 1 o
_;||a||2+ﬁ/vdx_—|9| S Il
17

Obviously, {v,} is bounded in H}(£2) for 0 < y < 1. Going if necessary to a subsequence,
also denoted by {v,}, there exists {v,} € H}(§2) such that

Ve — Vi, weakly in H}(£2),
Vg = Vi, stronglyin LP(22) (1 <p<6), (4.2)

Ve (%) = v.(x), a.e. in £2.

Next, we prove that (v, ¢,,) is a pair solution of system (1.1). Notice that {v,} satisfies
problem (2.3), with an easy computation, we get that

—Avy > v5

A . A
+———>minq1l,— ¢,
(Ve + @)Y { 2v }
it follows that —Av, > min{1, % 57 }. We denote by e the positive solution of

-Au=1, in§$2,
u=0, on 0f2.

Hence, we get that e > 0 by using the strong maximum principle. For every §2o CC §2,
there exists ey > 0 such that e|, > ¢; therefore, by comparison principle, we get

! { A}
Vg > ming 1, — te.
2
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In particular, from e|o, > e > 0, we deduce that
. A
Volo, = ming 1, % ep > 0.

Now, we shall prove that v, — v, as « — 0. It is similar to [29], for ang ¢ € H}(£2), we

have
/(Vv*,Vgp)dx—/ qﬁv*v*(pdx—/ viwdx—k/ v, odx=0. (4.3)
o) o) o) fo)

Then, take a test function ¢ = v, in (4.3), there holds

||V*||2—f qﬁv*vidx—/ vidx—)»/ vV dx = 0. (4.4)
2 2 2
Without loss of generality, set wy = vy — vy, then ||[wy|| — 0 as &« — 0. Otherwise, there

exists a subsequence (still denoted by w,) such that lim,_,¢ [|w,| = > 0. Notice the given

condition o > 0, we obtain 0 < (Vai—“y < vgfy, by the Holder inequality and subadditivity,

)
from (4.2), we have

v,
/ 7‘1(1965/ val_VS/ |wa|1_ydx+/ v dx
2 e +a)y 2 2 2
1+
<iwali 121+ [ 01 ds
Q
5/ vV dx + o(1).
17
Similarly,
v
/V*l_yde/ —2 _dx+o(l).
2 2 Vg +a)Y
Hence, one has
v
lim | —% dx :/ v\ dax.
7]

@20 Jo (ve + )7

Using the Brézis—Lieb lemma and by (I}, (v,), Vo) = 0, there holds
Iwe ll? + Vil - / by, (Vi)  dx — / wl dx — / Vodx - Af v dx = o(1). (4.5)
2] I?) 2 2]
It follows from (4.4) and (4.5) that
[l we | —/ wS dx = o(1). (4.6)
2

Then (2.1) and (4.6) imply that

NI

P>s3. (4.7)
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From (3.2), (4.4) and using the Young inequality, we have

IA(V*) =

where D =

1 1 1 A
—||v*||2——/ ¢V*védx——/ Vidx——f v dx
2 4Je 6Je 1-yJa

1 1 1 1
—||v*||2+—/vidx—k —_— - /vi’ydx

1 1 1 54 1-
Sl A —— =2 )11 ST |
1-y 4

5+y

— 2
Lty (BJ'T"|.Q|TS’ITy)W. Moreover, from (3.15), (4.7), and the Brézis—Lieb

4(1-y)
lemma, one has

1 1
L(v,) < Ik,a(va) - _||Wa||2 + _/ |Wot|6dx
2 6 Jo

2 2 1 )
§3 = DA77 — S wi

W= Wl

S3 —DATT - %s%

_DAT7

It is obvious that the above inequalities are impossibility. Thus, we get / = 0, which yields

Vo — Vs in H)(£2) as o — 0.

In addition, we claim that [, , is uniformly bounded. In fact, define a function f(¢)

—(u+1t)7 + 177, we easily get f/(¢) < 0 for ¢ > 0. Obviously, f(¢) is decreasing for 0 < ¢ < 1.
It follows that

D1 (u) < Do (1) < I 0(u)

for u € H}(£2). So the claim is true. Therefore, by (3.18), we have I, (v,) = limy_o L 4 Ve

c>0.

Similarly, by Theorem 3.7, there exists u, € H}(£2) such that u, — u, and I, ()

limgy 5, o (e) = d < 0.

Therefore, u,, v, are two different positive solutions of problem (2.2). And (u, ¢, ),

(v« ¢v,) are two pairs of different positive solutions of system (1.1). This completes the
proof of Theorem 1.1. d
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