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Abstract
In this paper, we consider the egg-sperm chemotaxis model of coral with the
incompressible fluid equations in the whole space. The existence of global mild
solutions in scaling invariant spaces is proved with sufficient small initial data. Here
the main tool we use is the implicit function theorem. Furthermore, we obtain the
asymptotic stability of solutions when the time goes to infinity. Since the initial data
could be in the weak Lp-spaces, we finally get the existence of self-similar solutions
when the initial data are small homogeneous functions.
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1 Introduction and main results
In this paper, we consider the following chemotaxis-fluid system modeling coral fertiliza-
tion in R

N with N ≥ 3:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂te + (u · ∇)e – �e = –ε(se),

∂ts + (u · ∇)s – �s = –χ∇ · (s∇c) – ε(se),

∂tc + (u · ∇)c – �c = e,

∂tu + k(u · ∇)u – �u + ∇p = –(s + e)∇φ, div u = 0,

(1.1)

where e is the density of egg gametes, s denotes the density of sperm gametes, c represents
the chemicals, u is the divergence free sea velocity of sea fluid, φ denotes the potential
function, which is given by gravitational force and centrifugal force, the constants ε and
χ are positive, and k ∈R. To complete system (1.1), the initial data are given by

e|t=0 = e0(x), s|t=0 = s0(x), c|t=0 = c0(x), and u|t=0 = u0(x). (1.2)

© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

https://doi.org/10.1186/s13661-020-01368-7
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-020-01368-7&domain=pdf
mailto:mdysave@163.com


Hu et al. Boundary Value Problems         (2020) 2020:72 Page 2 of 17

Here we see that system (1.1) is invariant by the transformation

ē(x, t) = l2e
(
lx, l2t,

)
, s̄(x, t) = l2s

(
lx, l2t,

)
,

c̄(x, t) = c
(
lx, l2t

)
, ū(x, t) = lu

(
lx, l2t

)
,

(1.3)

up to a change of the pressure law p̄ = l2p for all l > 0. And a function space is called critical
space if the norm is invariant under transformation (1.3).

In the following, we will introduce the related works of this model. The most classical
chemotaxis model describing the collective motion of cells or bacteria was first proposed
by Patlak [1] and Keller and Segel [2, 3]. In their papers, the partial differential equation of
the random walk problem with orientation persistence and external bias was derived. In
[4, 5], Kiselev and Ryzhik found that the fertilization rate could be close to completion as
long as chemotaxis was strong enough. So they considered the case of the weakly coupled
quadratic reaction term

∂tn + (u · ∇)n – �n = χ∇ · (n∇(�)–1n
)

– εnq, in (x, t) ∈R
d × (0, T). (1.4)

Here, n represents the density of egg (sperm) gametes, u is the specified spiral current
rate, and χ > 0 denotes the chemotactic sensitivity constant, the term εnq(q ≥ 2) repre-
sents fertilization phenomenon. In [6, 7], under Neumann boundary condition, the au-
thors provided a simpler proof of the nontrivial bounded classical solution of the decay
profile for the following system:

⎧
⎨

⎩

∂tn + (u · ∇)n – �n = –χ∇ · (n∇c) – εn2,

∂tc + (u · ∇)c – �c = –c + n.
(1.5)

In [8], Espejo and Suzuki utilized the incompressible Navier–Stokes equation to describe
the chemical c and the velocity field u of fluid, which include the pressure p, and used n∇φ

to simulate gravity. Those equations read as follows:

⎧
⎪⎪⎨

⎪⎪⎩

∂tn + (u · ∇)n – �n = –χ∇ · (n∇c) – εn2,

∂tc + (u · ∇)c – �c = –c + n,

∂tu + k(u · ∇)u – �u + ∇p = n∇φ, div u = 0.

(1.6)

Now, we consider a more general mathematical model (1.1) by making the egg density
different from the sperm density in R

N . For the chemotaxis-fluid system (1.1), many peo-
ple have done a lot of research. For example, Chae, Kyungkeun, and Lee [9] studied the
global well-posedness of coral fertilization models. Li, Pang, and Wang [10] explored the
global boundedness and decay property. Zheng [11] showed the global weak solution of
this system in a three-dimensional space. Htwe [12] proved the global classical-small data
solutions. For more models based on the Navier–Stokes equations, one can refer to [13–
16] etc.

The aim of this paper is to prove the global existence of mild solutions to the chemotaxis-
fluid system (1.1) in R

N (N ≥ 3) when the initial data are small in the scaling invariant
spaces. Furthermore, based on our results concerning the existence and uniqueness of
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mild solutions (see Theorem 1.1), the global stability of those solutions is obtained under
small initial perturbation. The main way we use is the implicit function theorem, which
is inspired by Kozono, Miura, Sugiyama [17]. Let us mention that Tan, Wu, and Zhou
[18] and Zhang, Deng, and Bie [19] applied the implicit function theorem to prove the
existence and uniqueness of mild solutions to the magneto-hydro-dynamic equations and
the nematic fluid crystals, respectively.

Before giving our results, we first introduce some usually used symbols and definitions
of mild solutions. We denote BCw([0,∞); X) as the set of bounded weakly-star continuous
functions on [0,∞) with values in the Banach space X and Lp

w(RN ) as the weak Lp-space.

Definition 1 Let N ≥ 3, and assume that the initial data {e0, s0, c0, u0} satisfy e0 ∈ L
N
2

w (RN ),
s0 ∈ L

N
2

w (RN ), ∇c0 ∈ LN
w (RN ), and u0 ∈ LN

w (RN ). We call measurable function {e, s, c, u} on
R

N × (0,∞) a mild solution of (1.1) on (0,∞) if the identities

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

e(t) = exp(t�)e0 –
∫ t

0 exp{(t – τ )�}(u · ∇)e(τ ) dτ

–
∫ t

0 exp{(t – τ )�}ε(se)(τ ) dτ ,

s(t) = exp(t�)s0 –
∫ t

0 exp{(t – τ )�}(u · ∇)s(τ ) dτ

–
∫ t

0 exp{(t – τ )�}ε(se)(τ ) dτ

–
∫ t

0 χ∇ · exp{(t – τ )�}(s∇c)(τ ) dτ ,

c(t) = exp(t�)c0 –
∫ t

0 exp{(t – τ )�}(u · ∇)c(τ ) dτ +
∫ t

0 exp{(t – τ )�}e(τ ) dτ ,

u(t) = exp(t�)u0 –
∫ t

0 exp{(t – τ )�}P[k(u · ∇)u + (s + e)∇φ](τ ) dτ

(1.7)

hold for t ∈ (0,∞), where exp(t�) denotes the heat semi-group defined by

(
exp(t�)g

)
(x) ≡

∫

RN
G(x – y, t)g(y) dy (1.8)

with G(x, t) = 1

(4π t)
N
2

exp(– |x|2
4t ) and P = {Pjk}j,k=1,...,N denotes the projection operator onto

the solenoidal vector fields with the expression

Pjk = δjk + RjRk

(

Rj ≡ ∂

∂xj
(–�)– 1

2 : Riesz operator
)

for j, k = 1, 2, . . . , N . (1.9)

Now our main results are as follows.

Theorem 1.1 (Existence) Let N ≥ 3. Suppose that the indexes p, q, and r satisfy

q ≥ 2,
N
2

< q < N , N < p <
Nq

N – q
, N < r <

Nq
N – q

,

and there exists a constant δ = δ (N , p, q, r) such that the initial data {e0, s0, c0, u0} satisfy
the following condition:

‖e0‖
L

N
2

w

(
R

N)
+ ‖s0‖

L
N
2

w

(
R

N)
+ ‖∇c0‖LN

w

(
R

N)

+ ‖u0‖LN
w

(
R

N)
+ ‖∇φ‖LN

w

(
R

N)
< δ. (1.10)
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Then there exists a mild solution {e, s, c, u} of (1.1) which satisfies

t
N
2 ( 2

N – 1
q )e ∈ BCw

(
[0,∞)

; Lq(
R

N)
), (1.11)

t
N
2 ( 2

N – 1
q )s ∈ BCw

(
[0,∞)

; Lq(
R

N)
), (1.12)

t
N
2 ( 1

N – 1
r )∇c ∈ BCw

(
[0,∞)

; Lr(
R

N)
), (1.13)

t
N
2 ( 1

N – 1
p )u ∈ BCw

(
[0,∞)

; Lp(
R

N)
). (1.14)

If the norms corresponding to spaces (1.11)–(1.14) are small enough, then the mild solution
{e, s, c, u} to (1.1) is unique. Moreover, when t → ∞, the mild solution {e, s, c, u} has the
following asymptotic behavior:

∥
∥e(t) – exp(t�)e0

∥
∥

Lq
(
R

N)
= O

(
t– N

2 ( 2
N – 1

q )), (1.15)
∥
∥s(t) – exp(t�)s0

∥
∥

Lq
(
R

N)
= O

(
t– N

2 ( 2
N – 1

q )), (1.16)
∥
∥∇c(t) – ∇ exp(t�)c0

∥
∥

Lr
(
R

N)
= O

(
t– N

2 ( 1
N – 1

r )), (1.17)
∥
∥u(t) – exp(t�)u0

∥
∥

Lp
(
R

N)
= O

(
t– N

2 ( 1
N – 1

p )). (1.18)

Theorem 1.2 (Stability) Let N ≥ 3, and let the exponents p, q, and r be the same as in
Theorem 1.1, and δ = δ(N , p, q, r) is the same constant as in (1.10). Suppose that the two
initial data {e0, s0, c0, u0} and {ẽ0, s̃0, c̃0, ũ0} and the two external forces φ and φ̃ satisfy

‖e0‖
L

N
2

w

(
R

N)
+ ‖s0‖

L
N
2

w

(
R

N)
+ ‖∇c0‖LN

w

(
R

N)

+ ‖u0‖LN
w

(
R

N)
+ ‖∇φ‖LN

w

(
R

N)
< δ, (1.19)

‖ẽ0‖
L

N
2

w

(
R

N)
+ ‖s̃0‖

L
N
2

w

(
R

N)
+ ‖∇ c̃0‖LN

w

(
R

N)

+ ‖ũ0‖LN
w

(
R

N)
+ ‖∇φ̃‖LN

w

(
R

N)
< δ. (1.20)

Suppose that {e, s, c, u} and {ẽ, s̃, c̃, ũ} are mild solutions of (1.1) on [0,∞) given by The-
orem 1.1 with the initial data {e0, s0, c0, u0} and {ẽ0, s̃0, c̃0, ũ0} in the class (1.11)–(1.14),
respectively. Then, for any ε > 0, there is a constant η = η(N , p, q, r, ε) > 0 such that if

‖e0 – ẽ0‖
L

N
2

w
+ ‖s0 – s̃0‖

L
N
2

w
+ ‖∇c0 – ∇ c̃0‖LN

w

+ ‖u0 – ũ0‖LN
w

+ ‖∇φ – ∇φ̃‖LN
w

< η, (1.21)

then we have

sup
0<t<∞

t
N
2 ( 2

N – 1
q )∥∥e(t) – ẽ(t)

∥
∥

Lq + sup
0<t<∞

t
N
2 ( 2

N – 1
q )∥∥s(t) – s̃(t)

∥
∥

Lq

+ sup
0<t<∞

t
N
2 ( 1

N – 1
r )∥∥∇c(t) – ∇ c̃(t)

∥
∥

Lr + sup
0<t<∞

t
N
2 ( 1

N – 1
p )∥∥u(t) – ũ(t)

∥
∥

Lp < ε. (1.22)

Corollary 1.1 (Self-similarity) Let N ≥ 3, and suppose that the initial data {e0, s0, c0, u0}
satisfy e0 ∈ L

N
2

w , s0 ∈ L
N
2

w , ∇c0 ∈ LN
w , and u0 ∈ LN

w . Assume that, for all x ∈R
N and all λ > 0,



Hu et al. Boundary Value Problems         (2020) 2020:72 Page 5 of 17

there are e0(λx) = λ–2e0(x), s0(λx) = λ–2s0(x), c0(λx) = c0(x), u0(λx) = λ–1u0(x), and φ(λx) =
φ(x). If the initial data {e0, s0, c0, u0} and ∇φ satisfy condition (1.10), then the mild solution
{e, s, c, u} given by Theorem 1.1 is a forward self-similar one, i.e., it holds that

e
(
λx,λ2t

)
= λ–2e(x, t), s

(
λx,λ2t

)
= λ–2s(x, t),

c
(
λx,λ2t

)
= c(x, t), u

(
λx,λ2t

)
= λ–1u(x, t)

(1.23)

for all x ∈ R
N , t > 0, and all λ > 0.

2 Key proposition
Firstly, we introduce two function spaces X and Y defined as follows:

X ≡ {{e0, s0, c0, u0,φ}; e0 ∈ L
N
2

w , s0 ∈ L
N
2

w ,∇c0 ∈ LN
w , u0 ∈ LN

w ,∇φ ∈ LN
w
}

with the norm

∥
∥(e0, s0c0, u0,φ)

∥
∥

X ≡ ‖e0‖
L

N
2

w
+ ‖s0‖

L
N
2

w
+ ‖∇c0‖LN

w
+ ‖u0‖LN

w
+ ‖∇φ‖LN

w

and

Y ≡ {{e, s, c, u}; t
N
2 ( 2

N – 1
q )e(·) ∈ BCw

(
[0,∞)

; Lq),

t
N
2 ( 2

N – 1
q )s(·) ∈ BCw

(
[0,∞)

; Lq),

t
N
2 ( 1

N – 1
r )∇c(·) ∈ BCw

(
[0,∞)

; Lr), t
N
2 ( 1

N – 1
p )u(·) ∈ BCw

(
[0,∞)

; Lp)
}

with the norm

∥
∥(e, s, c, u)

∥
∥

Y

≡ sup
0<t<∞

t
N
2 ( 2

N – 1
q )∥∥e(t)

∥
∥

Lq + sup
0<t<∞

t
N
2 ( 2

N – 1
q )∥∥s(t)

∥
∥

Lq

+ sup
0<t<∞

t
N
2 ( 1

N – 1
r )∥∥∇c(t)

∥
∥

Lr + sup
0<t<∞

t
N
2 ( 1

N – 1
p )∥∥u(t)

∥
∥

Lp ,

respectively.
Here, X and Y are Banach spaces, and they have the norms ‖ · ‖X and ‖ · ‖Y , respectively.

For {e0, s0c0, u0,φ} ∈ X and {e, s, c, u} ∈ Y , we define the map

F(e0, s0, c0, u0,φ, e, s, c, u) ≡ {E, S, C, U}, (2.1)
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where

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

E(t) = e(t) – exp(t�)e0 +
∫ t

0 exp{(t – τ )�}(u · ∇)e(τ ) dτ

+
∫ t

0 exp{(t – τ )�}ε(se)(τ ) dτ ,

S(t) = s(t) – exp(t�)s0 +
∫ t

0 exp{(t – τ )�}(u · ∇)s(τ ) dτ

+
∫ t

0 exp{(t – τ )�}ε(se)(τ ) dτ

+
∫ t

0 χ∇ · exp{(t – τ )�}(s∇c)(τ ) dτ ,

C(t) = c(t) – exp(t�)c0 +
∫ t

0 exp{(t – τ )�}(u · ∇)c(τ ) dτ

–
∫ t

0 exp{(t – τ )�}e(τ ) dτ ,

U(t) = u(t) – exp(t�)u0 +
∫ t

0 exp{(t – τ )�}P[k(u · ∇)u + (s + e)∇φ](τ ) dτ ,

0 < t < ∞.

(2.2)

Then we have the following key proposition.

Proposition 2.1 For N ≥ 3, we assume that the exponents p, q, and r satisfy the condition

q ≥ 2,
N
2

< q < N , N < p <
Nq

N – q
, N < r <

Nq
N – q

, (2.3)

then we deduce that:
(i) The map F defined by (2.1) is a continuous map from X × Y into Y .

(ii) For each data {e0, s0, c0, u0,φ} ∈ X , the map F(e0, s0, c0, u0,φ, ·, ·, ·, ·) is of class C1

from Y into itself.

Proof (i) First, we will verify that t
N
2 ( 2

N – 1
q )E(t) ∈ BCw([0,∞); Lq). Owing to the Lq-LN

w esti-
mate of the heat semi-group, it holds that

∥
∥exp(t�)e0

∥
∥

Lq ≤ Ct– N
2 ( 2

N – 1
q )‖e0‖

L
N
2

w
, (2.4)

where C = C(N , q), which means that t
N
2 ( 2

N – 1
q ) exp(t�)e0 ∈ BCw([0,∞); Lq).

According to (2.3), one has that 1
2 – N

2p > 0, 1
N < 1

p + 1
q ≤ 1. Then, for all t > 0,

∥
∥
∥
∥

∫ t

0
exp

{
(t – τ )�

}
(u · ∇)e(τ ) dτ

∥
∥
∥
∥

Lq

≤
∫ t

0

∥
∥∇ · exp

{
(t – τ )�

}
(ue)(τ )

∥
∥

Lq dτ

≤ C
∫ t

0
(t – τ )– N

2 ( 1
q + 1

p – 1
q )– 1

2
∥
∥u(τ )

∥
∥

Lp

∥
∥e(τ )

∥
∥

Lq dτ

≤ C sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥e(τ )

∥
∥

Lq
)

sup
0<τ<∞

(
τ

N
2 ( 1

N – 1
p )∥∥u(τ )

∥
∥

Lp
)

×
∫ t

0
(t – τ )( 1

2 – N
2p )–1

τ
– 1

2 + N
2 ( 1

p + 1
q )–1 dτ

= CB
(

1
2

–
N
2p

,
N
2

(
1
p

+
1
q

)

–
1
2

)

sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥e(τ )

∥
∥

Lq
)
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× sup
0<τ<∞

(
τ

N
2 ( 1

N – 1
p )∥∥u(τ )

∥
∥

Lp
)
t– N

2 ( 2
N – 1

q ) (2.5)

with C = C(N , p, q), and here B(s, t) denotes the beta function defined by

B(s, t) =
∫ 1

0
xs–1(1 – x)t–1 dx

for positive constants s and t.
Similarly, in view of 1 – N

2q > 0, –1 + N
q > 0, 1

q + 1
q ≤ 1, we have

∥
∥
∥
∥

∫ t

0
exp

{
(t – τ )�

}
ε(se)(τ ) dτ

∥
∥
∥
∥

Lq

≤
∫ t

0

∥
∥exp

{
(t – τ )�

}
ε(se)(τ )

∥
∥

Lq dτ

≤ C
∫ t

0
(t – τ )– N

2 · 1
q
∥
∥s(τ )

∥
∥

Lq

∥
∥e(τ )

∥
∥

Lq dτ

≤ C sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥s(τ )

∥
∥

Lq
)

× sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥e(τ )

∥
∥

Lq
)
∫ t

0
(t – τ )– N

2 · 1
q τ

N
q –2 dτ

= CB
(

1 –
N
2q

, –1 +
N
q

)

sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥s(τ )

∥
∥

Lq
)

× sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥e(τ )

∥
∥

Lq
)
t– N

2 ( 2
N – 1

q ) (2.6)

for all t > 0 with C = C(N , p, q).
Combining (2.2)1 and (2.4)–(2.6), we get t

N
2 ( 2

N – 1
q )E(t) ∈ BCw([0,∞); Lq), and with the

estimate

sup
0<t<∞

t
N
2 ( 2

N – 1
q )∥∥E(t)

∥
∥

Lq

≤ C‖e0‖
L

N
2

w
+ C sup

0<τ<∞
τ

N
2 ( 2

N – 1
q )∥∥e(τ )

∥
∥

Lq

×
(

1 + sup
0<τ<∞

τ
N
2 ( 1

N – 1
p )∥∥u(τ )

∥
∥

Lp + sup
0<τ<∞

τ
N
2 ( 2

N – 1
q )∥∥s(τ )

∥
∥

Lq

)
, (2.7)

where C = C(N , p, q).
Next, we are going to prove that t

N
2 ( 2

N – 1
q )S(t) ∈ BCw([0,∞); Lq). In fact, it holds that

∥
∥exp(t�)s0

∥
∥

Lq ≤ Ct– N
2 ( 2

N – 1
q )‖s0‖

L
N
2

w
. (2.8)

Since 1
2 – N

2p > 0, N
2 ( 1

p + 1
q ) – 1

2 > 0, 1
p + 1

q ≤ 1 and 1 – N
2q > 0, –1 + N

q > 0, 1
q + 1

q ≤ 1, we infer

∥
∥
∥
∥

∫ t

0
exp

{
(t – τ )�

}
(u · ∇)s(τ ) dτ

∥
∥
∥
∥

Lq

≤
∫ t

0

∥
∥∇ · exp

{
(t – τ )�

}
(us)(τ )

∥
∥

Lq dτ
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≤ C
∫ t

0
(t – τ )– N

2 ( 1
q + 1

p – 1
q )– 1

2
∥
∥u(τ )

∥
∥

Lp

∥
∥s(τ )

∥
∥

Lq dτ

≤ C sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥s(τ )

∥
∥

Lq
)

sup
0<τ<∞

(
τ

N
2 ( 1

N – 1
p )∥∥u(τ )

∥
∥

Lp
)

×
∫ t

0
(t – τ )( 1

2 – N
2p )–1

τ
– 1

2 + N
2 ( 1

p + 1
q )–1 dτ

= CB
(

1
2

–
N
2p

,
N
2

(
1
p

+
1
q

)

–
1
2

)

sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥s(τ )

∥
∥

Lq
)

× sup
0<τ<∞

(
τ

N
2 ( 1

N – 1
p )∥∥u(τ )

∥
∥

Lp
)
t– N

2 ( 2
N – 1

q ) (2.9)

and

∥
∥
∥
∥

∫ t

0
exp

{
(t – τ )�

}
ε(se)(τ ) dτ

∥
∥
∥
∥

Lq

≤
∫ t

0

∥
∥exp

{
(t – τ )�

}
ε(se)(τ )

∥
∥

Lq dτ

≤ C
∫ t

0
(t – τ )– N

2 · 1
q
∥
∥s(τ )

∥
∥

Lq

∥
∥e(τ )

∥
∥

Lq dτ

≤ C sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥s(τ )

∥
∥

Lq
)

sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥e(τ )

∥
∥

Lq
)

×
∫ t

0
(t – τ )– N

2 · 1
q τ

N
q –2 dτ

= CB
(

1 –
N
2q

, –1 +
N
q

)

sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥s(τ )

∥
∥

Lq
)

× sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥e(τ )

∥
∥

Lq
)
t– N

2 ( 2
N – 1

q ) (2.10)

for all t > 0 with C = C(N , p, q).
By a similar way, since 1

2 – N
2r > 0, N

2 ( 1
r + 1

q ) – 1
2 > 0, 1

q + 1
r ≤ 1, one gets

∥
∥
∥
∥

∫ t

0
χ∇ · exp

{
(t – τ )�

}
(s∇c)(τ ) dτ

∥
∥
∥
∥

Lq

≤ χ

∫ t

0

∥
∥∇ · exp

{
(t – τ )�

}
(s∇c)(τ )

∥
∥

Lq dτ

≤ C
∫ t

0
(t – τ )– N

2 ( 1
q + 1

r – 1
q )– 1

2
∥
∥s∇c(τ )

∥
∥

L
qr

q+r
dτ

≤ C
∫ t

0
(t – τ )– N

2 ( 1
q + 1

r – 1
q )– 1

2
∥
∥s(τ )

∥
∥

Lq

∥
∥∇c(τ )

∥
∥

Lr dτ

≤ C sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥s(τ )

∥
∥

Lq
)

sup
0<τ<∞

(
τ

N
2 ( 1

N – 1
r )∥∥∇c(τ )

∥
∥

Lr
)

×
∫ t

0
(t – τ )( 1

2 – N
2r )–1τ

– 1
2 + N

2 ( 1
r + 1

q )–1 dτ

= CB
(

1
2

–
N
2r

,
N
2

(
1
r

+
1
q

)

–
1
2

)

sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥s(τ )

∥
∥

Lq
)
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× sup
0<τ<∞

(
τ

N
2 ( 1

N – 1
r )∥∥∇c(τ )

∥
∥

Lr
)
t– N

2 ( 2
N – 1

q ) (2.11)

for all t > 0 with C = C(N , q, r).
Putting (2.2)2 and (2.8)–(2.11) together, one has t

N
2 ( 2

N – 1
q )S(t) ∈ BCw([0,∞); Lq), and with

the estimate

sup
0<t<∞

t
N
2 ( 2

N – 1
q )∥∥S(t)

∥
∥

Lq

≤ C‖s0‖
L

N
2

w
+ C sup

0<τ<∞
τ

N
2 ( 2

N – 1
q )∥∥s(τ )

∥
∥

Lq

×
(

1 + sup
0<τ<∞

τ
N
2 ( 1

N – 1
p )∥∥u(τ )

∥
∥

Lp + sup
0<τ<∞

τ
N
2 ( 2

N – 1
q )∥∥e(τ )

∥
∥

Lq

+ sup
0<τ<∞

τ
N
2 ( 1

N – 1
r )∥∥∇c(τ )

∥
∥

Lr

)
(2.12)

for all t > 0, where C = C(N , p, q, r).
In the following, we will demonstrate that t

N
2 ( 1

N – 1
r )∇C(t) ∈ BCw(0,∞; Lr). Indeed, it

holds that

∥
∥∇ exp(t�)c0

∥
∥

Lr ≤ Ct– N
2 ( 1

N – 1
r )‖∇c0‖LN

w
(2.13)

for all t > 0. From (2.3), we have

∥
∥
∥
∥∇

∫ t

0
exp

{
(t – τ )�

}[
(u · ∇)c – e

]
(τ ) dτ

∥
∥
∥
∥

Lr

≤ C
∫ t

0
(t – τ )– N

2 ( 1
p + 1

r – 1
r )– 1

2
∥
∥u(τ )

∥
∥

Lp

∥
∥∇c(τ )

∥
∥

Lr dτ

+ C
∫ t

0
(t – τ )– N

2 ( 1
q – 1

r )– 1
2
∥
∥e(τ )

∥
∥

Lq dτ

≤ C sup
0<τ<∞

(
τ

N
2 ( 1

N – 1
p )∥∥u(τ )

∥
∥

Lp
)

sup
0<τ<∞

(
τ

N
2 ( 1

N – 1
r )∥∥∇c(τ )

∥
∥

Lr
)

×
∫ t

0
(t – τ )( 1

2 – N
2p )–1

τ
N
2 ( 1

r + 1
p )–1 dτ

+ C sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥e(τ )

∥
∥

Lq
)
∫ t

0
(t – τ )– N

2 ( 1
q – 1

r )– 1
2 τ

N
2q –1 dτ

= CB
(

1
2

–
N
2p

,
N
2

(
1
r

+
1
p

))

×
(

sup
0<τ<∞

τ
N
2 ( 1

N – 1
p )∥∥u(τ )

∥
∥

Lp sup
0<τ<∞

τ
N
2 ( 1

N – 1
r )∥∥∇c(τ )

∥
∥

Lr

)
t– N

2 ( 1
N – 1

r )

+ CB
(

1
2

–
N
2

(
1
q

–
1
r

)

,
N
2q

)(
sup

0<τ<∞
τ

N
2 ( 2

N – 1
q )∥∥e(τ )

∥
∥

Lq

)
t– N

2 ( 1
N – 1

r ) (2.14)

for all t > 0 with C = C(N , p, q, r). Hence, it follows from (2.2)3 and (2.13)–(2.14) that

t
N
2 ( 1

N – 1
r )∇C(t) ∈ BCw

(
[0,∞)

; Lr)
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with the estimate

sup
0<t<∞

t
N
2 ( 1

N – 1
r )∥∥∇C(t)

∥
∥

Lr

≤ C‖∇c0‖LN
w

+ C sup
0<τ<∞

τ
N
2 ( 1

N – 1
r )∥∥∇c(τ )

∥
∥

Lr

+ C sup
0<τ<∞

τ
N
2 ( 1

N – 1
r )∥∥∇c(τ )

∥
∥

Lr sup
0<τ<∞

τ
N
2 ( 1

N – 1
p )∥∥u(τ )

∥
∥

Lp

+ C sup
0<τ<∞

τ
N
2 ( 2

N – 1
q )∥∥e(τ )

∥
∥

Lq (2.15)

for all t > 0, where C = C(N , p, q, r).
Finally, we deal with U(t). Similar to (2.4), one has

∥
∥exp(t�)u0

∥
∥

Lp ≤ Ct– N
2 ( 1

N – 1
p )‖u0‖LN

w
(2.16)

for all t > 0. By the fact that 1
2 – N

2p > 0, 1 – N
2 ( 1

N + 1
q – 1

p ) > 0 and the boundedness of the
projection operator P in Lp(1 < p < ∞), we have

∥
∥
∥
∥

∫ t

0
exp

{
(t – τ )
}

Pk(u · ∇)u(τ ) dτ

∥
∥
∥
∥

Lp

≤ C
∫ t

0

∥
∥∇ · exp

{
(t – τ )�

}
(u ⊗ u)(τ )

∥
∥

Lp dτ

≤ C
∫ t

0
(t – τ )– N

2 ( 2
p – 1

p )– 1
2
∥
∥(u ⊗ u)(τ )

∥
∥

L
p
2

dτ

≤ C
(

sup
0<τ<∞

τ
N
2 ( 1

N – 1
p )∥∥u(τ )

∥
∥

Lp

)2
∫ t

0
(t – τ )

1
2 – N

2p –1
τ

N
p –1 dτ

= CB
(

1
2

–
N
2p

,
N
p

)(
sup

0<τ<∞
τ

N
2 ( 1

N – 1
p )∥∥u(τ )

∥
∥

Lp

)2
t– N

2 ( 1
N – 1

p ) (2.17)

and

∥
∥
∥
∥

∫ t

0
exp

{
(t – τ )�

}(
P(s + e)∇φ

)
(τ ) dτ

∥
∥
∥
∥

Lp

≤ C
∫ t

0
(t – τ )– N

2 ( 1
N + 1

q – 1
p )∥∥s(τ )

∥
∥

Lq‖∇φ‖LN
w

dτ

+ C
∫ t

0
(t – τ )– N

2 ( 1
N + 1

q – 1
p )∥∥e(τ )

∥
∥

Lq‖∇φ‖LN
w

dτ

≤ C‖∇φ‖LN
w

sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥s(τ )

∥
∥

Lq
)
∫ t

0
(t – τ )– N

2 ( 1
N + 1

q – 1
p )

τ
N
2q –1 dτ

+ C‖∇φ‖LN
w

sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥e(τ )

∥
∥

Lq
)
∫ t

0
(t – τ )– N

2 ( 1
N + 1

q – 1
p )

τ
N
2q –1 dτ

= CB
(

1 –
N
2

(
1
N

+
1
q

–
1
p

)

,
N
2q

)(
‖∇φ‖LN

w
sup

0<τ<∞
τ

N
2 ( 2

N – 1
q )∥∥s(τ )

∥
∥

Lq

)
t– N

2 ( 1
N – 1

p )

+ CB
(

1 –
N
2

(
1
N

+
1
q

–
1
p

)

,
N
2q

)
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×
(
‖∇φ‖LN

w
sup

0<τ<∞
τ

N
2 ( 2

N – 1
q )∥∥e(τ )

∥
∥

Lq

)
t– N

2 ( 1
N – 1

p ) (2.18)

for all t > 0 with C = C(N , p, q).
Combining (2.2)4 with (2.16)–(2.18), we have

sup
0<τ<∞

t
N
2 ( 1

N – 1
p )∥∥U(τ )

∥
∥

Lp ∈ BCw
(
0,∞; Lp)

with the estimate

sup
0<t<∞

t
N
2 ( 1

N – 1
p )∥∥U(t)

∥
∥

Lp

≤ C‖u0‖LN
w

+ C sup
0<τ<∞

t
N
2 ( 1

N – 1
p )∥∥u(τ )

∥
∥

Lp

(
1 + sup

0<τ<∞
τ

N
2 ( 1

N – 1
p )∥∥u(τ )

∥
∥

Lp

)

+ C‖∇φ‖LN
w

sup
0<τ<∞

τ
N
2 ( 2

N – 1
q )(∥∥s(τ )

∥
∥

Lq +
∥
∥e(τ )

∥
∥

Lq
)

(2.19)

for all t > 0, where C = C(N , p, q).
Based on (2.7), (2.12), (2.15), and (2.19), we conclude that

F(e0, s0, c0, u0,φ, e, s, c, u) ≡ {E, S, C, U} ∈ Y

with the estimate

∥
∥F(e0, s0, c0, u0,φ, e, s, c, u

∥
∥

Y

≤ C
∥
∥{e0, s0, c0, u0,φ}∥∥X

+ C
∥
∥{e, s, c, u}∥∥Y

(
1 +

∥
∥{e, s, c, u}∥∥Y + ‖∇φ‖LN

w

)
,

where C = C(N , p, q, r). This means that F is a continuous map from X × Y to Y .
(ii) We need to prove that F is C1. For each {e, s, c, u} ∈ Y , we define a linear map

L{e,s,c,u}(ẽ, s̃, c̃, ũ) = {Ẽ, S̃, C̃, Ũ} on Y by

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ẽ(t) = ẽ(t) +
∫ t

0 exp{(t – τ )�}(u · ∇)ẽ(τ ) dτ

+
∫ t

0 exp{(t – τ )�}(ũ · ∇)e(τ ) dτ

+
∫ t

0 exp{(t – τ )�}ε(s̃e + sẽ)(τ ) dτ ,

S̃(t) = s̃(t) +
∫ t

0 exp{(t – τ )�}[(u · ∇)s̃ + (ũ · ∇)s](τ ) dτ

+
∫ t

0 exp{(t – τ )�}ε(s̃e + sẽ)(τ ) dτ

+
∫ t

0 χ∇ · exp{(t – τ )�}(s∇ c̃ + s̃∇c)(τ ) dτ ,

C̃(t) = c̃(t) +
∫ t

0 exp{(t – τ )�}[(u · ∇)c̃ + (ũ · ∇)c](τ ) dτ

–
∫ t

0 exp{(t – τ )�}ẽ(τ ) dτ ,

Ũ(t) = ũ(t) +
∫ t

0 exp{(t – τ )�}P[k(u · ∇)ũ

+ k(ũ · ∇)u + (s̃ + ẽ)∇φ](τ ) dτ .

(2.20)
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We shall show that, for each fixed {e0, s0, c0, u0,φ} ∈ X, L{e,s,c,u} is the Fréchet derivative of
F(e0, s0, c0, u0,φ, e, s, c, u) at {e, s, c, u} ∈ Y . We define {E,S,C,U} by

{E,S,C,U}
≡ F(e0, s0, c0, u0,φ, e + ẽ, s + s̃, c + c̃, u + ũ)

– F(e0, s0, c0, u0,φ, e, s, c, u) – L{e,s,c,u}(ẽ, s̃, c̃, ũ).

Then it holds that

E(t) = e(t) + ẽ(t) – exp(t�)e0 +
∫ t

0
exp

[
(t – τ )�

]([
(u + ũ) · ∇]

(e + ẽ)
)
(τ ) dτ

+
∫ t

0
exp

[
(t – τ )�

](
ε(s + s̃)(e + ẽ)

)
(τ ) dτ

–
(

e(t) – exp(t�)e0 +
∫ t

0
exp

[
(t – τ )�

]
(u · ∇)e(τ ) dτ

+
∫ t

0
exp

[
(t – τ )�

]
ε(se)(τ ) dτ

)

–
(

ẽ(t) +
∫ t

0
exp

{
(t – τ )�

}
(u · ∇)ẽ(τ ) dτ +

∫ t

0
exp

{
(t – τ )�

}
(ũ · ∇)e(τ ) dτ

+
∫ t

0
exp

{
(t – τ )�

}
ε(s̃e + sẽ)(τ ) dτ

)

=
∫ t

0
exp

{
(t – τ )�

}
(ũ · ∇)ẽ(τ ) dτ +

∫ t

0
exp

{
(t – τ )�

}
ε(s̃ẽ)(τ ) dτ . (2.21)

Hence, it follows from (2.5) and (2.6) that

∥
∥E(t)

∥
∥

Lq ≤ CB
(

1
2

–
N
2p

,
N
2

(
1
p

+
1
q

)

–
1
2

)

sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥ẽ(τ )

∥
∥

Lq
)

× sup
0<τ<∞

(
τ

N
2 ( 1

N – 1
p )∥∥ũ(τ )

∥
∥

Lp
)
t– N

2 ( 2
N – 1

q )

+ CB
(

1 –
N
2q

, –1 +
N
p

)

sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥s̃(τ )

∥
∥

Lq
)

× sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥ẽ(τ )

∥
∥

Lq
)
t– N

2 ( 2
N – 1

q ) (2.22)

for all t > 0.
In the same manner, we infer that

S(t) =
∫ t

0
exp

{
(t – τ )�

}
(ũ · ∇)s̃(τ ) dτ +

∫ t

0
exp

{
(t – τ )�

}
ε(s̃ẽ)(τ ) dτ

+
∫ t

0
χ∇ · exp

{
(t – τ )�

}
(s̃∇ c̃)(τ ) dτ .

Putting (2.9), (2.10), and (2.11) together yields

∥
∥S(t)

∥
∥

Lq ≤ CB
(

1
2

–
N
2p

,
N
2

(
1
p

+
1
q

)

–
1
2

)

sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥s̃(τ )

∥
∥

Lq
)
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× sup
0<τ<∞

(
τ

N
2 ( 1

N – 1
p )∥∥ũ(τ )

∥
∥

Lp
)
t– N

2 ( 2
N – 1

q )

+ CB
(

1 –
N
2q

, –1 +
N
p

)

sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥s̃(τ )

∥
∥

Lq
)

× sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥ẽ(τ )

∥
∥

Lq
)
t– N

2 ( 2
N – 1

q )

+ CB
(

1
2

–
N
2r

,
N
2

(
1
r

+
1
q

)

–
1
2

)

sup
0<τ<∞

(
τ

N
2 ( 2

N – 1
q )∥∥s̃(τ )

∥
∥

Lq
)

× sup
0<τ<∞

(
τ

N
2 ( 1

N – 1
r )∥∥∇ c̃(τ )

∥
∥

Lr
)
t– N

2 ( 2
N – 1

q ). (2.23)

Similarly, for C(t), it follows that

C(t) =
∫ t

0
exp

{
(t – τ )�

}
(ũ · ∇)c̃(τ ) dτ .

Then one gets from (2.14) that

∥
∥∇C(t)

∥
∥

Lr

≤ CB
(

1
2

–
N
2p

,
N
2

(
1
r

+
1
p

))

×
(

sup
0<τ<∞

τ
N
2 ( 1

N – 1
p )∥∥ũ(τ )

∥
∥

Lp sup
0<τ<∞

τ
N
2 ( 1

N – 1
r )∥∥∇ c̃(τ )

∥
∥

Lr

)
t– N

2 ( 1
N – 1

r ). (2.24)

Similar to (2.21), it holds that

U(t) =
∫ t

0
exp

{
(t – τ )�

}
Pk(ũ · ∇)ũ(τ ) dτ .

From (2.17), we get

∥
∥U(t)

∥
∥

Lp ≤ CB
(

1
2

–
N
2p

,
N
p

)(
sup

0<τ<∞
τ

N
2 ( 1

N – 1
p )∥∥ũ(τ )

∥
∥

Lp

)2
t– N

2 ( 1
N – 1

p ) (2.25)

for all t > 0. Thus, by (2.22)–(2.25), we have

lim
‖{ẽ,s̃,c̃,ũ}‖Y →0

‖{E,S,C,U}‖Y

‖{ẽ, s̃, c̃, ũ}‖Y

= lim
‖{ẽ,s̃,c̃,ũ}‖Y →0

(∥
∥F(e0, s0, c0, u0,φ, e + ẽ, s + s̃, c + c̃, u + ũ) – F(e0, s0, c0, u0,φ, e, s, c, u)

– L{e,s,c,u}(ẽ, s̃, c̃, ũ)
∥
∥

Y /
∥
∥{ẽ, s̃, c̃, ũ}∥∥Y

)
= 0

for each {e0, s0, c0, u0,φ} ∈ X and each {e, s, c, u} ∈ Y . This implies that the Fréchet deriva-
tive of F at point {e0, s0, c0, u0,φ, e, s, c, u} ∈ X × Y in the direction to {e, s, c, u} is equal to
L{e,s,c,u}(ẽ, s̃, c̃, ũ). �

3 Proof of the main results
This section is devoted to proving Theorems 1.1–1.2 and Corollary 1.1.
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Proof of Theorem 1.1 Firstly, we shall show bijectivity of the Fréchet L{e,s,c,u} at {e, s, c, u} =
{0, 0, 0, 0}. From (2.20), we have that L{0,0,0,0}{ẽ, s̃, c̃, ũ} = {Ẽ0, S̃0, C̃0, Ũ0}, where

Ẽ0(t) = ẽ(t), S̃0(t) = s̃(t), C̃0(t) = c̃(t) –
∫ t

0
exp

{
(t – τ )�

}
ẽ(τ ) dτ ,

Ũ0(t) = ũ(t) +
∫ t

0
exp

{
(t – τ )�

}
P
[
(s̃ + ẽ)∇φ

]
dτ

for {ẽ, s̃, c̃, ũ} ∈ Y . Therefore, Ẽ0(t) = S̃0(t) = C̃0(t) = Ũ0(t) = 0 implies that ẽ(t) = s̃(t) = c̃(t) =
ũ(t) = 0, which means that L{0,0,0,0} is injective.

For each {Ẽ0, S̃0, C̃0, Ũ0} ∈ Y , we can take {ẽ, s̃, c̃, ũ} ∈ Y as

ẽ(t) = Ẽ0(t), s̃(t) = S̃0(t), c̃(t) = C̃0(t) +
∫ t

0
exp

{
(t – τ )�

}
Ẽ0(t) dτ ,

ũ(t) = Ũ0(t) –
∫ t

0
exp

{
(t – τ )�

}
P
[(

S̃0(t) + Ẽ0(t)
)∇φ

]
dτ ,

then we obtain

L{0,0,0,0}{ẽ, s̃, c̃, ũ} = {Ẽ0, S̃0, C̃0, Ũ0}.

This means that L{0,0,0,0} is surjective from Y to Y .
Now, using the Banach implicit function theorem, we could see that there exists a C1-

map h : Xδ → Yδ ,

Xδ
def=

{
(e0, s0, c0, u0,φ) ∈ X;

∥
∥(e0, s0, c0, u0,φ)

∥
∥

X < δ
}

,

Yδ
def=

{
(e, s, c, u) ∈ Y ;

∥
∥(e, s, c, u)

∥
∥

Y < δ
}

for some δ(N , p, q, r) > 0 such that

h(0, 0, 0, 0) = {0, 0, 0, 0}, F(e0, s0, c0, u0,φ, h(e0, s0, c0, u0,φ) = {0, 0, 0, 0}

for all {e0, s0, c0, u0,φ} ∈ Xδ .
As a result, by condition (1.10), we may find that the function h(e0, s0, c0, u0,φ) gives the

unique solution of (1.7) satisfying properties (1.11)–(1.14).
The uniqueness of solutions {e, s, c, u} of (1.7) with the small norms corresponding to

the class (1.11)–(1.14) is a consequence of the existence of the C1-map h from Xδ to Yδ .
This shows that the asymptotic behaviors (1.15)–(1.18) follow from estimates (2.5)–(2.6),
(2.9)–(2.11), (2.14), and (2.17)–(2.18), respectively. �

Proof of Theorem 1.2 The estimate of stability (1.22) under condition (1.21) is a conse-
quence of the continuity of the map h : Xδ → Yδ . The proof of Theorem 1.2 is complete. �

Proof of Corollary 1.1 Assume that {e, s, c, u} is the solution of (1.7) by Theorem 1.1. Then
one has

e(x, t) = e1(x, t) – E(e, s, c, u)(x, t), s(x, t) = s1(x, t) – S(e, s, c, u)(x, t),



Hu et al. Boundary Value Problems         (2020) 2020:72 Page 15 of 17

c(x, t) = c1(x, t) – C(e, s, c, u)(x, t), u(x, t) = u1(x, t) – U(e, s, c, u)(x, t),

where

e1(x, t) =
∫

RN
G(x – y, t)e0(y) dy, s1(x, t) =

∫

RN
G(x – y, t)s0(y) dy,

c1(x, t) =
∫

RN
G(x – y, t)c0(y) dy, u1(x, t) =

∫

RN
G(x – y, t)u0(y) dy,

and

E(e, s, c, u)(x, t) =
∫ t

0

∫

RN
G(x – y, t – τ )(u · ∇)e(y, τ ) dy dτ

+
∫ t

0

∫

RN
G(x – y, t – τ )ε(se)(y, τ ) dy dτ ,

S(e, s, c, u)(x, t) =
∫ t

0

∫

RN
G(x – y, t – τ )(u · ∇)s(y, τ ) dy dτ

+
∫ t

0

∫

RN
G(x – y, t – τ )ε(se)(y, τ ) dy dτ

+
∫ t

0

∫

RN
χ∇G(x – y, t – τ )(s∇c)(τ )(y, τ ) dy dτ ,

C(e, s, c, u)(x, t) =
∫ t

0

∫

RN
G(x – y, t – τ )

(
(u · ∇)c(y, τ ) – e(y, τ )

)
dy dτ ,

Ui(e, s, c, u)(x, t) =
∫ t

0

∫

RN

N∑

j=1

Eij(x – y, t – τ )

×
{ N∑

k=1

kuk
∂uj

∂yk
(y, τ ) + (s + e)∇φj(y, τ )

}

dy dτ

for i = 1, 2, . . . , N , with

Eij(y, τ ) = G(y, τ )δij +
∂2

∂i ∂j

[
G(·, τ ) ∗ Γ

]
(y), i, j = 1, 2, . . . , N ,

Γ (y) =
1

(N – 2)ωN
|y|2–N for N ≥ 3.

By the assumption on homogeneity of e0, it holds that

e1
(
λx,λ2t

)
=

∫

RN
G

(
λx – y,λ2t

)
e0(y) dy

=
∫

RN

1
(4πλ2t)N/2 exp

(

–
|λx – y|2

4λ2t

)

e0(y) dy

=
∫

RN

λ–N

(4π t)N/2 exp

(

–
|x – z|2

4t

)

e0(λz)λN dz

=
∫

RN

1
(4π t)N/2 exp

(

–
|x – z|2

4t

)

λ–2e0(z) dz = λ–2e1(x, t),
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where in the third equality, we have used the fact z def= y
λ

. Similarly, we have s1(λx,λ2t) =
λ–2s1(x, t), c1(λx,λ2t) = c1(x, t), u1(λx,λ2t) = λ–1u1(x, t) for all x ∈ R

N , t > 0.
Since the solution {e, s, c, u} of system (1.7) in Theorem 1.1 is given by the mapping h :

Xδ → Yδ , in order to demonstrate Corollary 1.1, we will use the following proposition, and
as its proof is quite standard, here we omit it. �

Proposition 3.1 Let N ≥ 3 and {e, s, c, u} satisfy (1.23). Then one has

λ2E(e, s, c, u)
(
λx,λ2t

)
= E(e, s, c, u)(x, t),

λ2S(e, s, c, u)
(
λx,λ2t

)
= S(e, s, c, u)(x, t),

C(e, s, c, u)
(
λx,λ2t

)
= C(e, s, c, u)(x, t),

λU(e, s, c, u)
(
λx,λ2t

)
= U(e, s, c, u)(x, t)

for all x ∈ R
N , t > 0 and all λ > 0.
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