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1 Introduction and main results
In this paper, we discuss the following quasilinear elliptic problem with critical Sobolev

exponent and critical Hardy—Sobolev exponent:

—Apu + MulP~y = Q(x)|u|1’*‘2u+P(x)%, xef, w1

|VulP=22% = 0, x € 322\{0},

where £2 C RN is a bounded domain with 32 € C2,0 € 342, Apu = div(|VulP~2Vu) is the
p-Laplace operator, 1 < p < N, p* = NN—i, pr() = ”E\IN—_;) (0 <t < p) is the so-called critical
Hardy—-Sobolev exponent, and v denotes the unit outward normal vector with respect
to 852, A € R is a parameter, the weight functions Q(x), P(x) are continuous on £2. Such
problems arise in the theory of quasiregular and quasiconformal mapping or in the study of
non-Newtonian fluids. In the latter case, the parameter p is a characteristic of the medium.
Media with p > 2 are called dilatant fluids and those with p < 2 are called pseudoplastics.
If p = 2, they are Newtonian fluids.

The study of semilinear elliptic problems with critical growth terms is one of hot spots
in partial differential equations. In the case of p = 2, problem (1.1) is transformed into the
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following semilinear elliptic problem:

_ 22 > Oy
—Au+ Ay = Qx)|ul* *u + P(x) wr o X€ 2, 1.2)

ou
5. =0, x € 92\{0}.
When functions Q(x) = 1, P(x) = 0, Comte and Knaap [1] established the existence of non-
trivial solution for problem (1.2) by variational method, while Adimurthi et al. [2] proved
the existence of a nonradial positive solution. Chabrowski and Willem [3] obtained the
existence of least energy solutions by solving minimization problem corresponding to

Vul? + au?)dx
S, = inf Jo IV ) >
ueH!(2),[g Q@I dx70 ([ Q(x)|u|*" dx) >

if the coefficient Q(x) is nonnegative and Holder continuous. Subsequently, Chabrowski
[4] proved the existence of at least two solutions to (1.2) by the mountain pass principle if
one of the weight functions changes sign. In the paper [5], the authors studied the following
semilinear elliptic problem with Hardy—Sobolev exponent:

—Au—uﬁ = mu +f(x,u), xe€82,

, it (1.3)
%+ a(x)u=0, x €082,

they obtained the existence of positive solutions by the mountain pass lemma without
(PS)-condition and the strong maximum principle. Other related results on the semilinear
elliptic problems can be seen in [6—12] and the references therein.

As for the quasilinear elliptic problems with critical Sobolev or Hardy—Sobolev expo-
nents, the existence and multiplicity of solutions have also been studied extensively. Abreu
et al. [13] studied the following the nonhomogeneous Neumann boundary problem:

~Apu+d 7 =ul, xe,
u>0, xe 2, (1.4)
|Vulp=234 = o, x €982,

where p—1<g<p*-1,¢0 € C¥R),0<a<1,¢z0. They proved that there exists a
A* > 0 such that problem (1.4) has at least two positive solutions if A > A*, has at least
one positive solution if A = A*, and has no positive solution if A < A* relying on the lower
and upper solutions method and variational approach. Subsequently, Deng and Jin [14]
also obtained the existence of solutions to problem (1.4) if u7 is replaced by %, where
p-1<q=<p*(t)-1,0<t<p-1.Liand Xia [15] studied the existence of multiple so-
lutions for quasilinear Neumann problem with critical Sobolev exponent. With regard to
the multiple critical exponents, Filippucci et al. [16] investigated the quasilinear elliptic
problem involving multiple critical terms on the whole space and obtained the existence
of positive solutions by using the existence of extremals of some Hardy—Sobolev type em-
bedding. Li et al. [17] showed the existence and multiplicity of solutions to the quasilin-
ear elliptic equations with Dirichlet boundary conditions and combined critical Hardy—
Sobolev terms on bounded smooth domains by employing Ekeland’s variational principle.
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Bhakta [18] studied the existence and multiplicity of sign-changing solutions to Dirich-
let problem for semilinear elliptic equation involving critical Sobolev and Hardy—Sobolev
exponents. For more relevant information as regards the corresponding problems, the in-
terested reader may refer to [19-26].

However, as far as we know, there are few results of the Neumann boundary condition
for quasilinear elliptic equations with the critical Sobolev exponent and critical Hardy—
Sobolev exponent. Motivated by the results of the above-mentioned papers, in this paper
we aim to show the existence of nontrivial nonnegative solution to problem (1.1) by the
variational method. The special features of this problem are the following. Firstly, due
to the lack of compactness of the embedding of W1*(£2) — IP'(2) and WP(Q) —

(82, |x|~*), we cannot use the standard variational argument directly. In order to over-
come this difficulty and obtain the existence of solutions, we have to add restrictions on the
weight functions Q(x) and P(x) to prove that the corresponding functional of problem (1.1)
satisfies the (PS).-condition in a suitable range by the Lions concentration-compactness
principle. Secondly, when A < 0, the weight function P(x) is allowed to change sign and the
space W?(£2) is not suitable for our problem. In order to obtain the existence of solution,
we have to introduce a suitable space. This result is an extension of a work by Li and Xia
[15].

Throughout this paper, we define QM = max,ese Q(x), Qu = max,.5Qx), Qu =
min, 5 Q(x), Pyr = max, . P(x), the main results of this paper are the following theorems.

Theorem 1.1 Suppose that A > 0, and the coefficients Q(x), P(x) are positive continuous on

2. Then there exists a constant \* > 0 such that Problem (1.1) has at least one nontrivial

nonnegative solution for 0 < . < A*, where

T — {Ni’z f,(/ Q) dx)T,

(p(N t))’”f _< P(x) )N}
Tl
C*:mm{ - s» (p- t)S;; ’ SFP SFN_,,}'
N2 Q7 0) pN -2 F P (0) Ng 2NQY T

Theorem 1.2 Suppose that 1 > 0, the functions Q(x), P(x) are positive continuous functions
Z

N
on 2, Qu < 28 M, Q(0) < 255 QM, P(0) < (L;”N[ )N*P.Ifthere exists y €
pIN-1)SP 2Pt
082 such that QM = Q(y) and |Q(y) — Q)| = o(|x — y|°) for x — y, where 1 < & < z%’ then

Problem (1.1) has at least one nontrivial nonnegative solution for each A > 0 and N > 2p—1.

Theorem 1.3 Suppose that ). <0, and the coefficients Q(x), P(x) satisfy the following con-
ditions:
(A1) Q(x) is a positive continuous function on §2;
(A2) P(x) is a continuous and changing sign function on $2, satisfying fo % dx <0.
Then there exists a constant u* > 0 such that Problem (1.1) has at least one nontrivial

nonnegative solution for all 0 < p < u*, where p = =X, and (* will be given in Sect. 4.
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The outline of this paper is as follows. In Sect. 2, we present some necessary preliminar-
ies. Section 3 is devoted to the proofs of Theorems 1.1 and 1.2. The proof of Theorem 1.3
is given in Sect. 4.

2 Preliminaries

1
Let W'?(£2) be the Sobolev space with norm ||u|| = (/o (IVul? +|ul?) dx)? , the best Sobolev
constant and the best Hardy—Sobolev constant are defined by

. |VulP dx . Vul? dx
S = inf fRN ., SH= in f fRN| | —,
DM(RN)\{o} (fRN |M|p* dx)IF Dlp )\ {0} f |u|P p*—(t)

where DY?(RN) = (Vu € LP(RN), u € L”* (RN)}. The constant S is achieved by the functional
u. given by

Np p_ PN
ue(x) = Cpe 7° (e + lx—y|PT) 7,

where the constant Cyy, is chosen such that —A,u, = |u.[?"~! in RN,
Next, we give the definition of the weak solution to Problem (1.1).

Definition 2.1 A function u € W?(£2) is said to be a weak solution of Problem (1.1) if it
satisfies

f|Vu|p’2VuV¢dx+A/ |u|P2ugp dx
fo) fo)

|u|p - 2u

T pdy, Ve WP(Q).

/ Q) g dx + / o

The corresponding nonnegative solutions of Problem (1.1) are equivalent to the critical
points of the energy functional

*(t)
]A(M)— /qu|pdx+_/ Iulpdx——/ Q(x)|u|1” doe — *(t)/ |1/l||p|t

In order to obtain the existence of solution to Problem (1.1), we need the following lem-

mas.

Lemma 2.1 ([13])
(1) For e >0 small enough and N > 2p — 1, we have

1
/|Vuglpdx:§/ |V [P dx — K () + o(e 71),
RN
/lus|p dx = / s P dox — Ky(e) +o(e Tl),

where Ki(g), Ky (€) satisfy

. 1 1 N_p i NN ﬁ /
glj}l(l)g p 1(1(8): EH@)ijlp(pj) /I;N_I(I‘F |Z|1’ 1) |Z|P T dz
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:I<l)
. _p-l 1 % LN 2
lime™ 7 Ky(e) = 5JLI(y)C{,p/RNJ(1+ |2/[PT) || de

=Ky,

where H(y) = N T Zl Lo (i=1,2,...,N — 1) are the principal curvatures of 92

aty.
()
O(sy), p <N <p?
/ lue P dx = { O(e Tp)|ln8| N =p?, (2.2)
¢ O(e?™Y), N> p?

Lemma 2.2 ([14] (Hardy—Sobolev inequality)) Assume that 1 < p < N and p*(t) = —p),
0 < t < p. Then there exists a constant C > 0 such that, for any u € W»($2),

0]

|u|p*(t) =5
/ T dng(/ (|Vu|1’+|u|1’)dx) . (2.3)
2 2

By Sobolev’s inequality, there exists a constant C; > 0 such that

/ lul?" dx < Cy||lul)?”  foru e W"(£2). (2.4)
2

Now, we prove that the energy functional /, () satisfies the geometry of mountain pass
lemma.

Lemma 2.3 Assume that coefficients Q(x), P(x) are positive continuous functions on £2,
then for each X > 0, we have

(i) there exist constants B, p > 0 such that J,(u) > B for ||u| =

(ii) there exists ug € WVYP(§2) such that ], (ug) < 0 and ||ugl| > p.

Proof (i) From (2.3) and (2.4), we know that

lulp*®

T (t) |x[*

J) = ;mm{l N —/ ' d

> — min{1, A}|ull? — = [lufl?" — = [P
p p*(t)
Since p < p*(£) < p*, then there exist constants p, § > 0 such that J;, (#) > g for u € 9B, =
{ue WH(82), |ul = p}.
(ii) Choosing u € W'?(£2) and u # 0, we have

14 " *
J(zu) = —/ (IVulpdx+)»|u|p)dx—p—*/ Q) |ul”” dx
2

O P) "

dx, 0.
0o we T
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Because of lim, _, , . /5 (Tu) = —00, there exists 7y > 0 such that ||ou| > p and J; (tou) < O.
Let ug = tou, then condition (ii) holds. The proof of Lemma 2.3 is completed. O

We define

I ={heC([0,1]), W"(22)|1n(0) = 0,h(1) = Tou = up}, c= inf sup J(h(7)).

hel” 10,1

Using Lemma 2.3 and the mountain pass lemma, there exists a (PS).-sequence {u,} C
WP (§2) such that J, (u,) — ¢, J;(4,) — 0 as n — co. Then we have the following lemma.

Lemma 2.4 Assume that A > 0, and the coefficients Q(x), P(x) are positive continuous
on Q. Then the energy functional J,(u) satisfies the (PS). condition for ¢ < c*, where

N N p t
_ sp SP SP (p-1)Sy;
¢* = min{—x=, Np»  Nip Np Nipor N )
NQ,f INQM™P~ N27P QP (0) p(N-1)2 Pt PP (0)

Proof Let {u,} C W(£2) be a (PS), sequence for J; (1) with ¢ < ¢*, firstly, we prove that
{u,} is bounded. Since J, (i) — ¢, J; (4,) — 0 as n — 00, we have

1 A 1 .
]A(un):_/ IVunlpdx+—/ Iunl”dx——/ Q) unl? dx
pvle r*Je

Iun [P
A0) / ||

=c+o(1), (2.5)

<aw»»m%:/|v%de+A/|m#ﬂx—/<XMWMfdx
22 2 2

u, |7 o
—fP(x)| "|t dx
Q |oc]

= o(1). (2.6)

Combining (2.5) with (2.6), it follows from the property of function Q(x) that

c+o(l) = i(u,) - J; (u), ”")

p(t )<
= (; p*l(t))/ (IVunl? dx + Aluy?)
Q“ )fqmmm

thus, we can get that {u,} is bounded in W1#(£2).
Next, we prove that {u,} is relatively compact in W'?(£2). Since {u,} is bounded in

WLP(£2), we know that there exists a subsequence, still denoted by {u,}, such that

u, — u weakly in W(£2),

Page 6 of 16
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u, —~u weaklyin 17 (),
u, —~u weaklyin e (Q, le_t),
u, — u strongly in LP(£2),
u, — u almost everywhere in £2.
By the Lions concentration-compactness principle [27], there exist at most countable set J,

aset of distinct points {x;};e; C £2\{0}, sets of nonnegative real numbers {14}jess {vj}jer and

nonnegative real numbers fo, Vo, Yo such that

Vil de = du = [Vl dx+ ) by, + jrodo,

jeJ
|uy, |p* dx — dv = |u|p* dx + X]: Vj8s; + Vodo, 2.7)
je
u, |P"® ulp* @
™ ey
x| x|

in the weak sense of measure, where §, is the Dirac mass at x, and the constants 1, vj, ¥
satisfying

”a*‘-,s

Sv/ <wj, wherex;€2,j€e],

S

27K <, wherex; €352,/ U{0}, (2.8)

_p=t *
27N Spyy © < .

Now, we prove u; = 0 and v; = 0, where j € /. In fact, we choose ¢ > 0 sufficiently small
such that 0 ¢ B, (x;) and B, (x;) N B.(x;) = @ for i #j, i,j € J. Let ¢%(x) be a smooth cut-off
function centered at x; such that

) ) 1, lx—x<5, .
0<¢lx) <1 forlx—uxi<s, ¢L(x) = and |V¢’s|§
0, lx—xil>¢,

YIS

Noting that

(5 (), @ ()
=/ |Vun|p¢{;(x)dx+/ |Vun|p_2VunV¢é(x)undx+k/ |u,,|1’¢{;(x)dx
7} Q Q2

. L0
- / Q) ) (x) dx - / P~ g ) d,
2 2

|x*

and by (2.7), we have that

lim lim / |V, P @ (x) dx > ),
2

e—>0n—00

e—>0n—00

lim lim / |V, [PV, Vel (x)u,, dx = 0,
2
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lim 11m / |un|p¢é(x)dx:0,

e—>0n

lim lim / Q)" 4 (x) dx = Q)

e>0n—00 [

|un|p*(t) )
lim lim [ P(x) ¢L(x)dx=0
e>0n—00 Jo |x|t
Thus,
= lim lim <],\(Mn u,,q&’ x)) > uj — Qxj)v;. (2.9)

e—>0n—

If v; # 0, by (2.8) and (2.9), we find that

SM
p
Vi > N , X € 2,
Q7 (x))
N
S
Vi > N Xj € 052.
2Q7 (x))
On the other hand,
/ Q(x)|u|p dx + |u|p dx
°N (N t)
p-t
+A—[ ,Xe/: Qlx))v; + NQ(O)UO N t)P(O)VO’ (2.10)
N N
this implies ¢ > Sf[,p orc> Sp N which is a contradiction. Hence, u; = v; = 0.
NQ,. INQM N

Next, we consider the possibility of concentration at the origin. Let £ > 0 be small enough
such that x; ¢ B,(0), j € J, choose a smooth cut-off function #?(x) such that

0<¢’(x) <1 for|x|<e, P(x) =

Similarly, we get 1o < Q(0)vo + P(0)yp. If o # 0, we have
£1=QOm or 5 =P,

using the above inequalities and combining (2.8) with (2.10), we can deduce that

N

1 Y
c> ﬁQ(O)Vo > Nwi
27 NQ 7 (0)
t t Sr
p- p- »-
o > P(0)yo > ,
pN=0 T PN =0 L )

which is a contradiction with the condition c¢<c*. Hence, uo=vop=yo=0and u, —> u
. +(t)
strongly in Wir(2), el _, lup trongly in LZ"0(£2). O

I« I«

Page 8 of 16
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3 Proofs of Theorems 1.1 and 1.2
In order to prove Theorems 1.1 and 1.2, we also need the following lemma.

Lemma 3.1 Assume that ). > 0 and the coefficients Q(x), P(x) are positive continuous func-
tions on $2, then there exists \* > 0 such that sup,o/i(tu) <c* for 0 <1 < A*.

Proof For u € W(£2)\ {0}, we consider the functional

|u|P @

I.(tu)

—/ (IVul? + Alul?) dx——

p
sup[r—/ (IVu|p+A|u|p)dx
0L P Jo

) 0] |u|p*(t)
——/Q(x)lul dx — FI0) P(x) e dx]

1 o (Val + M) )
TN (L Qlul dx) P

p*(t)

IA

Choosing u = A(constant) # 0, we find that

N N
AP |2|7
sup/y(tA) < N N
720 (fQ Q) dx) 7"
which implies sup, . /i(tA) < c* for 0 <A < |2~ 1NN % (f, Q) dx) .
Similarly,
p—t  APE|QIPE
Sllp])h(‘L'A) < N-9 g < c*
720 PN =) (1 29 ) vt

- N
for 0 < <21 4R B, i .
N-p

Set A* = | 2|~ 1max{NN(c*)N(fQ dx) L ( (;\:t))ffft ptt fQ T ) dx) N7}, then we

have sup,./i(tA) <c* for 0 < A < 1%, and

0 <c=inf h < A

<B<c= }}nr m{gx fx( (r)) max],\(r ) < O
Proof of Theorem 1.1 Applying Lemma 2.4, we know that the functional J, () satisfies the
(PS).-condition, by Lemma 3.1 and the mountain pass theorem, we obtain that Problem
(1.1) has at least one nontrivial solution #. On the other hand, since J; () = J,(J#|), then
Problem (1.1) has at least one nontrivial nonnegative solution. The proof of Theorem 1.1

is completed. d
In order to prove Theorem 1.2, we also need the following lemma.

Lemma 3.2 Suppose that ) > 0 and the coefficients Q(x), P(x) are positive continuous func—
tions on 2, ¢* = 7‘” If there exists y € 352 such that QM = Q(y) and |Q(y) — =

ZNQMT
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o(lx —y|°) for x — y, where 1 < o < 1%1' Then, for each A >0 and N > 2p — 1, there exists a
nonnegative function v e WYP(2) and v # 0 such that

sup /. (Tv) < c*.
>0

Proof Firstly, we consider the functional
124 T -
e@) = teu) == [ (Vi i) ds- 2 [ Qo ds
pJe r Je

px(1) p*(t)
T /P(x)|u8| —dx, 750,
pi(8) Jo |oc]

Since lim;_, o g(7) = —00, g(0) = 0,and g(t) > 0 for t — 0%, we know that there exists some
7, > 0 such that

p
8(x) = supi (i) = ; f(|ws|f’+x|us|f’ dx——/ Q)P dx
2
px(t) Pt
B Te /P(x)msl
p*() Jo ||t

N

1 Vu|Pd » 4

5—[ Jo V| xN_mef—fmmdx, 3.1)
NL(J Qu)lucl” d) ¥ pJa

where 7, is uniformly bounded for ¢ > 0 sufficiently small.

Next, we prove that [, Q(x)u.[?" dx = Q™ [, |u|P" dx + 0(81%1).

Since |Q(x) — Q(y)| = o(|x—y|?) for x — y, then there exists § > 0 such that |Q(x) — Q(y)| <
Cylx—y|° for |x —y| < 8, where C, > 0 is constant. Moreover, a series of computations yield

/Q 1Q6) - Q0| 1" dx
< / Q) — QO dx + / 1Q0) - Q0| lee " dx
£2N|x—y|<s 2N[x—y|>8

* *
562/ =y P dx+2QM/ s dx
[x—y| <8 20[x—y|>8

).

Noting that N >2p—-1,1<0 <oq 7, then we have

(p-1)o N
p

=0(s 7 )+0(e

/Q(x)|u5|p*dx:QM/ |u8|”*dx+0(81%1). (3.2)
e o

Finally, we prove sup,./x(tu,) < c*. According to (3.1), (3.2), and Lemma 2.1, we have

Sz

p-1

),

S
sup/i(tu,) < -
=0 AN(QM) 7

N- N
[1 + LA (e) - —~ MK, (5):| +ole
p p

where My = 1 [ [V P dx, My =1 [, |us [P dx

Page 10 of 16
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Now, we claim that
p-1 (N — N
lime™ 7 (—ngle(a) - —M;lfq(g)) <0,
e—0 p p
which implies sup, .., /i (tv) < ¢* holds. According to
_p-l
lime™ 7 K;(g) = K,
e—0
. _p-l
lime™ 7 Ki(e) = Ky,
e—0

we know that (3.3) is equivalent to M AM% < %

From the expressions of K3, K3, M 1, M>, and u,, a series of computations yield

K IH()’)Cf\’/ S22V [ana L+ 1y [P 1)_N|y|p ‘ dy'

K™ Lh) c;’,p Jraea L+ Y/ 1PT) Ny 2 dy
3p-2
)
Y \p-1 Jo =@+ rpT)y NN dr
2Np+3p-2N-2
Ip 2Np+p—2N—2 ’
p-1 foa+ rz)*Nr% dr

(N-pM,; N—Pcpp*<N‘1”)p (14 1)y NN gy
J

NM, SN W p-1 0+oo(1 + ;’1H )y"NyN-1dr
2Np+p-2N

N-p ,p(N-p\ =@+ Nr plf dr
= N CNp 1 lp—p—2N

p @+ ,,2)-1\1, 7 dr

Integrating by parts, we have

+00 B -1 +00 B-2
/ ! = p / ! dr for2<pB<2n-1,
0

Gy Y mopo1 ), Geoy

then

K; _ Cp_p*<N—p)p(p— 1)(N +1)
p-1

K, N N-2p+1

(N - p)M, - *(N P)

— =) 1)
NM2 Np p (p

N+l N-pM _ K
since ~5- 2P+1 > 1, which implies N i < % holds. Thus,

S
supfi(tuy) < ————— =c".

w20 Q) 7

Page 11 0of 16
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Proof of Theorem 1.2 Applying Lemmas 2.3, 3.2, and 2.4, we have

0 <c¢=1inf < *,
<f<c=inf max/, (h(v)) < max/,(vus) <
and functional J, (1) satisfies the (PS).-condition. Upon an application of mountain pass
theorem, we obtain that Problem (1.1) has at least one nontrivial solution %. On the other
hand, since J; (&) = /5 (|#|), then Problem (1.1) has at least one nontrivial nonnegative so-
lution. The proof of Theorem 1.2 is completed. 0

4 Proof of Theorem 1.3
In this section, we study the existence of solution to Problem (1.1) in the case of 1 < 0. For
the sake of convenience, we replace A by —u, then Problem (1.1) may be rewritten as the
following problem:
* p*-2
—Apu— plulPu = Q) ulP 2u + P(x) o %€, @1
|Vulp=28% = 0, x€d8, '

v -

where P(x) changes sign and satisfies [, % dx < 0. Then the corresponding energy func-
tional of problem (4.1) is

1 1 . 1 o
]M(u)z—/ IVulpdx—E/ Iulpdx——/ Q) |ul” dx — /‘P(x)lul s
pJe pJo r*Ja p*t) Jo ||

ue W(Q).

Denote W'#(£2) = V & Span{1} with norm ||ul|}, = | V||, +|s|?, where V = {v € W?(£2),
fg vdx = 0}, then norms ||«||y and ||«|| are equivalent.

1
Lemma 4.1 If there exists a constant n > 0 such that |Vv||, = (fs2 |Vv|Pdx)? < n|s| for
SER, veV,then

P(x)|v + |7 ® PO op(x
/ ()] t| dx§|5| / (t)dx
I?) |oc] 2 Jo x|

Proof The proof is based on V — PO, #), we omit the details here. O

Lemma 4.2 There exist constants o >0, p >0, B > 0 such that J,(u) > B for 0 < p <
wo and ||ully = p. Moreover, inf,,, <, J,. (1) < 0.

Proof First, we prove that there exist constants o >0, p >0, 8 > 0 such that J,,(z) > 8 for
0 < u < poand |u|ly = p, the proof is divided into two cases:

4
(i) If there exists a constant n > 0 such that || Vv, < n|s|, then |s|? > %. By
Lemma 4.1, we have
a|\u [0 1 *
iz — VW B s [ Qe ax (42)
proasm>  Ple 7 e

whereoz:—%fQ %dx>0.
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(ii) If there exists a constant 1 > 0 such that || Vv||, > n|s|, then
lullf, = IVVI5 + IslP < (1 + ﬂip)HVVHf,. Using Lemma 2.2 and the norms | || and

)
1 P
<Cs||w||”( —) ,
;’)P

where constant C; > 0. Consequently,

l||v are equivalent, we see that

J0)
l C3 1 p * /.L
Julu) > =V - (1+—) IVviz “)——/ |ul? dx
: p 7 pr@) 1P r pla
1 "
_1 / Q)ul”" dx.
r*Jo

Choosing || u||y = p sufficiently small such that }7 Vvl > pz,% 1+ 7 ) P ||Vv||p , We see
that

1 1 *
J,,L(u>z—||w||5;—ﬁ/ |u|f’dx——*/ Quo)lul?” dx
2 pJa r*la

¥Z p

lully f |u|de——f QW)ul”” dx. (4.3)
2p 1+ nP

alul il

Let k = min{ } Using (2.4), (4.2), and (4.3), we derive that

*(t) ? 2p(1+nP)
PO L+n?) P

M Cl *
Ju(@) = k= —[ull” = —Qullull” .
p p
Noting that |«| and ||#||v are equivalent, thus there exist constants o >0, p >0, 8 >

0 such that J,,(u) > B for 0 < < o and ||ully = p.
Next, we prove infj,, <, J,.(#) < 0. Since

]“(T)_‘_'Q"— /P(x)dx,
(0 Ja
by (Al) and (A2), we know that J;(r) < O for T > 0 small enough. Consequently,
inf”“llvip]p,(u) <0. ’

Taking o, = infy,), <, /. (#). Next, we give the proof of Theorem 1.3.

Proof of Theorem 1.3 Using Lemma 4.2 and Ekeland’s variational principe, we know that
there exists a sequence {u,} such that J,(u,) — «,, ]l;(un) — 0in (W?(2))* as n — oo.
Since |lu|ly < p and Ep ={u e W' (2)|||lully < p} is closed and convex, there exists a
subsequence, still denoted by {u,} and u € B,, such that

u, —u weakly in W(£2),

u, —~ u weakly in 7 (2),
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u, —u weaklyin L”*(t)(.Q, lx17),
u, — u strongly in LP(£2),

u, — u almost everywhere in £2.

By the Lions concentration-compactness principle [27], we have (2.7) and (2.8) hold. Then,

we prove ;= 0 and v; = 0, where j € J. In fact, we choose ¢ > 0 sufficiently small such that
0 ¢ B.(x;) and B (x;) N By(x;) = @ for i #j, i,j € ]. Let ¢%(x) be a smooth cut-off function

centered at x; such that

1, |x—xi| <&, , 4
| 1= 2 and |V¢’S|§—.
e

Ofd(x)fl for |x —xj| < ¢, q&é(x):
0, lx—xil>¢,

Using the same argument as that in Lemma 2.4, we have
0= lim 1im {7}, (1), 1) (x)) > 11 = Qa;) vy,

and from (2.8) we find that 4; = 0 or

ro_p
Sr \r-»r
wi= Q_M , X €82,

r p

S» rp

,LL,‘Z( = > , x,eBS?.
2 QM

If u; #0, it follows from Hélder’s inequality and Young’s inequality that

0>a,-= nlgrolo (]M(Mn) - p%(t)gll(un)» Mn))

ri-p (/ |ul?” dx)_*+ O-p Z

pp (t) V0 ey
*(2) *(£)
LoD Qm/I P EE S oy
pp jeJuio}
r-p p -p @ JLPO-p
2_< () e PO o) pp 2 b
jeJuio}
>0 (4.4)
sk * i
for u < pu* = min{uo, w1}, where p; = min{( p"p" (V) ) (Wi)xﬂ* X
rp*®)-p |9| P Qp prpr®-pIRl P
e
*_ % *_ % - % S B . .
,(—2eZ @) me —)? 2* (2= )Qp — )7 —wi—wg »» which is a con-
QMP 2N p*p*@)-p)2| P 2QP7(0)  p*(p*(t)-p)If2] P pNp-9 (0)2N(p—t)

tradiction. Hence, p1; = v; = 0.
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Next, we prove po = vp = yp = 0. Let & > 0 be small enough such that x; ¢ B.(0), j € J,
choose a smooth cut-off function ¢ (x) such that

1, xl<s,

4
0< ¢2(x) <1 for|x|<s, ¢>g(x) = and ]quf\ <-.
e

0, Ixl=e,
Similarly, we get o < Q(0)vo + P(0)yo. If 110 # 0, we have
L=Qom or L =POM,

then using (2.8), we can deduce that

0]

2 _r_ = p
S»p e SHP PrO-p
Hoz | — or Moz |\ — %
2Q(0)2~ 2P(0)2N-r

Bringing the above inequalities into (4.4), we see that

i p*(t)_p);—*,, (p P >— PO
0>en=z (M pp(t) 1421 pH()p* Q ’ pH(t)p Ho>0

for u < u*, which is a contradiction. Hence, o = vo = ¥ = 0 and u,, — u strongly in
%(t) (t) * . .
wbr(R2), ‘”’i}'jt ‘ ‘”‘lj;tt strongly in 17" ®(£2). So u is a solution of Problem (4.1) and

. = Ju(u). Since J,,(u) = J,(|u|), then Problem (4.1) has at least one nontrivial nonnega-

tive solution. The proof of Theorem 1.3 is completed. O
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