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1 Introduction

Fractional derivatives and integrals find numerous applications in many branches of
physics and engineering ranging from quantum optics to astro-physics and cosmology,
dynamics of materials to biophysics and medicine, dynamical chaos to control, signal pro-
cessing to communications, and more. For recent comprehensive reviews on fractional
derivatives and their applications, we refer the reader to the monographs [25, 34, 36]
and the recent undermentioned papers [1-3, 5, 6, 9, 11, 13, 17, 23, 26-29, 31, 32, 35].
Due to their widespread applications, a system of fractional differential equations subject
to boundary conditions has received much attention amongst researchers who accom-
modate various numerical methods to establish their results; see for instance the papers
(18, 22, 33].

Particularly, coupled fractional boundary systems, which study interaction between two
quantities, have been under consideration as they provide adequate interpretations for
models describing chaotic behavior, anomalous diffusion, ecological effects, and biological
models. Many relevant results have been reported in this direction with different bound-
ary conditions; see [4, 7, 8, 14—16, 21, 30, 37—-39] and the references therein.

Tripled fractional boundary systems, which are considered as a generalization of cou-
pled fractional systems, are governed by three associated differential equations with three
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initial or boundary conditions [12, 24]. In [12], Berinde and Borcut introduced the con-
cept of tripled fixed point for nonlinear mappings in partially ordered complete metric
spaces and obtained existence and uniqueness theorems for contractive type mappings.
Karakaya et al.[24] gave some results concerning the existence of tripled fixed points for a
class of condensing operators in Banach spaces.

The cyclic boundary conditions have many applications on channel flow with fully de-
veloped flow at inlet as well as outlet using simple foam. In addition, some researchers
introduced a railway track coupled dynamics model based on cyclic boundary conditions
(see [10] and the references therein).

Unlike coupled fractional systems, the investigations of tripled fractional systems have
gained less attention amongst researchers. To the best of authors’ observation, indeed,
there is no analytical literature on studying the existence of tripled systems of fractional
differential equations.

Motivated by these research works, we investigate in this paper a tripled fractional ab-

stract system with cyclic tripled boundary conditions that has the following form:

°Dofxr(t) = fi(t, x(2)), l<op <2,

0 0 : (L)
X (O) = ak,/xo'(]()(T)’ k= 1,2, 3,] =0,1,

where Cng denotes the Caputo fractional derivative of order o, t € J = [0, T'], fic : ] X R3 —
R are continuous functions, x = (x1,%;,%3) € R%, o = (1 2 3) is a cycle permutation, and
arj€R, k=1,2,3,j=0,1, such that ]_[,3<=1 axj #1,j =0,1. System (1.1) is converted into an
equivalent integral form by the help of fractional calculus. The existence and uniqueness
of solutions with cyclic permutation of tripled boundary conditions are investigated. We
employ the Banach and Krasnoselskii fixed point theorems to prove our main results.
The railway track coupled system investigated in [10] can be modeled as a classical
tripled system if it undergoes an external influence, by which many researchers can be
prompted to generalize this idea using fractional differential models. We emphasize that
the problem considered in the present settings is new and has novel approach that will
provide further insight into the analytical study of tripled fractional systems with cyclic

boundary conditions.

2 Preliminary assertions

In this section, we recall some basic definitions of fractional calculus [25]. Meanwhile, the
integral form of the solution of system (1.1) as well as the definition of permutation group
are presented. The notations and terminologies herein will be used in the subsequent sec-

tion.

Definition 2.1 ([25]) The Riemann-Liouville fractional integral of a real-valued function
f € C(J) is defined by

t _ o)1
zgf(t):/O %f(s)ds, tef,as>0,



Matar et al. Boundary Value Problems (2020) 2020:140

provided the integral exists, and I3f(¢) := f(¢). The Caputo fractional derivative of f €
C"(J) is given by

“Df(0) =I5 f (@),
where 7 = [«] is the greatest integer function.

Lemma 2.2 ([25]) Let [a] =n €N, and f,° Dif € C(J). Then
IF°DRf (£) = f(t) + co + c1t + 2 + -+ g t™!
forc;eR,i=0,1,2,...,n-1.

For convenience, we introduce the following notations:

bii=byy=byy= BBy AL
1-aijaz1a3;: 1-aiar1a3;:
brs = a1,142,1 , by = a3,143,1 ’ bas = azi ’
1-ayaz1a3,1 1-aijaz1a3: 1-aiyaz1a3,1
by = as, ’ by = as,141,1 ’
1-ayaz1a3,1 1-aiaz1a3:
iy =dyy =dyy = 0200 g B0
1-aipazpaso 1-aiparpaso
dis= a1,042,0 ’ dyy = a2,043,0 , dos = a2,0 )
1-apareaso 1-apaz0as30 1-aipazpaso
dsy = as3,0 , dys = a3,041,0 ,
1—ajpasreaso 1 —aypasoaso
oLl = a1,0a31 T (az0a3,041,142,1 + da0 + d21)
' (1 - ay0a2,0a30)(1 — a1,1a,143,1)
ey = arparn T (azoasp + azoas: + 612,1613,1),
' (1 - a1,0a2,0a30)(1 — ai,1a2,143,1)
e1s = ar a1 T(azoaspal, + azoaras, + 1),
' (1 —aoa0a30)(1 —ai1a2143,)
€y = azpas1 T(aroay1a30 + a1,1a:,1a30 + 1)’
' (1 - aoaz0a30)(1 —ai1az1a31)
€q = azpar1 T(ar0as0a2,1a31 + azo + az;)
' (1 —apaz0as0)(1 —ai1az1a31)
eys = aroasy T(ar0as0 + azoar, + (13,1511,1)’
' (1 - a1,0a2,0a30)(1 — a1,142,143,1)
o3 = azpazy T(a10d20 + aroas,1 + al,laZ,l),
' (1 - ay0a2,0a30)(1 — a1,14,143,1)
o3y = azpar T(a10a2,0a3,1 + ar0ds,143,1 + 1)’
' (1 = a1,0a2,0a30)(1 — a1,1a,143,1)
€33 = azpas T(a10a20a1,1431 + aro +di)

(1 —aoaz0a30)(1 —ai1az1431)

Page3of 13
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Lemma 2.3 Let fi € C(J,R) and ]_[,3(:1 axj #1,j = 0,1. Then the solution of the linear frac-
tional differential system

‘Difx(t) =fi(t), 1<ax<2,t€(0,T), (2.1)

subject to the conditions

2(0) = axall (1), k=1,2,3,j=0,1, (22)
is given by
3
w0) = 3 (IS fon(T) + (etm + i)™ (1)) + I ). (2.3)
m=1

Proof Applying the fractional integral to both sides of (2.1) and using Lemma 2.2, we ob-

tain

% () = o + it + I fi(t). (2.4)
Hence, we deduce that

X(8) = cx1 + I file).

The boundary conditions in (2.2) imply that

10 = aipolcao + 21 T + Iy (1)),
20 = anplcso + c31 T + 15> f3(T)), (2.5)
30 =asplcro +cin T + 15 A(T)),

and

ci1=ani(ca + Igz_lfz(T)),
Co1 =dai(csn + 18‘3‘11‘3(T)), (2.6)

c31=agi(c + 18”‘1f1(T))-

By direct substitutions of the equations in (2.5), we get

1= bl,ll(‘)”‘l 1T) + bl,zfgz_lfz(T) + bl,sfgsflfs(T), (2.7)

1= bz,lfgl_l UT) + bz,zfgz_l 5(T) + bz,afgs_lfs(T), (2.8)
and

1= 193,118(1_1 1(T) + b3,2132'1 5(T) + bB,BIStB_lfS(T)' (2.9)

Similarly, the equations in (2.6) together with the last constants lead to

10 = diily i(T) + dip Iy fo(T) + di 3157 f5(T)
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+en IS AT + enn 3 o (T) + 317 (T, (2.10)
2,0 = Ao Ig fi(T) + dopIg*f5(T) + do 315> f3(T)
+ex I3 (T) + ean o (T) + ens I f(T), (2.11)

and

cs,0 = dsily fi(T) + dsp Iy *fo(T) + ds 315> f5(T)

+es IS (T + es oI o (T) + el f(T). (2.12)

Substituting the values of cxj,k = 1,2,3,j = 0,1, in (2.4), we get (2.3). This completes the
proof. d

We adopt the following definition of permutation groups.

Definition 2.4 ([19]) A permutation of a set A is a function o : A — A that is one to one
and onto.

This defines the so-called permutation group (4,0). Let A = {1, 2, 3}, then the cardinal-
ity of this group is 3! = 6 permutations. For instance, one of such permutations is given by
0(1)=2,0(2) =3,0(3) =1, and this constitutes a cycle o = (; g f) = (1 2 3). However, we
use this cycle in the boundary conditions of system (1.1) such that, for a triple (x1, %2, x3),
we have £(0) = a,%0 (T), ¥ (0) = a5 ¥ (T), and #,(0) = a3 %, (T), j = 1,2. The other five
permutations can be used and another integral solution can be obtained which is iso-
morphic to the one in (2.3) with constant differences. To explain this more, we consider
permutation (13)(2). As a consequence of Lemma 2.3, we find the same solution as (2.3)

but with different coefficients. Indeed, we find the following:

ai,143,1 a2,1
b1y =b33= —"—"—, by = )
1-ajas; 1-ay;
aii as,1
biz= b3 =
1-aias3, 1-as1a1,1
b1y =byy =by3=b35=0,
1 azo aszodio
dyy= ———, doy = , d33 = ————,
1-aipasp 1-azp 1-aipaso
aio 2 —adazp
dig=—"", ds = 013,0<7 ,
1-aipaszo 1-aipaszp
dip=dy1 =dyz=d35=0,
1+ tll,ldg,o
ey1 =azaiol )
(1 —aaz0)(1 —ai,1as,1)
as,1 +daso
ez =ayael ,
(1-a0a30)(1 —ay1a3,1)

_ ﬂz,lﬂz,oT
(1-ax0)(1-a)’

e31 = dzod T( 210t a1 )
3,1 = d3,043,1
(1 - ar0a30)(1 — aras1) )’

€2,2
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a3,141,141,0
es3=dazoT

(1 -aypas0)(1 —azyai,1)

e1=0=ep=e3=e33=0.
A tripled fixed point of a mapping is given next.

Definition 2.5 ([12]) An element (x1,%5,%3) € X X X x X is called a tripled fixed point of
amapping [ : X x X x X — X if F (x1,%2,%3) = x1, F (¥2,%1,%3) = %2, and [ (x3,%,%1) = x3.

Define an operator ¥ : X x X x X — X x X x X such that
‘I’(?Cl,xz,xg) = (F(xl:xZIx?))’ F(xbxl:xb’); F(x?nxbxl))'

Then (x1,x;,x3) is a tripled fixed point of F iff (x1,x3,%3) is a fixed point of ¥, that is,
lp(xlix27x3) = (xlrx21x3)‘
For completeness, we recall the following tools of fixed point theory.

Theorem 2.6 (Banach fixed point theorem [20]) Let D be a nonempty closed subset of a
Banach space E. Then any contraction mapping T from D into itself has a unique fixed
point.

Theorem 2.7 (Krasnoselskii fixed point theorem [20]) Let B be a closed convex and
nonempty subset of a Banach space X. Let Wy, W, be operators defined on B such that
(i) Yix+ Wy € B whenever x,y € B;
(i) ¥ is a contraction mapping;
(iii) Y is compact and continuous.
Then there exists z € B such that z = W1z + ¥,z.

3 Main results
In this section we use the Banach and Krasnoselskii fixed point theorems to ensure the
existence of solution for tripled system (1.1).

The Banach space X = C(J,R) of continuous real-valued functions is defined on J with
the usual maximum norm. Hence, we obtain a Banach space X® = X x X x X equipped
with the norm ||%||y3 = |[(x1,%2,%3)[|x3 = [|x1]| + [|%2]| + ||%3]|. Using the result of Lemma 2.3,
we define the operator ¥ : X*> — X3 by

W(t) = (Vrx1(£), Waxa(t), Wsx3(2)),

where

3
Wi () = I fi(£,60)) + Y (il fon (T, (1))
m=1
+ (exm + thim) I fou (T, 2(T))). (3.1)

If the operator ¥ : X — X given by (3.1) has a fixed point in X, then Wxy =y, k = 1,2, 3.
Hence in connection with Definition 2.5, we let ¥1x1 = F (x1,%2,%3), Yoxo = F (X2, %1,%3),
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and W3x3 = F (x3,%2,%1). This assumption connects the definition of the tripled fixed point
introduced in Definition 2.5 with the fixed point of the tripled operator ¥ = (¥, ¥,, ¥3).
By this idea, we obtain the main results later.

We make use of the following assumption:

(A) Let fi: ] x X3 — X,k = 1,2,3, be a jointly continuous function, and there exists a

positive constant Ly such that

fic(t, %) = fi(t, )] < Lellx = yllxs
forallt €] and x,y € X3.

Theorem 3.1 Let condition (A) be satisfied. Then tripled system (1.1) has a unique solu-

tion whenever

3
LT \dim| Tom!
n= Zl(r(akn) ZL (( |bk,m|>T+|ek,m|)F(am)><

Proof Let B, = {x € X3 : ||x||y3 < r} be a closed subset in X> such that

3 [ NT* dim Tem-1
r>(1—rl)_lz<r(§k+k1 ZN ((' Ll |bk,m|>T+|ek,m|>m>~

Firstly, we show that ¥ (B,) C B,. For this, define sup,; |fx(¢,0)| = Ny < 00,k = 1,2,3, then
[fe(¢,%)] < Li|lx|lx3 + Ni for any ¢ € J. Therefore

%k
[@ek(0)] = s (Lalbele + )
3
|dk,m | T%m o —1
+ ;(W + (leml + If|bk,m|)m> (Linllxlixs + No)

Lyt* |diem| T Tom-1
< L m tlb m
_< Flesc+1) Z (e e+ ) 05 )

Nt |dim| T Tom!
<r<ak+1) ZN (% ('ek””'”'bk””'))r(am>)‘

Consequently,

3 3
K T || Tem!
lp Nm - b(m T m
Wl < Z(Mk+1 ; (( o bl ) T+ len] ) oo
i LI w7 [ ) LA )
+ + + +le —|r
Ml +1) =" \a, " ) T (@)
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Next, we show that the operator ¥ is a contraction. For this, let x,y € X3, then forany ¢ € J
we get

[Pk (£) — Wiy (8) |

3
Lyt |dkm|T Tom-1
=< ——— Lm - m tlb m - _ .
—<r(ak+1)+z ( o, * llewnl +tbinl) | o Jlle =yl

m=1 m

It follows that

3 3
Ly T || Tem!
W —@ylys SZ(m +2Lm(( o lounl | T+ lewnl ) o
k=1 m=1 m

m

< nllx—yllxs.

Since 1 < 1, therefore ¥ is a contraction operator. Then, by the Banach fixed point the-
orem, the operator ¥ has a unique fixed point which is the unique solution of problem
(1.1). This completes the proof. d

In the next result, we apply the Krasnoselskii fixed point theorem (Theorem 2.7) to prove
the existence of at least one solution of the tripled fractional system (1.1). For this purpose,
we decompose the triple operator ¥ : X3 — X3 into two triple operators ¥, and ¥ such
that

Ux(t) = Yrx(t) + Wax(t),
where Wix(t) = (W1,x1(t), Wa,ix2(£), ¥3,i%3(2)), i = 1,2, and

Wy 1x(8) = ngfk(t,x(t)), k=1,2,3,
ok () = 30 _ (i fon(T,%(T)) + (et + thim) o™ fou(T, %(T))).

Theorem 3.2 Let fi : ] x X3 — X,k = 1,2,3, be a jointly continuous function, and there
exist nonnegative fractional integrable real-valued functions gy and i such that

Vit %) = fi(&,9)] < @i (@) 1% = I3,
Vi, 0) < ui(t), tel,k=1,2,3,

where x,y € X3. Then tripled system (1.1) has a solution provided that

3
Z my max Ip¥ g (t) + i maxlg“l(pk(t) <1,
te] te]
k=1
3 3
whereme =1+, | |duil andne =Y, _ lemil + T1Dmil.

Proof Let B, = {x € X3 : ||x||x3 < r} be a closed convex nonempty subset in X such that

3 -1
. > iy Mk maxees Io¥ p(e) + mg maxeey Ig* T pur(t)

= 3 1
1Y mgemaxees Lo i (t) + mpmaxeer Ig< @r(t)
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We show that ¥ is a contraction and ¥, is compact on B,. Before doing these two steps,
we show that ¥1x + ¥,y € B, whenever x,y € B,. Let x = (x1,%,x3) and y = (y1,¥2,73) be
any elements of B,, then for t € ] we have

| W1k ()] < I |fi (6 20) | < I¥ @i (@) 1%l + Ig* pac(8),

and

3
|Weayi(®)] < Z (1dkmI5™ [fn (T, 9(T) | + (et + Elbrml) I~ [fon (T, 2(T))])

3
<yl D \dkmlIy™ om(®) + (Iexml + Elbiml ) 5™ o (@)

m=1

3
£ Y Al 6" 1m(8) + (lexm| + Ebiml) I pm (©).

m=1
In consequence, we obtain

3
(2B e ||x||xsZmax10 ilt Zmaxlo e

and
3 3
195310 Iyl 3 3 Vi | MaXIG" @) + (Iexm] + T bkl ) max [5" ™" o (0)
m=1 k=1
+ledkm|max1°‘ Hn(®) + (1eim] + Elbonl) max I5" ™ (1) (32)
m
Hence

3
[¥1x + Wyl x3 < erkmaxIa or(t) +nkmax1 ok~ gok(t)
k=1
3

+ ka maon Wi (t) + ng max[a /Lk(t)
k=1

In accordance with the previous estimates and the value of r, we deduce that ¥1x + ¥y €
B,.
Next we show the contraction of ¥;. Let x,y € X 3 then

|W1xic(8) = Ve (0)| < Ig¥[fie(8,%(2)) — fie (8, 1(0)) |
< I*er(@®)llx = yllxs

< max Ig* e (t) % = ¥l x5
te]



Matar et al. Boundary Value Problems (2020) 2020:140

Hence
3
W% — ¥ryllxs < (lej glealxlgkgok(t)) [l = yllxs.

Since max;ej ng i(t) < my max,es ng i () < 1, we deduce the contraction.

The last step shows the compactness of ¥,. It is obvious by (3.2) that ¥, maps bounded
sets into bounded sets. On the other hand, the continuity of f; and its fractional integral
would imply the continuity of the operator ¥;,. The only thing we add is the equicontinuity
of the family ¥, B,. Let ¢, ¢, € J with #; < t, then we have

3
|Whaxi(t2) = Wi ()| < (b2 = 01) Y bioml (157 (roum(T) + (1)) ).

m=1

Accordingly, we find that

3 3
1@l x5 < (£ = 1) Z((zgml(wm(z") + (1)) Y |bk,m|),

m=1 m=1

which tends to zero as t; — t, independently of x. Hence, by the Arzela—Ascoli theorem,
the operator ¥, is compact. Using Krasnoselskii Theorem 2.7, there exists a fixed point
x € B, C X3 satisfying the operator equation x = ¥ x + Wyx, which is the solution of tripled
system (1.1). This completes the proof. O

4 Application

Corresponding to system (1.1), we consider the following tripled fractional system:

6
cn5 _t 1 1 (2)] %2 (8] E210]
Dg1(t) = 35 + Jigorm (Tt + ool + 1oz

3
P2 __ 1 tlx1(8)] tlxo(8)] tlx3(8)]
Do x,(t) = Joaz T 720 T i@y T 0 (4.1)

9 _
CDgxg(t):L+ @l @l lx@)l

10+t © V169+2 =~ 12+t 15414227

where ¢ € [0, 1] with

%1(0) =x2(1),  5x7(0) = 2x5(1),
2x,(0) = x3(1), 7x45(0) = 2x5(1), (4.2)
3x3(0) = x1(1), 425(0) = 3x7(1).

Using the given data, we find the following constants:

aip=1, 5111=%, ﬂ20=l, 0121:g,
’ ’ 5 T2 7

1 3

aso = E’ as) = E'

bii=byy=b33=009,  b1y=04375  bys=0.125,

by1 =0.2344,  by3=03125, by =0.8203, by, =0.3281,

Page 10 0of 13
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dl,l = dgvl = d2y2 = d3,3 =0.2, dlyz =1.2, d1,3 = d2,3 =0.6, (43)
dg,l =04 = d3,2r €11 = 0.7921, €12 = 0.397, €13 = 0.4562,
€1 = 05578, €22 = 0.3031, €23 = 0.1437,

€31 = 02953, €32 = 02781, €33 = 01937,

L= 1 Ly = 1 L3 = 1
1= 137 2= ’ 3= .
Then we deduce that n ~ 0.95 < 1. Hence by Theorem 3.1 there is a unique solution for

system (4.1). Furthermore, we have

1

0) = —— 0 -~ 0 -
T e MU MU

t
f)=—, f) = ——, t) = ,
w1(2) 20 Ha(t) m u3(t) 10+1

and

m; = 1.8, my = 2.8, ms = 2.4,

ny =279, ny = 1.834, n3 = 1.3211.

Hence

3
Z my max Ip* gp () + ng maxlgk_lw((t) =0.812< 1.
1 te] te]

Therefore, using Theorem 3.2, there exists a solution of system (4.1). The reduction of
the condition value from 0.95 to 0.812 is substantial. However, we lose the uniqueness
property of the solution.

The used permutation in the boundary condition (4.2) has the form (1 2 3). Let us use
another permutation of the boundary conditions for system (4.1) that has the form (1 3)(2)
such that

%1(0) =x3(1),  5x7(0) = 2x5(1),
2x,(0) = x,(1), 7x45(0) = 2x5(1),
3x3(0) = x1(1), 424(0) = 3x7(1)

with the same constants as (4.3). Hence we deduce the same results as in the previous
example. Furthermore, one can use four other permutations, namely (1 2)(3), (1)(2 3),
(132), and identity (1)(2)(3).

5 Conclusion

In this paper, we investigate a tripled system of three fractional differential equations of or-
der o € (1, 2]. The existence and uniqueness of solutions of the proposed system associated
with cyclic permutation boundary conditions are established. The Banach and Krasnosel-
skii fixed point theorems are used as tools to prove our main results. We present examples
to illustrate the applicability of the main results.

Page 11 0f 13
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We study a fractional system consisting of three associated equations together with a
new type of boundary conditions that is related to permutation groups. This might be a
novel approach that will provide substantial potential for developing more new ideas in
this field.

The results of this paper can be extended to a tripled system of fractional equations
with impulsive effects and nonlocal conditions. Indeed, a tripled fractional system along
with different boundary conditions can be considered and discussed. Finally, the results of
this paper can be extended to m-tuple fractional systems. We leave investigation of these
topics as future work for interested readers.
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