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1 Introduction and main results

In this paper, we study the fractional Schrodinger problem

(A u+AW@)u=Byu’, yeR", (1.1)
where0<o <1, n>2,1<p< Zj; and A(y), B(y) are two radially symmetric potentials.

Here the fractional Laplacian (~A)? is defined by

]

(=AY u = CpoP.V. / Md
R | = y[20

where P\V. stands for the Cauchy principal value and C,, is a normalization constant.

Problem (1.1) has attracted considerable attention in the recent period and part of the

motivation is due to looking for a standing wave v = e~ of the evolution equation

i% HEA)TY = (AQ) + )Y =19 PTY, (X)) €RY xR 12

since ¥ solves (1.2) if and only if u# solves (1.1), where i is the imaginary unit and / € R.
This class of Schrodinger-type equations is of particular interest in fractional quantum

mechanics for the study of particles on stochastic fields modeled by Lévy processes. In
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recent years, there have been many investigations for the related fractional Schrodinger

equation

(=AY u+VQu=f(,u), yeR"

with 0 <o <1and V :R” — R is an external potential function. A complete review of the
available results in this context goes beyond the aim of this paper; we refer the interested
reader to [4, 5,9, 13—17, 19—-22] and the references therein.

Especially, in [19] we studied (1.1) and infinitely many nonradial positive (sign-changing)
solutions were established when A(y) = 1 and B(y) satisfies some radial symmetry assump-
tion by using Lyapunov—Schmidt reduction. In this paper, continuing our study in [19], we
are concerned with the multiplicity of positive solutions for (1.1) in a situation in which
there exist two competing potentials and even (1.1) may not have ground states.

To the best of our knowledge, not much is obtained for the existence of multiple solu-
tions of Eq. (1.1) with competing potentials. So our purpose of this paper is to establish
the existence of infinitely many nonradial positive solutions for (1.1) by constructing so-
lutions with large number of bumps near the infinity under some assumptions for A(y),
B(y) as follows:

(A) there are constants a > 0, n1; > 0, 01 > 0 such that

1
A(lyl) =1+ a +O( 5 ) as |y| — +o0;
Ly |y[m+er

(B) there are constants b € R, m, > 0, 65 > 0 such that

b 1
B(|y|)=1+ +O( ; > as |y| — +o0.
y|™> |y|"2+02

Our main results in this paper can be stated as follows.

Theorem 1.1 Suppose thatn >2,1<p< Zigg, n’:;iil < min{my, my} < n + 20 and the

conditions (A) and (B) hold. If b < 0 or b > 0 and m; < my, then problem (1.1) has infinitely

many nonradial positive solutions.

To achieve our goal, we adopt a novel idea introduced in [23], by using k, the number of
the bumps of the solutions, as the parameter in the construction of solutions for (1.1). In
[23], the authors studied the following equation:

-Au+V@)u=u’, u>0inR",uecH (R") (1.3)

and applying the reduction method, they derived the existence of infinitely many solu-
tions to (1.3) by exhibiting bumps at the vertices of the regular k-polygons for sufficiently
large k € N under some suitable conditions on V(y) and p. But, in this paper, since the
competing terms appear, we have to overcome many difficulties in the reduction process
which involves some technical and careful computations. Furthermore, for more results
on the existence of radial ground states, infinitely many bound states or nonradial solu-
tions, higher energy bound states to (1.3), one can refer to [1-3, 6-8, 11, 12, 18] and the
references therein.
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In the end of this part, let us outline the main idea to prove our main results. For any

integer k > 0, we define

. 2(i-1 2i—-1
y’:(rcos (lk )n,rsin < )n,0>, i=1,...,k

k
. . _ n+20 n+2o .
where 0 is the zero vector in R"*2, r € [rokn+2o-m,r kw2o-m | for some r; > ry > 0 with

m := min{m,, my}. Also we denote by H? (R”) the usual Sobolev space endowed with the

standard norm
o 2
= [ ()5l +2)
RVI
Moreover, for y = (y,y") € R? x R"2, set
Hi = {u:u € H°(R"),uis eveniny;j=2,...,n,

. p 2im . 2im ,
u(rcos@,rsm@,y ) = u(rcos(@ + T),rsm(@ + T),)/)}

In what follows we will use the unique ground state U of
(-A)u+u=uv’, u>0,yeR", (1.4)

to build up the approximate solutions for (1.1). It is well known that in [16, 17], the authors
have established the uniqueness and non-degeneracy of the ground state of (1.4) with

Cl CZ
— <) < ———, eR”, 15
1+ |y|n+2<7 - ()/)_ 1+ |y|n+2o y ( )
and
|a,U(y)|<L, j=12...,n (1.6)
Jj 1+ |y|n+2(r

Now if we define

k
W)=Y Uy,(y),

i=1
where Ui (y) = U(y - '), then we will prove Theorem 1.1 by verifying the following result.

Theorem 1.2 Under the assumption of Theorem 1.1, there is an integer ko > 0, such that,
for any integer k > ko, (1.1) has a solution uy. of the form

up = Wi () + @rs

n+20 n+20
where @, € Hy, 1y € [rokm20-m ,ri k20— | for some constants r1 > ro >0 and as k — +00,

[R(CSEAR AR
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This paper is organized as follows. In Sect. 2, we will carry out a reduction procedure
and then study the reduced one dimensional problem to prove Theorem 1.2 in Sect. 3.
Some basic estimates and an energy expansion for the functional are left to the Appendix.

2 The reduction

In the following, we always assume that k € N is a large number. Let

where y/ = (rcos 220 1 T, rsin @,O) and

n+20

Ve Sk = [rokn+20 m rlkn+2a m]

ho (n+20) h() (n+20)

where g = ( —-a) e s =( +a) e , & >0 is a small constant and g, /1,

will be given in Sect 3.
Define

E, = {V:V € Hk,/ urtzly = 0}.
X
Note that the variational functional corresponding to (1.1) is
I(u) = / (] A)2u| + A(y)u? ——/ B(y)|ulP*!.

Let

k
/(¢)=1(Wr+<ﬂ)=1<zuyi+<ﬂ)» ¢ €E,.

j=1
We can expand J(¢) as follows:
J(p) =J(0) + i(g) + (L(fp) ¢)+R(p), ¢€E, (2.1)

where

)= Z o+ [ @) -0We- [ B)wre
(Lle)o) = A; (e va@hed) -p [ B)Wey?

and

1 1
R(p) = i1 B(Iyl) <(W, + P - WP — (p+ )WPp - E(p + 1)pr-1<p2).
]Rn

In this part, we shall find a map ¢(r) from S to E, such that ¢(r) is a critical point of J(¢)
under the constraint ¢(r) € E,. Associated to the quadratic form L(¢), we define L to be a
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bounded linear map from E, to E, such that

o= [ (CarFoa)ivealbe)-p [ BlIWE o veE.
Then we have the following lemma, which shows the invertibility of L in E,.
Lemma 2.1 There is a constant p > 0 independent of k, such that, for any r € S,
Lol = pll@lls, Vo € E,.

Proof Arguing by contradiction, we suppose that there are k — +00, ri € Sk, and ¢ € E,
such that

Lokl = o(W)llgxlls  with lgxl? = k.

Set

y 0 >

7T
Qi=1y=(y.y" eszR"‘2:<—, , >cos—}, i=12,...,k
{ 0"y) 1071

- k

By symmetry, we have for v € E,

/Q((_A)%¢k(—A)%V+A(|y|)§0kV)—P/ B(y) W orv

21

o —of 2 (2.2)
—%( §0k»V)—0(ﬁ>||V||a. .

In particular,

| (eabal «aied) -p [ Bo)WE 6k = o)

21 21

and

[RCSEARTOR

21

Let @ = ¢(y + 1). Since for any R > 0, dist(y!, 92;) = rsin 3 Br(y') C 2. Thus

72 .
| (et ea <1
Br(0)
So, we may assume that there exists ¢ € H? (R") such that, as k — +00,
gxr—¢ inH°(R"), @—¢ inLj (R").
Moreover, ¢y is even in yj, j = 2,...,n and

au
urt—gc=o.
R~ 3_)’1
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We see that ¢ is even in y;, j = 2,...,n and

au
ur't—g¢=0. (2.3)
R n v

Now, we claim that ¢ solves the following linearized equation in R":
(=AY ¢ +¢—pUp=0. (2.4)

Indeed, define

~ ou
E:{V:VGH"(R”),/ Llp_l—v=0}.
R” 8y1

For any R > 0, let v € C§°(Br(0)) N E satisfying v is even in yj, j = 2,...,n. Then vi(y) =
vy — y') € C3°(Br(y")). We may identify v1(y) as elements in E, by redefining the values
outside £2; with the symmetry. By using (2.2) and Lemma A.2, we can find that

/n(—A)%qJ(—A)%v+ /ﬂ((pv—pl,[p’l(pv) =0. (2.5)

But (2.5) holds for v = % Hence (2.5) is true for any v € H° (R”) and the claim holds. This

being the nondegenerate result of U/, we have ¢ = c% since ¢ is even in y;, j = 2,...,1. So

it follows from the orthogonal condition (2.3) that ¢ = 0 and thus

/ (p,f =o0r(1), VR>O0.
Br(yY)

Dueto Lemma A.2,if k > 0 is large enough, we have, for n satisfying (n+20 —n)(p—1) > n,

1
wr-1 2<Cf 2 = op(1).
/.(21\BR(y1) o P= 21\Bp () (L+ [y —yr ez r()
2 2

So, taking v = ¢ in (2.2), one has

o= [ (Cariof valbi)ed)-p [ B)WE6E

2

- /Q (=%l + Allyl)g) - p / - B(ly)Wh g — ox(1)

Br (")
2
1 g 2 2
=5 | (227 edl"+ A(Iy)er) - ox(D) = or(D).
2
This shows a contradiction and our proof is finished. d
Next, we discuss the terms R(¢) and /() in (2.1). We have
Lemma 2.2 There is a constant C > 0 independent of k, such that

IR ()| < Cllgl|miniz:

Page 6 of 17
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and
|R"(@)] < Cllgllz™tr21
forp € E, and |¢|, < 1.

Proof 1t is clear that, for v1,v; € E,,

(R(p)w)=- /

. B(Iy) (W, + ) = W2 - pWP ),

and
(R"(@)vi,va)=-p /WB(IyI)((Wr + ) = WP ),

First, if p > 2, it follows from Lemma A.2 that W, is bounded and then

(R () w)]| < CAn(Wf_2'¢'2'V1' + loPnl)

1
2pe)) \ 4T O\ 7T
<c( [ 1% e

R” R7

)4 1

1 p+l 1 p+1

+C(f |<p|'”) (f w*)

R R”

<C(lell +lelz)Ivillo

and

[(R"(@)v1,va)| < C/Rn(Wf’"zlwl + o) vl

1 1 1
3 3 3 3 3 3
§C</ |</JI> (/ |V1|> (/ |V2|>
n R}‘l Rﬂ
e Lo ) (LY ([
R” R” R”

<C(llglls + lelle ) Ivillo vallo-

As aresult, if p > 2, we have

IR (@)] < Cligll?

and

IR"(@)| < Cllello-

With the same argument, if 1 < p < 2, we find

(R () m)] < c/Rn 0Pl < Cllgl vl

Page 7 of 17
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and
(R (p)v1,m))| < C / lplPHvilval < ClillZ villo valls
Rn

which completes this proof. O

Lemma 2.3 Forany ¢ € E,, r € S, there is a constant C > 0 and a small € > 0, independent
of k, such that

1

k
[t = C—Tliglos
r2

+€

where m = min{my, m,}.

Proof Recall that

Sor [ @) -0 [ B wre

s/w (iu}/y—iu;’, |¢|+AnI(A(|y|)—1)WV¢|

+ /Rn|(3(lyl) - 1)Wrel. 2.6)

We are in a position to discuss the terms in (2.6). Using condition (A), similar to (A.2), we

compute that

- (o) ()
(r/:l )Ilwllq

<C

(2.7)

With the same argument, having m > nﬁ;iil, we have
= i
/ [(B(Iy1) -1) W”<0|<k(/ [B(y1) -1 7 U”“) (/ <ﬂ””)

_p_
+1

1 1
<Ck< e f upt + f UP*) lello
r By R™M\By (1)

1

(2.8)

Page 8 of 17
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Finally, taking n = n + 20 in Lemma A.2, one has

k Pk 2\ 2 1
ol < / u,| -y u; (/ wz)
An ( R7 /:Zl y] ]'=21 y] R7
k 2\ %
1 _
§Ck2( L uy ”(Zuy;) ) lells
1 j=2

1
1 J2n 5 2
§Ckz(/ e “) lells
£

1
2

k P k
(Zu) -2
j=1 j=1

<C

lells- (2.9)

I"% +€
Inserting (2.7)—(2.9) into (2.6), the conclusion follows. a

Proposition 2.4 There is an integer ko > 0, such that, for each k > ko, there is a C* map

from Sy to Hy: v+ @ = @(r), r = |y}|, satisfying o(r) € E,, and

T (¢(r))Ig, =0.

Moreover, there exists a small constant € > 0, such that, for some C > 0, independent of k,

1

k2
lot)|, < Cr:‘ : (2.10)

7 te

Proof We will use the contraction theorem to prove it. It follows from Lemma 2.3 that /(¢)
is a bounded linear map in E,. So applying the Reisz representation theorem there exists

an [y € E, such that

o) = (I 9).-
Thus, finding a critical point for J(¢) is equivalent to solving

Ik + Lo + R (¢) = 0. (2.11)
By Lemma 2.1, L is invertible and then (2.11) can be rewritten as

¢ =T(p) ==L (l + R (9)).

Set

1

k2
Dy:=yp€E ¢l =<C el B
r

+€

where € > 0 is defined in Lemma 2.3.

Page9of 17
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From Lemmas 2.2 and 2.3, we have, for ¢ € E,,

IT@|, < (il +|R)])

k3

< Cllkll + Cllg| P2 < C

r%ﬂ

On the other hand, for any ¢, ¢ € Dy, we can deduce that

|T(p1) = T(e2)|, < C|R(¢1) - R () |

< C(llr [IPmP=b1 4| gy |0 tP 21 |y — g5

1
< §||<P1 —@allo-

Therefore, T maps Dy to Dy and is a contraction map. From the contraction map theo-

rem, there exists ¢ such that ¢ = T'(¢) and

1

<C k2
lollo < Cprr. O

3 Proof of the main result
Now we are ready to prove our Theorem 1.2. Let ¢, := ¢(r) be the map obtained in Propo-
sition 2.4. Define

F(r)=I(W, + ¢;), Vre Sk

With the same argument in [10], we can check that, if r is a critical point of F(r), then

W, + ¢, is a solution of (1.1).

Proof of Theorem 1.2 It follows from Propositions 2.4 and A.3 that
E(r) = 1(W;) + Ol v llo + e )
d, bd k2o 1
:k<d+2——2—q0 +O< ))
ym 2 rn+20 pm+e

In the following, we only prove the case b > 0 and m; < m; since the case that b < 0 can

be checked in similar way. If b > 0 and m; < m, then

n+2o
F(r)=k<d+ ﬂ_h()(f) +o< ! ))
ym r pm+e

for some hg, hy > 0.

We next consider the following maximization problem:

max F(r). (3.1)

reSi

Page 10 of 17
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Suppose that (3.1) is achieved by some 7, in Sx and then we can prove that r is an interior

point in S; by analyzing the following problem:

h k n+2o
gr):=— —ho(—) :
r r

By the direct computation, we find g(r) admits a maximum point

1
h()(}’l + 20) n+2o—m n+2o
ry = _ kn+2<7—m .
k < 1’11Wl

Now we claim that ry is an interior point of Si. In fact, it is easy to see that

n2+2rx
o 1 n+20 (n+20)m
g(rk) = 1 —1 |k n2o-m,
m n+2o n+20
h61+20*m ( p n+2o—-m m
On the other hand,
n2+2(7
2 hpr2om 1 n+20 «ah (1+20)m
g(roknfgafm) =1 — 3 0 1k frorer
hn+7rr—m (M _ %)% m h()
0 m ho
and
n2+247
2 hjreom 1 n+20 ah (n+20)m
r knfgazm = 1 + —1 -1 /7’7*2;4” .
g 1 + n+20 Dlhl n+20 m K
n+2o-m (Ht20 XM =
hO ( p + o )}’l+20’ m 0

20
Since the function f(¢) = (%)nga—m (t — 1) attains its maximum at £y = ”*nf” when ¢t €

2 2
[% — ah_Pg, ”*nf" + %], we have g(rokn:’{a(—rm) < g(rx) and g(rlknffofm) < g(rx). Thus, rg is an

interior point of Sy and ry is a critical point of F(r). As a result,
Ui = er + Oy

is a solution of (1.1). O

Appendix: Energy expansion
In this section, we will give some basic estimates and the energy expansion for the approx-

imate solutions. Recall that

. 2(i-1 2(i—-1
y’:<rcos (lk )n,rsin @ )n,0>, i=1,...,k

k

/ i)/ T
2:=1y=(,y" eszR"_2:<y—, (y >zcos—}, i=1,2,...,k
{y 0"y') 1 1671 k

and

t0=5 [ -205ef saone)- i [ sonar
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Now we introduce the following lemmas which have been proved in [24] and [19], respec-

tively.

Lemma A.1 For any constant 0 < < min{w, 8}, there is a constant C > 0, such that

1 1 - C ( 1 1 )

. < n + . .
L +ly=yiD* A+ ly=yDf ~ Iy =y \A + |y =yi)ebr L+ |y—y[)erbr
Lemma A.2 Foranyy € §21 and n € (0,n + 20], there is a constant C > 0, such that

k C K K
Zuyi = 11\e2 = C
Py QL+ fy—ytm2en ytn = -yt

Proposition A.3 There is a small constant € > 0, such that

k
_ 1 q6 ﬂdl bdz
I(Wr)—k(deWnTl‘m

j=2

o 1 o 1 o k n+20+€
+O\ o ) O\ ) O
d bd /n+2a 1 1 k n+20+€
=k(d+a—1——2—q0( +O< )+O(—)+O(—) >,
M M 2o ymi+o1 yma+6 r

where d = (3 — Iﬁ)fRn urt, dy = 5 [pn U, dy = }% Jpn UP*Y and qo = 3q4 with qo, q; are
some positive constants.

Proof Using the symmetry and Lemma A.1, we have

. 5 k k
/Rn(|(—A)7W,| +W3):22/W L uy

i=1 j=1

k

_ p+1 P )

‘k</Rnuyl +Z;/Rnuyluy,>
]:
k

_ +1 P X

_k/;v P +k22:/1;n U, (A1)
=

and

k

P
ZZ: R Uyl U,
j=

1 rk 1
=C/ -
R 1+ |y_y1|n+2<r = 1+ |y_y1|n+2(7

j=

=63 gy L ey . weyyie)
= = |yl _yj|n+2¢7 RA (1 + |y_yl|)(n+2c7)p RA (1 + |y_yj|)(n+20)p

k /
Do .
|y1 _yj|n+20 !

j=2
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On the other hand, we see that

fn(A(|y|)—1)W3:/</Ql( (Iyl) - (u1+Z )

(/ (A(lyl) -1) 1+2Z/ (yl) - 1)Uy

Leofgs))

j=2

First, we have

| @amn-nuz

a 1
_ a +o< ))uﬁ +/ (A1) - )iz
/y y (yl)<rn” P g S\B 1y 2 2,01 g
1 k n+20+€
:(i+o(—8 ))(/ u2+/ u21>+o(—)
r’m prmitol R” R"\B 2] (yl) y r
T2
1 ) n+20+€
-2 24 O( ) + O<—() .
rm R” m1+01 r

Second, using Lemma A.1,

> [ o) -,

‘Z/ <rm1 o<rm1+€1))u1uy, +Z/91\B uylu),-

Iy;v

k

a C 1 1
= WZW/ Tx i) +O( m1+91)
r j=2 ly' =l B, 1_.2, 0b + 1y =y 7

= —y%l
2

> s | :

+ rEEEr— -

= |y1 _y1|n+20 91\3‘),1,3,2‘ o) (1 + |y_y1|)n+20
b

_C Xk: C (k)/ 1
= + - -
rm1+91 : |y1 _y1|n+20 7 21\B ‘J,l,yZ‘ (yl) (1 + |y_y1|)n+2cr—r
2

j=2

k n+20+€ C
=c(- +—,
r rm1+91

where T > 0 satisfies # + 20 — T > n and we used the fact that |y — y/| > |y — y!| for y € £2;.

Page 13 0of 17
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But, by Lemma A.2, we find

a 1 k n+2o 1
(71 + O( m1+01 >> <_) 1 1|\n+20
2 GO\ r r L +1ly-y')
T2
k n+2o 1
+ Cf (_> 1|\n+20
21\B 1 _p GO\ T 1 +1y-y)
T2

k n+20+€ C
. c(_) L
7 rm1+6‘1

As aresult,

k n+20+€
/Rn(A(b/D—l)WrZ:k(r% /R u%o((;) +rm%)) (A.2)

and then

a
/Rn(l( 2EW, [+ AW, (/ U”“+Z|y e o | U

k n+20+€ 1
+ O((;) Uy >) (A.3)

Now, from the symmetry, we also find

2

k
[ eywr =k [ s ckon [ B0 uhuy
n 1 =

fSh 212 %, ifl<p<2,

A ) | (A.4)
O(f:21 L[y ijz y, ), ifp>2.
Observe that |y —y/| > [y—y'| and |y = y/| = 1|y — | if y € 221. So we have

pil

p+l k 2
2 .
[ (zw)
21 j=2
k

1 1 > 1
SC[ (n+20)(p+ j n+20 -k +
@ (1+[y—y) 2 (Zly’—y” ’ ) (L+ly—y1) "

j=2

pl

pl

k 1 2 1
(St |
n+20 —k Vl+17)(P+
<;=2 =yt 2 (Lt [y -yt "7

k 1 % k n+20 +e€
<[y — | <c(=
= (; |y]_yl|n+2(7—K) - <r>
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and similarly

1 k 2 k n+20+€
urr u,| <c\-
/.(21 % <122: y/> - (r)

with « > 0 satisfying min{’%l(n +20 —k),2(n+20 —k)}>n+20.

Note that
k
f (|y| / uy,+f (B(|y|)—1)uflzu},. (A.5)
2 2 2 j=2
By Lemma A.1, we can deduce that
k
/uflzu
21 j=2
k k
= u; u/—f urn ) Uy
Lzw-[,, wXe
k T k 1 1
< uv L['+C< > /
-/]R” ylg ¥ Z " 1+|y y |)pn+2¢7 r(1+|y y1|)n+2r7
k _
k 1 1
L) S L
./]R” ylj=22 y % j=22|y/_yl|n+20 R\, (1+|y y |) p(n+20)-1

1
+ (1+ |y_yj|)p(n+2a)—r)

k ’ n+20 +€
/0 k
= E ——+0[ | - ,
— ' =y ’ <<7> )

j=2

since y € R"\ £21, [y - y'| = ¢ for some ¢ > 0 and we could choose p(1 +20) -7 > n+20.

Furthermore,
k
[RECIREIE 3
j=2
/|B Iy1) 1|u”ZuJ, / |B(Iyl) - 1]u; Zu},
k k n+20 +€
= B(y) -1|u5, )y Uy f u” u o(() )
fw’ )AL z o+
C 1 k k n+20 +€
(e rolmm)) L Xw-o(7) )
j=2
k n+20+€ 1
o((5) )
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Finally,
| i
21
- [ B~ [ Boul’+ [ B(ly) !
R R"\B g7y (1) 21\B 27r 1)
13 k
. . k n+20 +€
=/ U+ [ B() ”11+O<() )
BroMh RM\Br (1) r
2 2
1 k n+20+€
e o))t o((5) )
Br(yl M2 rm2+92 y %
b 1 k n+20+€e
(1 o(_ ))/ uo((_) )
M2t R” r

Thus, we have proved

. b a0 (g
an(lyl)Wf’ =k (“m)/wup B s
j=

Jj|n+2o
> =yl

k n+20 +€ 1
() =)
r rm2+92

which, combining with (A.3), completes our proof. g
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