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1 Introduction

Fractional-order derivatives and integrals are more suitable to describe the properties of
real materials than those of integer-order, so fractional-order differential equations are
more and more widely used in simulating the mechanical and electrical characteristics
of real materials, dynamic system control theory, rock rheological properties, and many
other fields (see [1-10] and their references). The existence of solutions for boundary value
problems of fractional differential equations is also studied in various ways, such as some
fixed point theorems, the fixed point index theory in cones, methods of upper and lower
solutions, coincidence degree theory, topological degree theory, etc. (see [11-16]). Later,
with the introduction of the mountain pass theorem, variational methods have become a
new and effective tool to study the existence of solutions for boundary value problems (see
[17-19] and their references). In addition, nonlinear terms are often required to satisfy the
Ambrosetti—Rabinowitz (A-R for short) condition when variational methods are applied.
For example, in [20], Zhao and Tang studied a class of boundary value problems for frac-
tional differential equations and obtained the existence of at least one weak solution by
using the critical point theory under satisfying the A-R condition.
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Chen and Liu [21] considered the following boundary value problems of fractional dif-
ferential equations and obtained the existence of at least one weak solution under the A-R
condition:

DT (0D7 u(®)) = f(¢,u(t), te€l0,T],
u(0) =u(T) =0,

(1.1)
where (D¢ and ;D% are the left and right Riemann-Liouville fractional derivatives of order
a € (0,1] respectively. f : [0, T] x R — R. The result is as follows.

Theorem 1.1 ([21], Theorem 4.2) Let }17 <a < 1. Assume that
(V1) feC([0,T] x R,R).
(V) There exist constants u € (0, 1%) and M > 0 such that

0< F(t,x) < pxf(t,x), Vtel0,T],x e Rwith|x| > M.

(V3) Forte[0,T] and x € R, we have

. F(t,x) (C(a+1))Y
lim sup <
k-0  |xI? pTer

Then BVP (1.1) admits at least one nontrivial weak solution.

Motivated by the above mentioned works, we are interested in the following fractional
differential boundary value problem:

D59, (0D¢x(2)) = Af (£, x(¢)), a.e.tel0,T],
x(0) =x(T) =0,

(1.2)

where 0 < o <1, (D and D% denote the left and right Riemann-Liouville fractional
derivatives of order «, respectively. A > 0 is a parameter. ¢, : R — R is the p-Laplacian
defined by ¢,(s) = |slP2s if s #0, ¢,(0) =0, 1 <p<o0.f:[0,T] x R —> R and F(t,x) =
fox f(t,s)ds. The existence and multiplicity of solutions for boundary value problem (BVP
for short) (1.2) will be derived by the critical point theory.

In the following proofs, we assume that f(¢,x) and F(¢,x) satisfy some of the following
conditions:

(Ao) F(¢,x) is measurable in ¢ for every x € R and continuously differentiable in x for a.e.

t € [0, T, and there exist k; € C(R*,R*) and ky € L1([0, T],R*) such that

|F(t,)| < ki (Ix])ka(0), [f (£, %)| < ka (1x]) ko (2)

forallx e Rand a.e. t €[0,T].
(A1) There exist a constant 0 < 6 < p and a function 1, (¢) € C([0, T']) with essinfn; >0

such that
F(t,x
lim sup ( 9) <n1(¢)

uniformly for a.e. £ € [0, T].
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(A,) There is a function n,(¢) € C([0, T]) with essinfn, > 0 such that

F(t,x)

lim sup < no(2)

|x| =00 |x|

uniformly for a.e. £ € [0, T].
(A3) limsupy, % = 0 uniformly for a.e. £ € [0, T].
(A4) F(t,x)>O0forallte[0,T] and x € R.

(As5) There is a constant ¢ > p such that

VF(t,x) —f(tx)x -

lim sup 0

|x|— 00 |x|p

uniformly for a.e. £ € [0, T].
(Ag) There exists a subset £2 of [0, T'] with meas(£2) > 0 such that

F(t,
liming £ &%)
lxl—>o00  |x|P

>0

uniformly for a.e. £ € £2.

Remark 1.1 By (A;), there exists a constant L; > 0 such that
F(t,x) <m@)lxl” + Ly (1.3)
fora.e.t €[0,T] and x € R.

Similarly, (A2) implies that there is a constant L, > 0 such that
F(t,x) < m@)|xl” + Ly (1.4)

fora.e.t €[0,T] and x € R.

The following arrangement of the article is as follows. In the second part, the basic def-
initions, some properties and lemmas of fractional calculus are given. Additionally, the
related fractional derivative space and the variational structure of BVP (1.2) is established.
In the third part, we give the existence and multiplicity theorems of nontrivial solutions
of BVP (1.2) under some appropriate conditions.

2 Preliminaries
In order to obtain the existence of solutions to BVP (1.2), we need to recall some necessary
definitions and related properties of fractional calculus, which will be used in the proofs
later in this paper.

Definition 2.1 ([22,23]) Letu be a function defined on [, b]. The left and right Riemann—
Liouville fractional integrals of order y for the function u denoted by ,D;” u(¢) and
D} u(t), respectively, are defined by

D u(t) = %}/) /t(t —5)"tu(s)ds, telabl,y>0
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and

tD;Vu(t) T )/ (s—8)tu(s)ds, telabl,y>0,

provided the right-hand sides are pointwise defined on [a, b], where I" > 0 is the gamma

function.

Definition 2.2 ([22, 23]) Let u be a function defined on [, b]. The left and right Riemann—
Liouville fractional derivatives of order y for the function u# denoted by ,D} u(¢) and

D}, u(t), respectively, are defined by

JﬁMﬂ=gD?WGW”=;@777dﬂ(/(b4VV1(Q®>

and
%wpmmmmwwr()ur U@)me@

where t € [a,b],n-1<y <n,andneN.

Remark 2.1 ([22, 23]) If 0 <y <1, then

DY u(t) = (aDr_lu(t)), = 1“(%—)/) % (/t(t —8) " u(s) ds), t € [a,b]

and

IR 1 od/
tDZu(t) = —(tDZ u(t)) = _1"(1——)/)& (/t (s=8)"Yu(s)ds ), tela,b].
Remark 2.2 ([19]) For n e N, if y =n -1, according to Definition 2.2, we find that

D7 ule) = u" (),

Tlu(e) = (1) "D @),
where #~V(¢) is the usual derivative of order n — 1.
Now, we present the rule for fractional integration by parts.
Property 2.1 ([23]) If u € I?([a,b],RN),v € LY([a,b],RN) and p > 1,4 > 1, + <14y

7=
orp#l,q;ll,i+a—1+y Then

b b
/[aD;yu(t)]v(t)dtzf [0, v(®)]u(t)dt, y >o0.

a

In order to deal with BVP (1.2), we introduce appropriate function spaces and the related

variational structure.
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Let LP([0, T],R) (1 < p < o0) and C([0, T'], R) be the p-Lebesgue space and the continu-
ous function space, respectively, with the norms

r ;
||u||Lp:</ |u(t)|”dt>, ueI? ([0, T],R)(1 < p < o0)
0

and

, UE C([O, T],IR).

llelloo = max |u(t)
te[0,T]

To set up the variational structure of BVP (1.2), we need to construct the appropriate
function space first.

Definition 2.3 Let0 <« < 1and 1 < p < co. The fractional derivative space E;” is defined
as the closure of C5°([0, T, R), that is, Eg’p = C§°([0, T, R) with the norm

T T 5
%]l p = ( / loDYx(8)|” dt + /0 |x(t)|”dt) . (2.1)
0

Remark 2.3 The fractional derivative space E; ? is the space of functions x(¢) € L?([0, T], R)
with an «-order Riemann-Liouville fractional derivative (D¢ x(t) € L7([0, T],IR) and x(0) =
x(T)=0.

Remark 2.4 From [19], the fractional derivative space E;” (0 <a < 1,1 < p < 00) is a re-
flexive and separable Banach space.

Lemma 2.1 ([19]) LetO<a <1and 1<p < oo. Forany x € E;”, we have

TO(
Ixllr < T+l oD ] ,- (2.2)

1 1,1_
Ifa> s and ; + 2 =1, then

T
oo < T D5 - (2.3)
I'(a)((e —1)g + 1)7

wl
We denote G = — L2,
r@((@-1)q+1)9

Remark 2.5 According to formula (2.2), let x € Eg'p , the norm ||x||4,, is equivalent to

T 7
[%]lap = ( /0 loDfx(0)[” dt) : (2.4)

In the following discussion, we denote ||x|| = ||#[l¢,p-

Lemma 2.2 ([19]) LetO<a <1 and 1 < p < co. Assume that o > % and the sequence {x,}
converges weakly to x in Eg‘p, that is, x, — x as n — oo. Then x, — x in C([0, T],R) as

n— 00, that is, ||x, — x||cc = 0 as n — oo.

Page 5 of 15
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Definition 2.4 The weak solution of BVP (1.2) is a function x € E;” satisfying the follow-
ing equation:

T

T
/0 ép (D) x(2)) ,Dfy(t) dt = 1 /0 F(&x0)y()ds,  VyeEg”.

For the sake of convenience, the solution of BVP (1.2) mentioned later is the weak solu-
tion of BVP (1.2).
For Vx € Ey*, we consider the functional I : E;” — R as follows:

— 1 r o P T
I(x)_;fo oD% ()| dt—k/o F(t,x(2)) dt
1 T
= — P _
pllxll A /0 F(t,x(t)) dt. (2.5)

From [25], we can know that I € C}(E;”,R) and

T

T
Iy = fo y (oDEx(8)) DEy(6) dt — /0 Flox@)y0d, VyeES”. (26)

It follows from Definition 2.4 and (2.6) that if x € £;” is a solution of I'(x) = 0, x is a weak
solution of BVP (1.2).

3 Existence and multiplicity of solutions of BVP (1.2)

Definition 3.1 Let E be a real Banach space and J € C}(E, R). If any sequence {x,} C E for
which {/(x,)} is bounded and J'(x,,) — 0 as n — +00 possesses a convergent subsequence,
then we say that J satisfies the Palais—Smale condition (P.S. condition for short).

Lemma 3.1 ([24]) Let E be a real reflexive Banach space. If the functional ] : E — R is
weakly lower semicontinuous and coercive, i.e., limy . o0 J (x) = +00, then there exists x, € E
such that J (x,) = infycg J(x). Moreover, if ] is also Fréchet differentiable on E, then J' (x,) = 0.

Lemma 3.2 ([25] Mountain pass theorem) Let E be a real Banach space and ] € C*(E,R)
satisfy the P.S. condition. Suppose that
(1) J(0)=0.
(2) There exist p >0 and o > 0 such that J(xg) > o for all xy € E with ||xo| = p.
(3) There exists x1 € E with ||x1|| > p such that J(x,) < o.
Then z = infyep maxseio1) J(M(2)) > o is a critical value of ], where

A ={h e C([0,1],E)|h(0) = x, h(1) = x1 }.

Lemma 3.3 ([26]) Let E be a real reflexive Banach space, @ : E — R be a sequentially
weakly lower semicontinuous, coercive, and continuously Gateaux differentiable functional
whose Gdteaux derivative admits a continuous inverse on E*, ¥ : E — R be a continuously
Gateaux differentiable functional whose Gdteaux derivative is compact such that

il;]i;@(x) =@(0)=¥(0)=0.

Assume that there exist r >0 and w € E, with r < ®(w) such that

Page 6 of 15
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(1) sup{¥(x): @(x) <r}< r%,
(2) forallx e (%, WW), the functional @ — AW is coercive.
) r

Then, for each )\ € (%, W)’ the functional ® — AV has at least three distinct
critical points in E.

Lemma 3.4 Suppose that (Ao) and (As — As) hold, then I satisfies the PS. condition, i.e.,
for every sequence {x,} € Ey*, {x,} has a convergent subsequence if

{I(x,,)} is bounded and I'(x,) — 0 asn— oo. (3.1)
Proof First we prove that {x,} is a bounded sequence in E,”.

Without loss of generality, in the next proof of the theorem, the sequence {x,} and its
subsequences are all denoted as {x,,}.

Suppose that {x,} is unbounded. Passing to a subsequence, we may assume that ||x,| —

0. Let wy, = %, so that ||, || = 1. By Lemma 2.2, also passing to a subsequence, we can

suppose that

@, —~ my weaklyin Ej”,

@, — @y strongly in C([0, T],R)

as 1 — 00. Moreover, we have
I 1T
Wy, = ?/0 w,(t)dt — ?/0 wo(t) dt = @y (3.2)
as n — 00. By (3.1) there exists a constant Kj > 0 such that
9 T
(1—7 - 1> I 1P = (%) = I’ (%)%, + )L/O (l?F(t,xn(t)) —f(t,xn(t))xn(t)) det

T
< K(L+ lll) +2 /0 (IF(620(0)) = (600 0)) 2 (0)) .

Notice that ||x,| — oo, we have

T
(ﬁ B 1> || < Ki(1 + [[xl1) N )Lfo (F(t, %4()) —f(t;xn(t))xn(t))dt'

(3.3)
[l 112 [l 117

In view of (Ay) and (As), there exists £29 C [0, T'] with meas(£2¢) = 0 such that
[Ftx)| <k (x)ka(e),  [f(&%)] < ki (1x])ka(2) (3.4)
forallx e Rand t € [0, T] \ §2p and

O F(tx)—f(2,
lim sup M <0
|x|— 00 |x|p

uniformly for ¢ € [0, T] \ £2o. This yields

fimsup 2L Exn(E) —f 2 O)xn(®) _
=00 [l 117
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for t € [0, T] \ £2y. Otherwise, there exist £y € [0, T] \ §2p and a subsequence of {x,} such
that

lim sup ﬁF(tO: xn(tO)) _f(t01xn(t0))xn(t0) S 0. (36)

n—00 B

If {x, (o)} is bounded, then there exists a positive constant K, such that |x,(f)| < K for
all n € N. By (3.4) we find

OE(to, %u(t0)) —f (b0, %0 (t0))2n(to) _ (9 + Kp) maxsciory) k1 (Dato)
126 17 B [l 17

as n — 00, which contradicts (3.6). So, there is a subsequence of {x,(f)} such that
|%,(£0)| — 00 as n — oo.

i DF (20, %4(20)) = f (£0, % (£0))%n (f0)
imsup
n—00 I, (1P
1 OF (¢, %n(t0)) = f (f0, % (20))%n (o)
= limsup
n—00 |xn(t0)|p

U F(to, %,(%0)) _f(t0¢xn(t0))xn(t0) lim ’w (to)’p <o.

|wn(t0)|p

= limsup
n—00 % (£0) P

This contradicts (3.6). Thus, (3.5) holds. From (3.3) and (3.5) we obtain

)
limsup(— - 1) ||l <O.
p

n—00

Since ¥ > p, we get
lo,ll? =0 asn— oo, (3.7)

but ||@y,|| = 1. This is a contradiction. Hence, {x,} is a bounded sequence in Eg’p .
Since E;” is a reflexive space, there exists a weakly convergent subsequence such that
x, — x in E;”. Hence, we have

(1,(’6”) - 1/(x)1xn - x)
= (' () 0 — 2) — (I (@), — )
< 17|, Mt =61l = (I (), %0 — )

~0 (3.8)

as 1 — 00. Combining Lemma 2.2 with (2.3), we obtain that {x,} converges to x strongly
in C([0, T],R), i.e., ||x,, — x| = 0 as n — 0o, which implies that

T
/0 (F(t50(0) = £ (6,2(0))) (a(0) = 5(8)) dt — 0 (3.9)
as n — 00. Note that

(I'(n) = I' (%), % — x)
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T
- /0 (6, (0D 2a(0)) - by (4D55(0))) (6D a(£) — oD x(8)) di

T
_a /0 (F(t50(0) = (6:2(0))) (0(0) = 5(0))

Thus, from (3.8) and (3.9) we have

T
‘/0 (D (0D %4 (8)) — B (0D %(2)) ) (0D % (2) — 0D x(2)) dt — O (3.10)

as n — oo. For any s1, 52 € R, it is well known that (see Lemma 4.2 in [27]) there exists
a1 > 0 such that

_ _ ﬂl|31 _S2|p’ P Z 2,
(|Sl P 25 — [sal? 252,581 —32) = ls1 -3 2 (3.11)
12 l<p<2.

Lisil+1s2) 2P’

Following (3.11), we obtain that there exist ¢;, ¢ > 0 such that

T
fo (6 (4D%(0)) = By (oD (0))) (oD% s () — o D(8)) dit

o1 fy 1oD%an(t) - o Dix(OP dt, p=>2,

loD% % (£)— D% x(2)|>
2 fO oD e oDt ? 46 1<p<2.

(3.12)

When 1 < p <2, one has

T
/ oD%, () — o DYx(2)|” dt
0

T oDra(t) - o DO NPT LN
5(/0 (oD%, (0)] + JoD(t) 7 dt) (/o (loPn(®)] + loDf #(0)) dt) '

Thus, noting that (b1 + by)” <271(b} + b)), where by, by > 0, y > 1 (see [28]), we have

T
/ oD x,(2) — oD x(8)|” dt
0

2 oD%, (£) — o Dx(£) 2
sl + 117) (/ (oD%, ()] + loDE () )2 dt) ’

-1)(2-p)
where ¢3 = 2@ i , which, together with (3.12), implies

T
fo (6 (4D%(0)) = By (oD (0))) (oD% () — o D¥(8)) dit
> eac; (Jnll? + 1217) 7 Il -l 1<p <2 (3.13)

When p > 2, by (3.12) we get

T
/O (9 (0D %a(2)) = dp (0D (2))) (oD % () — 0D x(2)) dt
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>cllx, —x|?, p>2. (3.14)
It follows from (3.10), (3.13), and (3.14) that
llocy — x|l — O

as n — o0, that is, {x,} converges strongly to x in Ey”. The proof is completed. O

Theorem 3.1 Assume that (Ay) and one of the following conditions hold, then BVP (1.2)
admits at least one nontrivial solution.

(1) (A1) holds and A € (0,00).

(2) (A,) holds and » € (0, —72——).

PGP [ ma(e)de

Proof We shall prove this theorem by Lemma 3.1.
Notice that

liminf [, ]| > [lx]|.
n—00

Let {x,} converge weakly to x in E;”, then x, converges uniformly to x in [0, T]. There-

fore
1 T
liminf/(x,) = liminf{—||x,,||1’ —A/ F(t,x(2)) dt}
n—oo n—>oo | p 0
1 T
=l o [ F(eao) d
p 0
=1(x),

which means that I(x) is weakly lower semicontinuous.
If (A;) holds, it follows from (1.3) and (2.5) that

1 T
1) = Sl 2 / E(t, () de
p 0
1 0 6 T
2 el 3Gl [ m@di-anT.
0

Because of 0 < 6 < p, we obtain that I(x) — oo as |lx|| = oo, which indicates that I is
coercive. Therefore, by Lemma 3.1, there is xo € Ey” such that I(x,) = inf, E I(x) and
I'(xg) = 0.

In the same way, if (A;) holds, according to (1.4) and (2.5), we have
1 T
169 ~ 1l =5 sl || mtode-isar.
0

Onaccount of 0 < A <« ——F——
PGP [y m(t)d

proof is finished. d

L o then I(x) — o0 as ||x|| — oo is the natural result. The



Qiao et al. Boundary Value Problems (2020) 2020:67 Page 11 of 15

Remark 3.1

(1) By (As3), we know that, for any 0 < € < there exists § € (0, €) such that

1
ApTGP’
‘F(t,x)| <elxl?

fora.e. t € [0,T] and x € R with |x| <34.
(2) By (As) and (Ag) there exist constants K3 > 1, ¢ >
denoted by 2, with |§2| = meas(£2) > 0 such that

O-pG?

5., — and a subset of £2, still
P

DF(t,x) - f (¢, x)x < o|x|P
and
2
F(t,x) > —Q|x|p
U-p

forall |x| > K3 and ¢ € £2.
It follows from (Ag) that

F(t,x) < max_ki(s)kx(t)
s€[0,K3]

for all |x] < Kz and a.e. t € [0, T].
Therefore, we obtain

20
F(t,x
( )>

(I« — K§) — max ki (s)ka(t)
s€[0,K3]

for all |x] e Rand £ € £2.

Theorem 3.2 If (Ao) and (As — Ag) hold, then BVP (1.2) admits at least one nontrivial

weak solution for each ) € (0, zﬁ)'

Proof Obviously, it follows from the definition of I that 7(0) = 0. Therefore, (1) of
Lemma 3.2 is true.
Let

)
O<p= G (8 is defined by Remark 3.1),
then it follows from (2.3) that
¥llc = Glixll =Gp =3

for all x € Ey” with ||x|| = p.

Therefore, for all x € Ey” with ||x|| = p , from Remark 3.1, we have

=34
-G

T
I(x) = }9||x||p - )\/0 F(t,x(t)) de
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1
=|lx|l? — e TG"||x|1
P
1 87
> (— —2eTGP )| —
1% Gr
=0.
Inviewof 0 < A < TG,, ,we obtain that o > 0. This implies that (2) in Lemma 3.2 is satisfied.

Choose xy(t) € Eap with %]l < G and [, |xo(£)P dt = 1.
And for ¢ > 0, we have

1 T
Isw) = ~llssoll =1 / E(t, sxo(0)) de
0

1
< Llgxol ~ / F(t, cxo(t)) dt
p Q

P 2)0¢6”? 200|852
<& fapll - 285 /|xo(t)|"dt+ ﬂz@’u max k(s) / ko (£) dt
p v-p Ja U -p

[0,K3]

G 2A 20082
< (_ _ 2k );p L 2L e max k() [ ke de.
p U-p v —-p 5€[0,K3] Q

(¥ p)G

Notice that ¢ >
holds.

Finally, note that I(0) = 0, while for critical point x, I(x) > o > 0. So x is a nontrivial weak
solution of BVP (1.2). The proof is completed. d

, we can get that I(gxy) — —00 as ¢ — o0o. Hence (3) of Lemma 3.2

We then use Lemma 3.3 to show the multiplicity of solutions to BVP (1.2).

Theorem 3.3 Assume that (Ag) and (A,) hold. Suppose also that there exist r > 0 and
w € Ey” such that i lwl|l? > r and

o leDperds r
T F(t, 0(t)) dt " max,<g pz F(t, x) dt
0 0 =G /pr

= A

Then, for A € (A, A,), BVP (1.2) admits at least three weak solutions, which are critical
points of the functional I : E;¥ — R.

Proof As far as we know, Ey” is a real reflexive Banach space. We consider the functionals
@ :Ey” — Rand ¥ : E;¥ — R defined, respectively, by

1 T
== / loD2x(8)|” dt
P Jo
and

T
W(x) = / F(t,x(t)) de
0

Page 12 of 15
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According to the condition of (4y), we can know that @, ¥ are well defined and Géteaux
differentiable functionals whose Gateaux derivatives at the point x € E;” are the function-
als @'(x), ¥'(x) € (EyT)*, given by

T
D' (x)y = /(; dp (0D x(2))o Dy y(2) dt

and
T
' (x)y = fo £(&x(2)y(2) de

for every y € Ey”. For {x,}, x € E;*, x, — x in E;¥ as n — oo, by Lemma 2.2, we get that
{x,} converges uniformly to x in C([0, T], R). Hence

T
limsupW(x,,)ff limsup F(¢,x,,) dt
0

Hn— 00 n—00

T
= / F(t,x)dt
0

= l,[/(x),

which implies that ¥ is sequentially weakly upper semicontinuous.

By (Ao), one can get F(¢,x,) — F(t,x) as n — oo. By the Lebesgue control convergence
theorem, ¥'(x,,) — ¥'(x) strongly, which implies that ¥’ : E;” — Ej” is strongly contin-
uous on Eg’p, that is, ¥’ is a compact operator.

From (Ao), it is standard to see that @ : E;” — R is sequentially weakly lower semicon-
tinuous, coercive, and its derivative @’ admits a continuous inverse on (Eg’p )*.

Moreover, it is clear that inf, _ F ®(x)=D(0)=w(0)=0.

1

Put r > 0, for x € E;” with ®(x) = 5 [x]|? < r, then ||x||5% < G”||x||” < pGPr, we can get

a, 1
[xeEy” o) <r}C {x:p—GPHngo < r}
= {x:g{l&ﬂ!x(t” < G{/p_r}

Hence, using A < A,, we have

T
sup ¥(x) = sup/ F(t,x(t))dt
0

Px)=r D (x)=r

T
5/ max F(t,x)dt
0 xI=Ggpr
r
< —.
A

On the other hand, by A > A;, we get

T
(o) = / F(t, o) dt > (p(;").
0
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Thus

U(w) 1 sup{¥x):Px) <r}

D) A "

and (1) of Lemma 3.3 holds.
Then, let us verify that, for A € (A;,1,), @ — AW is coercive. For x € E;”, we obtain

~ 1 T N » T
(p(x)_/w(x)_;/o oD x(2)] dt—)\/o F(t,x(2)) de

1 T T
> —IIxII"—k(/ m(t)lxledt+/ let)
p 0 0

1 T
= el =3 o’ / (O dt - ALy T
0

Notice that 0 < 6 < p, so @ (x) — AW (x) > +00 as |lx|| = +oo, that is, @ — AV is coercive.
Obviously, (2) in Lemma 3.3 holds.

Then, by Lemma 3.3, we claim that, for each A € (A;,A,), I : E;” — R given by I = @ —
AW has at least three distinct critical points in Ey?, that is, BVP (1.2) has at least three
solutions. O
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