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1 Introduction

For more than a century after Poincaré and Lyapunov, the existence theory of periodic
solutions for a periodic system has been well developed; for example, see [7, 9, 12, 26, 29].
Besides periodicity, many systems may also have other symmetric structures. The anti-
periodic system together with the existence of anti-periodic solutions, for example, is paid
high attention to; see [1-5, 20, 25, 27].

If a system is subjected to an external force with a certain symmetry structure, a natu-
ral question is whether the system has a solution with the same symmetry structure. For
example, one may ask whether the system under a spiral external force has a spiral form
solution. Recently, the concept of affine periodicity, including the spiral symmetry was
introduced. Some problems and methods concerning affine-periodic solutions, such as
Levinson’s problem, Lyapunov function type theorems, the dissipative second order ro-
tating periodic systems, LaSalle type theorems, Hamiltonian systems and the averaging
method of higher order perturbed systems were given; see [8, 16, 18, 19, 23, 24, 28].

Consider the following (Q, T')-affine-periodic system:

X :f(t,x), (1.1)

where f(¢,x) : R x R” — R” is continuous and f(t + T,x) = Qf (¢, Q') for every (,x) €
R x R”, Q € GL(n) (all nonsingular # x n matrices). We want to find the solution of (1.1)

© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13661-020-01381-w
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-020-01381-w&domain=pdf
mailto:xingjiamin1028@126.com

Xing and Yang Boundary Value Problems (2020) 2020:83 Page 2 of 20

with
x(t+T)=Qx(t) VteR.

Such a solution is called a (Q, T)-affine-periodic solution.
According to the structure of Q, it will be seen that
(i) x(2) is a T-periodic solution if Q = I (the identity matrix), and an anti-periodic one
ifQ=-I;
(i) If Q € O(n), thatis, Q is an orthogonal matrix, x(¢) is a special quasi-periodic
solution corresponding to the rotation of a rigid body;

(iii) A (Q, T)-affine-periodic solution x(¢) can be unbounded and % is quasi-periodic,

like a helical line, for example, x(¢) = e*(cos wt, sin wt).

For periodic systems, Krasnosel’skii and Perov gave an interesting existence theorem of
periodic solutions in [13, 14], which is well known today by using the method of topolog-
ical degree. They proved that, if each solution starting from the boundary of a bounded
region will not return to the initial point during a periodic time and the topological de-
gree of f(0,-) is not equal to zero, then the system will have a periodic solution. In this
paper, we give Krasnosel’skii—Perov type results for affine-periodic systems. When I — Q
is not invertible, we give a general result, which is comparable with Krasnosel'skii and
Perov’s theorem in the periodic case. It is well known that sometimes the conditions of
the Krasnosel'skii—Perov type theorem are difficult to verify, but we give a more flexible
condition. When I — Q is invertible, we find that the existence of affine-periodic solutions
can also be obtained without calculating the topological degree of (0, -).

It is also meaningful to find the relationship for the existence of periodic solutions be-
tween asymptotically equivalent equations. It is well known that the existence of periodic
solutions of a system is rather related to that of another asymptotically equivalent one;
see [15, 17]. In the asymptotically linear case, more results have been obtained; for exam-
ple see [6, 10]. In this paper, we use the method of asymptotically equivalent equation to
study the existence of affine-periodic solutions. In our results, the asymptotically equiv-
alent equation can be nonlinear, and the conditions are much easier to verify in linear
case.

In the study of periodic solutions for differential equations, the alternative is an inter-
esting phenomenon. Krasnosel’'skii and Perov’s theorem is a kind of alternative theorem.
Another alternative result is achieved by the homotopy method. If the solutions of the
auxiliary equations starting at the boundary are not periodic, then the system will have at
least one periodic solution in the interior of the region; for example, see [11, 21, 22]. In
this paper, we give a method to study the existence of affine-periodic solutions by using
homotopy approach.

If there is a linear coordinate transformation u = Bx with B € GL(n), then system (1.1)
becomes

u' =g(t,u),
where g(¢,u) = Bf (t, B u). According to the symmetry of f(¢,x), we have

g(t+T,u)=Bf(t+ T,B'u)
=BQf(t,Q'B'u)
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= BQB'Bf (t,B'BQ'B'u)

= Qg(t,Q7'u),

where Q = BQB™!. This means the affine periodicity is invariant under linear transforma-
tions.

In Sect. 2 and Sect. 4 of the paper, we assume Q has the following Jordan normal form:

Lysm @)
J= s (1.2)
O C(n—m) x (n—m)

where O denotes the zero matrix, 0 < m < #, and L) x (n-m) — Cln-m)x(n-m) is invertible.
For example, Q is a symmetric or orthogonal matrix. Meanwhile in Sect. 3, we only need
Q e GL(n).

The paper is organized as follows. In Sect. 2, we give some Krasnosel’'skii—Perov type
results. In Sect. 3, we study the existence of affine-periodic solutions by asymptotic equiv-
alence. In Sect. 4, we give an existence theorem through the homotopy method. In Sect. 5,
some examples are given to illustrate the characteristics of (Q, T')-affine-periodic systems

and to show the effectiveness of the theorems.

2 Krasnosel’skii-Perov type results

Now we give our first main result.

Theorem 2.1 Cousider the (Q, T)-affine-periodic system (1.1), where f(t,x) is continuous
and locally Lipschitz continuous in the variable x. Assume there exists an open bounded
subset V C R" such that the following conditions hold:
(i) Foreveryy eV, the solution x(t,y) of system (1.1) exists at least on [0, T].
(i) Ker({ — Q) #{0}. There exists a continuous matrix function Q(t) : [0, T] — GL(n),
such that Q(T) = Q. For every t € [0, T, Q(¢) has the Jordan normal form (1.2) and
I — Q(2) has the same kernel space. If y € 9V, then

x(w,y) # Qw)y, Ywe(0,T].

(iii) Denote by P:R" — Ker(I — Q) the orthogonal projection. For every
yedVNKer(l —Q), Pf(0,y) #0 and

deg(Pf(0,-), V NKer(I - Q),0) #0.
Then there exists at least one (Q, T')-affine-periodic solution of system (1.1).

Proof Suppose x(t) is a solution of system (1.1) with boundary condition x(7") = Qx(0).
For t € [T,2T], take x(¢) = Qx(t — T), we have

dx(t)  dQx(t-T)
dt  d@-T7)

=Qf(t-T,x(t-T))
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= Qf (e~ T,Q'x(0))
=f(6,%(2)).

Fort € R, let
x(t) = Q"x(t — mT),

where m is an integer such that t — mT € [0, T, the solution x(¢) can be extended to the
whole real line. So to prove the existence of (Q, T')-affine-periodic solutions of system (1.1),
we just need to prove the existence of solutions of (1.1) with boundary condition

x(T) = Qx(0). (2.1)

We define an operator @ : V — R” by

T

r 1
P =(U-Qy+- P)/O f(&x(t,y)de + T /0 Pf(t,x(t,y)) dt.

We claim that, for each zero y of @, x(¢, ) is a solution of (1.1) with boundary condition
(2.1).
In fact, if y is a zero of @, we have

l T
T /0 Pf(£,x(t,9)) dt = 0, (2.2)
T

I-Qy+(-P) /o f(t,x(8,y)de =0. (2.3)

Then
T
(I-Qy+ / f(tx(t,y)de =0, (2.4)
0

and hence

x(T,y) = Qy.

Consider the homotopy operator H: V' x (0,1] — R™:
AT 1 AT
H(y,») = (I-QMT))y+ (- P)f f(tx(t,y)de + T / Pf(£,x(t,)) dt.
0 0

For (y, 1) eV x(0,1],

1 AT
lim T / Pf(t,x(t,y)) dt = Pf(0,y).

0

When A =0, denote

H(y,0) = (I-Q(0))y + Pf(0,y).
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It is easy to prove the operator
H:V x[0,1] > R"

is continuous, we omit the proof.
Now we prove that

0¢H(0V x [0,1]).
Suppose on the contrary that there exists (7, 1) € 3V x [0,1], such that
H(,1) = 0.
(1): When A = 0, we have

(I-Q(0))y + Pf(0,y) = 0.

That is,

(I-QM)y=0 (2.5)
and

Pf(0,5) = 0.

By (2.5), we get y € 3V N Ker(I — Q), which contradicts assumption (iii).
(ID): When A € (0,1], we have

iT
% /0 Pf(£,x(t,5)) dt =0, (2.6)
AT
(I-QD))y+U-P) | f(tx(7)dt=0. (2.7)
0
Then
iT
(I-QG.T))y + /0 f(tx(t)de=0, (2.8)

which implies
x(hT.5) = QAT)j.

This contradicts assumption (ii).
By (I) and (II), we obtain

0¢H(dV x [0,1]).

Page 5 of 20
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Without loss of generality, we assume that Q(0) has the form (1.2).
Let Pf(0,y) be twice continuously differentiable and satisfy

0 ¢ Pf(0,Nj,),

where

Ng, = {y:y e VNKer(l - Q),det(af(y)
j

ay

;15i,j5m):0}.

It is easy to see that H(y*,0) = 0 if and only if yx € Ker(I — Q) and Pf(0, y*) = 0. Moreover,

det(LH(Y*’O)) = det(] -Q(0) + 78Pf(0,y*))
dy dy
=det(I - C(n_m)x(,,_m)) . det<afé(;*); 1<ij< Wl)
j

Hence
deg(H(-,0), V,0) = y deg(Pf(0,-), V NKer(I — Q),0),
where y =1ory =-1.
When Pf(0,y) is only continuous, the same result can be obtained by selecting suitable

twice continuously differentiable functions to approximate it.

From the homotopy invariance of topological degree, we have
deg(H(-, 1), V,0) #0.
Then there exists a y* € V such that
®(y*) =0,

and x(t, y*) is a solution of equation (1.1) with boundary condition (2.1). Thus the existence

of (Q, T)-affine-periodic solutions of system (1.1) is obtained. O

When Q = I, Theorem 2.1 is consistent with Krasnosel’skii and Perov’s theorem. For a

perturbed system, we give the following corollary.

Corollary 2.1 Counsider the system

k
x = Z e'fi(t,%) + e r(t, x, 6), (2.9)
i-1

where ¢ is a small parameter, fi(t,x) (i = 1,...,k) and r(t,x, €) are continuous, locally Lips-
chitz in x and (Q, T)-affine-periodic.
(i) Assume det(I — Q) =0.
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(i) Let V be an open bounded subset of R”, and P : R" — Ker(I — Q) the orthogonal
projection, and denote Pfi(t,x) = (Pf)'(t,x),...,(Pf)"(t,x))". Suppose that, for every
point p € 3V NKer(I — Q), there exists a neighborhood U, of p, a constant o, >0
that are both independent of €, and an integer 1 < j < n, such that

k
Sik Y Py ()| = 0y (2.10)

i=1

forallx e U,, t € [0,T], and ¢ € [—go, 80] \ {0}, where & is a positive constant.
(ili) Let

k

F(y,e) =Y &'£(0,y). 2.11)

i=1

Assume that, for each € € [—&o, 0] \ {0},
deg(PF(-,¢), V NKer(I - Q),0) #0. (2.12)
Then system (2.9) has a (Q, T)-affine-periodic solution for |¢| > 0 small enough.

Proof 1t is easy to prove that there exist positive constants r and o, such that, for every
p € dV NKer(l - Q) and every y € B,(p), one has

>0 (2.13)

k
By
i=1

for all £ € [0,T], and ¢ € [—&9,&0] \ {0}, where B,(p) is the open ball centered at p with
radius r. Now we prove that x(w,y) # Qy for every y € 9V and w € (0, T]. Denote A =

Upei)VﬂKer(I—Q) Br(p)
Wheny € 0V \ A, there exists a constant p > 0, such that

|- Q)y| = p. (2.14)

At the same time, one has

o/ k
x(w,y) =y + / (Z efi(tx(ty)) + ek“r(t,x(t,y),s)) de.
0\
If x(w,y) = Qy, then
o/ k
(I-Qy+ / (Z e'fi(tx(ty)) + sk“r(t,x(t,y),s)) de=0.
0

i=1

This contradicts (2.14) for |¢| > 0 small enough.

Page 7 of 20
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When y € A and x(w,y) = Qy, one has

w/ k
/ (Z &' Pfi(t,x(t,y)) + g+t Pr(t,x(t, ), 8)) dt=0.
0 \i=1

When |¢| > 0 small enough, this contradicts (2.13).
Consider the homotopy operator H : V N Ker(I — Q) x [0,1] — R™:

H(,1) = PE(y, &) + 16X Pr(0, 3, ¢).

By (2.13), H(y,A) # 0 for every y € dV N Ker(I — Q), » € [0,1] and |¢| > 0 small enough.
Then from the homotopy invariance, one has

deg(H(-,1), V,0) #0.

By Theorem 2.1, there exists a (Q, T')-affine-periodic solution of system (2.9) for || > 0
small enough. O

Theorem 2.1 depends on the existence of Q(w). More generally if there exists a suitable
nonlinear function Q(w, y), we have the following theorem.

Theorem 2.2 Consider the system (1.1). Assume f(t,x) is locally Lipschitz continuous in
the variable x and there exists an open bounded subset V C R" which contains the origin,
such that the following conditions hold:
(i) Foreveryy eV, the solution x(t,y) of system (1.1) exists at least on [0, T].
(i) There exists a continuous function Q(t,y): [0, T] x V — R, such that Q(T,y) = Qy,
and x(w,y) # Q(w,y) for every w € (0, T] andy € V.

(iii) deg(id - Q(0,-), V,0) £0.

Then there exists a (Q, T)-affine-periodic solution of system (1.1).

Proof Consider the homotopy operator H: V x [0,1] — R”

AT
H(y,A)=y-Q0\T,y) + /0 f(t,x(t,y)) dt.

By assumption (ii), we see 0 ¢ H(dV x [0, 1]). From the homotopy invariance of topological
degree, we have

deg(H(-,1), V,0) = deg(H(-,0), V,0).
Then, by assumption (iii),
deg(H(-, 1), V,0) #0.

Hence there exists a y € V, such that

T
y-Q(T,y) + /O f(tx(ty)de=0.



Xing and Yang Boundary Value Problems (2020) 2020:83 Page 9 of 20

Since

T
x(Ty)=y+ / f(tx(t,y)de =0,
0
we obtain

x(T,y) = QT,y) = Qy,
and there exists a (Q, 7)-affine-periodic solutions of system (1.1). O

Corollary 2.2 Consider the (Q, T)-affine-periodic system (1.1), where f (t, x) is continuous
and locally Lipschitz continuous in the variable x. Assume there exists an open bounded
subset V C R” which contains the origin, such that the following conditions hold:
(i) Foreveryy eV, the solution x(t,y) of system (1.1) exists at least on [0, T;
(i) x(w,y) # Qy forevery w € (0,T] and y € dV;
(iii) I - Q is invertible.
Then there exists a (Q, T)-affine-periodic solution of system (1.1).

Denote by B the open ball centered at the origin with radius R in R”. By Theorem 2.1,
we have the following invariant sphere principle.

Theorem 2.3 Consider the system (1.1), where f(t,x) is continuous and locally Lipschitz
continuous in the variable x. Assume Q € O(n), Ker(I — Q) # {0} and there exists an R > 0,
such that, for every (t,y) € [0, T] x 0Bg, f(t,y) is inward to Bg. Then there exists at least
one (Q, T)-affine-periodic solution of system (1.1).
Proof Since f(t,y) is inward to By, for every (¢,7) € [0, T] x dBg, we get

x(w,y) ZQy, Ywe (0,T],y € dBg.
Now by Theorem 2.1, we only need to prove that

deg(Pf(0,-), Bx N Ker(I - Q),0) #0.

It is easy to see that Pf(¢,y) is inward to Bg N Ker(I — Q) for every (t,y) € [0, T] x (dBr N
Ker(I — Q)). Consider the following equation in R” N Ker( — Q):

u(t,y) =y + /OtPf(s, u(s,y)) ds.
Note that

u(t,BxkNKer(I - Q)) CBgNKer(l -Q), YO<t=<T.
By Rothe’s theorem we get

deg(id - u(t,),Bg NKer(I - Q),0) =1, Y0<t<T.
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Consider the homotopy operator H : Bg N Ker(/ — Q) x (0,1] — R

y—u(\T, y) 1 [

H(y, A
00 ="—7 AT ),

Pf (t,u(t,y)) dt.
When A =0, denote
H(y,0) = -Pf(0,y).
Obviously, the operator
H:BgNKer(I - Q) x [0,1] - R"
is continuous. By the homotopy invariance of topological degree, we get

deg(Pf(0,-), By N Ker(I - Q),0) = (-1)" deg(id — u(T, -), Bg N Ker(I - Q),0)
= (-1)™. O
3 Asymptotic equivalence

In this section, we study the relationship for the existence of affine-periodic solutions be-
tween system (1.1) and the following system:

x' = A(t,x), (3.1)

where A(Z,x) : R x R” — R” is continuous, and for every ¢t € R, A(¢,x) is continuously
differentiable in the variable x. Moreover, A(t + T, x) = QA(t, Q 'x) for every (¢,x) € R x R”,
Let

Cor = {x:x e C'([0, T R"),x(T) = Qx(0)},

and define the norm as ||x|| = sup,cjo 77 [%(£)|. It is easy to see that Cq r is a Banach space
with the norm || - ||.

Theorem 3.1 Counsider the system (1.1) and system (3.1). Assume the following conditions
hold:
(i) 1impy— o0 37 SUPpy<ps fOT If(t,x) — A(t,x)| dt = 0;
(i) Denote by A(t,x) the eigenvalue of A,(t,x). There exists a measurable function
B:[0, T] — R with k := exp fo 7)dr) < o0, such that

su15|k(t,x)| < B(2).

(iii) There exists a constant o > 0 such that, for every ¢ € Cq r, the solution y(t) with
Iyl = 1 of the system

Y =A1(t o)y (3.2)

satisfies |y(T) — Qy(0)| > o, where A1 (¢, ¢(¢)) fo (t, To(t))dr.
Then there exists at least one (Q, T')-affine-periodic solution of system (1.1).

Page 10 of 20
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Proof For each ¢ € Cy 7 and A € [0, 1], consider the following equation:

& =A1(to))x + k(f(t, o(1)) —A(t, (2)) + A(£,0)). (3.3)
It is easy to see the system (3.3) is also a (Q, T)-affine-periodic system, and by assumption
(iii) it has a unique (Q, T')-affine-periodic solution x,,; (£). Consider the homotopy operator
H: CQ,T X [0, 1] — CQ,T:

H(p(8),1) = x5, (2).

Denote £2, = {x € Co,1, %]l < p}. Now we prove that there exists a constant po > 0 large
enough, such that, for every ¢ € 9£2,, and 1 € [0,1],

Let @,(t) be a fundamental matrix solution of (3.2) such that ®,(0) = I. Then

d d
a|q>(,,(t)|2 = 4 U(@, ()2, (1)
= 2u(P, ()P, (1))
= 2tr(A1 (£, 0(2)) Py ()P, (1))

<28(0)|@, (1),

for every ¢ € Cqr and t € [0, T], where tr(A) denote the trace of matrix A. Thus, we have
|@,(8)| <k, YpeCqr,tel0,T]

Denote by y,(£) the solution of (3.2) with initial value y,(0) = x,(0). Then there exists a
constant p; > 0, such that

ly Il <

CRRaN]

for every ¢ € 2, with p > p;. If not, there would exist g; € £, k = 1,2,..., such that
g Il > % By the variation of constants formula, we get

T T
6 (T) = Qyy, (0)] < Kf If (s, @x(s)) = A(s, @r(s)) | ds + 1 / |A(s,0)| ds.
0 0

Then

1

2 T
MHUMﬂ—@w@h&%AV@w@%ﬂ@wwﬂw
(273

T
+2—K/ |A(s,0)| ds
k Jo
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T
< 2% sup/ [f(s,x)—A(s,x)|dS
0

lx|<k
u [T
+7/0 ‘A(s,O)‘ds.

By assumption (i), we get

1
lim —— |y, (T) — Qyy, (0) = 0,
k— 00 ”y(ﬂk” iy‘Pk y(ﬂk |

which contradicts assumption (iii). Also by the variation of constant formula, for each
t€[0,T] and A € [0, 1], we have

T T
|20 (8) =y (8)] < K/ If (s, 0(5)) = A(s, 0(s))| ds + K/ |A(s, 0)| ds.
0 0
By assumption (i), there exists a p, > 0, such that
V4

% (8) = ¥, (8)] < 3 VPERupzp

Take pg = max{p1,p»}, then
5p
%ol < g = Yol + 1Yl < o Vo € §2p,p = po. (3.4)

Next we prove H : 2, x [0,1] — Cq 7 is compact and continuous. By (3.3) and (3.4), it
is easy to see that there exists a constant M > 0, such that

|, | <Mo,  V(p,2) € 2, x [0,1].
Then

|40 (8) = %0 (5)| < Mot —s|,  ¥s,£€ [0, T].
By Arzela—Ascoli’s theorem, H is compact.

Take (¢x, Ax) € §2,, % [0,1], (<ZJ,)~L) € £2,, % [0,1], such that [lgx — @[l = O, [Ax —)~\| — 0as
k — co. We claim that ||xy,,1, —x;; | = 0. If not by the compactness of H, there would be
a subsequence {x(pkj,)\kj} of {xg, 5, } and u € ), u # x5, such that

]1_1)1’2) ”x(pk/.,)»k/. - le” — 0.
Let w(t) = x5 (¢) — u(¢). Then w(¢) is a solution of (3.2) and w(T') = Qw(0), this contradicts
assumption (iii).
Now by the homotopy invariance of topological degree, we get
deg(id — H(-, 1), £2,,,0) = deg(id — H(-,0), £2,,,0).

By assumption (iii), we see deg(id — H(-,0), £2,,,0) # 0 which implies

deg(id — H(-, 1), £2,,,0) #O0.
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Then there exists a ¢ € £2,,), such that
(p(t) = x(ﬂ,l(t)r vVt e [0) T]y
which can be extended to a (Q, T)-affine-periodic solution of system (1.1). a

We give the asymptotically linear case as a corollary.
Consider the system

x = A(t)x, (3.5)
where A(t) : R — R” is continuous and A(t + T) = QA(¢)Q! for every t € R.

Corollary 3.1 Assume that

1 T
lim — sup/ [f(t,x)—A(t)x|dt:0,
0

Moo M |xj<m

and system (3.5) has only trivial (Q, T)-affine-periodic solution. Then there exists at least
one (Q, T)-affine-periodic solution of system (1.1).

4 Homotopy method
To investigate the affine-periodic solutions of system (1.1), in this section we consider the
following auxiliary equation:

X = f(t,%) (4.1)
with 1 € [0, 1].

Theorem 4.1 Consider the system (1.1), where f(t,x) is continuous and locally Lipschitz
continuous in the variable x. Assume there exists an open bounded subset V of R" such that
the following conditions hold:
(i) Foreveryye V and \ € (0,1), the solution x,(t, y) of system (4.1) exists at least on
[0, T7.
(i) IfyedV, then

x.(T,y) #Qy, VYre(0,1].

(iii) Ker(I — Q) # {0}. Denote

1 T
¢ =1 [ P

where P: R" — Ker(I — Q) is the orthogonal projection. For every
yedVNKer(l -Q),gy) #0and

deg(g(~), V NKer(I - Q), 0) #0.

Then there exists at least one (Q, T)-affine-periodic solution of system (1.1).
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Proof Consider the homotopy operator H: V x (0,1] — R":

H(y,A)=Py+ % /OTPf(t, xk(t,y)) dt + )»L;I /OT(I - P)f(t, xk(t,y)) dt,
where L;l := (I — Q)lim¢-q)- Now we prove that
0¢(id-H)(aV x [0,1]).
Suppose on the contrary that there exists a (5,4) € 3V x [0, 1], such that
(id— H)(3,1) = 0.
When % = 0, one has
(I-P)y=0, (4.2)

which implies y € Ker(/ — Q), and

1 /T .
T /0 Pf(t,5)dt = 0. (4.3)

This contradicts assumption (iii).
When X € (0,1], one has

1 [T N
T /0 Pf(£,%5(¢,5))dt =0 (4.4)
and
B T
(I-Py-AL,} /0 (I - P)f (t,%;(t,5)) dt = 0.
Then
5 T
(I-Qy=xr /0 (I - P)f (t,;(2,5)) dt. (4.5)
By (4.4) and (4.5), one has
x(T,y) = Qy,

which contradicts assumption (ii).

From the homotopy invariance of topological degree, one gets

deg(id - H(-,1), V,0) = deg(id - H(:,0), V,0).

Page 14 of 20
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Since H(0,y) € Ker(I — Q), one has

deg(id — H(-,0), V,0) = deg(id - H(-,0), V N Ker(I — Q),0)
= deg(g(), V NKer(I - Q),0)
#0.

Then there exists a y € V, such that
H®y,1) =5,
which implies x(7,y) = Qy. g

5 Examples
Using the results in this paper, we can obtain periodic, anti-periodic, quasi-periodic or
general affine-periodic solutions. In this section we give some examples to show this.

Example 5.1 Consider the system

¥ =e’x(sint +5) + £3r1(t, %, 9, 2, €),

y =¢e(€ -1) +&’n(tx,9,2,¢),

L
3
xy +e°r3(t, %, 9,2, ),

7 = ey*zsint + e* ——
2 +sint

where r; (i = 1,2, 3) are continuous and locally Lipschitz in the variable (x, y, z). Denote

0 ’

eZ:—r

S = O

1
Q=10
0

filt,x,3,2) = (0,€ - 1,5%zsin t)T,

falt,x,9,2) = <x(sint +5),0, 5 f;n txy>T,
r(t, x,9,2,€) = (r1 (t,x,9,2,8),r2(t, %, 9,2, €), 13(L, %, ¥, z,s))T.
Then, for i = 1,2, fi(t + 27,%,%,2) = Qfi(t, Q" (x,%,2) 7). Suppose
r(t+2m,%,9,2,€) = Qr(t, Q’l(x,y, 2)7, 8).
Denote by V the unit sphere
V= {(x,y,z)T eR3:4? +y2 +22 < 1}.

It is easy to see

Ker(I - Q) = {(x,7,0)"; (x,y9) € R},
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I(VNKer(l - Q) = {(x,9,0) ;4> +y* = 1}.
Note that

Pfi = (0,e-1,0)",
Pfy = (x(sint + 5),0, O)T.
Then, for (x9,%0,0) € 3(V N Ker(/ — Q)), if (x,y,2) tends to (xo,yo,0), we have |x| > % or
lyl =1
If |x| > %, we have

|x(sint + 5)| > 2.

If |y| > %, for |¢| > O sufficiently small, we have

Le-y ’ > 1.
e
Denote

F(x,y,z,¢) = ¢f1(0,x,5,2) + 82f2(0, x,9,2).
Then

PF(%,9,2,€)|Ker1-Q) = (582x,s(ey - 1),O)T.
By simple calculations, we have

deg(PF(-,¢), V NKer(I - Q),0) #0.

By Corollary 2.1, when |g| > 0 is small enough, the system has a (Q, T')-affine-periodic
solution (x(z), y(£), z(¢)), such that

(x(t +27), (8 + 27), 2t + 27)) | = Q((£), y(8), 2(0)) .
Clearly, it is unbounded.

Example 5.2 Consider the system

3
¥ =ex® + e2xcost + & (y2 + z2) )

3t 3t
y = exsin -t &*(y* +2%) cos \/—T,

3t 3t
7 = gxcos - &”(y* +2%) sin L
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Denote

1 0 0
Q=0 cos+/37 sina/37 |,
0 -—sina/37 cos/371

V3t «/§t>T’

filt,x,9,2) = <x3,xsin T,xcos "
folt,x,y,2) = <xcos t,(y? +2%) cos ?,—(y2 +2%) sin ?)T,
r(t,x,9,2,€) = ((y2 + 22)3,0, O)T.

Then, fori=1,2,

filt+27,%,9,2) = Qfi(t, A (x,3,2) "),
r(t+2m,%,9,2,6) = Qr(t, Q7' (%,2,2) ", &).

Denote by V the unit sphere
V= {(x,y,z)T eR*:x’+y*+2° < 1}.
Then we have

Ker(I - Q) = {(x,0,0)";x € R},

3(V NKer(l - Q) = {(1,0,0)7,(-1,0,0)"}.
Note that

Pfi = (+%,0,0) ",

Pf, = (xcost,0, O)T,

where P: R® — Ker(I — Q) is the orthogonal projection. Obviously there exists a neigh-
borhood U, of p € {(1,0,0)7,(~1,0,0) "}, such that, for |¢| > 0 small enough,

3

1
—x” +xcost| >1, V(xy,2) €U,
e

Let

F(x,y,z,€) = £f1(0,%,9,2) + £2£(0,%,7, 2).
Then

PF(%,9,2,€)|Ker1-Q) = (8x3 +e%x,0, O)T.
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It is easy to see that
deg(PE (&), V NKer(I - Q),0) #0.

By Corollary 2.1, for |¢| > 0 small enough, the system has a quasi-periodic solution
(x(2), y(¢), z(t)) such that

(x(t +2m),y(t + 2m), z(¢ + 277))T = Q(x(t),y(t),z(t))T.
Example 5.3 Consider the following system in R”:
X = x| %% + e(t)x + h(2),
where « > 0 is a constant, e: R — R”*” and /1 : R — R” are continuous. Moreover,
e(t+7T)=Qe(r)Q}, h(t+T)=Qh(t), VteR,
with Q € O(n). Since
(—|x|2"‘x +e(t)x + h(t),x> <0

for (¢,x) € [0, T] x B with R > 0 large enough, we see that the vector field is inward to
Bg. By Theorem 2.3, the system has a (Q, T)-affine-periodic solution.

Example 5.4 Consider the following system in R":
K =A@)x+ (1+ |x|2)ax +g(1), (5.1)
where @ < 0 is a constant, A : R — R”*” and g : R — R” are continuous. Moreover,
Alt+T)=A(@®), gt+T)=—-g(t), VteR.
Denote by @ (t) the fundamental matrix solution of

¥ =A@y, (5.2)

such that @(0) = I. We claim that if @(T) + [ is invertible, the system (5.1) would have a
T-anti-periodic solution. In fact, the system (5.1) is a (-/, T')-affine-periodic system. Since
@(T) +1 is invertible, the system (5.2) has only a trivial T-anti-periodic solution. It is easy
to see

1 g e
A}H&M;&%/O |(1+ [«*) %+ g(®)|dt = 0.

By Corollary 3.1, the system has a T-anti-periodic solution.
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