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1 Introduction and main result
The complex Ginzburg—-Landau equation

uy = ru+ (b +10) 0t + mdu — (1 + i) |u|*u (1.1)

is extensively studied in the physics community. Here, the real parameter m depicts the
group velocity, and the real parameters v and p characterize linear and nonlinear disper-
sion, and b is real as is the control parameter r. It results from nonlinear stability theory
and describes the evolution of complex amplitude coefficient u = u(¢, x) of a neutral plane
wave. See [1-4] and the references therein for more details and physical and mathematical
background.

The existence and stability of periodic or quasi-periodic solutions to (1.1) have been
extensively investigated in many papers, for example [2, 5-8]. When x € T¢ := (R/27Z)?,
there are some papers concerning the existence of KAM-type tori for (1.1). More con-
cretely, Chung and Yuan [9] and Cong, Liu and Yuan [10] proved the existence of quasi-
periodic solutions which are not traveling waves for d = 1 and 4 > 2 respectively in the
case of the group velocity m = 0 by KAM-type theorems. See also [11-13].

In the present paper, we will prove the existence of response solution (i.e., quasi-periodic
solution with the same frequency as the forcing) for the quasi-periodically forced complex
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Ginzburg-Landau equation
uy = ru+ (b +iv)dgu + mdu— (1 +ip)h(owt, x)|ul*u+ef (wt,x), xeT=R/2xZ, (1.2)

where r>0,b>0, u € R, (v,m) € O, and O C R? is a compact set with positive Lebesgue
measure. We assume the basic frequency vector o = (1,&) (¢ € R\ Q), and ¢ is a small
positive number.

As for (1.2), Cheng and Si [14] constructed the quasi-periodic solutions with 7 = 0 and

the frequency o = (w1, ws, ..., w,), which is Diophantine, i.e., for y >0, 1 >n -1,
(k)| = yIKI™, Yk = (k... k) € Z" \ {0},

where (k,w) = > ", kiw; and |k| = Y, |k;|. Generally, the results for Diophantine fre-

quency can be generalized to the case of Brjuno frequency; i.e.,

1 1
Z — max In < 00.
—~ 2 o<ik|<2mkezr |k, w)|

However, it will involve more technique and work to obtain the quasi-periodic solution
with Liouvillean frequency (a weaker assumption than Brjuno frequency), since the tori
can be destroyed if the frequency is too near resonant.

In this paper, we assume the forcing frequency is o = (1,«), with @ € (0,1) being any
irrational numbers. Since we do not impose arithmetic condition (i.e., Diophantine or Br-
juno condition) on w, it can also be Liouvillean. There are some works addressing this fre-
quency. More concretely, Avila, Fayad and Krikorian [15] developed a new KAM scheme
for discrete SL(2, R) co-cycles with one Liouvillean frequency by using the technique of
CD bridge. Further, Hou and You [16] studied the reducibility problems for continuous
two-dimensional quasi-periodic linear systems. For the nonlinear system, Wang, You and
Zhou [17] and Lou and Geng [18] investigated the existence of response solutions for the
quasi-periodically forced nonlinear harmonic oscillators in Hamiltonian and reversible
case respectively.

For the infinite-dimensional case, Xu, You and Zhou [19] studied the nonlinear Schro-
dinger equation with the forcing frequency w = (@;,@,), where @; = (1,&) and @, € R?
satisfy

. Inl
Bl@) 1= limsup,., 201

|<k:5)1>|+|(l;5)2>|2m; VkEZZ’IEZd\{O}r

<00,

and ’;—z is the continued fraction approximating « (see Sect. 2.2). Recently, Wang, Cheng
and Si [20] studied the quasi-periodically forced ill-posed Boussinesq equation with Liou-
villean frequency w = (1, @) and obtained the existence of a response solution.

Note that the above work is all about the systems that possess a Hamiltonian or re-
versible structure. The question is that whether the systems without such structures still
possess the response solution or not. Motivated by this question, in this paper, we con-
sider quasi-periodically forced complex Ginzburg—Landau equation (1.2), which is a dis-
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sipative system with the forcing frequency @ = (1, ). The linearized equation of (1.2) is

given by
uy=ru+ (b +1iv)oyu + mou, xeT,

and the linear operator r + (b + iv)d,, + md, possesses the eigenvalues
Ap=r—bn®+ i(mn - vnz), nez.

For any given j € N \ {0}, we can choose suitable r,b € R such that ReAy; = r - bj2 =0
and ReA; = r — bI? #0 for |l| #j. In this case, there are eigenvalues which are pure imag-
inary. Moreover, we assume the basic frequency o is Liouvillean. Thus, the method in
[9, 10, 14] cannot be directly applied since in these papers the frequency is Diophan-
tine and the linear system is pure hyperbolic i.e., the real parts of all frequencies are
not zero. In a Hamiltonian case like [17], one constructed the symplectic transforma-
tion by using the time-1-map of an auxiliary Hamiltonian flow to preserve the Hamil-
tonian structure in each KAM step. However, we deal with the infinite-dimensional dissi-
pative system in this paper. So we directly construct the nearly identical coordinate trans-
formation, which needs a more complicated computation. For the hyperbolic part, we
only eliminate the terms depending only on the angle variables since Re 1, = Re_, for
|n| #j.

For Eq. (1.2), we always assume:

(H) f(wt,x) and h(wt, x) are quasi-periodic in ¢ with frequency vector w. Moreover, the

functions f(8,x) and /(6, x) are analytic in (9,x) € T? x T with the following Fourier

expansions:
fO,%)=) fi®)e™,
keZ
hO,%)=ho+ Y ho(0)e ™, 07hyeR.
0#4c€Z

Now we state the main result of this paper.

Theorem 1.1 Suppose that the assumption (H) holds, then, for any given j € N\ {0}, choos-
ing r, b such that Re A; =1 — bj? =0, and set 0 < y < 1, there exist a constant &, > 0 (de-
pendingonr, b, y,j,f, h, O) and a Cantor subset O, € O with meas(O \ O,)) = O(y) such
that for (v,m) € O,, the complex Ginzburg—Landau equation (1.2) possesses a response

solution provided 0 < ¢ < g,.

Our paper is organized as follows. In Sect. 2, we give some definitions and notations on
vector field and continued fraction expansion. In Sect. 3, a modified infinite-dimensional
KAM theorem for our dissipative equation with Liouvillean frequency is presented. In
Sects. 4 and 5, we prove the KAM theorem, Theorem 3.1. In Sect. 6, we apply our KAM
theorem 3.1 to the quasi-periodically forced complex Ginzburg—Landau equation (1.2)

and prove Theorem 1.1.



Wang and Liu Boundary Value Problems (2020) 2020:70 Page 4 of 35

2 Preliminary
2.1 Functional setting
Let T? = C%/(27 Z*) be the two-dimensional complex torus. For § > 0, we denote the com-

plex neighborhood of 2-torus T? by
D) ={0 € T?:|Im0| < 8},
where | - | is the supremum norm of the complex vector.

Suppose O € R? is a compact set. For a C},, (C! smooth in the sense of Whitney) func-

tion f : O — C, we define its norm as

Iflo:= sup([f(é)| ’

of (&) )
sw(lf@” ’ ’ ’352 )

Given a function f : D(8) x O — C, which is analytic in § € D(§) and C},, in &§ € O with
Fourier expansion f(0;&) = kezzf(k; £)elt%9) we define its norm as

3f$)>
&

fllso =D [Fi)] e,

keZ?

where (k,@) = k191 +k292 and |k| = |k1| + |k2|
For K > 0 and an analytic function f on D(§) x O, we define the truncation operator 7T

and projection operator Rx as

Tf0:6) = ) Fh§)e ™,  Rif(6:6):= Y Flk§)e™?.

[k|<K |k|>K

The average [f(6;£)]s of £(6;&) over T? is defined as

[F0:)], / F(6:6)d6 =7(05).

" @n)
We denote the index sets by J; = {j; € Z\ {0}:1 <i<d} (deN\{0}) and J» =Z\
J1. Then we define the space £,, := {g = (...,gj,.. Jues, : i € C} of complex sequences

equipped with the following norm:

Igllap =) lgle”V(j)? < oo

neJp

where (j) := max{1,|j|} anda >0, p > % are constants such that the Banach algebra prop-

erty holds in this space.

Lemma 2.1 ([21]) For w,z € £,,, the convolution w z is defined by (wxz); =Y 1z Wj_iZk.
Fora>0,p> %, then ||w * zllop < clWllapllzllap With a constant c depending only on p.
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For 8,s > 0, we introduce a complex neighborhood of T2 x {0} x {0} by

D(8,5) = {(0,p,2) : | ImO] < 8, |p| <8, | zllap < s}

CC? X C? X Lyp =: Pap-

Denote a = (ay,...,a4), @ = (...,q,...)jes,, with finitely many non-zero components
aj,; € N. Given a function P: D(8,s) x O — C, which is analytic in (9, p,2) € D(8,s) and

C}, in & € O and has Taylor-Fourier series expansion

P6,0,%8) =) Pas(0:8)p°2 = Y Paulk§)e™” p*2",
a,u

keZ?,a,a

where p* = ]_[]‘.i=1 ,0;" and 2 =[] 5, z?j, we define the norm of P as

IPlpegxo = sup Y [Paa(0:6)], o|0%|]2°]

Iol<s Izllap<s oa

= sup Y [Paa)] e P 0 |2%].

l1<s.12lla,p< j oy

For a finite-dimensional vector-valued function P : D(8,s) x O — C”,(m € N\ {0}), i.e.,

P=(Py,...,P,), we define its norm as

m
IPlpesx0 = Y IPllpesx0-
j=1

For an infinite-dimensional vector-valued function P : D(8,s) x O — £,,, ie, P =

(-..sPj,.. )jesy, we define its weighted norm as

1Pllap.@x0 = Y I1Pillnesx0e ).
jedga

Consider the dynamical system
w=X(w), w=(6,0,2) € Psp,
where we have the vector field
X(w) = (XOw), XD (w), XD (w)) € Py

For the vector field X : D(8,s) x O — P,,, which is analytic in (0, p,z) € D(3,s) and de-
pends C}, smoothly on parameter & € O, the weighted norm of X is defined as

1 1
1X1ls,06.5x0 = ||X(9) ||D(8,s)><(’) s ”X(p) ||D(6,s)><(9 3 HX(Z) ”a,p,D(s,S)XO'

Page 5 of 35
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2.2 Continued fraction expansion
Let us recall some arithmetic properties of irrational number. Given an irrational number
o € (0,1). We define
aog = 0, Oy =0,
and inductively for k > 1,

ax =ty =0l —ap

where [a] :=max{m € Z:m < «a}.

Let po =0, p1 =1, qo0 = 1, q1 = a1, and inductively

Pk = AkPk-1 t Pk-2»

Gk = Akqk-1 + k2.

Then {g,} is the sequence of denominators of the best rational approximations for «. It

satisfies
lkallT > llguaallr, Y1<k<gqy

and

gl < —,
qn + qn+1 qn+1
where x| := inf,ez % — pl.
In the sequence {g,,}, we will fix a special subsequence {g,, }. For simplicity, we denote
the subsequences {g,, } and {g,,..1} by {Q«} and {Qi}), respectively. Next, we introduce the
concept of CD bridge which was first given in [15].

Definition 1 (CD bridge, [15]) Let 0 <.A < B < C. We say that the pair of denominators
(qm> ) forms a CD(A, B,C) bridge if
¢ giv1 =< q;“, Vi=m,...,n-1;

c 45 >q.>45.

Lemma 2.2 (Lemma 3.2 in [15]) For any A > 1, there exists a subsequence {Qy} such
g _ _

that Qo = 1 and for each k > 0, Q1 < Q,f‘ , either Q; > Q,“(“, or the pairs (Q_y, Q) and

(Qx, Qrs1) are both CD(A, A, A%) bridge.

3 A modified KAM theorem

To prove Theorem 1.1, we give an abstract modified KAM theorem, which can be applied
to the quasi-periodically forced complex Ginzburg—Landau equation (1.2). The proof of
the KAM theorem will be finished by an iterative procedure in Sect. 5. Each step of the

iterative procedure is set up by a finite Newton iteration.
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Consider the following system:

6 =w,
Ié = 1Q(§)p +P(9’P)Z;§:), (31)
z=A€)z+g(0,p,z§),

on D(8,s), where £ € O and O C R? is a compact set with positive Lebesgue measure.
Here, $2(£) = diag(£2,(%), ..., £24(§)) with £2;(§) € R, and A(&) = diag(..., ;(£),.. )jes,. We
also identify £2(&) and A(&) as vectors

2() = (216)--, ) €RY, AE) = (s 46,1y

When p = g = 0, the system (3.1) admits an invariant torus T? x {0} x {0} for each param-
eter & € O.

Our goal is to show that if the perturbations p, g are small enough, the system (3.1) still
admits invariant torus with Liouvillean frequency o = (1, ) for most of parameter &£ € O
(in Lebesgue measure sense) provided that £2, A satisfy some non-degeneracy conditions.

Now we state our KAM theorem.

Theorem 3.1 Let w=(1,a) witha e R\ Qand §>6,>0,1>5>0,7>2,0,01,02>0.If

the system (3.1) satisfies the non-degeneracy conditions

‘%(1,9(5))‘ >0, VieZ%0<|l<2,
(3.2)
E)Y
Rei®)|z o1 [Rei(®)] = 02 (,;f)(, Vie

then, for every sufficiently small y > 0, there exists &y > 0 depending on §, 8y, s, 0, 01, 02, T,
d but not on o, such that whenever

”(in’g) Hs,D(B,s)X(’) = €0,

there exist a subset O, C O and an analytic transformation @ : D(y, 5) x O, — D(3,5) x
O,,, which transforms the system (3.1) into the system

6=w,
p =1(82(8) + B.(0:6))p + (0, 0, %:6),
z=(A@) + Wa(0;8))z + g:(0, p,2:6),

where py, g are at least of order 2 with response to p, z, and B, is a diagonal matrix.
Moreover, meas(O \ O,) = O(y).

4 Homological equation and its solution
The main idea of proving the KAM theorem, Theorem 3.1, is to construct a series of coor-
dinate transformations {®;}75, such that the perturbation of transformed system is smaller
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and smaller. Because the system is dissipative, we construct the nearly identical transfor-
mation directly, which makes the proof more complicated. In this procedure, we need to
solve a series of homological equations to construct the desired transformations. The idea

of iterative procedure is detailed in Sect. 5.

4.1 Derivation of homological equation
Given a complex neighborhood D(8,s) of T2 x {0} x {0} in P.p and a compact subset

O C R?, we consider the system

6=w,
o =1(82(8) + B(6:€) + b(6;6))p + p(0, p, 2:§), (4.1)
z=(AE) + W(0;8) + w0;6))z +g(6, p,2:6),

defined on D(8,s) x O, where 7}2—2(9,0, 0;&) = 0(1 <j < d) for some integer K, which is
given latter. Moreover, functions p and g are C‘IV in & € O. And B(0;€), b(6;&), W(6;&)
and w(6; &) are C}, in &€ € O and have the following form:

B(8;8) = diag(B1(6;6),...., Ba(6:6)),  W(6;8) = (W;(6:6)),,. 1,

b(6;€) = diag(b1(0;£),...,ba(6:8)),  w(0:8) = (wy(0;8)),, .-

We will construct a transformation @ defined on a smaller domain such that the system

(4.1) is transformed into

6 =w,
Oy = i(2(8) + B(O;€) + b(0;€))ps + P10, psr2:5E), (4.2)
z, = (AE) + W(6;8) + w(0; )z, + 2.(0, p1s 245 6),

where the norm of perturbation p, and g, in (4.2) on the small domain is smaller than that
in (4.1) (see Lemma 5.3 for details).
For simplicity, we drop the parameter £ in this section. Suppose that the coordinate

transformation @ has the following form:

=p, +Hi1(0)+ Hy(0)p, + H3(0)z,,
o 1P=" 1(0) + Ha(0) o+ + H3(0)z (4.3)
z=2z, +F1(0) + F,(0)p,.

Let 9, := w; % + wZ%. Insert (4.3) into (4.1), then we have

. =i(82 + BO) + b(9))p,
+i(£2 + B(0) + b(0))H1(0) + p°(0) — 0, H, (0) (4.4)

. . 9p°(6)
" (1(9 + B(O) + BO) Ha(6) = iHo(6)(2 + BO) + b(®) + == - a,qu(e)) p.

(4.5)
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. ap°(0)
+ (1(9 +B(®) + b6 ))Hg(@) ((9)(A + W)+ (9)) + 2z Bng(H))z+
(4.6)
~0 ~0
ipod - (130(9) L, (%) O, - HyO)g., (47)
0 0z
z, = (A + W(0) +w(0))z,
+(A+ W(O) +w(O))F1(0) + g°(0) - 0,F1(0) (4.8)
+ ((A + W(0) + w(0))F2(0) — iF2(0) (82 + B(6) + b(0)) + agaolge) - awF2(9)> o
(4.9)
~0
rgod- (gr"(e) . agaf)p+) RO, (4.10)

where
0) = K ‘p 6)0;0 ) 3 0)= K 3

op )
0 p=0,z=0 ’
and the other expressions are similar.
Let Egs. (4.4)—(4.6) and (4.8)—(4.9) be equal to 0, then we obtain the following homolog-

ical equations:

39,H1(0) —1(82 + B(O) + b(0))H,(0) = 5°(0), (4.11)

3F1(0) — (A + W(©O) +w(0))F1(0) =g°6), (4.12)
. ap°(0)

0uH2(0) —i(82 + B(0) + b(0))H2(0) + iH2(0)($2 + B(0) + b(6)) = P (4.13)
. ap°(0)

3H3(0) —i(82 + B(0) + b(0))H3(0) + H3(0) (A + W(0) + w(0)) = Py (4.14)

3uF2(0) — (A + W(0) + w(0))F2(0) + iF2(0) (82 + B(6) + b(0)) = g;;e). (4.15)

If we find the solutions H; (j = 1,2, 3) and F; (j = 1, 2) of the homological equations (4.11)—-
(4.15), we will obtain a new system with another perturbation, which will be smaller on a
small domain.

4.2 Solution to homological equation
In this subsection, we consider the homological equations with variable coefficients
(4.11)—(4.15) and find their solutions. We only give the solutions to homological equations
(4.13) and (4.15) in detail while omitting the other solutions, since the other equations can
be dealt in the same way.

In the following, we assume that 2(§) + [B(6;§)]s € DC,(y, 7, K, O) for any given 7 > 2,
0<y <1landK >0, where

DC,(y,7,K,0)

(g) IQ(S)Io <2and
+{L2EN = ke YO < I < 2,1kl <K

Page 9 of 35
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Moreover, we let A:= 1 +3, M := & and {Q,} be the selected sequence of « in Lemma 2.2
with respect to A. In the process of solving the homological equations, we also use the
following notations:

1

1/4
— CQ2A4 , = e_COV‘S(QM +Q )’
(4.16)
14 Qn+1
K= max ’
[4~ 10° { e o ”

where 0 < ¢ <1 is a constant which will be defined later and ¢o := 575+

The solutions to the homological equations (4.13) and (4.15) with estimates are given
in Proposition 4.3 and 4.4, respectively. For the homological equation (4.13), we find an
approximate solution with suitable small error term using idea in [16, 17]. We remove the

non-resonance terms of B(0; £) to eliminate relatively large B(6; &) by solving the equation

LB(0;€) = To,.,. BO:€) + [B(6:8)],- (4.17)

Due to the lack of Diophantine condition on w, we will use the technique of the CD
bridge introduced in Sect. 2.2 to obtain a good estimate of solution 5(6; &) for (4.17) (see
Lemma 4.1).

Lemma 4.1 (Lemma 3.1 in [17]) Let § > 8, > 0 and f be an analytic finite-dimensional
vector-valued function. Then there exists a positive constant c1(8y, T, ) such that the equa-
tion

0,B(0;8) = ~Ta,..f(0:8) + [f0:8)],

has a solution B(0; &) with

Q 3
156560100 = 0725 o + @ )09,
The following lemma is about the estimate of small divisors.

Lemma 4.2 (Lemma 3.2 in [17]) For K= [0 for max{ ‘) QT‘( }], there exists a positive con-

stant c;(t) such that, for |k| < K,and0<|l| <2,
AT 1 -3r
(k) + (L, 2)] = e(r)y 2 71Q,",
provided 2 € DC,(y, 7,K,0).
Now we solve the homological equation (4.13) in the following proposition.

Proposition 4.3 Write Hy(0) = (Hoj)1<1j<q and ap
the homological equation (4.13) becomes

=: (Ry)1<1j<a> then

doHoy — (82, + Bi(0) + by(0) — (82 + B;j(0) + b;(0)))Hyj =Ry, V1<[j<d.  (4.18)
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For 8, >0, 0 < ¢ < 1, there exist positive constants c3(t) and €1 = €1(8x,T,¢) such that for
every o, 8 with0 <o <8, <8 <8(1—n), if

Q, =1 Q, —un
Raq,.,B=0, 1Bll5,0 - (an"g +Qf | <ey Q{; + QM7 (4.19)
At+2
16l50 < = (4.20)
Y0 20(0) QY

then each equation in (4.18) has an approximate solution which can be estimated as follows:
forany1<l,j<d,
1
1Hll5.0 < es(@)y A2 QLE M IRy 50

n+l

Moreover, the error term R;; satisfies

IR 5, o < €0 (IRyll5.0 + 216150 1 Haylz0)-

In the case of B = 0, the equation has an approximate solution Hoyy; satisfying

_ —(At+2 6 -
IHagli5 0 < c3(2)y A 2Q IR l15.00

and the error term R, satisfies
IR 5.0 < e (IR5lI5,0 + 211blI5,0 | Hayllz0)-

Proof We only prove the case of B # 0. The case of B = 0 is similar and easier.
Consider Eq. (4.18) for the unknown function Hyj; for any 1 </,j <d,

0 Hoy(0;8) — 1(82;(8) + By(6;§) + by(6; §))Hay (6 €) = Ry (6; 6),
where £2;(£) = £2/(§) — $2;(€) and similarly for Bj(6;£) and bj;(0;§).
For 1 <[=j<d, Hy; =0, by assumption Rj = 0. Thus, we consider the case 1 </ #j <d

in the following.
Let

3,B(0;€) = —By(0;§) + [B;(6;8)],-

Then, by Lemma 4.1 and assumption (4.19), we have

186:6)] 50,0 = 106,708 oo+ Q) 181650

. Q, —wuin
< 2c1(8*,r,c)ely8< +QM .
QU

Taking 0 < €; < co(z,6) 5 together with the definition of £ in (4.16), we obtain

960c¢1 (84,7,C

1
~ Q — Mm174
1Bz 2C1(5*,T,C)€1]/5(&+Q,1,\4 ) __1
e'”0 <e n < ETWO
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Let
Hy(0:6) = e PO Hy(0:6),  Ry(636) = e PRy (6; ).
Then Eq. (4.18) becomes
0 Hoy(6;) — 1($25(8) + by(6;£)) Hoyi (65 €) = Ry(6;6), (4.21)
where (&) := £2;(£) + [Bj(0; €)]p. We first solve the truncated equation of (4.21),
Tic (00 Hoyi(058) — i($25(8) + byi(05)) Hoyj(0;€)) = TicRyi(6; 6). (4.22)

We write

ﬁzl;(@;é): Z ]’_“[211,(/(;5)@(1(,0)’

keZ2,|k|<K
Ry(0:8) = ) Ry(k; £)e'™,
keZ?
by(0:8) = Y by(k; £)e ™.
kez2

By comparing the Fourier coefficients of Eq. (4.22), for |k| < K,we have

i((k ) - (&) Hayks ) = 3 iby(k = ks )y ks &) = Ry(ks ).

|k1|<K

This can be viewed as a vector equation:
(T+8H="7, (4.23)

where

T = diag(....,i((k, ) - ﬁlj(f)' = '))\k\d(’
S= (—ibAlj(kl - kZ;g))w,\ksz’

= (ﬁﬂj(k;g))\i\d(’ R= (/ﬁ\[i(k;s))\ikK'

Let
E(S = dlag(. ey elkwr .. ‘)|k|<K'

Then Eq. (4.23) is equivalent to

(T + E5SE;")Es$) = E¥R.
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It follows from 2 + [B]g € DC,(y, 7, K, O) and Lemma 4.2 that

1
= max

—1 - -
I™lo K< | (k, @) + $2(8)] ¢,

32;8)

= max su { ! | 85""' }
\k\<1<56(9 |k, w) + .Ql,(s)l [(k, w) + $2;5(&)?

1 _
503(‘[)7/ (A7+2) ?,11,

where the matrix norm is defined by

lAllo =max ) lalo
j

with a;; being the (i, /) element of the matrix A. Since

EgSE_ ( (fal-tiah? (l b(kl k2’§)>)|k1|\k2\<1<’

we have

|E5SES | = max 37 |0y — ki), < 20bl50-

ko | <K
AT
Thus, if |bl5 0 < W (i.e., assumption (4.20) holds), we get
n+l
-1 -1 1 —(Ar+2) 1
| T E5SE; ||, < 503(1))/ o20bl50 < = 5

This implies that 7'+ E5SE;s" has a bounded inverse and

|7+ EssE)

|1+ T E5SEsY) " T~
1 -1
= 1-— ”T—IESSEE—IHO H r “O

o

< cs(r)y ATPQE
Therefore,

1Faylzo = > |Hayki&)| e = I ESillo
|k|<K
= (T + ESE5Y) 'EsR |,

(At+2) Q

<c(n)y ™ o I1Ryll5 -

Going back to Hy;(0; ) = eiB(a;S)ﬁglj(Q; £), we get

Bz 7 —(At+2) 16 21 Bllx -
| Hylls 0 < e “w||sz'||g@sc3(r)y< Qe P50 | Ryll5. 0

2)
< c3()y " ATQE £ | Ryl5 -
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For the error term Rj;, i.e.,
i = ePOOR (7P (iby(6; €)Hay(6;6) + Ry(658))),
we have the following estimate:

IR |)5., o < P l0e™ (20bll50 1 Hayl50 + I1RylI50)

- —K
<& e 7 (2|bll50 | Hyli50 + IRz 0)-

Note that the case B(6;&) = 0 means that there is no need to define ﬁg;,- or 731,». In this
case, we directly deal with the equations for Hy; and Rj; to obtain the estimates for Hy;
and Rfj. O

In the next proposition, we study the homological equation (4.15) using the non-
degeneracy condition (3.2). Since the real part of A;(§) satisfies |Re A;(§)| > 01, there is

no small divisor.

Proposition 4.4 For 8, > 0, there exist positive constants cy := c4(01,02) and sufficiently
small €3 > 0 such that for every 8 with 0< 8, <8 <8(1—n). If

I1Bll5.0 < €2, 161130 < €, I W”E,p,p,o <€y, ||W||§,p,p,o <€ (4.24)

where || - o is the norm of linear operator from £, to £, ,, then the homological equa-

15,5,
tion (4.15) has an exact solution F, satisfying

50

Bz, 0 <c
1Eallso < e 5

’

5,0

where | - 15,0 is the norm of linear operator from C? to L,

-0 =0
Proof Let matrix U := aaip = (%)IGJZ,lijd and set F := (F)}, Fay, ... ,FZTd)T, where Fy; is the
jth column vector of F; for 1 <j < d. We regard the infinite-dimensional matrices F», U
as vectors F and U, respectively. Then the homological equation (4.15) is equivalent to

the vector-valued equation
30F - (Ef ®(A+W+w)-i(2+B+b)®Ez)F =U, (4.25)

where ® is the tensor product of two matrices (see [22] for details) and Ey, (E,) is the
identity matrix of d(co) dimensions.

Let
F=Y Floe, U= Ul
kez? kez2
Wy=Y W(k)el®?, = > wk)e, Lje 7,
kez? kez?
Bj=> Bk, b= ZZ,(k)e“kﬂ% 1<j<d,
kez? keZ?

where Wj; is the (/, j)th element of matrix W.
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By comparing the Fourier coefficients of Eq. (4.25), we obtain

(Ez, ® (it )Eg, — A) +i2 ® E,) F(k) + Y S(hk — k) F (k) = U(K),
k1

where S(k — k1) := —=E, ® (W(k — ky) + W(k — ky)) + i(B(k — ky) + b(k — ky)) ® E_7,, which
can be viewed as the vector equation

(T+8)F=u
with

T =diag(Ey, ® (itk,w)Ez, — A) +i2 ® E,)

S=(Stky - k2)) 1, gyez2
T T

§ = (j':(k))kezw = (ﬁ(k))kez2'

kez?2’

Denote

E; = diag(...,e e (0, ) 2 ®Eg,
then

(T + E5SE;")E5S = Esul.

It follows from the non-degeneracy condition for A(§) in (3.2) that

32(8) 3%(8)
(| =maxsupmax{ ! + T 1 }
O kez?teo llji-zzd [i((k, w) + $2;(&)) + L&) 1i((k, @) + $25(8)) + 1i(8)1?
1 2+ %0 1
< sup max{ + } < —¢4.
2
cco e | [ReA(§)]  |ReA (&)l 8

Moreover,

||EgSE§1 l o= 2% elkI=lkLé I W (k = ky; €) + Wik — ky; €) ”E,p,p,o
/<1€Z2
+maxmax, 3 [ B k) + k) o

k1 €72

<IBl50 + 1650 + IWl5pp0 + IWI5,p0-

If we take €5 < i, by (4.24), then we get

1 1
| T EsSE; | o = gealBlso + 18150 + 1 Wllspp0 + 1Wl5pp0) < 5-

Page 15 of 35



Wang and Liu Boundary Value Problems (2020) 2020:70 Page 16 of 35

This implies 7' + E5SE;" has a bounded inverse. Therefore,

d
|1 76:6)]50=>" > 1Bk, 0¢“" = I1EFlo

j=1 kez?

< (T + E5SE5Y) | o IlEsthllo
1
< alu@:o)]; 0

As a conclusion, we get

50

ap

”FZHE,p,O =c ~ . O
3,p,O

Similarly, we can deal with other homological equations and obtain the approximate or
exact solutions with estimates respectively. After this, we can get a new system with a new

perturbation as follows:
p.=@7)+RP, g =(4.10), (4.26)

where R?9 is the error term from solving the homological equations. In the proof of

Proposition 5.1, we will prove that the above perturbation is smaller on a small domain.

5 Proof of Theorem 3.1
In this section, we will give the proof of Theorem 3.1. We will give one KAM step in detail,
which needs finite Newton iteration. After one step of Newton iteration, the perturbation
is smaller than that in previous step. Via finite steps of transformation, the perturbation
is small enough to meet the KAM iterative requirement. So we can set up one cycle of
KAM scheme. This is the essential difference from the classical KAM iteration with the
Diophantine or Brjuno conditions.

For simplifying our notations, we drop the subscript # and write the symbol “+” for
(n + 1). Suppose at the nth step of the KAM scheme, we have the system

=0,
p =1(82(8) + B(6:€))p + p(0, p, 2 ), (5.1)
z2=(A§) + W(0:6))z +g4(0,p,2§),

defined on D(3,s) x O, where the perturbation satisfies [|(0,p,2)|lsp¢,9x0 < € and B, W
have the following form:

B(0;£) = diag(Bi(6;€),..., Ba(0:5)),  W(0:6) = (Wy(6;6)) .-

Our goal is to find an analytic transformation @ : D(8,,s,) x O — D(§,s) x O such that
the transformed system of (5.1) is of the form
6=w
P+ =1(82(8) + B.(0;6))ps + p+(0, 0+, 2456), (5.2)
2, = (AE) + Wi(0;6))z4 + 84(0, 04,245 8),
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where the norm of new perturbation p, and g, in (5.2) on a small domain D(é,,s,) is
smaller than (5.1) (see Proposition 5.1).

In the following, we need some notations:

2 —coyd+
=8(1-1n), E,=e

7r(8\L
e, =E,¢, s, = g6l

where L is a positive integer satisfying

Iné&, Iné&,
logs |1+ <L<1l+logs(1l+ .
7 Ine 7 1

née

(5.3)

Proposition 5.1 Consider the system (5.1) with Rq,,,B=0. Forevery0<y <1, 7>2

8 >38,>0,1>s>0, there exist positive constants €y = €y(3+,7,¢, d), €1 = €1(84,T,C) , €3 and
J =J(t) such that if 2 + [Bly € DC,(y,1,K,O) and

IBlls.0 - (QQj4 + Q7‘> < qy(% + QM“)

(5.4)
” W”é,p,p,(? < éy,

”P”s,D(B,s)xO <e< 60}/15; P:= (O,P, )

then there is an analytic, nearly identity transformation
@ :D(8,,8.) x O — D(S,s) x O

such that it transforms system (5.1) into system

0 =w,

Ps = 1(9(5) + B+(9;5)),0+ +P+(9» P+s Z+;S),
‘:z+ = (A(g) + W+(9;§))Z+ +g+(9;/0+;z+;§),

with

RQn+ZB+ =0,

1B+ = Blls,,0, [W: = Wls, ppo < 2¢,

”P ||s+ D(84,54)xO = <é&4

P, := (0,p+,g+)-

Moreover, the transformation ® satisfies

|® - id||s+,D(5+,s+)><O <4es,

(5.5)

ID® — Iy, ps, )0 < 4e.

(5.6)

The above proposition plays an important role to run one KAM step. In the following,

we use a Newtonian iterative procedure consisting of finite steps to prove Proposition 5.1
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Firstly, let
’5028, ’5025(1—7]), EOZS.
Then, for 1 <j < L, we define the following sequences:

8 1
6

& :gi?p g; = ~,'-1 - ZSOUj-ly y =5, 5= 1151, (5.7)
where
m» J <Jjos
9= ln'g(') (8
_Ing gy
Kdo’ J=Jos
with
1
jo=min{j e N: Kg» <1}. (5.9)

In the following, we give some inequalities for the above sequences, which we use fre-
quently in the proof.

Lemma 5.2 There exist positive constants ] = J(t), €9 = €0(84,T,C,d) and Ty = To(8+,7,C)
such that if

’50 =< 60)/]& 6n+1 > TOyiAm: (510)

then we have

12 J/.Ar+2 60

o <mini Q ", [ ——— B 511
= { el <16C3(r)> } G
e Kooy <7, (5.12)

and

1o\

& = <4—C4 oU]‘) . (5.13)
Proof For inequality (5.11), we only prove gy < Q,'3%% since the other one can be verified

similarly. Let J(t) = [1207.4%]. By the definition of £ in (4.16), we can obtain

1

Q  mMIE .
—coy8(= —M174 !
5 —e oy (QQ/]"'Qn ) < e’COV‘SQr/tV[ < ].

’

— _M—1/4
(coydQ, YV

. n —A* .
since e* > % forx>0andn € N.Dueto Q,+; <Q, inLemma 2.2, there exists a constant
0< €3 =€3(84,1,¢,d) such that if ¢y < €3,

631/]]! < 63]! —1207

Y= = = 1
)"y~ BV =

gy < 60)/15 =
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Now consider the inequality (5.12). When j > j, it is obvious by the definition of o} in
(5.8). When 0 < < jy, we have

I\ND 1\ ©/ 1)
& &j &

due to the smallness of gy > 5, and the choice of jy. Moreover, by the definition of K in
(4.16) and Q,,,; > Toy /2, we can get

1
K328, > ¢ 1Q2A* =yt (5.15)

for sufficiently large T,. By the definition of &}, we have

g~

z,

;= (2 + 22:342)]%.

0

It follows from (5.14) and (5.15) that

Koo KB K3 _ 1 1\o 1 1
(oF] - = - = = - = n-=>1n-.
V= 2282y T (242025 T 2+ 2825\ g g

g~

IS

Consider (5.13). When j > jo, it is obvious from ngz
of j < jo, by (5.10) and (5.11), there exists O < €4 = €4(7, §,) such that if €y < min{es, €4}, then

< 1 by the choice of j,. In the case

1 1 /8y 1 4 /8y 1 1,8y 1 /8y 6 8y
70 _yn'?) _ w05 Q—IZOT‘%'?GV <57 Q—%'(ﬂ’
j T “0 — 0 n+l — =0 n+l
8¢ L 1~
< =~ QHZ‘A —800’
dey - (2 +T2LYHS 4cy O

5.1 Afinite inductive lemma
We now give the following iterative lemma for a finite induction, which is used to prove
Proposition 5.1.

In the following, we will denote by ¢ a constant depending only on 7, d, but not on the
iterative step number j.

Lemma 5.3 Suppose that ¢, satisfies assumptions in Lemma 5.2 and the system

0 = w,
p =1(82(8) + B(6: ) + b(0;6))p + pj(0, p,2:6), (5.16)
z=(AE) + W(0;8) + wj(0;6))z + g(0, p, :§),

defined on D(Ej,”s}) x O, where
b}(G; 5) = dlag(bj,l(e; E)r ) bj,d(e; 5))7 W}(G; 5) = (Wj,il(e; 5))i,lejz'
satisfies the conditions in Proposition 5.1 for B, W and

RQn+2 b/ = 0’
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j-1
15,115,000 1W15, 550 < D Em (5.17)
m=
”P ” (SI s/)xo P] = (O;P],g/)

Then there is an analytic transformation

,:D(1.1,3) x O = D(,5) x O

satisfying
<33
15— idlls, . pG,510x0 <57 (5.18)
~ iy
”qu1 — Id||§}+1,D(E/'+1,§}+1)XO < 812 (519)
such that the transformed system of (5.16) is the system
0 =w,
p =1(82(&) + B(6;&) + bj1(0;8))p + pj1 (0, 0, 2;€), (5.20)

= (A(E) + W(0;8) + wj1(6:8))z + g41(0, p, 2 §),

defined on D(S}H,E}H) x O, and satisfies the same assumption (5.17) with (j + 1) in place
ofjfor0<j<L-1.

Proof (1) Firstly, we split the perturbation into three parts in the following way:

For the vector-valued function pj,

1) f (pe)
p=p" +p" +p",

where

(& 0 i pl i
p0,0,28) = > pkE) S + (Z > 5 i)e (ko) )
|k|<K t= It;!l\k\d( Pt 1<i<d

—

ap? )
+ Z 8—Z’(k; £)elfz,

keZ?
n pl 1(k,
#0050 - (X ko)
ik P! l=l=d
pP0.028) = > Dok Y BaalkE)e ) pr
lal<L|k|=K la|+|a|>2,keZ?
1) 2)
_p](pe +pl(pe )
with
’bk; = / 9,0,0;&)e k% dg,
P8 = s [ p0.0.0:0)e

Page 20 of 35
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and the other terms are similar. We still deal with g; in the same way:

gV0.026)= Y BaolkE)e®p?,

keZ?2,|a|<1

. R 4
g0,058) = Y FoalkE)e 2,
keZ2,|a|=1

g0.0z8)= Y Fauki)e M p2.

keZ2,|al+|a|>2
Then we can rewrite the system (5.16) as
6 = w,

p =i(2(€) + BO:8) + b (0:6)p + (0 +p*)(0, p,2:8), (5.21)
2= (AE) + WO:E) + win (0:8)z+ (@ + )0, p, 5:6),

where
(nf)
bj1(0;€) 1= bj(0;) —i— :
" ! 8,0 p=0,z=0
ag(nf)
W1 (0;€) = wj(0;€) + —
0=0,z=0

Thus, Rq,,,bj+1 = 0 since K < Q,,2 by the choice of K in (4.16). Moreover, by (5.11) and
(5.17), we have
N y.Ar+2

J
b1 115,00 191 15,0 < D Em < 280 < ————,) (5.22)
- 2¢3(1) Q5

since gy can be chosen sufficiently small. It is obvious that the perturbation P:=(0, p](.eD +

p}pe), gj(el) + g],(Pe)) satisfies

1Pl pG;3)<0 < I1Pjls,p65)x0 <&

(2) Secondly, we construct the transformation 5, Suppose that the desired change of
variables 5, has the form of (4.3):

~ = H,(6; H,(6; Hs(0; )
& p = p +Hi(0;8) + Hy(0;8) 0y + H3(0;8)z, (5.23)
z=2z. + F1(6;§) + F2(6;§)p..
It transforms the system (5.21) into the system
6=,
s =1(82(6) + B(0;8) + bj1(036)) o+ + pjs1 (0, p4s 245 6), (5.24)

é+ = (A(‘é;:) + W(Q:S) + Wj+1(8;§))z +gj+1(0: ,0+:Z+;§)o



Wang and Liu Boundary Value Problems (2020) 2020:70 Page 22 of 35

Via the discussion in Sect. 4.1, the unknown functions in (5.23) can be obtained by solv-
ing the homological equations like (4.11)—(4.15).

By the assumptions in Lemma 5.3 and (5.22), B, W, w satisfy (4.24) and b satisfies the
condition (4.20) due to the smallness of gy, €; and €;. Then, by Proposition 4.3 and Propo-
sition 4.4, we can get the approximate or exact solutions to homological equations with
estimates respectively. For convenience, we denote l~)j = D(Sj,i}) in what follows.

For example, by Proposition 4.3, we can obtain an approximate solution Hy = (Hai)1<ii<d

with estimates

(@)
op;

~(At+2) 16T o515
Qe |

1Haall3,0 < cs(t)y ~
5.0

and the corresponding error term R(zpe) = (R(Zele))lsi,lgd satisfies

(el)

ap;
|| 2il ||5 3 o, o) <25 240e_K‘30f7/ }l )
o It 3,0
Thus, we can obtain
|2 (el)
N 6T ol i
||H2||5 e, <CS(T))/ (At+2) nilg oo o
Ip 5,0
1)
8p(.e
|| ||5 300— o= < 28 240 e_K‘SOU} - )
¥ 30

Similarly, we can get

(At+2)

||H1||5 0= ces(t)y ™ n+15 20 Hp} ”5, o’

where p? := p:(8,0,0; £). Moreover, the estimates of the error terms are
p] p]

[R5 = 26 e R

” Is.0r

By Proposition 4.4, we can get exact solutions for H3 and F; (i = 1,2) with estimates

op'e) (el)

ap

I Hsll5,

. IBlge=c
(S},O

IFilaps.0 <cle’ 50 & =80,0,0:5).

3,0

Since ||P ||s DEF)*0 = €;, by the weighted norm of vector field, we have

613 <0 =58} I8illapx0 =< 3&)-
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Thus by Cauchy’s estimate and the inequalities in Lemma 5.2, we have

5
~ —(AT+2) 6T C-mTE. — T6T
IH1l5,,,0 < cs(t)y (AT Q6T £-m3E; < E°%)
- —(AT+2) 6T C-mr T T =T
||H2p+||Dj+1><O S263(7"))/ (Ars )Qnilg 240‘Sf+18/ 58]'8/‘,
||H3Z+||5j+1xo = CE}‘HE}"

For Fy, F,, F3, we can obtain

”Fl”a,p,ﬁhlxo =< Cg}gﬁ ||F2/0+”a,p,5j+1><0 = C§}+15},

Thus, we have

4

~~35

”(d’;; B ld)p ||51‘+1 xO = Sje}' ’ “((51 - id)l Hﬂ,l’:5j+l xO SE}E] .

i

That implies @(D(:S}H,Em)) C D(’Sv,,'s”j). And we obtain

~ 1, ~ 1, ~
19; = idll;,, 5,1 x0 = = [ @ —id), |5, 0+ 5 | -id],,5, <0

wiN

<z
Similarly, by Cauchy’s estimate, we can also obtain the tangent map D(dNﬁj —id) of (5, —id
satisfying

1
<E2.

|D(@; - 1a)] ,

§j+1v5j+1><o
(3) Finally, we give the estimate of the new perturbation in detail. From the (4.26) in
Sect. 4.2, we can get the new perturbation:

ap}(el) ap}(el)
Py +
ap 0z

(el)

~ ag;
el
gl»+1 =gj o ¢j - (g]( )+ #p*,) —szl‘+1.

= I
pjr1=pjoPj- (P,(e) + Z+) +R®9 — Hypj,1 — Hagj1,

We mainly focus on the term pj,; since all others can be dealt with in the same way. For
the form of p;.1, we decompose it into five parts:

Pj+1 =11 +[2 +13+I4 +15,
where

11 =pl o 5} —p,(@, ,0+xZ+}$);

ap;
L =Pj(9,P+’Z+;$) - (P;) + _/j/h +

8p° 8p(.)
I3 =Ry <P? + 8_,01'0+ + a—ZIZ+>,
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Iy = —Hy(6;€)pje1 — H3(0;€)gj1,

Is = R®9 .= R(IPG) n R;pe)p+.

By the mean value theorem, Cauchy’s estimate and the inequalities in Lemma 5.2, we

can get

55
Il <0 <2 -
]

s
~ 7] 2 ~
||12||Dj+1><0 =c EQ : Sj+1 = ng Sjs
J

o 0
p] 3,0 p+ az +

K70
Isl15,,, <0 < €707

5/+1 xO
< e R < &,

Mallp,,, <0 < ||H2Pj+1||15,+1x(9 + |1 Hsgjllp,,, <0
< & (”p1+1||D+1><O +[1gj1 ||5/-+1><(’))’

515, x0 = ”Rlpe ||5j+1x(9 ”RZPE)'O+ ”Dﬂxo < &3 R

where ¢ is a constant independent of ;.

Hence, to summarize, we obtain

4-
Bj1ll5,,,x0 < &) + ) (||I’;+1||D+1X0 + |Ig+1||5,+lxo).

Similarly, we can obtain the estimate of ||g;,1 ”a,pﬁm O~

Thus, we conclude that

||p]+1||D+1><O + ||g}+l||D+1><(’) <Z‘Ij

~Joo

S/+1

since ¢g; < 1 for sufficiently small €5. The proof in the case of B = 0 is similar when we

assume that gy < min{eoy/, Q,12°7}. =

5.2 One KAM step

In this subsection, we complete the proof of Proposition 5.1 by using Lemma 5.3 induc-
tively. Thus, we need to construct a transformation @, which transforms the system (5.1)
into (5.2), at the nth KAM step.

We point out that if gy > £/, then Z’O% > &, = £,80. This means that just via one trans-
formation like (5.23), the perturbation of the transformed system may be bigger than size
O(&,), which is used to control the solution of the homological equation. Therefore, in
order to run one cycle of KAM scheme, we need L (> 2) times of induction such that the
size of perturbation is smaller than ¢, . By the choose of L in (5.3), we have €] <&, <%;_;.

Therefore, we terminate the finite induction at Lth step.
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Now we need to verify §, < 5y, for 8, =8(1— n). It is sufficient to show that an_zlo O <

n/2. By the definition of o; in (5.8), we obtain

Jjo-1 jo-1 -1 77
Z %= Z 2+ c52)/+5 Z =3
j=0
Andif L > j,
LXEO 81n8L 1 71n5,0 - _81n(8+§0) . 71n%,
s / K7y K7y ~— K7y K79
8In&, In%, - 15In &,
K7 K7y = Ko
c - oAz N
Sg( :1+11V[+Qn+1) _Q ZA =Z

by z1-1 > &, = £, provided g > £7. Therefore,

jo—1
Ui
Son-Sos Siasl
Jj=0 J=jo
Asa consequence,
L-1
17 =50—28020’1‘ 260(1—77) =4,.
j=0

Proof of Proposition 5.1 The proof of Proposition 5.1 is an immediate result of Lemma 5.3.
By applying Lemma 5.3 for L times inductively, we get a sequence of transformations

& =Byodio---0d; 1 :D(,3) x O —D@,s) x O, V1<j<L.

Let @ := &%, which maps D(8,,s,) x O into D(8,s) x O. Then, via transformation @, we
get the new system (5.2) with B, = B + by, W, = W + wy, satisfying

RQn+2B+ =0,
I1B; = Blls,.o < Ib.ll5,0 < 26,

IWs = Wlls, ppo < IWLl5, ppo <26

and the perturbation P, = Py satisfying

1P+ lls,.D54.50)x0 < ||PL||SL, DGELF)x0 < 8L < &

Next, we verify that the transformation @ satisfies (5.5) and (5.6). By the chain rule and
(5.19), one has

j-1 J 1
= ~ ~7
Hqu HE}’,D((‘)},}})XO = l_[ |qu ||Sl+1 D($ z+1 Sir1)X S 1_[ té 2

i=0 i=0

Page 25 of 35
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Then, by the mean value theorem and (5.18),
1
” ¢]+ CD] ||5/+1 D (341 51+1) xO

2
”D@/ ||~ 5:5)x O ” ¢ id||§j+1:D(5}+1:§}+l)XO = 2’513 :

Asa consequence,

”¢ ld”Sw 5+»S+)XO
L-1 9
il _ = - ~3
= ||¢/ - ¢]|i"§}+1’D(’(§j+lgj+l)XO + ||¢0 - ld”'s“l,D(Sl,'fl)xO =< 4'50 .
j=1
Similarly,
~3
”D¢ Id”sLD(SLSL xO 5480 . U

5.3 Iterative lemma for KAM scheme

We define infinitely many successive steps of KAM iteration using Proposition 5.1. For
givenl1>8>68,>0,7>2,1>y>0,deN, and A, M are defined in Sect. 4.2. There exists
a constant ¢y = %(% +1) > 1 such that § > §,¢y. Let ¢ = %(1 - %) <1and

45 A 10‘[ A ~-A/2
T:max{(w> ,To(g) ,4A4}, (5.25)
y82¢

where J = J(1), €0 = €9(84, T, ¢, d) > 0, €1 = €1(84,T,C) > 0, €3 > 0 are small positive constants
given in Lemma 5.2, Proposition 4.3 and 4.4.

By the discussion in [17], for T defined above, we can choose ny € N such that Q,, > T
Then we choose sufficiently small ¢ depending on the constants §, d, T, y, such that

J
€
e < min{e()(g) ,elz, =2 ;;207 } (5.26)

We define the iterative sequences depending on ¢, §, s, y by

1 1
€0 =&, 80 =, Yo=Y, Vn=Vo<—+W)’

2
o (g Q%iﬁi’)
gn+1 =€ Q%M ’ En+l = gn+l£m
(5.27)
= CQZ(;LS,, 1’ 8n+1 = 871(1 - 7771)2;
Vn Qn0+n
K, = ma;
" |:4" 107 { n0+n Qn0+n}:|

Let L, be the unique positive integer satisfying

ln€n+1 1ngn-*—l
10g% W SLn<1+10g§ W .
n n
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That is,

)i §)n-1

3 S Ent1 < En

¢
n

For given 1 > s > 0, we also define

Z1(8)tn-1]
S0 =35, Sp+l = En Sn.

Firstly, the sequence {s,},>0 is decreasing and goes to 0 as n — oo. For the sequences
{8,}n=0 defined in (5.27), we show that §,, > 8, for every n > 0. Indeed, by Q,y41 = T > gA
in (5.25), one has

o0 0 -1
[Ja-2n0)=1-) anc>1-82Qx", > 1-8¢.

k=2 k=2
Then
n-1 [e'9)
8n =80 [ [ = m)* > 8o(1 = 2m0)(1 = 2010) [ [(1 = 2n0) > 80(1 - 128) > 5.
k=0 k=2

According to the analysis in Sect. 5.2, we can conclude to the following iterative lemma.

Lemma 5.4 (Iterative lemma) For integer n > 0, suppose we have a family of systems de-
fined on D(ry,5,) X Oy_1,

6, = w,
P =1(82(&) + Bu(04:€)) on + Pn(Ons Pns Zu; ), (5.28)
'é}’l = (A(%') + Wn(en;s))zn +gn(6nx Pns Zn;‘%“):

at nth KAM step satisfying Rq,.,,Bn =0,

1Br = Bu-111,,0,-15 | Wn = Wi lls,pp,0, 1 = 2601 (5.29)
and

1P lls,, D5 x Opr < € P := (0, P1s @)

where we set €1 = By = Wy =0, |2(£)|o < 1 and the O,_; is defined as

Ori={ec0: ko) +1.2@+ [Bra0), )= o0
YO0 < |I] <2, k| < K1 }
Then there exist a subset O, € O,_1 with
O,=0,a\  J I, (5.30)

Ky—2<|k|<Ky
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where

Vn

Fkn()/n) — {é: c On—l : |(k,a)) + <l,9 + [Bn(en;é)]gn>| < W’

Y0 < |{| 52}, (5.31)
and an analytic coordinate transformation
D@y : D(8i1s$n41) X Op = D(8ps50) X Oy
of the form

9;1 = 9n+l,
Pn=Vu (Bs15 Pn+ls Zn+1;£)» (5.32)
Zn = un(0n+1: Pn+1s Zn+1;§),

where V,, and U, are affine in p,.1, zys1, such that by the coordinate transformation @,

the system (5.28) is changed into

On1 = 0,

Pne1 = 1(2(E) + Bri1(0pa1;€)) i1 +pn+1(6n+lr P15 Zns1; )5 (5.33)
Zye1 = (A('i:) + Wn+1(9n+l;§))zn+l +gn+1(9n+1; Pn+1,Zn+1;£:),

which satisfies the above assumptions with n + 1 replacing n. Furthermore, we have the

estimate
) 2
”¢l’l - ld||Sn+1,D(5n+1,sn+1)><On < 48}’? ) (534')
1
DD, — Id|ls,,,.D(ps1,501) xOn < 4En - (5.35)

Proof Lemma 5.4 can be proved immediately by applying Proposition 5.1. It is sufficient
to verify conditions in Proposition 5.1.
Firstly, we need to check that §2 + [B, ]y € DC,, (s, 7, Ky, Oy). From (5.29) and B, = 0, we
can get
n n
IBulls0,0 < D IB; = Biills,on, <2 &1 < 4eo. (5.36)
, =

J=1

This implies that [£2 + [B,]g|0,_, < 2 due to the smallness of &). Moreover, for § € O,,_;,

we have

Vn-1

|(k,a)) + (LQ + [Bn—1]9>| = m,

YO < |l] <2, k| < Ky_1.
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Then, for 0 < || <2, |k| < K,,_3, it follows that

|(k;w) + (1, 2 + [Bulo)| = (ks ) + (L, 2 + [Burlo)| = |{L [Bu = Bu-rlo)|
VYn-1 VYn

> —4dg, 1 >———, VE€O,1.
= (k| + 12)7 ke !

The last inequality is obvious, when |k| < K,,_5, by the choice of K,,, &, in (5.27). Therefore,
it is verified that §2 + [B,]y € DCy(yu, T, Ky, O,) by the definition of O, in (5.31).

Secondly, we need to show B, and W,, are small enough. From (5.36) and M = AT4, we
see that B,, satisfies

Qn +n—1 6;«1 +n—1 —+/4
1Bills,,0,-1 - < 0 Qnqu 1) =€V QN(I) + Q}i\gi»n—l )
no+n 1 no+n-1

since
14
1Brlls,,0,-1 < 40 < €15 <€17n.

From (5.29) and W, = 0, we get

IWalls,, ,“_ZIIW Wialls, ,1_2Ze,l<4so<ez
j=1 j=1

Finally, we prove

1Pl D550 % Oy < En < €0V Em-

The definition of ¢, in (5.27) and condition (5.26) show that

J
8,,25,,-"5180 SGO(%) gn Séoyngm VHE 1.

When n = 0, it suffices to take g satisfying (5.26).

Therefore, by applying Proposition 5.1, there exists an analytic transformation @,, which
is of the form (5.32) such that the transformed system (5.33) has the same properties as the
system (5.28) at the nth KAM step. Moreover, the transformation @,, satisfies the estimates
(5.34) and (5.35) by Proposition 5.1 again. O

5.4 Convergence and measure estimates
We begin with the system

6 = w,
p= 1Q($)P +p(9’)01Z;§)’ (5.37)
z=A5)z+g0,0,%8),

on D(8,s) x O. Since O is a compact subset and 2(§) is Cj,, in & € O, we can sup-
pose |£2(£)|o < 1 without loss of generality. Then the non-resonance condition £2(§) €
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DC,(y,1,Ko, Oy) is satisfied by setting

Yo

O = {5 € 0: [tk + (2O 2 e

VO < |l <2, k| <1<0}.

Since |Re A;(£)| > o1 for some positive constant o1, we do not encounter a small divisor
when solving the homological equations with respond to z. Therefore, one does not need
any non-resonant condition for A(£).

Denote By =0, Py = P:= (0,p, g), then

. —120
1Pl 50,D50,50)% 00 < €0 < min{eoyy, Qi },

due to assumption (5.26). Thus, we are able to apply the iterative lemma, Lemma 5.4,
inductively to get a sequence of subsets O,, and transformations

b, :D(6n+1:5n+1) X On - D(Sn;sn) X On
satisfying estimate (5.34) and (5.35) for each n € N. Let
"= Dpo---0Py, :D((Snrsn) X On—l g D(S’S) X On—b

then the transformed system of (5.37) by transformation @” still satisfies the properties
in Lemma 5.4 for each n > 1.

Convergence: Now we give the uniformly convergence of transformation @”. Let

Then @", D@" converge uniformly to @, D@ on the domain D(3,,0) x O, as in [23].
Moreover, @, D@ can be defined on the domain D(§,, %) x O, following the analysis in
[23] since it is affine in the variables p, z.

It follows from the estimates (5.29) of B,, and W/, that B, and W,, converge uniformly to
limits B, and W, on domain D(§,, %) x O, with

[o¢]
1B.lls.0, <D 1Bn = Buoills,0,., <40,

n=1

[e¢]
IWallsepp.0y < D MNWo = Wt lls,pp,0,. < 4e0.

n=1

Moreover, the sequence &, — 0 as n — 0o by the definition of ¢, provided that ¢ is suf-
ficiently small. Thus, the final transformed system of (5.37) by coordinate transformation
D is

6 =w,
p =i(82(§) + B.(0;6))p + p«(6, 0, %),
z=(A@) + Wi(0;8))z + 8.0, 0,2:§),

defined on D(é,, ) x O, and py, g, are at least of order 2 with respect to p, z.
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Measure estimates: During the procedure of KAM iteration, we obtain a decreasing se-
quence of closed subsets Oy 2 O; 2 --- . It is crucial to prove that the Lebesgue measure
of their intersection O, is positive in KAM theory for small enough y > 0.

According to Lemma 5.4, we have the set

0\0y=< U Pf%))u(U U rk"(yn)),

0<[k|<Ko n>1 Kyy_g <[k|<Ky,
where
) = {é €0: ’(k,a)) + (l,S?(é))‘ < m,vo <)l < 2},

and, for n > 1,

Yo

) = [% € O [tk + (L.26) + [BUO: O] )| < e

V0 < []] 52}.

Then using the non-degeneracy condition (3.2) and the analysis in Sect. 4.2 of [17], we

have the following lemma for the measure of the parameter set O, .

Lemma 5.5 For t > 2 and sufficiently small y >0, we have
meas(O \ O,) = O(y).
As a conclusion, we complete the proof of Theorem 3.1.

6 Proof of Theorem 1.1

Firstly, we rescale (1.2) via u > ¢ 34 to obtain the following equation:

uy =11+ (b + 10) et + mou — (1 + ip)eh(wt, x)|ul>u + s%f(a)t,x), xeT. (6.1)
Then the linearized equation of (6.1) is

Uy =1+ (b + 1) 0yt + Moyt

And the linear operator r + (b + iv)dy, + md, under periodic boundary condition possesses
the eigenvalues

Ap=r—bn®+ i(mn - vnz), nez,

and the corresponding eigenfunctions ¢,(x) = ﬁei”x.
For any given j € N\ {0}, choose the parameters r > 0, b > 0 such that Re A4; = r — bj* = 0.
Then, another eigenvalue A,, n # %, satisfies |[Re ,,| # 0.

We will find the solution to (6.1) of the form

ult,x) = 3 quO)9u(®). (62)

nez
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Substituting (6.2) into (6.1), one gets a lattice formulation of the problem

=0,

. . - 1
Gn = MnGn = €(L+114) 325 ki1 nscmo Tiknehe(0)qiqiqu + €2 Py(9),
where

27
Time = /27T /0 1B ) )Pa (). (x) dx

@m)2, i-k+l-n+c=0,
0, i-k+l-n+¢+#0,

and
2 _
P,(0)= |  f(0,%)pu(x)dx = v 27f,(6).
0
Let o1 = gj and py = q_;. Then
6 =w,
~ . . - 1
p1=12101 = (L +1i1) D ty1jscoo Tikjichs(0)qiqar + 2 Py (0),
aQ . . - 1
Py =182202 = (L +1i1) D= tsis o0 Tiki—ehe O)qigrqu + €2 P_(0),
. . _ 1 ,
Gn = Angn — (1 +ip) Zi—k+l—n+§:0 Tiklnghg(e)QiquI +e2P,(0), n#Zj
where 2 = —ik;j = mj —vj* € Rand 2, = -iA_j = -mj - vj? € R.

Denote the parameter & := (v,m) € O, and O C R? is a compact set with positive mea-

sure. Let

2(8) = diag{21(5), 22(5), - 1(6), -2:(8)},  A(§) = diag{A1(§), 1,(5)}

with Ay(§) = diag{Ar,(§) : n # £/}
and p = (51, 02, P1> P2)> 2 = (@n)nstj» (Gn)nssj). Then we get the system

0 =w,

p=182(&)p +p(0, p,2) (6.3)
z=A(§)z+g(0,p,2),

where the nonlinear terms are

p = (p1,p2,P1,P2), 2= (@nr» @)nrsj)s

Page 32 of 35
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with

. - 1
pr=—eL+ip) D Tuychc(O)qidgeq +&2P,0),

i—k+l-j+¢=0
_ 1
p2=—¢e(1+iu) Z Tii-jche (0)qigrq: + €2 P_j(0),
i—k+1+j+5=0
. - 1 .
&n = _8(1 + 1/1«) Z Tiklnghg(e)qiqkql + 82Pn(9): n #i}
i—k+l-n+c=0

It is obvious that p and g are independent of the parameter & € O.

Note the the dimension of the vector z in (6.3) is different from the one in (3.1) even
though both are infinite. Actually, the latter is the double of the former. So to apply Theo-
rem 3.1, we need to redefine the sets [J> and D(§, s). To simplify this work, we omit these
discussions.

Now we apply the abstract KAM theorem 3.1 obtained in Sect. 3 for system (6.3) to
prove Theorem 1.1. So we need to check that the frequencies £2(£¢) and A(£) satisfy non-
degeneracy condition (3.2), and the perturbations p, g satisfy the smallness condition for
sufficiently small .

It is obvious that for Z > n # +j,

[Ren(8)| = [r—bn’| = [r=b(i-1)*| = 6] >0, |[ReXu(§)] =02

oAy
),

where g > 0 is a constant independent of 7, § and

‘8(1,9)

>ji>1, VOo<|l|<21eZ>
L2, o

Therefore, the non-degeneracy condition (3.2) holds for £2(¢) and A().
Since f and / satisfy assumption (H), the norms of f and % are

Fllap.oe = Y _ |£:(0)] ;e (m)? < 00,

nez

1l = Y _ | 1n®)] ;e () < 00

nez

forsome1>8>0,a>0and p > %
For some 1 > s> 0, on domain D(3,s) = {(0, p,2) € Pap : |ImO]| < 8, |p| <5, |12]lap < 5}, We

have

. 3 1
Iplpe.s < el +ip)s”|hllapne) + 262 1Pl
1
< ce2 (IIf lapne) + S Ihllapne) ),
, 1
Igllap,pes < c1&(l +iw)s® |llap,pes) + €18 21f lappe)

1
< ce2 (If lappe) + S Allapoe)s

where we use Lemma 2.1 for sequence {|f;(0) [l p@s)}jez € £a,p and {[|14;(0) | ps)}jez € Lap and
¢, ¢ are positive constants.
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Hence, for nonlinear term P := (0, p,g), we have

L, 4 2 1
IPllspe.9x0 < ce2 (s f llapne) + 8 1 hllapne) < Coe2,

where Cp > 0 is a constant depending on §, s and functions f, /.

By Theorem 3.1, for 7 > 2, sufficiently small 0 < y <« 1and é,. := %, there exists a constant
£y 1= Cigsg depending on j, r, b, u, v, t, O, f, h such that if ¢ < &,, there exist a subset O,
with meas(O \ O,,) = O(y) and a family of analytic transformations

1)
@.:D(2,2) = D@G,s), VeE€O,,
2°2
which transforms system (6.3) into

=0,
p =1(82(8) + B.(0;8))p + (0, p, z:§), (6.4)
z2=~(A) + Wi(0:8))z + g.(0, p,z;§).

where p, and g, are at least of order 2 with respect to variables p and z. Therefore, for any
& € O,, the transformed system (6.4) admits a special solution (6(0) + wt, 0, 0).
Let

(02), p(2),2(2)) = P£(6(0) + wt,0,0),
then
(6(2), p(),2(2)) =: (6(0) + wt, V& (6(0) + wt), Us (6(0) + wt))

is a analytic quasi-periodic solution to system (6.3) for & € O,. As a conclusion, the com-

plex Ginzburg—-Landau equation (6.1) possesses a quasi-periodic solution with the form
of

u(t, x) = V16 (0(0) + ot)dj(x) + Vo (6(0) + wt)p_i(x) + Z Uy (0(0) + wt) gy (x).
nALj

Then, the forcing complex Ginzburg—Landau equation (1.2) has a response solution ¢ 2u

when the parameters of the coefficients (v, m) € O,.
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