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1 Introduction

The coupled Kuramoto—Sivashinsky and Ginzburg-Landau (KS—-GL) equation comes
from the nonlinear evolution of the coupled long-scale oscillatory and monotonic insta-
bilities of a uniformly propagating combustion wave governed by a sequential chemical
reaction, having two flame fronts corresponding to two reaction zones with a finite separa-
tion distance between them. They describe the interaction between the excited monotonic
mode and the excited or damped oscillatory mode (see [1-4]). In fact, the actual chemical
kinetics governing the structure of flames can be quite complex and leads to qualitative
behavior of flames which cannot be accounted for by a one-stage kinetic model. A num-
ber of papers were devoted to the investigation of the propagation of flame fronts [5-11].
A simplified model called the coupled system of KS—GL equations for the Marangoni con-
vection is of the form:

3 A — uA - ZA + k|A|*A = Ah,

I+ mdh+vath =adl(|A),

where A(x, £) is the rescaled complex amplitude for the Marangoni convective mode, the
real function /(x, t) is the interface deformation, the constant « is called “Marangoni co-

efficient’, and the parameters k, v, u, m are all real-valued constants with k > 0, v > 0.
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The periodic initial-boundary problem of the KS—GL equations has been studied by a
couple of authors. If taking the coefficient & = v = m = 1, the global unique solvability of
the periodic initial-boundary value problem was established in [12—14]. Furthermore, as
was shown in [15], the problem has a global solution for any value of the coupling constant
and a minimal global attractor in the case of Dirichlet boundary conditions for certain
values of the parameters. However, some perturbations may neglect in the derivation of
this ideal model, and one often represents the microeffects by random perturbations in
the dynamics of the macro observables. Thus, it is interesting to consider stochastic effect
in KS—GL equation. So far, we only know that the stochastic version of KS—GL type model
for the Marangoni convection with the periodic initial-boundary problem has a unique
solution A € C([0, T, Hp,,) N L*([0, T1, H},,), h € C([0, T, H},, ) N L*([0, T1, Hy,,) under the
condition 0 < @ < 2 in [16].

In this paper, we focus on the existence of random attractor for the following stochastic
KS-GL (SKS-GL) equations with additive noises:

A — uA - A + k|APPA = Al + W, 1

I+ mdZh + vdth = ad (|A]?) + @, Ws, )
under the initial value conditions

A(x,0) = Ag(x), h(x,0) = ho(x), x€(0,)) (3)
and the boundary value conditions

A(0,8)=A(L,£)=0, t>0, (4)

h(0,¢) = h(l,t) = 3*h(0,t) = 32h(l,t) =0, t>0. (5)

The random process W; = Z]Ofl ﬁ}(t, w)ej(x) (i = 1,2) is a two-sided in time cylindrical
Wiener process on L?(0,]) associated to a complete probability space (£2,F,P), where
{ﬂ}(t, w)}% is a family of mutually independent, identically distributed standard Brown-
oo

ian motions and {e;(x)}

Z1isan orthonormal basis of L?(0, /). The function &; is a Hilbert—

Schmidt operator.

The notion of random attractors for a stochastic dynamical system has been introduced
in [17-19]. Random attractors are compact invariant sets, however, they are not fixed, de-
pend on chance and move with time. It seems to be a generalization of the classical concept
of global attractors for deterministic dynamical systems and has been successfully applied
to many infinite-dimensional stochastic dynamical systems [17, 18, 20]. To investigate the
equations (SKS—GL), we first establish the global unique solvability of the problem with-
out the restriction of « as done in [15]. Then we assume that vA; —m > 0 for « > 0 and
VAL —m > # for a < 0 (where A; = (%)2 is the first eigenvalue of the problem —” = Ay
for x € (0,1) with ¥ (0) = ¥ (/) = 0), and establish the random attractors for the stochastic
KS—GL equations in X = L? x HL. So, our results supplement the results of [16].

This paper is organized as follows. In the next section, we briefly give some basic and
important concepts related to random dynamical systems (RDS). In Sect. 3, we establish

a prior estimates for the solutions to the initial problem (1)—(5). Although the results are
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similar to the deterministic equations, the proof is more complicated due to the random
perturbations. In Sect. 4, we conclude the main result by studying the long time behavior
of the studied equation.

2 Notations and preliminaries

2.1 Notations

For the mathematical setting of the problem, we introduce the Sobolev space H* with the
norm || - ||« and the Banach space L” with the norm || - ||.». Especially, we denote (-, -) the
inner product in L?, where

!
(u,v) = Re/ u(x)v(x) dx.
0

Let {e,} be the orthonormal basis in L2, which themselves are the eigenvectors with the
corresponding eigenvalues A, > 0 and A, /' 0o as n > oo. For the first eigenvalue, we have
the inequality A;[|u]|?, < |lu|?,. Throughout this paper, €; (i = 1,2,...,6) and C denote
positive constants which depend on the coefficients of equations (1)—(2).

Given two separable Hilbert space H and K, we define LY(H, K) to be the space of Hilbert
operators from H to K with the norm

2 2
110110 = D 1 Peilc
keN

where {er}ken is any orthonormal basis of H. In particular, when H = L?, K = H', we
rewrite the norm in a simpler form:
2 _ 2
1210250y = 191701
2.2 Preliminary results on RDS

We now recall some concepts and well-known results related to random attractors for
RDS. For further details, the readers are referred to [17] and [18].

Definition 2.1 We call (2, F, P, (0;)¢cr) @ metric dynamical system if 6. : R x 2 — 2 isa
(B(R) x F — F)-measurable mapping on a probability space (£2, F, P) satisfying 6, = id,
Pof'=Pand 6;,5=06,00 foralls,t € R.

Definition 2.2 A continuous RDS on a Polish space (X, d) with Borel o -algebra F over 0
on (§2, F,P) is a measurable mapping

O R*x2xX—=X, (twx)— ¢t w)x,

which is (B(R*) x F x B(X), B(X))-measurable and satisfies P-a.s.
(1) ¢(0,w) =id on X;
(2) P(t+s,m) =t 6:w) o Pp(s,w) for all £,s € R* (cocycle property);
(3) ¢(t,w): X — X is continuous for all £ € R*.

Definition 2.3 A random compact set K(w),cg is a family of compact sets indexed by w
such that for each x € X the map w — d(x, K(w)) is measurable with respect to F.
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Definition 2.4 Let A(w) be a random set and B C X, one says .A(w) attracts B if
lim dist(¢(t, 0_;w)B, A) =0 as.
t—00
Definition 2.5 A random set A(w) is said to be a random attractor for the RDS ¢ if P-a.s.
(1) A(w) is a random compact set;
(2) A(w) is invariant, i.e., ¢(t, w) A(w) = A(G;w), for all £ > 0;
(3) A(w) attracts all deterministic bounded sets B C X.
Theorem 2.6 If there exists a random compact set absorbing every bounded set B C
X, then the RDS ¢ possesses a random attractor A(w) = Uch Ap(w), where Ag(w) =
Nez0 Ui=s @(t,0_,0)B is the omega-limit set of B.
3 Existence and uniqueness of solutions
In this section, we establish a priori estimates for the solutions of the initial-boundary

problem (1)—(5). Firstly, we consider two linear stochastic problems:

AWy = 32Wadt + @,dW;,  Wa(0) =0, (6)

AWy, = vt W, dt + D,dW,,  W;(0) =0, (7)
under the boundary value conditions:

Wa(0,2) = Wa(L,£) =0, t>0,
and

Wi (0,8) = Wi(l,£) = 32 Wi, (0,2) = 3> Wi, (L,£) =0, ¢>0.
We assume that @; € Lg’l (i = 1,2) and recall from [21, 22] that the solutions W, (¢) and
W,() given by problems (6)—(7) are well defined. They have paths in C([0,00], H}) and
C([0,00], H? N H}), respectively. Moreover, for any ¢, s,

Wi(t, 0,w) = Wit +s,w), i=Ah,as.

Since W; (i = A, k) is Gaussian, it follows that for any g, r > 1, there exists a constant M(q, r)
independent of ¢ such that

E(IIWill7q) < M(g, 7). ®)
Set

u(t) = A(t) - Wa(t),  v(t)=h(t) - W), ¢>0. )
Note that by (1) and (2), we have

dA = (LA + ;A — k|APPA + Ah) dt + &1 AW, (10)
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dh = (-mdh—voih +ad?(|AI)) dt + By dW,. (11)

Inserting (6)—(7) and (10)—(11) into (9) and noticing that the noise disappears, we obtain
that functions u(t), v(¢) satisfy

Qe — (e + Wa) — 020 + klu+ Wal*(u + Wa) = (u+ Wa)(v+ Wp), (12)

v+ mdl(v+ Wy) + vy = ad?(lu+ Wal?), (13)
as well as the initial value conditions:

u(x,0) = Ag(x), v(x,0) = ho(x), x€(0,0) (14)
and the boundary value conditions:

u(0,8) =u(l,t)=0, t>0, (15)

v(0,2) = v(l,2) = 32v(0,2) = 3>v(L,t) =0, ¢>0. (16)

Theorem 3.1 Assume that @; € Lg'l (i = 1,2). For any Fy-measurable Ay € L*(0,1) and

ho € H(0,1), and for given T > 0, there exists a unique weak solution

u € C(0,T;L*(0,1)) N L*(0, T; Hy(0,1)),

ve C(0, T; H'(0,1)) NL*(0, T; Hy (0, 1)),

satisfying (12)—(16) in the distributional sense with (u,v)|;=0 = (Ao, ho). Moreover, the map-

ping (uo, vo) — (u,v) is continuous in E = L*(0,1) x H1(0,1).

Proof Let P? be the inverse of the operator L = —% with the domain D(L) = H*(0,{) N
H;(0,1). Applying the operator P? to both sides of equation (13), we obtain

det — p(u+ Wa) = 32u + klu+ Wal*(u + Wa) = (u+ Wa)(v+ Wp), (17)
P2y —m(v+ W) —vd2v = —a(ju+ Wal?), (18)
ux,0) = Ao(w),  v(x,0)=ho(x), x€(0,0), (19)
wO,0)=u(l,t)=0,  v0,0)=v(l,£)=0, ¢>0. (20)

Multiplying (17) by #, integrating with respect to x over (0, ), and taking the real part, we
obtain

d
E”M”%z =2 lull? + 21| 0cu]|?
l
= 2Re/ ﬁ[MWA —klu+ WaPu+ Wa)+ w+ W)+ Wh)] dx
0

=11 +12 +13. (21)

Page 5 of 14
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To estimate the terms on the RHS of (21), we have

1
L= 2Re/ Wy dx < 2|l llull 2| Wall2 < exllulls + Clew i) [ Wall,, (22)
0
and
!
L= —ZkRe/ wlu+ Wa*(u+ W) dx
0
!
- —2kRe/ wllul* + uWa + aWy + Wi | (u+ W) dx
0
! ! 1
< -2k||ull}s +6l</ |u|3|WA|dx+6k/ |u|2|WA|2dx+2k/ |l | Wa|? d
0 0 0
< —2k]|ul|Fs + Okl 3a | Wall s + 6kl 74 Wall7a + 2k lael ol Wa 3
k
< —2k|ull}s + §||u||§4 + COR) | Wallfa- (23)
Furthermore,

!
I3 = 2Re/ u(u+Wo)v+ W) dx
0
!
52/ (1v + [P Wil + |l V]| Wal + ]| Wal | W) da
0
!
< 2/ || *v o + 20| 0] 24| Wall 2 + Noell a1Vl 2 | Wallzs + Noell g2 1l Wall ol Wil 4
0
!
k
52/ ulPvda + = llullps + exlullzz + ElVIL + Cler, &) (IWallgs + IWillza)- - (24)
0
Combining (22)—(24) with (21), we have

d
T leel7o = 20 + €l + 2118217, + Kl

1
<2 / |ulvdzx + e[V + Clew e, |l k) (IWall 2 + | Wallpa + 1 Willza). — (25)
0
Similarly, multiplying (18) by v, we get the equality

d 2 2 2
1PVl = 2miviEs + 2v]|9:viiz,

l I
=2m/ thdx—2a/ Viw+ WalPdx=1I, +Is. (26)
0 0
For the RHS of (26), we find that

l
€
I = 2m / Wids < Z v, + Cle) I Wl (27)
0

Page 6 of 14
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and
! !
Is = —Za/ v+ Wy dx = —Za/ v(jul® + aWa + uWy + W3) dx
0 0
!
< —2(1/ |ul>vdax + &lar| |l 2 | Wall a1Vl 2 + 2] vl 2] WA||§4
0
: 2 4 €2, 12 4
< 2o | |ul*vdx+es|ullj,+ E||V||L2 +C(ea, €3, |06|)||WA||L4- (28)
0
Taking €3 = li‘, from (26)—(28), we get
d 2 2 2
p 1Pvll72 — (2m + €)[Ivll72 + 2v[|0xvl}2
! k
< —20:/ |u v dax + Ellulliz; + Clea b, leel) (I Wallfa + I Will22). (29)
0
Combining (25) with (29), we have

d k
E(Ilulliz +1PvIIZ2) + 2018:ull7, + Ellullﬁ + 2013V 7

!
<21+ @)l + @m + 262) V1% +2(1 - ) / uPvdx +g1(0),
0
where
1) = C(e, ea,k [l o) (IWallZs + 1 Walla + 1 Wil 22 + Wil 2a).-

On the other hand, we notice that

4(1 - a)?

! k
2 4
2(l—ot)f0 lulvadx < llullpa + —

2
V72
and
2 —1 —1_ |2 2 2 2
V72 = (P7'v, Pv) < | P7'v| 5 IPVI: < €allduvll}s + Clea) [PV 7.

Taking €4 = v/[2|m] + 2€; + 4(1 — a)?/k], we have

k
2 2 2 4 2
E(IIMIILz +1PvI7>) + 201 9:ull> + Z”u”LAL +v[[oxvll7

<2(|ul + €)llullz, + C(v,a, €0,k [ml) 1PVIIZ, + &1 (0). (30)

Applying Gronwall’s inequality and (8), we deduce that for ¢ € [0, T,

t
E(llliZ> + 1PVIIZ2) < eth(IIuollfz +1Pvoll 7 +/ &) dS>, (31)
0
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where d = max{2|u| + 2¢€1, C(v,«, €3, k, |m|)}. Furthermore, integrating and taking the ex-
pectation in (30), we can get from (31) that

t t t
E( / ||axu||izds),E( / ||u||§4ds),5( / ||axv||izds)
0 0 0

< C(v,ot,k,|m|, |,u|,61,62,t). (32)

Based on the estimates (31)—(32), we use the standard argument to prove the existence
of a global solution of the problem (12)—(16) on the interval [0, T]. As done in [15], the
uniqueness of the solution can be obtained, which implies that the solution (u(t), v(¢)) is
continuous with respect to (ug, vo) for all ¢ € [0, T']. O

4 Random attractors
By the same proof as Theorem 3.1, we can show that for P-a.s. w € £2 and linear operator
D e Lg'l (i = 1,2), the following statements hold:
(1) Forany ) € R, u(ty) € L%, v(ty) € H™!, there exists a unique solution
u € Clt, T;L*(0,1)) N L*(t, T; Hy(0,1)), v € Clto, T; H1(0,1)) N L*(to, T; H'(0,1)) of
(12)—(13) satisfying the initial value conditions u(x, £y) = A(%s) — Wa (o),
v(x, to) = h(to) — Wi(to) and the boundary value conditions (15)—(16) for ¢ > t,.
(2) The mapping ¢ (¢y) > ¢(t) from L? x H™! to L? x H™! is continuous for all £ > .
Hence, the solution mapping ¢(to) > ¢ (&, w, ¢(to)) = (u(t, @, u(ts)), v(t, w, v(ty)))
generates a continuous RDS, where ¢(to) = (u(to), v(to))-
In order to prove the existence of a compact absorbing set at time ¢ = -1 in L% x H,
we give the following estimates.

Lemma 4.1 There exists a random radius r(w) such that for all p > O there exists t < —1
such that for all ty < t with |a|[|A(to)|17, + |Ph(to) |2, < p?, the solutions of (17)-(20) over
[t0, 00) satisfy the inequality

ol u(~1, @, Alto) = Walto)) |22 + | Pv(~1, @, Ph(to) - PWi(t0)) | 12 < (@)  as.

Proof We consider two cases and begin with the case « > 0. Taking €3 = ]% in (28), we find
that (29) becomes

d
e I1PVII7, = 2m + &) VIl + 2v[18:v]1 7
g ka4 4 2
=20 | |ufvdx+ —=flull + Clea, k) (|Wallga + 1 Will72)- (33)
0
Multiplying (25) by & and putting it into (33), we have

d ko
E(allulliz +1Pv12,) + 2005t 25 + > lull 74 + 20| 0v[|2,

<2 +e)l|ully + (2m + (a + De) IVl + g2(2), (34)
where

&) = aC(er, e, [l k) (I Wallzs + IWalla + 1 Will7a) + Clea, k@) (I Wallfa + 1 Wil 72),

and /(¢) has at most polynomial growth as ¢ > oo, for P-a.s. w € §2.
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By Poincaré inequality, we get

20 (|9, 32 = 20hq [l 7 (35)

20[|0v[I2, = (2m + (o + D)ea) [VI172 = (2041 = 2m — (o + D)e2) V)12

> MyollPvizs + vollvie. (36)

vA1—-m

We take €5 = el

and 2y = 2vA; — 2m — (o + 1)€; provided vi; — m > 0. Using Cauchy
inequality, we find

ko dal(p + €1)?

2a(+ )l < —llulljs + ————. (37)
4 k

From (34)—(37), we obtain the following inequality:
d ko
E(aﬂuﬂiz + 1PVI,) + 20k 4l s + A yoll Pyl + T leliza + vollvil7s
dol(p + €)?
< a0 =g(). (39)

Denoting d = A; min{2, y»} and applying Gronwall’s inequality, we have

t
o}, + 10l = @lu) s+ [Pvo})e 4+ [ (e,
forall fg <s<t.Fort=-1,s =t we get
o |u(-1)[ 72 + [ Pr(-1)] ;2

-1
< (a ||1,t(t0)||i2 + || Pv(to) ||i2)ed(1”°) +/ 3(0)e ) dr

to

< (] Atto) |72 + e Walto) |12 + [ Phito) |12 + [PWalto) | 12) e+

-1
+ / gg(r)ed(l”) dr.

o0

Set

-1
r%(w) =1+ tsgpl(a || W (to) ||i2 + ||PWh(t0)||i2)ed(l+t°) + f gg(r)ed(l”) dt,
0=~ 00

which is finite P-a.s. since || WA(to)Hiz, ||PWh(to)||i2 and g3(7, ) have at most polynomial
growth for £y and 7, respectively, as they tend to —co. Given p > 0 such that ozIIA(to)Ili2 +
lPh(to) 1|7, < p?, there exists £ such that e*%) p* < 1.

For the second case o < 0, we take o; = —a > 0. Letting €3 = l%, we observe that (29)
becomes

d
p IPVIZ, = 2m + &)[IVI7> + 2v113:vI17

!
ka
< —2af lulvdx + —21 ||M||i4 + C(EZ,k;Oll)(” WA”%A. + ||Wh||iz)- (39)
0

Page 9 of 14
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Multiplying (25) by «; and putting it into (39), we get
d ko
E(alnu”%z +1PVI[7) + 2a1 1|9l 7, + Tlllulliz; + 20|13,V 7,

!
<201 (p + €)l|ull2 + (2m + €3 + €201 ||VI[7, + 4a1/ |u*vdx + ga(), (40)
0

where
() = a1C (e, €2, 1ul) (1 Wa |I§z + | Wallfa + | Will1a) + Clea, ky o) (I Wallfa + I Wh”%z)-

We choose a positive number k; < k such that the following inequalities hold:

/(10[1 40[1[(,11, + 61)2
20 (w + €)l|ull?s < ——lulljy + ———— (41)
4 ky
and
! k
101 160(1
4a1f ulPvdx < 2 g, + 220 )2, (42)
0 4' kl
Applying Poincaré inequality once again, we have
2 160[1 2
2010Vl — | 2m + €2 + €200 + T IvIl;2
1
160[1 2
> | 2vA = 2m — €3 — €201 — o IvI72
1
> anlPvliis + nlvi?,. (43)
We take 2¢€5(1 + 1) = 20A1 — 2m1 — 1,6% and 2y; = 2vA; = 2m — (1 + ay) — 1]6%, provided

20\ —2m — % > 0. Combining (41)—(43) with (40) yields

d (k — k1)o
%(Oll“u”iz +1PvI12,) + andllull?s + Ay P2, + ————

2
_Aol(p +e)
S

lull s + villvIZ,
A
+ga(t) = g5(2).

In a similar way to the first case, we have

- -1 -
r(@) =1+ supl(ocl | W/A(to)Hi2 + || PWi(to) ||i2)ed(1”°) +/ 25(2)e ) dr,
lo=- 00

where d = A; min{1, 1} is such that o (=112, + [P(=1)|1?, < r5(@). Therefore, we can
take r(w) = max{r;(w), r>(w)} as a desired random radius. a

Lemma 4.2 There exist random variables c;,(w) (i = 1,2,3,4) and a fixed time t < —1 such
that for all p > 0 and ty < t with |a||A(t)|?, + | Ph(to) |1, < p*, the solutions of (17)-(20)
satisfy

0 4 0 2
/ |u(s)| ;2 ds < c1(w), / [v(s)] ;2 ds < ca(w),
-1 -1
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and

0 0
f |8xa(s) 2 ds < e3(w), / |8:v5) |72 ds < calw).
-1 -1

Proof We only consider the case o > 0, and the other case o < 0 can be proved similarly.
Integrating (38) over [-1,0], we have

Tk
[ 5O ol el + v as

L4
2 2 0
< of||u(—1)“L2 + ||Pv(—1)||L2 + g(r)dr. (44)
-1
Then the desired estimates follow immediately from Lemma 4.1. O

Next we consider the absorption in H! x L2 at time £ = 0.
Lemma 4.3 There exist a random radius r3(w) and a fixed time t < —1 such that for all
p >0 and ty <t with ||| A(%)I|7, + | Ph(to) 1, < p?, the solutions of (17)-(20) satisfy the
inequality

[ 8x14(0, 0, A(to) = Wa(t0)) || 72 + | v(0, . i(to) = Wi(t0)) || > < r(w).

Proof Multiplying (17) by —92u, integrating with respect to x over (0,/), and taking the
real part, we obtain

d
Tkl = 241001, + 2] 82ul)}

l
= —2Re/ 8fﬁ[MWA —klu+ WalP(u+ W)+ (u+ W) v+ Wh)] dx =1Is + I;. (45)
0
Then we can estimate the terms on the RHS of (44) as follows:
l
Is = —2Re/ ZU[ Wy — k|u+ Wal*(u + Wa)] dax
0

1
< 2/ |022| [ 1| Wal + k(1ual® + 3l | Wa | + BJul | Wal* + |Wal*)] du
0
< 20l | ]| 2 1 Waall 2 + 2k |07 2] 2 Nl 36 + 2K]| 072 ] o Nuall 36 | Woall 6
+ 2k | 2u| o el 6 | W 126 + 2k ]| 022 | o [ Wl
< es][02ull> + Cles, |al) (el + 1Wall%s + [ WallS)
< e5]|02u| 1> + Ces, 11, @) (13xtlls + 1 WalZ + [ Wall%), (46)

where the last inequality in (45) can be obtained by the interpolation inequality below and
Theorem 3.1, while

6 2 4 = 2
el s =< clldzullp2llull;2 < clldxuellpa. (47)
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Furthermore, for the last term of (44), we obtain

I
I; = —2Re/ Bfit(u + W) v+ W) dx
0

!
52/ |z | (Julv] + |l | Wyl + [V Wal + | Wal|Wil) dx
0

<20Vl |07 u]| o el 2 + 2] 970 o ] | Wil za
+20Vllzoo | 020 o 1 Woall 2 + 2] 972 o 1l Woall ol Wil 4
< e5]|02ul| 1> + Cles)[ IV (12l 22 + 1 Wall%) + ety + [ Wallts + | Wil %]

< es]|02u} + Cles, &) (10112 + lullty + 1 Wally + [ Will). (48)
Taking €5 = 1/2, from (45)—(47), we observe that (44) becomes
d 2 2112 ~ 2 2 4
el o+ 070 12 = C11el, &) (192 + 10VIT + laelfs + g6(2)), (49)
where
26(0) = [1WallZ2 + [ Wallfa + 1WallS + | Wil fa.

On the other hand, multiplying (18) by —92v and integrating with respect to x over (0, 1),

we get

d 2 2 2112 : 2) 92

E||v||L2 =2m|| 3,7, +2v] 0}V 5 = —2/0 (MW, — otlu + Wa|*)32vdx = Ig + Io.
By Holder and Cauchy inequalities, the RHS of (49) can be estimated as

I = —2;41/01 Wj,2vdx < e[ 82v]}, + Clee lml) | Wil %,
and

l !
19=2a/ lu + WA|Zagvdx§2|a|/ (1l + 21l | Wa| + |Wal?)|07v| dx
0 0

< €6 02v] 72 + Cless leel) (Iullfa + I Wall}a)- (50)
Taking €6 = v/2 and putting above estimates into (49), we have
d 2 2112 4 2
Il + v]|a2v] 2 < C(v, lel, Iml) (1l o + 172 +g7(0)),
where

& @®) = [ Wallfa + | Wall2.
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Combining (48) with (50), we obtain

d
E(Ilf)xulliz +1IvI172) < Cllullza + 18xull72 + 19:VI17> + g6(2) + g7(0)),

where C = C(ul, ¢, v, |a|, |m|). Integrating over an arbitrary interval [s, 0], we get

0
0.2} 32 + O 2 < o [z + [Ws)] 2 + € / (lu@) 74 + o)
+ || 0,v(T) ”iz + g6(7) +g7(t)) dr.

Integrating again with respect to s over [~1,0], we finally have
Joau@ s+ 01 < [ (a9 + o as € [ (lucol
+ 0|2 + | 910 | 22 + g6(2) + g1(7)) dx.
Then Lemma 4.3 follows from Lemma 4.2. g

In the end, using Lemma 4.3 and applying Theorem 2.6, we have the following claim.

Theorem 4.4 Assume that v(%)* — m > 0 for a > 0 and v(5)* - m > %'“‘for a < 0. Then
the RDS generated by the stochastic KS—GL equations (1)—(2) with initial-boundary con-
ditions possesses a global random attractor A(w) in L*(0,1) x H(0,1).

Remark 4.5 We would like to indicate that €3 is specified in (28) to simplify the calculus,
and the condition in Theorem 4.4 for @ < 0 may be improved without the specification of

€3 there.
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