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1 Introduction
Liu in paper [1] studied the blow-up phenomena for the solution of the following prob-

lems:
ou
oAU+ u”/ uldx, (x,t) €2 x(0,t), (1.1)
ot o
u(x,0)=f(x) >0, x€4, (1.2)

under the Robin boundary condition

g—” +ku=0, (xt) € x(0,t). (1.3)
v

He obtained a lower bound for the blow-up time of the system when the solution blows
up.

In paper [2], the authors also studied equations (1.1) and (1.2) subject to either homo-
geneous Dirichlet boundary condition or homogeneous Neumann boundary condition.
The lower bounds for the blow-up time under the above two boundary conditions were
obtained. Equation (1.1) is used in the study of population dynamics (see [3]). For other
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systems in porous medium, one could see [4]. There have been a lot of papers in the liter-
ature on studying the question of blow-up for the solution of parabolic problems under a
homogeneous Dirichlet boundary condition and Neumann boundary condition(one can
see [5—12]). Some authors have started to consider the blow-up of these problems un-
der Robin boundary conditions (see [13—17]). In papers [18—21], the authors studied the
blow-up phenomena for the heat equation under nonlinear boundary conditions. Some
new results about the nonlinear evolution equations may be founded in [22-24]. These
papers have mainly focused on the bounded convex domain in R3. Recently, there have
been some papers starting to study the blow-up problems in R” (n > 3) (see [25-29]).
We continue the work of [2] for a more general equation. Until now, the authors have not
found any paper dealing with lower bound for the blow-up time of a nonlinear nonlo-
cal porous medium equation under nonlinear boundary condition in R” (# > 3). In this
sense, the result obtained in this paper is new and interesting. In this paper, we consider

the blow-up phenomena of the solution for the following equation:
(h(w)), = Au™ + Ky (£)d? / uldx, (x,t) €2 x(0,t), (1.4)
Q

with the following boundary initial conditions:

u(x,0)=f(x) >0, xe4, (1.5)
g—: =k2(t)/gg(u)dx, (x,£) €382 x (0,£%), (1.6)

where £2 is a bounded convex domain in R”, n > 3, with sufficiently smooth boundary, A
is the Laplace operator, 952 is the boundary of §2, and ¢* is the possible blow-up time, g—’lf

Ky (2) dh(u)
no =« and G =M>0.

is the outward normal derivative of . We assume
The function g(&) satisfies

0=<g() =&, VE>0, (1.7)
where s > max{zi—ﬁl,p +q+1-m}.

2 Some useful inequalities
We will use the following useful inequalities later in the proof.

Lemma 2.1 We suppose that u is a nonnegative function and o, m are positive constants,

then we have the result as follows:

-2)d
/ w2 dA < E/ w2 gy o w/ u“+m_3|vl,¢|dx, (2.1)
FYel Lo Jo Po 2

where po := mingg |x - V|, U is the outward normal vector of 082 and d := maxg |x|.

Proof Applying the divergence definition, we have

div(u”*"2x) = mu” " + (o + m - 2u” "3 (x - ). (2.2)
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Integrating (2.2), we deduce
/ div(u”*m_zx) dx < n/ Wl dx + (0 + m— 2)/ w3 x - Vul dx.
o) 2 2
Applying the divergence theorem, we obtain
/ uH2x DdA = n/ Wl dx + (0 + m— 2)/ w3 \x . Vu| dx.
FYe) fo) o)

Because £2 is a convex domain, we have pg := minyg |x - V| > 0. Then we derive

/ u‘”m_sz<£‘/ u6+m—2dx+wf w3 \x - V| dx. O
902 ~ poJe Po 2

Lemma 2.2 Supposing that u € WY*(2) and n > 3, we have

(o4m1)n 21 ] o+m-1 w2
u 2 dx < Cn22n-2 u dx + !V
2 Q 7}

where C = C(n, $2) is a Sobolev embedding constant depending on n and 2.

o+m— ﬁ
21u’2dx) :|, (2.3)

Proof In paper [30], we have W12(2) — Lia@ y > 3. Then we deduce the Sobolev
inequality as follows:

1

n-2
" o 2
(/ wn22dx> SC(/ wzdx+/ |Vw|2dx) ,
Q 2 Q

that is,
o+m-1 2% n_;'z o+m=1\9 ot+m=1 2 %
/(u 2 )”de EC/(u 2 )dx+/’Vu 2 ’dx .
Q Q Q
We can get

[ com ([ @i [ vt )
2 2 2
< an_nan_1|:</ uﬂﬂ’n—l dx)m + (/ |Vua+;én—1 |2dx)m], O
2 2

Remark 2.1 For any nonnegative function u, the following Holder inequality holds:

moo A\ 1 e\
/ Ut dx < </ u* dx) </ u ) , (2.4)
o) 2 2

where 13, 1y, %1, x, are positive constants and x1, x; satisfy x; + x, = 1.

Remark 2.2 The fundamental inequality
(a+b) <d +1, (2.5)

where a,b > 0and 0 </ < 1, holds.
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3 Lower bound for the blow-up time
In this section it is useful in the sequel to define an auxiliary function of the following

form:
B(t) = ki(t) / w7V dy = K (t) / u’dx, 0<t<t (3.1)
2 2

We will derive a differential inequality for ¢(¢). From the inequality, we can establish the

following theorem.

Theorem 3.1 Let u(x,t) be the classical nonnegative solution of problem (1.4)—(1.7) in a
bounded convex domain 2 (2 € R" (n > 3)). We assume thatm+s>p+q+1>2,m>3,
p>0,q>0. Then the quantity ¢(t) defined in (3.1) satisfies the differential inequality

'O~ (t) < a(t)p™(t) + b(¢), (3.2)

from which it follows that the blow-up time t* is bounded below. We have

* 5 -1 1
£=0 (44)4(0))’ &)

where ©7! is the inverse function of ©, and a(t), b(t) are defined in (3.21), (3.22) respectively.

Proof Now we prove Theorem 3.1. For convenience, we set ¢(t) = ¢, k1(£) = k1, ka(t) = k.

First we compute
@' (t) = nk!~'k; / u’ dx + kfo/ u’uy dx
2 2

1
= nki 7k} / u’ dx + k{’of u’ " — |:Aum + klup/ ul dx:| dx
2 2 W (u) 2

/H
5na¢+(1—0/ u"_l[Au’”+k1up/ uqu:| dx.
M Jo Q

Integrating by parts, we have

n

k b
@' (t) < nag + 17 mf w22 g4 m(o — 1)/ u’ "3\ Vu|? dx
M FYe) dv 2
kn+l 0
+ 1 G' | f u¢7+p+q—l dx
M 2
ki'k: - 1)k?
<na¢ + w/ u‘””‘_sz/ u'dx — M/ w3\ Vul? dx

M e 2 2

M
1
+ kf+ O‘|.Q| / uo+p+q—l dx.
M 2
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Using the result of Lemma 2.1, we obtain

omkl'ky n 5
1 - M0+m de us dx
Po Jo Q

V& —-2)d
+om<1k2 (0 +m-2) /ua+m—3|Vu|dx/ u' dx
Q 2

@' (t) < nag +

M Lo
_ Um(U - l)kil / |V <7+m 1| d kn+10|9| / oprg— ldx
M (o0 +m—1)2
<na¢ + rlkfkgf ue M2 gy + rzkszf U3\ V| dx/ u’ dx
2 2 Q
sk / (V™37 P dic + rg! / u® P+t gy, (3.4)
2 2
_ n|82| _ (o +m=2)d _ om(o-1) 4 _ o]
where ry = 57 o 0 2= S o T3 T e T4 = Tt

Now we estimate the third term of the right-hand side of (3.4). Using Holder’s inequality,
we have

fu‘dxf(/ u"dx) 1215 =k " ¢712|%
2 2

Then we obtain

kf/ u“m‘?’IVuldx/ u’ dx
2 2
skf/ U3 \Vuldxk, © ¢72|°7
2

o+m-1

—/<1"|.Q| P ¢ kl/ uﬁmf_gWu | dx

1 1
< <8I1r5k{’¢253 / ( rr+m 3) dx) (glk / ’V rr+m 1’ dx)
2

1 2s o+m-1 9
< =eilrskigpe | w3 dx+ —slk{’ |Vu"2 |"dx,
2 2 2 2

where r5 = (k |SZ|_

From the above deductions, we get

rzkzkf/ u”*m‘?’IVuIdx/ u’dx
Q I?)

1 s
irzkgs ng;q(ﬁ 27 /

2

P 1) &1 is a positive constant which will be defined later.

+m1

1

"3 dx + —rgkzelkf/ |Vu | dx. (3.5)
2 2

Combining (3.4) and (3.5), we obtain

1 .S
¢ (t) < 1’10l¢ + }"1/(1/(2/ O +m+s=2 dx + §r2k28I175/<i1¢% / ua+m—3 dox
$2 2

1 o+m—
+ r4k1n+1 / Ma+19+q—] dx + <§r2k281 — r3>k{’/ |Vu ) 1 |2dx (36)
2 2
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Using (2.3), (2.4), and (2.5), we obtain
(c+m-1)n *1 *2
/ U2 g < (/ u n2 dx) </ u® dx)
17 17 2

x1n

where

(m+s-2)(n-2) . m-1n+20+Q2-m-s)(n-2)
T AT ) =

X1 =

’

(m-1)n+20 (m-1n+20

re = (Cz 2271,

Using Holder’s and Young’s inequalities, we have

= 2
r6< / uom1 dx) < / u® dx)
2 ko)
x1n x1n n-2 n-2-x1n
-2 n-2 —2\ n2 27 n=2=xqn n-2
(S L) TGS o) T
xin Jo X1n 2

%9 (n-2)
1 n-2-x1n
< | u"""dx+r, u® dx ,
2 2
x1n _n=2
N=2-X11 ( N=2\~ 7=0—x1n 4. 12 X1
Wherer7=T(xl—n) ﬂlenré .

By Holder’s and Young’s inequalities, we get

X10 _ %10 X20
/ ua+m—1 dx < (82/ Ma+m+s—2 dx) (82 *20 / MJ dx)
2 2 2

_10
< %1062 / U2 dx  xg0e, X | u® d,
7 2

- m-1 = (o4ms=2)(m-1) - sl = (=)o
where X10 = m+s=2" Mo = m+s—2 » X20 = m+s—2" Mo = m+s—2"
If we choose ¢, such that x1gey = %, we have

1 0
/ ua+m—l dx <= ucr+m+s—2 dx+x2082 20 u® dx.
2 2 2

(3.7)

(3.8)

(3.9)

Page 6 of 12
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Combining (3.7)—(3.9), we obtain

x9(n-2)

2 _*10 n-2-x1n
Ut e < 2908, P | u dx + 21y u® dx
2 2 2

+ 2r¢ <‘/g > dx> " (‘/g u’ dx)xz. (3.10)

| ®
=
X

9

Then we can deduce

kit/ ua+m+s—2 dx
2
0 xz(zn—Z)n %(i;—fl
< 2x2052 O b+ 2r, k e <kf/ u’ dx>
2
xl #
—n. rr+m
+ 2reky Ko (k” f Va5 dx) (k” f u’ dx)
2

.Xfl'l

_x10 ) (n-2)n x9(n-2) n2 1
72 n ag+m=1 2 x
(kl [ |Vu 2 | dx ¢

2

2
<2308, X p + 2r7k P g nedn 2;“6/(1

_*10 7‘2(” -2)n %o (n=2) x1n2
- - X1 o+m-1 2
< 2x208, " ? ¢+2r7k TN gy =2 +2r6k n-2 &3k |Vu 2 ‘ dx
n—-2 o
__xn %9 (n-2)
+ 2r6knx 78 S
_9 3
0 _ % (n=2)n x1n2 2 x1n %9 (n-2)
5 nxj——— N —2—X1N —5=3xn 2
< 208, P+ [2r7k Ty Dreky "R — & xl":|¢n—7—x1n
}/l pa—
mcl—Jﬁ X111
+2rek; - " e3ky |Vu ’ dx, (3.11)
n-2
where ¢35 is a positive constant which will be defined later
_ m=3 _ (o+m+s=2)(m=3) s+ (s+1)o
If we choose x11 = "=, 11 = Xl = 2, My = 2%, using (2.4), we get
X11 X21
/ ua+m—3 dx < (/ ua+m+s—2 dx) </ ua dx)
2 17 2
< xuf yorms=2 dx+x21/ u® dx.
2 2
Then we obtain
2 _ 2 _ 2
kipo / u S dx < x99 kt / S gy v xpipo L (3.12)
2 2
Combining (3.10) and (3.12), we have
"10 x9(n=2)n 2)
2s 2 n—55— X9 (n—
Koo | u”™3dx < (2x2082 X1 + x21)¢ oty xnk, TV 29 &+ i

2
x1n

1o =2
dx) ¢ 2

ey — S
+2rexnky; "\ K
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0 2D oo
< (2x2082 X11 +x21)¢0 +x11k 2ryp o A

2
_xnt oaey _1
nx1———5 1 o+m 2
+2rgx1nky; " n&;k{’/ |Vu 2 | dx
- Q

2 x1n .
¥ 9 —xn __M"  (2s+oxp)(n-2)
nx1 — 1 N=2-X11 | 5y
+2r6x11k1 n-2 T&} 1 ¢ oA (3.13)
where ¢, is a positive constant which will be defined later.
F . _ p+q-1 _ (o+m+s=2)(p+q-1) _ m+s—(p+q+1) _
[S1mgarl};,)] if we choose x13 = 2=, nip = T =, Xy = S0, nyp =
o [m+s—\p+q+ .
—— ==, using (2.4), we get
x12 x22
/ u<7+p+q—1 dx§ (/ ua+m+s—2 dx> </ u® dx)
2 2 2
< x12/ w2 gy 4 x22/ u’ dx. (3.14)
2 2

Combining (3.10) and (3.14), we obtain

kiﬂl/ ua+p+q—1 dx
2

<x12kn+1/ u¢7+m+s—2 dx+x22kf+1/ u® dx
2 2

"10
(2x2082 x12k1 + Xszl)(l)

1 X9 (n=2)n 92 _ x1n
M= an nxy+1- ﬁ— n- X1N —5=an
+ | 2r7x10k + 2rex12k —=
1 1 P 5
Ho(n=2) mq-f—l——z xX1n gim=1 2
ST 4 ok 2 —285ki’/ |Vu"2 |"dx, (3.15)
- Q

where ¢; is a positive constant which will be defined later.
Combining (3.6), (3.11), (3.13), and (3.15), we have

1 X1

¢/(t) < (I’lOl + 27‘1/(2?62082 20 + 27’4962082 20 x12k1 + I"4,9€22k1)¢

_ % (n=2)n xn
2- “n=2-
2"1k27’7k ey 2r1k2r6/< —_— e,
n-2
n+l—x2("72) xp(1-2)
—2_ 2
+ 2rar7x12k, Ty 2rarexiak, —2 5” xl” P 2—x1n
n -
1 1 - 2s 1
- %20 5t
+ 5’”2/(281 "5(2962082 Xx11 +x21)¢ G
1 j:l—(n—xZ)n 2S+ xz(n 2)
E’"2k281 7'59611/( "oy ¢a n=2-x\n
2 xX1n
_ant g _xm ——12 (2s+0%9)(n-2)
-1 nx1 -2 1 N=2-X11 ; ~—r—5
+ Vzkgé‘l 7’57’69611/(1 " ——&, ¢ o (n-2-x1n)
n—2
2 2
_xn X11 1 _ 1n X1
nxy — 1 _ X1 1
+ 271k276k1 n-2 &3+ — 2k2€1 + 72k28117‘5}"6x11k -2
n-—2 2 n-— 2
2
.‘»clJrl—T”2 xXin
+ 27’41’636121( 255 —r3 dx (316)
n-—
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If we choose suitable &1, €3, &4, &5 such that

2 2
_an xm 1 M xin
nxy — 1 _ nxy — 1
2rikarek, "* e3 + —rokaer + rokpey rsrexink; | Y ——eq
n-2 2 n-2
mcl+1—an X1n
+ 2;"4r6x12k1 n-2 e5—r3=0. (317)

n-2
Substituting (3.17) into (3.16), we derive

_x10 _m0
@' (t) < (nor + 2r1kaxoe, ™ + 2raxags, 2 x12ky + raxanky )¢

n- 252 mq—xl—"z”—z—xl” - o
+ | 2rikarsk, Yo 2nkorek, T TP ——————&4 1
n—2
x9(n=2)n x1n2 x1n
T n—2-x1n 1—1—n—2—xn “n2-xn 2
+ 2rarsx12ky oy 2r4r6x12kfx1+ n-2 n—2185 > )¢1+"2x1n
1 -1 _% 1+
+ 51”2/(281 7’5(2362082 X11 +x21)¢ o
1 nﬁxz_(n:Z)n 2 2
+ §r2k28;1r5x11k1 e 2r7¢1+(” +”‘2‘x1")
2 X1
I Ly 7)) —xn 7# 1 2s(n-2)+2x10
rokogy skl T e, e (3.18)
n f—
Using Holder’s and Young'’s inequalities, we have
" <(1- Y b+ Z¢5' (3.19)
4 4
. _ 2 2 2s 2x] 1 2s(n-2)+2x10 . )
Applying (3.19) to @ Gl T ¢1+( o *izn) ¢ o= in (3.18), respectively, we
obtain
5
¢'(t) <a(t)g(t) + b(t)g> (1), (3.20)

where

_%10 _*10

a(t) = (no + 2rikyxaoe, ™ + 2raxnee, 2 x1oky + raxasky)

xo(n=2)n 2 xn
= w2xn "xl—% n—2- X1 ~5=3=qn
+ 27‘1/(21"7](1 + 27‘1/(27’5/(1 —_—¢

n-2 3
x9(n-2)n

n+l- n-2-x1n

+ 27’47’79612/(1
2

12 1 =2 = X1~ x1

+ 2}’4}’63612/(1 I e— O [
n—-2 2(n —2 —x1n)

1 -4 s
+ =rokoeT rs (25008, 0 211 + %31 ) [ 1 - —
2k 5 (2208, ™ %11 + %21) 7

1 - 222 s(xom —2) + %10
¥ =rokoeT sy ky T |1 - 2
2221 5711 / 20(n—2—x1n)

2 x1n
k 1 kmcl—%}’l—z—xli’l == s(n—2)+x10
+ 1 K2€y I5reX11Ky e — )

n-2 4

] (3.21)

B 20(n—2—x1n)
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and

x9(n=2)n x1n2 x1n
= =2=n ”xlflﬂ_ n—2- X1n T n=2-x1n
b(t) = <2r1k2l"7k1 + 2r1k2r6k1 " TSB

%9 (n-2)n

n+l-

J—y -
+2rarxpky, Y
xlnz xin
kmc1+1—ﬁﬂ—2—x1l’l == X1
+2rarevioky n-2 > 2(m—2—wx1n)

1 -7a s
-1 *20
+ 5}"2/@81 s (2962082 X11 + x21) %

(n-2)
i o |:s(x2n -2) +x0 :|
N

1 n
+ =rykoeT  rsx ke
g 2oL IR 20(n—2—x1n)

2 xX1n
x-S =2 — X1 sty S(n—2) +x10

+ rokoel rsrexni k) G DY - (3.22)
Multiplying both sides of (3.20) by ¢~>(¢), we obtain
¢' (97 (t) < alt)p™ (1) + b(0)- (3.23)
That is,
—(¢7"(0)" < da()p(¢) + 4b(t). (3.24)
Setting H(¢) = fot a(t)dr, (3.24) can be rewritten as
(74 (1)e* ™) > —4b(p)e . (3.25)
Integrating (3.25) from 0 to ¢, we have
¢~ (1) — ¢7*(0) = -4 /0 tb(r)e‘LH(’) dr. (3.26)
That is to say,
e 1
=5~ 7w 2 —40(t), (3.27)
where O (¢t) = fot b(r)e D dr.
Taking the limit to (3.27) as t — t*, we get
1
o) i
From the definition of ®(¢), we have d%t(t) = b(t)e*'® > 0. We get O(¢) is a strictly in-
creasing function. So we can get
(el
4¢*(0)
from which we complete the proof of Theorem 3.1. g

Page 10 of 12
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