Kim et al. Boundary Value Problems (2020) 2020:121 @ BOU nda ry Va I ue PrOblem S
https://doi.org/10.1186/513661-020-01419-z a SpringerOpen Journal

RESEARCH Open Access
()]

Existence and multiplicity of solutions
for Schrédinger—Kirchhoff type problems
involving the fractional p(-)-Laplacian in RN

In Hyoun Kim', Yun-Ho Kim?'@® and Kisoeb Park'

“Correspondence:
kyh1213@smu.ackr Abstract
’Department of Mathematics
Education, Sangmyung University,
Seoul, 110-743, Republic of Korea

Full list of author information is pX)-2,, _ r(x)-2 : N
available at the end of the article M([U]S,D('V'))‘CU(X) +V)ul u=ipX)|ul u+hxu) inRY

We are concerned with the following elliptic equations with variable exponents:

(
where [u = fan f]RN ETTE y‘/\/lfs;i(y) dx dy, the operator L is the fractional

p(-)—LapIaaan, p,r: RN — (1,00) are continuous functions, M € CR*) is a
Kirchhoff-type function, the potential function V: RY — (0, 00) is continuous, and
h:RY x R — R satisfies a Carathéodory condition. Under suitable assumptions on h,
the purpose of this paper is to show the existence of at least two non-trivial distinct
solutions for the problem above for the case of a combined effect of concave-convex
nonlinearities. To do this, we use the mountain pass theorem and variant of the
Ekeland variational principle as the main tools.
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1 Introduction

In the last two decades an increasing deal of attention has been paid to the investigation
on problems of differential equations and variational problems with nonstandard growth
conditions because they can be corroborated as a model for many physical phenomena
which arise in the research of elastic mechanics, electro-rheological fluid (“smart fluids”)
and image processing, etc. We refer the reader to [6, 11, 17, 24, 34, 42, 44] and the refer-
ences therein.

On the other hand, in recent years the study of fractional Sobolev spaces and the cor-
responding nonlocal equations has received a great amount of attention because of their
occurrence in many different applications such as optimization, fractional quantum me-
chanics, the thin obstacle problem, phase transition phenomena, image process, game
theory and Lévy processes; see [14, 23, 28, 36, 39, 45] and the references therein for more
details.
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In this direction it is a natural question to see which results can be recovered when we re-
place the local p(-)-Laplacian, defined as — div(|V«[?*)-2V ), with the nonlocal fractional
p(-)-Laplacian. Very recently, many authors in [1, 5, 7, 8, 18, 19, 29, 33] have investigated
elliptic problems involving the fractional p(-)-Laplacian. A new class of fractional Sobolev
spaces with variable exponents that takes into account a fractional variable exponent op-
erator has been introduced by Kaumann ez al. [33]. The authors in [8] particular presented
further primary properties both on this function space and the related nonlocal operator.
As applications, they gave the existence of at least one solution for equations involving
the fractional p(-)-Laplacian. Based on this recent work, Ho and Kim [29] provided fun-
damental embeddings for the fractional Sobolev space with variable exponent and their
applications such as a priori bounds and multiplicity of solutions of the fractional p(-)-
Laplacian problems.

In this paper, we are concerned with a Schrodinger—Kirchhoff type problem driven by

the non-local fractional p(-)-Laplacian as follows:
M([U] s p(ey) Lts(x) + V@) P = Ao () |20 + h(x,u) inRY, (P)

(x,
where [u];p(,) = [pn [fan 1#% dxdy, p,r: RN — (1,00) are continuous functions
with 1 <inf, g~ r(x) < sup, v p(x), M € C(R”) is a Kirchhoff type function, the potential
function V: RY — (0, 00) is continuous, and / : RN x R — R satisfies a Carathéodory con-
dition satisfying the subcritical and p(-)-superlinear nonlinearity, and £ is the fractional

p(-)-Laplacian operator defined as

Lu(x) = 21im ) P2 () — )

, xeRN,
&\ RN\B, (x) |x y|N+pry) y

where s € (0,1) and B, (x) := {y e RN : |y — x| < &}. Here, p(x) = p(x,x) for all x € RN with
p € C(RN x RN) satisfying p(x,y) = p(y,x) for all x,y € RN and 1 < inf(, ) xn gy p(%,7) <
SUP 3 y)eRN x&N D%, Y) < .

Let us first assume that a Kirchhoff function M : R{ — R* satisfies the following condi-
tions:

(M1) M e C(R§,R*) satisfies inteRg M(t) > mg > 0, where m is a constant,

(M2) There exists ¥ € [1, v—— N o —~—) such that 9 M(£) = & fOtM(l')dT > M(t)t for any ¢ > 0.
A typical example for M is given by M(¢) = by + b1t" with n >0, by > 0 and b; > 0. The
Kirchhoff type problem was primarily introduced in [37] as a generalization of the clas-
sical D’Alembert wave equation for free vibrations of elastic strings. Some interesting
researches by variational methods can be found in [20, 21, 40, 41, 43, 49] for Kirchhoff
type problems. Recently, Pucci et al. [43] studied the existence of nontrivial solutions for
the Schrédinger—Kirchhoff type equations involving the fractional p-Laplacian in RY; see
[49] for problems with Dirichlet boundary data. In [40], the authors showed that a p(x)-
Kirchhoff type problem admits at least two nontrivial different solutions by employing ab-
stract critical point theorems which is based on a generalization of Ekeland’s variational
principle [25]. The primary strategy for obtaining this is to observe the relationship be-
tween the mountain pass geometry and the existence of a local minima for an appropriate

functional.
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The main aim of the present paper is to establish the existence of at least two nontrivial
distinct solutions for Schrédinger—Kirchhoff type problems in the case where the non-
linear term is concave—convex, by employing the mountain pass theorem (see [4]) and a
variant of the variational principle of Ekeland (see [6]). This type of nonlinearity has been
extensively investigated since the seminal work of Ambrosetti, Brezis and Cerami [3] for

the Laplacian problem

—Au=AuT%u+|u/"?u in £,

u=0 on 452,
where
ON
= ifN>2,
l<g<2<h<2t:={N?2
+o0 iIfN=1,2.

For elliptic equations with the concave—convex nonlinearity, we also infer the reader to
[12, 15, 16, 22, 30, 47, 48, 50] and the references therein. Especially, the existence of mul-
tiple solutions for an elliptic problem of a nonhomogeneous fractional p-Kirchhoff type
involving concave—convex nonlinearities has been established in [50]. In [30], the authors
built the existence of two nontrivial nonnegative solutions and infinitely many solutions
for the following p(x)-Laplacian equations involving concave—convex type nonlinearities

with two parameters:

—div(w(x) | VVIP92Vy) = 2a(x) w92y + ub(x)|u/"™2y  in £2,
u=0 on 052,

where £ C R is a bounded domain with a smooth boundary 952, p,q,h € C(£2, (1, 00))
with g(x) < p(x) < h(x) for all x € §2, w, a, b are measurable functions on 2 that are posi-
tives a.e. in £2, and A, u are real parameters. Very recently, Biswas and Tiwari [10] studied
problem (P;) in a bounded domain, which is subject to Dirichlet boundary conditions
with M =1, V=0 and p = 1. In order to obtain the multiplicity result, they consid-
ered two aspects: one is to assume the condition by Ambrosetti and Rabinowitz [4] (see
[2, 26] for elliptic equations with variable exponents), and the other is to apply the moun-
tain pass theorem and Ekeland’s variational principle. In that sense, the first purpose of
this article is to show the existence of two nontrivial distinct solutions for the problem
(Py,) for the case of a combined effect of concave—convex nonlinearities when % fulfils the
condition of Ambrosetti—Rabinowitz type, that is, there exists a constant 6 > 0 such that
0 > ¥ sup, g~ p(x) and

0<6H(x,t) <h(x,t)t, forallteR\ {0} andx e RY,

where H(x, t) = /th(x,s) ds. (1.1)
0

Asis well known, this condition is essential in ensuring the boundedness of a Palais—Smale
sequence of the Euler—Lagrange functional corresponding to the problem (P, ). However,
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in comparison with [2, 10, 11, 26], it is not easy to obtain this compactness condition
because the Kirchhoff function M is not convex and the given problem has the concave—
convex nonlinearity. The second one is to establish the existence of multiple solutions to
(P;.), provided that the nonlinear growth /4 fulfils a weaker condition than condition (1.1),
which will be specified later. Roughly speaking, by utilizing analogous arguments to the
first main aim we attempt to establish this multiplicity result when for /# one has mild
and different assumptions from condition (1.1) which is originally given in [31]. In order
to obtain this, we give a sufficient condition for the modified function M which is not a
Kirchhoff function as in the original work due to Kirchhoff [37]. As seen before, the main
tools are the mountain pass theorem and a variant of the Ekeland variational principle for
an energy functional with the compactness condition of the Palais—Smale type, namely
the Cerami condition; see Lemma 2.9 in [32] and Corollary 3.2 in [6], respectively. To the
best of our knowledge, the present paper is the first to study the existence of at least two
nontrivial distinct solutions for Schrédinger—Kirchhoff type problems with the concave—
convex nonlinearity in these situations even in the case of M =1 or constant exponents.
This paper is designed as follows. In Sect. 2, we briefly review the definitions and col-
lect some preliminary results for the Lebesgue spaces with variable exponents and the
variable exponent Lebesgue—Sobolev space of fractional type. In Sect. 3, we give the exis-
tence results of multiple solutions to the problem (P, ) by employing as the main tools the

variational principle.

2 Preliminaries
In this section, we briefly introduce some useful definitions and well-known properties
of the variable exponent Lebesgue—Sobolev space of fractional type W*#*) which will be
treated in the next sections.

Set

C.(RY) = {f e C(®): inf f@)>1].

xeR:

For any f € C,(RYN), we define

fi=sup f(x) and f = xi%fA’f (x).

xeRN

For any p € C,(RY), we introduce the variable exponent Lebesgue space
L”(')(RN )= {u : 4 is a measurable real-valued function, / |u(x)|” ® dx < oo},
RN

endowed with the Luxemburg norm

u(x) p(x)

el 0 ey = inf{k 20 / dx< 1},
R

N

The dual space of LZO(RN) is L#')(RN), where 1/p(x) + 1/p/(x) = 1.
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Let 0 <s<1andlet p € C(RN x RN, (1,00)) be such that p is symmetric, i.e., p(x,y) =
p(y,x) for all x,y € RN and

l<p := inf  ply) <p:=  sup pxy)<+oo.
(x,y)eRN xRN (x,9)€RN xRN

For p € C,.(RYN), define

plxy)
werOPLI RN = 1y € LPO(RN) : / / lutx) — uG)| dxdy < +oot,
rN JrN | — J’|N+Sp”)

and we set

|tls (., :=Inf{A >0 ) — u)P dxdy <1
sp(r) ¢ : &N SR )Lp(x,y)|x_y|N+sp(x,y) ’

Then W*P0O»6)(RN) endowed with the norm

el = N1l o vy + Ll

is a separable reflexive Banach space (see [7, 8, 33]). It is immediate that

(%) o
|ss(x) — u(y) [P
e /D‘%N /]RN APG) g — y|N+splxy) dxdy<1

is an equivalent norm of || - ||, g with the relation

|l p N = inf{k >0:

E ”u”s,p,]RN = |u|s,p,]RN = 2||u||s,p,RN'

Throughout this paper, for brevity, we write p(x) instead of p(x,x) for some cases and
hence, p € C,(RN). Furthermore, we write W*?¢)(RN) instead of W2 (RN),

Lemma 2.1 ([27, 38]) The space LPV(RN) is a separable, uniformly convex Banach space,

and its conjugate space is LV’ (RN) where 1/p(x) + 1/p/(x) = 1. For any u € LP)(RN) and
v e P O(RN), we have

/ uvdx
RN

Lemma 2.2 ([27]) Denote

1 1
= (p_ + (PT) ||M||Lﬂ(')(1RN)”V”Lp’(-)(]RN) = 2||M||Lp(-)(RN)||V||Lp/(-)(RN)~

P(u)=/ lulP® dx,  forall u e LV (RN).

Then
(1) p(m)>1(=1; < 1) ifand only if ||ull jpoy@ny > 1 (= 1; < 1), respectively;
(2) if llullpor )(RN) > 1, then ||u|1}7()RN) <p(u) < ||M|Lp() ®NY
(3) if Nl oy < Lo them Null ey oy < P@) < Nl -

Page 5 of 24
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Proposition 2.3 ([29]) Denote

- (%) — u(y) Py
. px
o(u): /R |uP®) dx + AN A;N PRI dxdy.

On WsPC)(RN) we have:
(i) for ue WP RN)\ {0}, A = [|ull,mn if and only if (%) = 1;
(i) p(u)>1(=1;<1)ifand only if lullsp > 1 (= 1 < 1), respectively;
(iii) i llullspry =1, then IIMIIf <pu) < IIMII RN
(IV) if”u”s,p,RN <1, then ”M”§ N = p(u) = ”u”sp]RN
We recall the embedding theorem for the fractional Sobolev space with variable expo-

nent as follows.

Lemma 2.4 (Subcritical embeddings, [29]) We have:
(1) wsels (.Q) < L"), if 2 is a bounded Lipschitz domain and r € C,(2) such
that r(x) < _sp =:p; (x) forall x € 2;
(2) WsPO)I(RN) — L’ (RN ) for any uniformly continuous function r € C,(RN)
satisfying p(x) for all x € RN and inf,pn (p (x) — r(x)) > 0;
3) WPEI(RN) s> L'O(RN) for any r € C,(RN) satisfying r(x) <pix) forallx e RN,

lac

Next, we consider the case that the potential function V satisfies
(V) Ve C(RN), inf,gn V(x) >0, and meas{x € RN : V(x) < Vy} < +oo forall Vy € R.

On the linear subspace

E:= {u € Ws’p("')(RN) :

%)
/RN /]RN e dxdy+/ V(x)‘u(x)‘p(x)dx<+oo},

|x y|N+sp x,y)

we endow the norm

ulP® u(x) — u(y) [P
- dx+/ / u(x) ~ uly) dxdy<1y.
A RN JRN Ap(x,y)|x _y|N+SP(x,J’>

Then (E, | - ||) is continuously embedded into WP() as a closed subspace. Therefore,

el g o= inf{k > 0:/ V(x)
RN

(E, |l - llg) is also a separable reflexive Banach space. Let E* be a dual space of E. Further-
more, (-,-) denotes the pairing of E and its dual E*.
With the aid of Lemma 2.4, the proof of the following assertion is essentially the same

as in those of Lemma 2.6 in [2].

Lemma 2.5 If the potential function V satisfies the assumption (V), then:
(1) we have a compact embedding E — LPV)(RN);
(2) for any measurable function q: RN — R with p(x) < q(x)for all x e RN, there is a
compact embedding E — L1V (RN) ifinf, g (p*(x) — q(x)) >
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3 Existence of solutions

In this section, the existence of nontrivial weak solutions for (P;) is shown by applying

the mountain pass theorem and a variant of Ekeland variational principle under suitable
assumptions.

Definition 3.1 We say that u € E is a weak solution of (P,) if

_ ()~ _ _
M({ils ) /R ) /R ) u(x) — u(y) P72 (u(x) — u(y)) (w(x) — w(y)) dxdy

|x _ y|N+sp(x,y)
+/ V) w2 uw dx
RN

:A/ ,o(x)|u|’(x)_2uwdx+/ h(x, u)wdx
RN RN

for any w € E, where

|uu(x) — u(y) [P
e dx dy.
(dspte /]RN AN plx, y)|x — y|N+sp@) ra

Let us define the functional @ : E — R by

@ (1) = M([tl i) + f Y@ P dx.

rN p(%)
The following lemma can be proved by using arguments as in [43, Lemma 2].

Lemma 3.2 If (V) and (M1) hold, then the functional @ : E — R is of class C*(E,R) and

_ (%,y)-2 _ _
(@ )=l [ [ ) WO ) D =0 ey

|x _ y|N+sp(x,y)

+ V()| ulP™ 2 uw dx, (3.1)
RN

for any u,w € E. Moreover, @ is weakly lower semi-continuous in E.
Proof 1Tt is not difficult to prove that @ has Fréchet derivative in E and (3.1) holds for any

u,w € E.Now, let {z,},, C E and z € E satisfy z,, — z strongly in E as n — oo. Without loss
of generality, we assume that z, — z a.e. in RN, Then the sequence

o — | N +splex)) P’ (6.9)

{ |24 (%) = 2a P2 (2, (%) — 2,4(9)) }

is bounded in L” ) (RN x RN), as well as a.e. in RN x RN

— p(%,y)-2 _
Uy () o= 2@ =220~ 240)

|oc — y|N+spley)/p' ()

e Uy - |2(x) — z(y) [P¥) 2 (2(x) - z(y))

|oc — | N +spex))ip’ ()
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Thus, the Brezis—Lieb lemma (see [9]) implies

lim/ f Uy (,y) - U, y) [P dxdy
RN JRN

n— 00

- (.9) _ (.9)
- tm / / (Izn(x) z2a )P |z(x) — 2(y) P ) drdy. (3.2)
RN JRN

> 00 |x _ y|N+sp(x,y) |x _ y|N+sp(x,y)

The fact that z, — z strongly in E yields

hm/ / (Izn(x)—zn(y)lp("'” _ IZ(x)—Z(y)I"("'”)dxdy:O‘
RN JRN

n—00 |x — y|N+5P(x:J’) |x — y|N+SP(x'J’)

Moreover, the continuity of M implies that

lim M([Zn]sp )) ([Z]sp )) (33)

n—00

From (3.2) it follows that

lim / / U (6, 5) — U, ) [P dedy = 0. (3.4)
n—0o0 JpN JRN

Similarly,
lim [ V)20 @) 20) - |2@)["2() [ dx = 0. (3.5)
n—>o0 JpN

Combining (3.3)—(3.5) with the Holder inequality, we have

|2 (z4) - @' (2)

= sup |(@'(z4) - D'(2),w)| — O

weE, |lw|g=1

E*

as n — o0o. Hence, @ € C!(E,R). Finally, notice that the map w [Wls,p(.) is lower semi-
continuous in the weak topology of W*(:)(RN) and M is nondecreasing and continu-
ous on Rg, so that w = M([wly,(.,) is lower semi-continuous in the weak topology of
Wwert)(RN), Indeed, we can define y : W) (RN) — R as follows:

It is easy to see that y € C1(W*?()(RN)) and y is a convex functional in W**()(RN). By
Corollary 3.8 in [13], we obtain y (w) < liminf,_, » y (w,). Hence, it is easy to see that @ is
weakly lower semi-continuous in E (see [46], Lemma 3.3 for more details). O

Let H(x,t fo (x,5) ds. Assume that:

(A1) p,q,reC, (]RN) andl<r_<r,<p_<p,<q <q,<px) forallx e RV
(A2) 0<pe LP<> T (RN) N L>®(RN) with meas{x € RN : p(x) #0} > 0.

(H1) h:RN x R — R satisfies the Carathéodory condition.

(H2) There exists nonnegative function o € L*°(RN) such that

|, )] < o (x) 1091

for all (x,£) e RN x R.
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(H3) There exists a positive constant 6 such that 8 > 9p* and
0<6OH(x,t) <h(x,t)t, forallteR\{0}andxe RN,
where ¥ is given in (M2).

(H4) H(x,t) >0 forall (x,£) e RN x R.
Let the functional ¥, : E — R be defined by

¥, (u) = Af @M’(’“) dx+f H(x,u) dx.
RN
Then it is easy to check that ¥, € C}(E,R), and its Fréchet derivative is

(&) (u),w) = A/]RN olul"2uwdx + AN h(x, u)wdx,

for any u, w € E. Subsequently, the functional [ : E — R is defined by
L, (u) = P (u) - Wi (u). (3.6)

Then according to Lemma 3.2, it follows that the functional I, € C!(E,R), and its Fréchet
derivative is

_ (wy)- _ _
(1 (0), ) = M([i]s ) /R ) /R ) |u(x) — u@) P2 (u(x) — u(y))(wlx) — w(y)) dxdy

|x _ y|N+sp(x,y)

+/ V(x)|u|p(x)_2uwdx—k/ ,o(x)|u|’(x)_2uwdx—/ h(x, u)wdx,
RN RN RN

for any u,w € E.

Lemma 3.3 Assume that (A1)—(A2) and (H1)-(H2) hold. Then W, and W, are weakly

strongly continuous on E for any A > 0.

Proof Let {z,} be a sequence in E such that z, — z in E as n — oc. Since {z,} is bounded

in E, Lemma 2.5 guarantees that there exists a subsequence such that

Zy (x) > z(x) a.e.in RN and
(3.7)
Zy =~z in LP(')(RN) N L (]RN) as k — oo.

First we prove that ¥, is weakly strongly continuous in E. By the convergence principle,
there exists a function g € LPO(RN) N L1O(RN) such that |z, (x)| < g(x) for all k € N and
for almost all x € RN, Therefore from (H2) and Lemma 2.1, it follows from the Young
inequality that

o(x) (x) /
A B2z, H(x,z,
/RN r(x)'zkl dx + RN| (%,2,,)| dx

A . 1
< _/ |P(x)||an(x)| (")dx+ —/ U(x)|2nk(x)|q(x)dx
T TR q- JrN

Page 9 of 24
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&)
"0 dx

<£‘/' 2(p(x) - r(x))
- RN px)

llo Il oo mN
4 R )/ |znk(x)‘q(x)dx
q- RN

§C0|:/| |p poEn) |g |p(x)dx+/ ‘g(x)|q(x)dx:|,
RN RN

for some positive constant Cp, and so the integral at the left-hand side is dominated by an

@ p(x) r(x)
()77 Pl |2, ()]

integrable function. Since the function 4 satisfies the Carathéodory condition by (H1), it
follows from (3.7) that

|,,k|”‘—>&|z|”‘ and H(x,z,)— H(x,z) ask— oo,

r(x)

p(x)

r(x)

for almost all x € RN. Therefore, Lebesgue’s dominated convergence theorem tells us that

GO
A/D;N ,;)(x)| Zng | znkdx+f H(x,z,,)dx

k/ ﬁ|z|”‘zdx+/ H(x,z)dx ask— oo,
BN 7(x) N

that is, ¥y (z,,) — Wi(2) as k — oo. Thus ¥, is weakly strongly continuous in E.

Next, we show that ¥, is weakly strongly continuous in E*. First of all, we note that

J
/N( ()2, "2, _p(x)|z|r<x>fzz|r<x) dx
R

<G /RNlp(x)

<G / 10| (120 " + [27) dix
RN

T ()| (12 " + 1217) dix

2(p(x) — r(x)) e 4 r(x)
SC/ S | o) [P 4 Tz, 1P 2 ) g, (3.8)
o P p@ T pw)
for some positive constants C;, Cy. Due to (H2) and Lemma 2.1, we obtain
/ |, 2,) — i, 2)| 7 dx < C / |, 2| + |, 2)| 7 dx
RN RN
<G [ Janl™ 4 1l (3.9)
RN

for some positive constants Cs, Cy. Invoking (3.7)—(3.9) and the convergence principle,

one has

| r(x)-

|p(@) 2, "2 = p)]2 2" < £ ()

and

|1, 2) - h(x,2)]| 7 < (),
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for almost all x € RY and for some f;,f, € L'(RY), and thus p(®)|z, |2z, —
p()|2"®2z and h(x,z,,) — h(x,z) as k — oo for almost all x € RN. This together with
the Lebesgue dominated convergence theorem yields

|, (zs,) - ¥, (2)

E*
= sup ‘(W):(an)_lp):(z)’w)‘

Iwllg<1

= sup
Iwllg<1

A/ ()2, ™22, —p(x)|z|’<")‘22)wdx+/ (h(x,2n,) = h(x,2) ) wdx
RN RN

= 21 08 2 22, — () 2122

L’O®N) T ||h(x, zZn) — h(x, Z)“Lq’(-)(]RN)) -0

as k — oo. Consequently, we derive that ¥/ (z,,) — ¥, (z) in E* as k — oc. This completes
the proof. d

Combining Lemmas 3.2 and 3.3, we see that I, € C(E,R) and I; is weakly semi-
continuous in E. Before going to the proofs of our main results, we consider some useful
lemmas and consequences presented below. The following assertion means that I, satisfies

the geometric condition in the mountain pass theorem.

Lemma 3.4 Assume that (V), (M1)-(M2), (A1)—(A2) and (H1)-(H4) hold. Let I, be de-
fined as in (3.6). Then we have the followings:
(1) There exists a positive constant A* such that for any X € (0, 1*) we can choose R > 0
and 0 < 8 <1 such that I, (u) > R > 0 for all u € E with ||ul||g = ;
(2) there exists ¢ € E, ¢ > 0 such that I, (tp) — —00 as t — +00;
(3) there exists W € E, Y > 0 such that I, (t) <0 as t — 07.

Proof Let us prove condition (1). By Lemma 2.5, there exists a positive constant Cs such
that [|u]l v @ny < Csllulle for p(x) < y (%) < p; (x). Assume that ||u|| < 1. Then it follows
from (H2), Proposition 2.3, and Lemmas 2.1, 2.2(2) and 2.5 that

V) e ®) e
L(u) = M ([t i) + AN(P(_;C)WW( )> dx—A/RN<'(;(—;C)|u| ¢ )> dx—/RNH(x,u)dx
Mg |u(x) — u(y) [P V) e
25 o L i 44 [y

A T4 r_
=2—llpll _p0) Csmax{|lulz, |l }
ry LPO-10) (RN)

||O||L°°(D§N) q q
TR e e 1 g g,
+

> min{@, i}uun’;* 220l o Collul = o el
v ps Ty LpO-0) RN) g+
. mo 1 A ——pa 1 _—ps N
> (mm{—,—}—z—@nun; P Colul| P )nun’”, (3.10)
Y p r

+ + +

for positive constants Cs, C;. Let us define the function g : (0,00) — R by

X 1
&(t) =2Cs—t~P+ + C;— -7+,
r, g+
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(}LP+ r— 4+  2Ce

P )4+ ™ and so
q-—pP+ +

Then it is clear that g; has a local minimum at the point ¢, =
lim g, () = 0.
L, 2.(to)

Thus there is 1* > 0 such that for each A € (0, 1*), there exist R > 0 small enough and § >0
such that I, (1) > § > 0 for any u € E with ||u||g = R.
Next we show condition (2). Note that condition (H3) implies

H(x,sn) > s"H(x, 1), (3.11)

foralln e R,x € RV, and s > 1.
Take ¢ € E with ¢ > 0. Since M(t) < M(1)t? for any T > 1, it follows from (3.11) that

I)\(tﬁb) = M([t¢]s,p(~,-)) + ./]I‘QN (%Wﬂp )

px) r(x)
—k/ (r(x)'td)' )dx—/RNH(x,tqﬁ)dx

<t (M(l)m;’,p(.,) - % / V@l dx)

v p(x) rx))
At /RN< (x)|¢| dx — tf H(x, ¢) dx,

for sufficiently large ¢ > 1. Since 0 > ¥p* > r,, we see that I, (t¢) — —oo as t — oo.
Finally it remains to prove condition (3). Choose v € E such that ¢ > 0. Let A be fixed.
For ¢ € (0,1) small enough, from (H4) and Lemma 2.2, we obtain

b = M) + [ (S iewe) ds

—A/ (%IW/I”) fH(x,tw

B 1%
<t (( sup_ X M(S))[w]s,p(u-)"'/ <p(L;C))|¢|P ) )

0<é<max{|luly lulf }

Ty &
M / (r(x)“”' )

Since p~ > r,, we see that I, (ty) < 0 as t — 0%, as claimed. O

With the aid of Lemma 3.3, we will give that the energy functional I, satisfies the Palais—
Smale condition ((PS)-condition for short). This plays a key role in obtaining the existence
of a nontrivial weak solution for the given problem. The basic idea of the proof of this

assertion comes from [43].

Definition 3.5 We say that [, satisfies the (PS)-condition in E, if any (PS)-sequence {z,} C
E, namely, {I;(z,)} is bounded and I (z,) — 0 as n — 0o, admits a strongly convergent
subsequence in E.
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Lemma 3.6 If (V), (M1)-(M2), (A1)—(A2), and (H1)-(H4) hold, then the functional I,
satisfies the (PS)-condition for any ) > 0.

Proof Let {z,} be a (PS)-sequence in E, ie., there exists K > 0 such that [(I;(z,),z,)| <
K|\ z,|lg and |L; (z,)| < K. Itis first verified that the sequence {z,} is bounded in E. Suppose

to the contrary that ||z,||r — oo, in the subsequence sense, as n — oco. By assumption
(M2), we deduce that

1
I<+I<||Zn”E ZI)L(Zn) <[/ (Zn) Zn)

p(%,y)
= M([zulsp(.)) = =M ([2nlsp(..) (/I;N AN |2, (%) — z,(9)] i dy>

|x y|N+spxy)
V() V(x) (x)>
+/ (—(x)l 2,7 — |l ) dx

+;\/RN($| 2l - %I n|”‘)dx
n /RNGh(x,zn)zn —H(x,zn)) dx

(- uteden([, B )
+ (———)f V() |2, P dix - A(%—%)A p )|z dx
- /R y (H(x, Zy) — gh(x, Zn)zn) dx,

where 6 is the positive constant from (H3). Combining this with conditions (M1) and (H3),
we have

. 1 1 1 1
min{ (=== Jmo, — - =
04 0 P+ 0
|z, (%) — z,, (y)|pxy) "
) _</]RN A{N |x — y|N+spl) dxdy+/ﬂ;N V(x)lz, " dx
1 1
‘A(_ - —)/ ()12, dax
ry 9 RN

<K +Klz,llg.

For n large enough, we may assume that ||z,||g > 1. Then it follows from (H3), Proposi-
tion 2.3 and Lemma 2.4(1) that

Dnin ] (£ Yoo, = - Ml o a( L - ) ey <K+ Kilz
—min{ (= —-= |mo,— - = tlzullz —A[ — - = z + K|zl -
P 9 9 0P+ 9 nilE r, 9 8ll%nllg = nilE

Since 6 > ¥p* > p, >1and p_ > r, > 1, this is a contradiction. Hence the sequence {z,} is
bounded in E. Passing to the limit, if necessary, to a subsequence, by Lemma 2.4, we have

z,—z InkE, z,—z ae inRY and
(3.12)
Zy—>z in PV (RN) and in L1V (RN)
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as n — oo. To prove that {z,} converges strongly to z in E, let ¢ € E be fixed and let &,
denote the linear functional on E defined by

~ lo(x) — p() P72 (0 (x) — () (w(x) - W(y))
=L

|x y|N+sp(xy)

for all w € E. Obviously, by the Holder inequality, QS(/, is also continuous, as

P1

p(xy) by

W)|<2/ / lp(x) — ()] dxdy P2
w Jpy Nl

) |pee) 7
/ / —w(y)| dxdy 2
RN JRN |x J’|N”’”y)

b
=2llellE Iwle,

for any w € E, where p; is either p* —1 or p~ — 1 and p, is either p* or p~. Hence, Eq. (3.12)
yields

lim [M([zn)sp(.)) = M([2lspi)) | Pulzn —2) =0, (3.13)

n—00

because the sequence {M([z,]sp(,)) — M([z]sp(.))} is bounded in R. Using (H2) and
Lemma 2.2, it follows that

AN | (h(x, z,) — h(x, z))(zn - z)| dx

< /N o () (|27 + 12|97 |2, — 2| dx
R

-1 — -1
<2010 o (12150, + 12l ey * 120150, + 121550
X |z = Z”Lq(-)(RN)-
Then, due to (3.12), one has
lim (h(x,20) — h(x,2)) (24 — 2) dx = 0. (3.14)

n—00 JpN
Because z, — z in E and I} (z,) — 0 in E* as n — 00, we have
(L(z0) ~I(2),20—2) > 0 asn— oo.
Hence, Eqgs. (3.12)—(3.14) yield as n — oo
o(1) = (I} (zu) - I} (2), 2u — )

= M([zn]s,p(~,~))q~jzn (Zn - Z) - M([z]s,p(~,<))(§z(zn - Z)

+ (M([2nlsp.)) = M([2)s p(0) ) D220 — 2)

+ / V) (|2aP9 22, - |21PY%2) (2, — 2) dx
RN
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=) / p()(|2a" 2, — |2 22) (2, — 2) dx
RN

- / (h(x> Zn) - h(x, Z))(Zn — Z) dx
RN
= M([Zn]s,p(.,.)) [ézn (2, —2) — qSZ(zn — Z)]

+ f V) (I2ul 922, - 1217 2) (2, — 2) dx
RN
X / p)(12al" ™22, = 121" 722) (2, — 2) dx
RN
- f (h(x,24) — h(x,2)) (2, — 2) dx + 0(1),
RN

that is,

lim (M([zn]s,p(.,.)) [®.,(24 — 2) - D,(2, - 2)]

n—00

o [ Ve - 2 e -

]RN

- A/ o) (12,1922, — 12122 (2, - 2) dx) =0.
RN

By convexity, (M1), (V), and (H2) we have in particular

M([Zn]s,p(-,-))[ézn (zn—2) - éz(zn - Z)] >0,

V@) (12al" 22, — 12179 22) (2, — 2) dx > 0,
and

p() (12" 22, — 121"22) (2, — 2) dx > 0.
It follows that

lim &, (z, - 2) - P:(z, ~2) = 0,

lim f V() (124722, — 12172 u) (2, — 2) dx = 0,
n—>0o0 JpN
and

lim ,o(x)(lznlr(x)_zzy, - |z|’(x)_2u) (zn—2)dx=0.
N

n—00 R

It should be noted that we have the well-known useful inequalities

Co(|& P28 — |nPe))=2p) . (£ — )  for (x,9) € Ay,
X, _ _ p(xy)
& =P < 3 Clol(1E[P9 28 — y|ptn)2y) - (& — )]

2-p(xy)

X (1§1P) + [nP@) =2 for (x,) € Ay and (§,1) #(0,0),

(3.15)

(3.16)

(3.17)

(3.18)

Page 15 of 24
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for all £,n7 € RY, where Cy and Cj, are positive constants depending only on p(-,-),
A1 ={(x,9) e RN x RN : p(x,9) > 2}, and A, = {(x,9) e RN x RN : 1 < p(x,y) < 2}; see [35,
Proposition 3.3].

It is now assumed that (x,y) € A;. Then, by (3.15) and (3.18) as n — oo,

n =) -~ (@ -
R’N JRrN |x y|N+spxy xay

=f / |2(x) — 2a(9) — 2(x) + 20| e — y NS i dly
RN JRN

§C9/ / [|Zn(x)—zn(y)|l7(x,y)_2
RN JRN

% (2(%) = 249) - |2@) — 2" (2(x) - 29)) ]
X (2u(®) = 24 () — 2(%) + 2(9)) | — y| "N dx dy
< Co(D,, (24 — 2) - D,(2, — 2)) = 0(1). (3.19)

Similarly, utilizing (V), (3.16) and (3.18) as n — oo,

V(©)lz, - 21"Y dx < Cgf V) (|24l 2, - 121P%722) (2, — 2) dx = o(1).
Ay

Ay

Subsequently, the case (x,y) € A, is considered. As {z,} is bounded in E, there exists Ky > 0
such that

1ZE50)
/ / ) =2 ko
RN JRN

|x y|N+sp x,9)

for all » € N. By (3.15), (3.18) and Lemma 2.1, we have

n =)~ (@ -
RN JRrN |x y|N+spxy) X 'y

< Cio /RN [RN{[’Zn(x) _Zn(y)|p(x,y)_2

x (20(x) = 2,0) = |2x) = 20) """ (2(0) - 29)) ]
X (Z,,(x) - z,(y) — z(x) + Z(y))}p@y) (’Z,,(x) -2z, O,)|P("'J’) + ’Z(x) —2(y) ’p(x,}')) Zpley

x |x — y|—(N+sp(x,y)) dxdy

<2C11 (P, (21 — 2) - Do(z4 — 2))"
p(x.y) p(x.y) B
» / / |2 (%) — 2, (W) dxdy f / |z(x) — z(y)] dxdy
v Jan -y Nl BN JgN Jx =y Nespa)
=0(1),

where Cy1 = 2C1(2K)?, « is either p~/2 or p*/2, and B is either (2 — p*)/2 or (2 — p7)/2.
Similarly, by invoking (3.12), there is a positive constant L such that fRN V() |z lPW dx < L

Page 16 of 24
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for all » € N. Moreover, by Lemma 2.1, (3.16) and (3.18) as n — o0,
f V@)lz, — 2P dx < Cu( / V@) (120922, - 12179 1) (2, — 2) dx)
Ay RN
=0(1), (3.20)

where Cjy = 4C;o(2L)8. From (3.19) and (3.20), we obtain

_ p(%,y)-2
f / 12n(%) Z;'V(y” dxdy + / V)|z, - zP® dx — 0 asn— oo.
RN JrN [ — y[Nrp6) RN

Therefore, ||z, —z||[g — 0as n — oco. Hence, I, satisfies the (PS)-condition. This completes
the proof. O

The proof of the following theorem can be found in [10, 30, 43], however, we will give

the proof for the reader’s convenience.

Theorem 3.7 Let (V), (M1)-(M2), (A1)—(A2), and (H1)—(H4) hold. Then there exists a
positive constant \* such that for any A € (0,1*), the functional I, admits at least two non-

trivial different solutions in E.

Proof Thanks to Lemmas 3.4 and 3.6, there exists A* > 0 such that for all 1 € (0,1%), I,
satisfies the mountain pass geometry and (PS)-condition. By employing the mountain pass
theorem, we infer that there exists a critical point uy € E of I, with I, (o) = d > 0 = I,,(0).
Hence 1 is a nontrivial weak solution of the problem (P,). Let us denote d := inf, 5 I, (1)
where B, := {u € E: |lu||g < r} with a boundary 0B,. Then by (3.10) and Lemma 3.4(3), we
have —oo < d < 0. Putting 0 < € < infy¢yp, [, () — d, by Theorem 1.1 in [25] (see also [30]),

we can find #, € B, such that we have the well-known useful inequalities

L(u.) <d+e,
W) <d+e (3.21)

L(ue) <L(u) + €llu—ucllp, forallue B, uu..

This implies that u. € B, since I, (u¢) < d + € <inf,¢yp, I, (u). From these facts we see that
u, is a local minimum of T, () = I () + €| — uc || . Now by taking u = u. + tw for w € By

and sufficiently small £ > 0, from (3.21), we deduce

o< (e +tw) =T (ue) _ Llue +tw) - I (ue)

< +€||lwllg.
; ; lwll

Therefore, letting t — 0+, we get
(L (ue),w) + €llwlg > 0.
Replacing w by —w in the argument above, we have

{1 (), w) + €llwllz = 0.
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Thus, one has
I (ue), w)| < ellwlle
for any w € B,. Hence

“I)/L(us)

S € (3.22)
Using (3.21) and (3.22), we can choose a sequence {z,} C B, such that

Ii(z,) > c asn— o0,
A( n) (3.23)

I (zx)llgx = 0 asn— oo.

Thus, {z,} is a bounded (PS)-sequence in the reflexive Banach space E. According to
Lemma 3.6, {z,} has a subsequence {z,, } such that z,, — u; in E as k — oo. This together
with (3.23) yields I, (u1) = d and I} (4;) = 0. Hence 1, is a nontrivial nonnegative solution of
the given problem with [; (1) < 0 which is different from u,. This completes the proof. [

The existence of nontrivial solutions for the problem is now investigated if (H3) is re-
placed with the following condition:
(H5) There exists a constant 6 > 1 such that

OH (x,t) > H(x, st),

for (x,£) e RN x R and s € [0, 1], where H(x, t) = h(x, t)t — p, O H(x, t) and ¥ is
given in (M2).
This condition originally comes from the work of Jeanjean [31]. As is well known, this
is weaker condition than (1.1).

Definition 3.8 We say that I, satisfies the Cerami condition ((C)-condition for short) in
E, if any (C)-sequence {z,}, C E, i.e. {I,(z,)} is bounded and |1 (z,)|lg+(1 + [|z4|lg) — O as
n — 00, has a convergent subsequence in E.

Lemma 3.9 It is assumed that (V), (M1)-(M2), (A1)-(A2), (H1)-(H2), and (H4)-(H5).
hold. Furthermore, assume that

(M3) M :R* — R* is a differentiable and decreasing function.
Then, the functional I satisfies the (C)-condition for any A > 0.

Proof Let {z,} be a (C)-sequence in E, i.e., sup |[,(z,)| < K; and (I} (z,),2z,) = o(1) = 0, as
n — 00, and Kj is a positive constant. In view of Lemma 3.6, it needs only to be proved that
{z,} is bounded in E. To this end, arguing by contradiction, it is assumed that ||z, ||z > 1
and ||z,||g — oo as n — 00, and a sequence {w,} is defined by w, = z,,/||z,||g. Then, up to a
subsequence, still denoted by {w,}, we obtain w, — w in E as n — 00, and by Lemma 2.5,

w,(x) > w(x) ae. inRY, wp— o inL’V(RY), and

w, — o in Lp(')(]RN)

as #1 — 00, where p(x) < r(x) < p;*(x) for all x € RN,
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Let £25 = {x € RN : w(x) # 0}. By the same argument as in Lemma 3.6, |£2;| = 0; thus,
w(x) = 0 for almost all x € RN. As I, (tz,) is continuous in ¢ € [0, 1], for each n € N, there
exists t, € [0,1] such that

IA (tnzn) max IA (tzn)
te[0,1]

Let {£} be a positive sequence of real numbers such that limy_, o £x = 00 and ¢; > 1 for
any k. Then, it is clear that ||, £ = £k > 1 for any k and n. Let k be fixed. Because w,, — 0
strongly in L10(RN) as n — oo, it follows from the continuity of the Nemytskii operator
that H(x, xw,) — 0 in L'(RN) as n — o0o. Hence,

lim H(x, Lywy,)dx = 0. (3.24)

n—>o00 [pN

Because ||z, || — oo as n — 0o, we have ||z, || > £ for sufficiently large n. Thus, by (M2),

(3.24), and Proposition 2.3 we have

L
Ik(tnzn) = IA (—kzn> = 1)\(5](0);1)
izl

_ V@) p(x)
= M([fka)n]s,p(.,.)) + _/]RN ﬂwka)ﬂ dx

—)\./N %Mkwnlm dx—/RNH(x»Ekwn)dx

{5 )
> min y —
Upt p.

Lrwn(x) — Lo, p(xy
( / / (reon®) = byoo (y)' dxdy + / V(x)lﬂkwnlp(")dx)
RN JRN | — y|N+spley RN

o P e g
A/N o )Iﬁkwn dx /H;NH(x,kan)dx

.| mo - A .,
> min { T } lexnlly =2 lIoll _po l€kconlly
Upt p. ry LP0O-r0) (RN)

- H(x, £w,) dx
RN

1 - A
> min { o~ }z§ — 20—y,
vp* p. £
for sufficiently large n and p~ > r, > 1. Then, letting # and k tend to infinity, it follows that

lim [, (¢,z,) = 0. (3.25)

Because I, (0) = 0 and |[,(z,)| < K; as n — 00, it is obvious that ¢, € (0,1) and (I} (t,z,),
t,z,) = 0. Note that there is a positive constant K such that

I ) 11 ") g..
AN(V(x) P+l9>p(x)|SZ| deQ/RN<r(x) p+ﬁ>p(x)|z| dz-K, (3.26)

Page 19 of 24
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for any z € E and s € [0, 1], where 6 and © come from (H5) and (M2), respectively. There-
fore, by (M2), (M3), (H5) and (3.26), for all n large enough, we have

1 1 1
glk(tnzn) = glk(tnzn) (919< ( nzn) tnzn> + 0(1)
= —M([tnzn]s,p(.,,))
|tnzn (%) — Luzn(y)|P&)
- M n<nls,p(-,
p+919 ([t “ ] ,p(,)) </]RN -/]RN |x_y|N+spxy) dxdy
1
w5 L Gt -2z ) ds
0 Jrn \ p(x) p+19
A p(x) (%) p(x) (%)
_ _tnnrx_ tnnrx d
6’/RN(r(x)| @l p+19| 2l *
1 1
+ = / (—h(x, tnzn)tnzy — H(x, tnzn)) dx +o(1)
0 Jrn \ p.+ 0
1
=< 5M [tnzn]s,p(-,<))
|tnzn (%) — taz(y) P
o) ([, [, R deay
l/ <@| nZ n|p Y |tnzn|p(x)) dx
’N \ p(%) p0
A
) _/ 2 ) = 219 i
0 Jrn \ r(x) p+0
1
+ .07 Jo H(x, t,z,) dx + o(1)

1

< =

; [M([ms,p(..»

< M([Zn]s_p(w.)) + f
R

p(x)
—/\/RNEI 2z,

_P+79 R

|2, (%) — 2, (y) [P&)

e ([, [, B0 )

T po ey e
1
_/ (@| n|17 V(x)| |17(x)> dx
0 RN +l9

p0),
)\' Y7z n r " rx
/R<r(x)| - 20, ) d

1
P+

H(x,z,) dx + A + 0(1)
RN

<

V(x)

—| n|p
N p(x)

) dx — / H(x,z,)dx
RN

|20 (%) — 24 () P*?)
|x y|N+spxy)

1
p

e o)
RN JRN

/ V(x)|z, P dx
N
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1
p+0

+

/ o)z, dx + / h(x,2,)z, dx + MK + 0(1)
RN RN

psv

1
=(zn) — p—ﬁ([ﬁ(z,ﬂ,zﬁ +AK +0(1) < AK + K7 +0(1),

+

which contradicts (3.25). This completes the proof. O
We give an example on the function M that fulfils the assumptions (M1)—(M3); see [40].

Example 3.10 Let us consider

1
Mit)=1+—, t>0.
e+t

Then, it follows from direct calculations that this function M satisfies the assumptions
(M1)-(M3).

In the rest of the present paper we establish the existence of at least two distinct non-
trivial solutions to the problem (P;) under the condition on / which is weaker than (H3).
In order to obtain this assertion we need to employ the following variational principle of
Ekeland’s type in [6, 40], initially developed by Zhong [51].

Lemma 3.11 ([6, 40]) Let E be a Banach space and x, be a fixed point of E. Suppose that

h:E — RU {+00} is a lower semi-continuous function, not identically +00, bounded from
below. Then, for every ¢ >0 and y € E such that

h(y) < i%f h+e,
and every A > 0, there exists some point z € E such that

h(2) <h(y),  lz=xole =< (1+lylle)(e* - 1),
and

h(x) > h(z) - lx—z|lg, forallxeE.

&
A1+ |zllE)

Theorem 3.12 Let (V), (M1)-(M3), (A1)-(A2), (H1)-(H2), and (H4)—(H5) hold. In ad-
dition, assume that

. H(xt . N
(H6) limys— oo |t\(';cl”+) = 00 uniformly for almost all x € RY.
Then there exists a positive constant \* such that for any A € (0, 1*), the functional I, admits
at least two nontrivial different solutions in E.

Proof To apply Lemma 3.4, we first show condition (2) in this lemma. By the assumption
(H6), for any M, > 0, there exists a constant § > 0 such that

H(x,t) > Mo|t|”?", (3.27)



Kim et al. Boundary Value Problems (2020) 2020:121 Page 22 of 24

for |¢| > § and for almost all x € RV, Take w € E\ {0}. Then, for large enough ¢ > 1, Eq. (3.27)
implies that

Vix)

L(tw) = M([tw]s,p(n.)) + /RN (MUWW@) dx

_ p) r<x>) _
)L/RN(F(x)UWI dx /RNH(x,tw)dx

p- JRN

A
- — o) |tw|"® dx — H(x, tw) dx
r_ JrN RN

+ 1 +
<1t (M(l)[w];?,,(,.) . / VWP d - My / i dx),
- JR R

where ¥ was given in (M2), because M(t) < M(1)t? for t > 1. If M is large enough,
then we deduce that [, (tw) — —o0 as t — 00, as required.

Thanks to Lemmas 3.4 and 3.9, there exists a positive number A* such that for all
A € (0,1%), I, satisfies the mountain pass geometry and (C)-condition. By employing
the mountain pass theorem, we infer that there exists a critical point zy € E of I, with
I,(z0) = d > 0 = I, (0). Hence z, is a nontrivial weak solution of the problem (P;). Let us
denote d := inf, g I, (z) where B, := {z € E: ||z||¢ < r} with a boundary dB,. Then by (3.10)
and Lemma 3.4(3), we have —00 < d < 0. Putting 0 < € < inf,eyp, I, (z) — d, by Lemma 3.11,

we can choose z, € B, such that

L(z.))<d+e,
3 (3.28)
L(z.) <IL(2) + mllz—zellg, forallz € B,,z # z.

This implies that z. € B, since [, (zc) < d + € < inf,eyp, I, (z). From these facts we see that z,

is a local minimum of T, (2) =L(2) + |z — z¢|le. Now by taking z = z. + tw for w € B;

€
L+llzellg
and sufficiently small £ > 0, from (3.28), we deduce

o< bGertw)-Ti(z) _bGertw)-Liz) e

< + wlle.
t t L+ lzelle

Therefore, letting t — 0+, we get

(L (ze), w) + Iwllg > .

€
1+ zelle

Replacing w by —w in the argument above, we have

I (z), W) + ——— W]z > 0
) = 0.
* 1+ ||zelle

Thus, one has

(L + llzelle) (T (ze), w)| < €llwlle,
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for any w € B;. Hence we have

(14 llzelle) | (o) |

S E (3.29)
Using (3.28) and (3.29), we can choose a sequence {z,} C B, such that

Li(z,) > d asn— oo, (3.30)

L+ Nzull L (Za)llex — O asn— oo,

Thus, {z,} is a bounded Cerami sequence in the reflexive Banach space E. According to
Lemma 3.9, {z,,} has a subsequence {z,, } such that z,, — z; in E as k — oo. This together
with (3.30) shows that I, (z1) = d and I} (z1) = 0. Hence z; is a nontrivial nonnegative so-
lution of the given problem with I, (z;) < 0 which is different from zy. This completes the
proof. O
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