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Abstract
We consider the following coupled fractional Schrédinger system:

(CAYU+Au= Ul 2u+ BIvIPlulPu,

2p-2 -2 n RN’
APV A+ v = o |VIF2v + BlulP|vPv
with0 <5< 1,25 <N <4sand 1+ % < p < 2%, under the following constraint:

/|u|2dx:af and /|v|2dx:a§.
RV RN

Assuming that the parameters ;, o, a;, a; are fixed quantities, we prove the
existence of normalized solution for different ranges of the coupling parameter 8 > 0.

MSC: 35J50; 35J60; 35J15
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1 Introduction

In this paper, we consider the following fractional Schréodinger system with 1 + % <p<
N]st and2s < N < 4s:

—AYu+ du = w2 2u + BIvIP|ulP2u,

(-4) 14 = pr|ul BIvIPlul ARV, )

(=AY + Aoy = pa| V1?2 + Blul? [vPP~v

under the constraint

/|u|2dx:a% and / |v|2dx:a§. (2)
RN RN

The parameters p; >0, up >0and 8> 0.

More precisely, we analyze the existence of solutions (Ay, Ay, u,v) € R? x H(RN) x
H*(RN) to the system (1) satisfying the additional condition (2) for different ranges of the
coupling parameter 8 > 0.
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Condition (2) is called the normalization condition, which imposes a normalization on
the L2-masses of u and v. The solutions to the system (1) under the constraint (2) are
usually referred as normalized solutions. In order to obtain the solution to the system (1)
satisfying the normalization condition (2), one need to consider the critical point with
the H, (see (4)). Then A; and X, appear as Lagrange multipliers with respect to the mass
constraint, which cannot be determined a priori, but are part of the unknown.

The normalized solutions of nonlinear Schrodinger equations and systems have gradu-
ally attracted the attention of a large number of researchers in recent years, both for the
pure mathematical research and in view of its very important applications in many phys-
ical problems; see for more details [1-4].

On the one hand, for the nonlinear Schrédinger equation with s = 1, in [5], the author
studied existence and properties of ground states for the nonlinear Schrédinger equation
with combined power nonlinearities p, ¢ which satisfy 2 < g <2 + % <p,p#q.In[6], the
author studied existence and properties of ground states for the nonlinear Schrodinger
equation with combined power nonlinearities g, 2*.

On the other hand, for the nonlinear Schrédinger system with s = 1, Thomas et al. [3] re-
cently proved the existence of positive solutions for the system with any arbitrary number
of components in three-dimensional space. In [7], the authors considered the existence of
multiple positive solutions to the nonlinear Schrédinger systems set on H'(RN) x H}(RN).

n [8], the authors proved the existence of solutions (A, A2, u,v) € R? x H(R3) x H*(R3)
to systems of coupled Schrodinger equations.

The fractional Schrodinger equation is introduced by Laskin [9, 10] through expanding
the Feynman path integral from Brownian-like to Lévy-like mechanical paths. The path
integral over the Lévy-like quantum-mechanical paths allows one to develop the gener-
alization of the quantum mechanics. The existence of normalized solution for fractional
Schrodinger system is an interesting problem.

The fractional Laplacian (—A)* with s € (0,1) of a function f : RN — R is expressed by
the formula

(—A)sf(x) = CN,s P.V. M dz
R

N |x _ Z|N+Zs

where P.V. stands for the Cauchy principal value, and Cy s is a normalization constant.
It can also be defined as a pseudo-differential operator

F((=AYF) ) = 1€ Z () = 1617 (),

where .# is the Fourier transform. For more details about the fractional Laplacian we refer
to [11-15] and the references therein. The nature function space associated with (-A)* in
N dimension is

|u(x) — |2 2
‘/ dx dz<+ooand/ |u(x)|"dx < +00 {,
RN |x— Z|N*2S RN

equipped with the norm

s 2
||u||HS(RN):</ |(—A)7u|2dx+/ |u|2dx) ,
RN RN
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where, by the Fourier transform,

/RN|(-A)%ulzdx=/RN Iélz‘ﬁ(é)zds=/RN(—A)Su-udx

~ (u(x) — u(z))u(x)
= CN,S/RN RN Wdzdx

dzdx.

~ CN,s/ |u(x) — u(2)?
R2N

2 |x _Z|N+2s

The energy functional associated with (1) is

E(u,v) = %AN(|(—A)%M|2+ [(=A)5v[*) dx

(3)
—— [ (malul® +2Blul’ vl + polv|*) dx
2p RN
on the constraint H,, x Hy,. For a € R*, we define
H, := {ueHS(]RN):/ |u|2dx:a2}. (4)
RN

We prove the existence of normalized solution for different ranges of the coupling pa-
rameter B > 0. Our first main theorem, which is the generalization of the corresponding

result (s=1, N = 3, p = 2) given in [3], it stated as follows.

Theorem 1.1 Assume0<s<1,2s<N <4sand 1+ 1%5 <p< %.Letal, as, )by and jy >0
be fixed, and let B, > 0 be defined by

1 1
max { 4ps2(-DN 2 7 dps2p-LN 2
(p-1)N-2s (p-1)N-2s (p-1)N-2s (p-1)N-2s
a; M a, 2%) 5)
1 1
= T aps2(p-DN Ips2(p-DN

2s 2s ’
—1)N -2 N e —1)N-2 N e
a, "N (g + BTN g, PINE () 4 B NS

If 0 < B < By, then (1) has a solution (M1, Ao, 81, V) with (i1, V) on the constraint H, x H,,,

such that A1, Ay > 0 and it and v are both positive and radial.

For the next result, we introduce a Pohozaev-type constraint as follows:
F:= {(u, v) € Hy X Hyy 1 G(u,v) = O}, (6)
where

Guv) = | (|-A)iul*+|(-A)3v|*) dx
RN

(p-1N
- T/N(MHWZP +2B|ul’ P + pa V) dx.
R

@)
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We define a Rayleigh-type quotient as

s s —(p—l)N
Ro( fen (I(=2)2ul® + [(=A)2v|?) dux) b-DN2

R(u,v) := — 8
(fan (|| + 2B ulP |vIP + o |V|%) dox) b-DN-2
where
2s
—1)N - 2s 2ps P-1)N=-2s
RO — (p ) p (9)
20-1)N \(p-1)N
Theorem 1.2 Assume0<s<1,2s<N <4sand 1+ % <p< %.Letal, as, )1 and jy >0
be fixed, and let 8, > 0 be defined by
. 1 1
min 4ps-2(p-1)N 2s > 4ps—2(p-1)N 2s
ﬂl (p-1)N-2s Ml(p—l)N—Zs dz(p—l)N—Zs Mz(p—l)N—Zs
(10)

(p-UN
(a% + a%) -DN-2s

- 2s .
2, 2D\ 5=
(may +2Bdds + poay’) - IN=5

If B > Po, then (1) has a solution (71, Ay, it, v) with (i1, v) on the constraint H,, x Hy,, such
that A, Ay > 0 and it and v are both positive and radial. Moreover, (A1, Ao, i1, V) is a solution

in the sense that

E(u,v) = inf{E(u, v):(u,v) € F} = inf R(u,v)

(u,v)eHal ><Ha2
holds.

Remark 1.1 In the system (1) with prescribed L? constraint, the problem appears to be

more complicated as the Lagrange multipliers 1; are also need to be determined simulta-
4s 2N

N’ N-2s
and E(u, v) is unbounded from below on the L? constraint. To overcome these difficulties,

neously. The exponent 2p € (2 + ) brings another difficulty as it is L2-supercritical
the idea introduced by Jeanjean in [3, 16] can be adopted to our system: A minimax ar-
gument can be applied to E, allowing one to construct a Palais—Smale sequence on the
constraint satisfying the Pohozaev identity in limit sense. This leads to the boundedness
of the Palais—Smale sequence. Some a priori estimates on A; and a Liouville-type result
for the fractional Laplacian (Lemma 2.7) ensure H*-convergence of the Palais—Smale se-
quence.

We do not know if the results are still true in high dimensions. Since u € H*(RY), when
the Liouville-type result is applied, we require that 2 < A% to get our results. It should

be interesting to consider the problem in high dimension, even in the Laplacian case.

Remark 1.2 The quantities $; given in (5) and B, given in (10) are complicated, however,

when N =3, s =1, p = 2, the condition (5) becomes

{ 1 1 } 1 1
max , = + ,
adpd’ alud ] ai(ui+ B)?  a3(ua + B)?

Page 4 of 29
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and (10) becomes

(a3 +a3)? o 1 1
T 08242 4y, ~ min )
(nra7 + Baya; + Mzﬂz)

which are the conditions given in [3].

The paper is organized as follows. In Sect. 2, we introduce some important lemmas. In

Sect. 3, we prove Theorem 1.1 and in Sect. 4, the proof of Theorem 1.2 is given.

2 Preliminaries

In this section, we will show some facts about the fractional NLS equation, which are used
later. First, we need the fractional Gagliardo—Nirenberg—Sobolev inequality, which can be
found in [12, 13]. For the reader’s convenience, we give the proof here.

Lemma 2.1 (The fractional Gagliardo—Nirenberg—Sobolev inequality)

£ e
/ |u|a+2dx§C0pt</ (-A)u|? dx) ([ |u|2dx) : (11)
RN RN RN
Here N > 2s, N opt > 0 denotes the sharp constant (depending on o, N and
s).

Proof We consider the “Weinstein functional” given by

o [(=A) 20t ) 5 (f |12
fRN |u|‘“2dx

J(u) =

defined for u € H*(RN) with u = 0. Set #** = uu(ix), then we can obtain
B P L T (L

Since J(u) > 0, there exists a minimizing sequence {u,,}°%; C H*(RN) N L**?(RN). There-

fore, it follows that 0 < 1 = inf,cysrn) (o) /() = limy, 00 (1) < 00O. Since f]RN I(=A)2 x

lu||>dx < fRN [(~A)2 u)? dx, we may assume that u, > 0. By Schwarz symmetrlzat10n, we

may also assume that u, = u,(|x]). If we take A, = (%)%, n= M , then
I-2)2 un3 SIS

we can obtain a sequence v,, = u*"* satisfying

0<v,=v,(lx]) e *(RY),  IIval}=1,

|(=A)v, H; =1, Jww)ln asn— oo.

Since {v,} is bounded in H*(RY), there exists a v such that v, — v weakly in H*(R"). Be-
cause of the radial symmetry of v,,, by Sobolev embedding, we can obtain v, — v strongly
in L**?(RN). By weak convergence, we have ||v||? < 1 and ||(-A)3v||2 < 1. Hence

n<Jv) < nlifolo]("”):”

f |Ol+2
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Therefore ||v||3 = ||(~A)2v||3 = 1, hence v, — v strongly in H*(RN), this also proves that
n>0.
Since v minimizes the functional J, it follows that v satisfies the Euler—Lagrange equation

de

Jv+ep)=0 forallpe CSC(RN).
e=0

By applying ||v||3 = ||(—A)%v||§ =1, then we can derive that
2s— N
e [ aremioan (B0 10) [ wds
2s RN
- (o + 2)/ (IvI**'p) dx = 0,
RN
for all ¢ € C°(RN). Therefore v satisfies

N 2s— N
—a(—A)Sv+ M+1 v=n 21 [v|**+L,
4s 4s 2

Taking ¥ = [(5 + 1)]’51/, it satisfies
N 2s— N
Ne e (EEZN oo g,
4s 4s

Let Cg;t = infy0 /(#). Then the inequality is established. O

It is well known that, when N > 2s,

H(RY) > IP(RY), forall2<p< . 12
()= D), fora2=ps 2 02)
Consider the general fractional Laplacian equation

(-AYu=f(u) inRY (13)

with f € C%(R). Assume that u € H*(RN) N L®(RYN) is a solution to (13), the Pohozaev
identity for (13) is proved in [17].

Theorem 2.2 ([17]) Let u € H*(RN) N L®(RN) be a solution to (13) and F(u) € L}(RN).
Then

(N —2s) / uf (u) dx = ZN/ F(u)dx, (14)
RN RN
where F(u) = [ f(t)dkt.
Let us consider the scalar problem

(~AYw+w=|w¥*2w inRV,
w>0 inRYN, (15)
w(0) =maxw and we H*(RN).
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It is shown in [13] that there is a unique positive radial solution wy € H*(RN) N L®(R¥) to
(15) for 1 < p < 5=5; and N > 2s; see Proposition 3.1 in [13].
We set

C0:=/ Iwol?>dx and C1:=/ |wol% dx. (16)
RN RN

By the Pohozaev identity for (15), we can get

s -1)N -1)NC
/ |(—A)fw0|2dx=u/ |w0|2pdx=u.
RN 2ps RN 2ps

Remark 2.1 For the constant C,, in Gagliardo—Nirenberg—Sobolev inequality (11) with

(17)

a = 2p — 2, it can be evaluated by wy

pS(Pl

_ (fan (= A uldx) P5 (fRNIMIde)
Copt  ueHs\{0} Jrn |0l dx

)N 2s=(p-UN

3 (02
C(Jan 1A 2w P dx) 2 Gy
G

. (p-1N 2ps—(p—-1)N
( (pz;s)N G) ™ B
= c
2ps—(p-1)N  (p—1)N-2s
~ C() 2s C1 2s
- ( (p2ps ) (p;i)N ’
which implies that
((pzpsN (- 1)
Copt = Ws-(p-UN _ (p~DN—2s * (18)
CO 2s Cl s
For a, i > 0 fixed, we search for (A, w) € R x H*(RN), with A > 0 in R, solving
(~AYw+Aw = pu|w/® 2w inRV,
w>0 inRN, (19)

w(0) =maxw and oy [W|*dx =a’.

Solutions to (19) can be found as the critical points of 1, : H*(RN) — R, defined by

1,
Lw) = /RN<5|(-A)zW|2 2’;|w|217) dx, (20)

constrained on the L*-sphere H, := {u € H(R"): [,x |u|* = a*}, and 1 appears as the La-
grange multiplier. It is well known that it can be obtained from wj by scaling.

Lemma 2.3 Equation (19) has a unique positive solution (A, ;, Wa,,) defined by

S 1
1/ Co\ DN Cgs 2p-DN—=ds 1
o— _ o— S
)\a,u = m 2 ’ Wa,u *= /,LNLZ45 Wo ()‘a,lix)'

Page 7 of 29
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Furthermore, w,, satisfies

2ps—(p—-1)N
s, (p-DN G
N|(—A)2Wa,#| dx = s % 4ps—2(p-DN ’ (1)
R 92 W ODN=E g p-DN=2s
2ps—(p—-1)N
CC, (p-DN=-2s
2p _ 0
/N [Wa,ul? dx = -DN_ 4ps2(p-DN ’ (22)
R " -DN-2s g~ (p-DN-2s
2ps—(p—-1)N
(p-1)N-2s CC "™

I/l, (Wa,/.l.) = 4ps=2(p-1)N * (23)

2
4ps WEINT g DN

Proof We can directly check that w,, satisfies the equation (19) with A =1, , and w,, is
the unique positive radial solution of (19) by [13]. By direct calculation,

2ps—(p—1)N

“1)N—
- J Co(p 1)N-2s - p
v [Wa,u|? dx = (p-DN_ 4ps2p-DN | lwo ™ dx,
R M(p—l)N—Zs a @-DN=2s

we get (22). We have

2ps—(p-1)N
(P-1N-2s
CO

‘/RN|(—A)%W%#|2dx: - 3N /RN|(—A)%w0i2dx

% (p-DN-2s g (p-1)N-2s

and combined with (17), we get (21). Combining (21) and (22), we obtain (23). O

Let us introduce the set

s —1)N,
Pl fwety: [ cayinfas= IR [ e as). (4
RN 2ps RN
When 1 + % <p< ]%, we have the following lemma.

Lemma 2.4 Assume that 1 + ?—j <p< %23’ if w is a solution of (19), then w € P(a, k). In

addition the positive solution of (19) minimizes I, on P(a, 1).

Proof Let (w,A) € H, x R be a solution of (19). By the Pohozaev identity (14),

, A
(N—ZS)/ |(—A)7w|2dx:2N(——/ |w|2dx+ﬁ/ |w|2pdx),
RN 2 RN 2p RN

and combined with

/|(—A)%w|2dx+1/ |w|2dx=u/ [l da,
RN RN RN

we get

s -1)N
/ |(—A)iw|2dx = w/ |w|? dx, (25)
RN 2ps RN

thus, w € P(a, u).
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In the following, we prove that the positive solution w, ,, of (19) minimizes I, on P(a, ).
Forany u € P(a, ), by the Gagliardo—Nirenberg—Sobolev inequality (11) and the fact that

|||l ;2 = a, we have

(p-DN

s—(p-1) s %
/ |u|2pdx§Copta2p & IN(/ |(—A)2u|2dx) . (26)
RN RN

Together with (24), we obtain

(p-1)N=2s

s % 2
( / (&7 dx) > D
RN - I)NMCopta s

Therefore, for any u € P(a, 1),

-1)N -2 s
I,(u) = % N|(—A)7u|2dx
2 (27)
> p-1)N-2s ( 2ps ) P-DN=2s
2(p-1)N 2ps=(p-DN :

(- I)NMCoptd s

It is clear that equality in (27) is obtained by w,,,, due to the Pohozaev identity (14) and
the fact that Cop is achieved by w,,,, (see [13]). Therefore

Iu(wa,p.) = u€7i3'n(£u)ln(u)' O

Lemma 2.5 For 1 + Z<p< let u € H, be arbitrary but fixed. Define (I * u)(x) :=

N 257
e u(e 'x), then we have

(i

) I(=A)2 (Uxu)ll;z2 — 0and I,(I*u) — 0asl— —o0,
(ii) |(=A)2 (I*u)llj2 = +o0 and 1,(I * u) - —00 as | — +00,
i)

(iii) fu()) = I, (I x u) reaches its unique maximum value at l(u) € R with
(u) *xu € Pla, 1.

Proof By direct calculation, we have
Ilxulj2=a and H(—A)%(l* ) ||L2 = es2l||(—A)%uHL2,

thus, ||(—A)%(l*u)||Lz — 0as/— —o0, and ||(—A)%(l*u)||Lz — +o00 as | — +00.

Now we compute f, (/)

1 s
fu(l)=1,L(l*u)=/RNEI(—A)f(l*u)lz—%ll*ulz”dx

2s21 (p—1)Nsl (28)

“( A %u”Lz 2p

S—

Page 9 of 29
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thus, [,(/xu) > 0as/— —0o.Duetop>1+ %, we have I, (/ x u) - —oo as | — +oo0. (i),

(ii) are proved. To show the third claim, by (28), we have

2 s 2 (®—-1DNsu ,_ 2
Sl =SS 8 ul - eI a7,

(r— DN (29)
s 2 —1)Nsp
=S| AV Ux )| = S wull
94
Therefore f)([) = 0 is equivalent to
I-A)2ul?,
sl(p—-1)N-2s]l _ L
e = —(p—l)Nu”M”2p . (30)
2ps L2

So there exists a unique /y € R such that f;({)|;, = 0 and ly x u € P(a, u). Furthermore,

we have

2 s 12 (p=1°N%%u
LDl = (2s4e2s N(=a)2u),, - PNl gy %,

2p I=ly
e(p—l)Nslo ) 9
- (25— (p-DN) S(p - DNplull’,
<0.
Note that

>0 ifl<ly,

fih=1=0 ifi=1,
<0 ifl>I.

This implies that f;, (/) gets its unique maximum value at lo(u). If u € P(a, u), then, by (30),
lp=0. d

When 119 = (Co/a*)P~! in (19), by Lemma 2.3, A, = 1, i.e., Wy, is the unique positive

solution of the following equation:

“AYw+w=pow??w inRY,
(=4) Holwl| 31)
w(0) =maxw, and [y |w|*dx=d?

and hence is a minimizer of I,,, on P(a, j1o). Our next result shows that this level can also

be characterized as the infimum of a Rayleigh-type quotient.

Lemma 2.6

inf I,,(u) = inf R(u), (32)
ueP(a,mng) ucHg

Page 10 of 29
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where
R A)S ul? dx) PIN-B
—A)2 —T)N-2s
R Kol [V )P
(o [ |1|? dx) P=DN=2
and Ry is defined in (9).

Proof If u € P(a, 1o), then

2ps fun |(-A) 2 ufPdx (1 S o
(p-1)Npuo fRN lu?dx 1 and 1,,(u)= (E - m) /RN|(_A) u| dx. (33)

Therefore,

s 2s
(1 s s 2 2ps [en [(=A)2ul*dx "\ G-ON%
L, (u) = (2 - - 1)N> ‘/RN|(—A)2M| dx<(p_ 1NJ2o [ |41 dx ,

= R(u),
which proves that

inf I, (u) > inf R(u).

ueP(a,mng) u€Hy
On the other hand, for all / € R and u« € H,, direct calculation shows that
R(u) = R(I » u).

By Lemma 2.5, we know that, for u € H, arbitrary but fixed, there exists a unique /o(#) € R
such that lo(u) xu € P(a, 1to), and 1,,, (I x 1) reaches its unique maximum at /o () * u. Hence,
for every u € H,, we have

R(u) = R(lo(u) * u) =1, (lo(u) * u) > inf I,,(v),
veP(a,io)
which proves that
inf 1,,(u) < inf R(u). O

ueP(a,mno) u€Hy

Next, we give a Liouville-type result for fractional Laplacian. A similar Liouville-type
result for Laplacian can be found in [18].

Lemma 2.7 Let u € H*(RN) with N > 2s,
(i) If u satisfies

(=AYu>0 inRN,
u eLq(RN), q € (0, %m]’

u>0,

then u=0.
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(i) Ifu satisfies

(-AYu>u? inRN,
u>0, and qe(l,N 51

then u=0.

Proof We prove (i) by contradiction. If # £ 0, by the maximum principle, we have # > 0 in
RN. Let v(x) = leN;_zsu( o), then v(x) > 0 in RN\ {0}, and v(x) satisfies

S 1 S x :
(-A)Yv(x) = lem(—A) M(w) in RN\ {0},

so (—A)*v > 0 in the distribution sense. Since u € H*(RY) C Ly, (RN), where

[w(x)]
LZS(RN)z{ ’/}J{N TPAFIET dx<+oo},

we can see that v € Ly (RY). By Theorem 1 in [19], there exists a constant C > 0 such that

inf v(x) > C.

1
lxl<y

Therefore, we obtain

u(x) > W, |x| > 2.

For g € (0 ], we can compute

’NZS

1 1
/ uquzC/ deZC/ —dx +00,
RN 2 1| (N2 2 [N

which is a contradiction to u# € L1(RN). So u = 0.

To prove (ii), let ¢ be the first eigenfunction of

(=A)Yp =A1¢ in B(0),
0=0 inB(0),

where B;(0) is the unit ball in RN, ¢ > 0 in B;(0) and A; > 0 is the first eigenvalue of (~A)*
in B1(0). For any R > 0 but fixed, let r(x) = ¢(%), then

(=A)pr = R %X 10z in Br(0),
YR = 0 in B%(O).
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We can compute

/ ulppdx = / ulopdx < / (=AY ugprdx
BR(0) RN RN

:/ (—A)SgoRudx:/ uR‘ZsklgaRdx+/ (=AY’ prudx
RN BRr(0)

B5,0)

1 1-
q
< / UR Brgpdx < R % (/ ulop dx> </ ¥R dx) ,
BRr(0) Bg(0) BR(0)

in the above, we have use the fact that (—A)*pr < 0 in B%(0). Therefore

Q-

N(g-1)-2sq

25
/ ulppdx < CRWT% / prdx < CR™ 1T, (34)
Bg(0) RN

When g € (1 ), we have

N
? N-2s

N(g-1)-2sq
min<p~/ uqugf ulppdx <CR™ T  — 0, asR— oc.
B1(0) By (0) RN

2 2
So we have u =0.

When g = %, we have

min<p~/ uquff ulppdx < C forallR>0,
B%(O) Bg(0) RN
2

with C independent of R by (34), so u € L1(RY). By (i), we obtain u = 0. O

3 Proof of Theorem 1.1

In this section, we give the proof of Theorem 1.1. We work in a radial setting. That is, we
find the critical point of the functional E constrained on Hfj’;d X H;;d, where for any a > 0,
we define

H?:= H, N H:(RY),

and H:(RY) is the subset of H*(R") containing all the functions which are radial with

2N
N-2s"

Due to the Palais principle of symmetric criticality, the critical points of E constrained on

respect to the origin. We know that HS(RY) < LP(RY) is compact when 2 < p <

de X H;Zd are true critical points of E constrained in the full product H,, x H,,.
For ay, ay, 1 and py > 0, let B; > 0 be defined by (5).

Lemma 3.1 For0< 8 < 1,
inf{E(ul, uz) : (1, uz) € Play, i1+ B) x Plag, uo + ,3)} > max{lm(Wabm)’luz(waz:uz)}'

where I,,,(Wa, ., ), i = 1,2 is defined by (23).
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Proof For (u1,uy) € Play, 1 + B) x Play, s + B)}, we have
1 s
E(uy,u5) = / (—I(—A)full2 - ﬂIullz”) dx
RN 2 2p
1 s
- <_|(_A)7u2|2 - &mﬂ) ar=" [ o ds
RN \ 2 2p p JrN

B B
> I, (1) + 1y, () — E/RN |u1|* dox — Efm |12 | dx

= u1+ﬁ(u1) + Iu2+ﬁ(u2)

> inf 1 u) + inf 1 v
2 epil g s x ol Lo ()

=Ly +p (Wﬂlyﬂﬁﬁ) + 1y (Wﬂzyﬂzﬂg)’

by Lemma 2.4. From (23) and (5), it is easy to get, when 0 < 8 < 31,

max{]m Way iy ) Ly Way iy )}

2ps—(p—-1)N 2ps—(p—-1)N

(p-1N-2s  CCL N> P-DN=25s CCLr "=

4ps—=2(p-1)N ’

2 4ps
—= “TI)N-2
g BN g PN

= max{ )
pe M2 m
< IM1+ﬂ (Wa1,ﬂl+ﬂ) + IM2+/3 (Wﬂz,ﬂz+ﬂ)'
Therefore,
inf{E(ul,uz) 2 (ur,uz) € Play, 1 + B) X Plag, o + ﬂ)}

> max{[m (Wabm)’luz(waz,uz)}‘

Now we fix 0 < 8 < 81 and choose ¢ > 0 such that

inf{E(uy, u2) : (u1,u2) € Play, 1 + B) x Plaz, iz + B)}

> max{[m(wal,m),lm(w%uz)} +e.
Denote
W= Wy g and  woi=Wa, 008,
and, fori=1,2,

(pl(l) = Im(l*wi) and (Z),(l) : IM;‘*’ﬁ(Z*Wi)'

_9
Y

4ps—2(p-1)N }
a, (p-DN=2s

(35)

(36)

(37)

Lemma 3.2 Fori=1,2, there exist p; < 0 and R; > 0, depending on ¢ and B, such that

(i) 0<@i(p) <eand gi(R;) <0;

(i) @:i(f)> 0 forany <0, ¢;,(0) =0 and @;(I) <0 for any [ > 0. In particular, $;(p;) > 0 and

@i(R;) < 0.

Page 14 of 29
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Proof By Lemma 2.4 and Lemma 2.5, we have

1 s i
oi(l) = / (—!(—A)z(z*wi)yz——“ |z*wi|2P) dx
RN 2 219

o2% N ,  elp-DNs 5
= [=a)2wi;, - TM"WL‘HLZ
(= DN(u; + p) ! el w2
- 2pS 2 zp I’Ll L L2p’

thus, ¢;(I) - 0" as [ - —o0, and ¢;(/) — —o0 as [ — +00. Therefore, there exist p; < 0 and
R; >0, such that 0 < ¢;(p;) < € and ¢;(R;) <O0.

5 (p-1)Nsl(,, 1N
D) = 2 (- ayim |y - O IN ) / Wil dx
2p RN
— 1N (u; P=DNsl(p _ 1)N
= (ws%%zl _ ws(m " ﬁ)) / |wi| % dx
2ps 2p RN
_ (p-1)N(u; + ﬂ)Se(p_l)st(e(zs_(p-1)N)sz B 1)/ | dx,
Zp RN
then
>0 ifl<0,
¢i)=3=0 ifli=0, (38)
<0 ifl>0,
which implies that (ii) holds. g

Let Q:=[p1,R1] X [p2,R>], and let
yolti, ta) = (t * Wi, by x wa) € HE X HR2Y, - V(t1,1) € Q.
We introduce the minimax class
= {y € C(Q,HZ“l X sz) 1Y =y on BQ}.

Lemma 3.3 We have

supE(yp) < max{],”(wal,,”),lﬂ2 (w,lv_,m)} +é&.
0Q

rad rad
)
Proof For every (u1,u;) € HE® X Hp3Y, we have

EG1,0) = £ )+ ) = & [ Pl i < L 00 + 1),
R
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Then, from Lemma 3.2,

E(ty % wy, po x wa) < 1y (81 *x wi) + 1, (02 % wo)
<I,(tixw)+e¢

<supl,, (I*w)+e.
leR

By Lemma 2.3, we have

1
,ui+,3>s[<ww-zs1

- i
Wau; = lixw;, fore’:= ( "
l

Then, due to [y x (I x w) = (l; + ) » w for every [;,l; € R and w € H*(R), we have

supl,, ({xwy) =suply,, (I *wa u).
leR leR

As a consequence of Lemma 2.5,

sup[m (Ix Wﬂl;ll«l) = Iul (Walym)'
leR

Therefore, we have
E(tixwi, pa % wo) <1,y (Way 1) +& Yt € [p1, R1].
Similarly, we have

E(p1 x wi,ta % wo) <1, (Way un) + & Vo € [02,R2],
E(tl * W1, Ry *Wz) < IMI (tl * W1) +IH2(R2 * W2)

= Sup];u(l* Wl) = I,ul (Wﬂl,ﬂl)’ th € [thlL
leR

and
ERy *wi,ty x w2) <1y (Wayuy)»  Vio € [p2, R2].
Hence, the conclusion of Lemma 3.3 holds. O

Lemma 3.4 Forevery y €T, there exists (t1,,t2,,) € Q such that y(t1,,ts,) € Play, 1 +
B) x Plaz, uz + B).

Proof Fory €T, weuse the notation y (¢, ) = (y1(£1, ), 2 (t1, £2)) € Hfgd X H;;d. Consid-
ering the map F, : Q — R? defined by

0 d
Fy,(t1,t) := <ﬁ1’”+ﬂ (l* Vl(tlrtZ)) |l:0, al;tzﬂs (l* ya(ty, Ifz)) |10>'
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From

)
Luep (x vilt1,02)) | g

il
9 e2521 s e(p—l)Nsl
- (Gl - = = e wl)|
s —1)N:
-l el - E5 N G )

we deduce that
Fy(tl, tz) = (O, 0) if and only if )/(tl,tz) S P(dl, M1+ ,3) X P(ﬂz,ﬂz + ﬁ)

Now, we will show that F, (¢;,£,) = (0,0) has a solution in Q for every y € I'. Since

(p - 1)Ns o P-Nst1

2 s 2 2,
Eo(t1,t) = (s2e25 8 a) i, - (w1 + Bl

2p
2 s 2 —-1Ns
72| (=A) w7, - (pTe(p DNst2 (11, 4 ,B)IIW2||i€p)

= (¢1(t1), @a(ta)).

By Lemma 3.2, we get (0,0) ¢ F,,,(9Q), and (0,0) is the only solution to F, (¢, ) = (0,0)

in Q. It is easy to compute
deg(Fy, Q (0,0) = sgn(@(0) - #(0)) = 1.
Now, for any y €T, since F,, (3% Q) = F,, (0" Q), therefore, (0,0) ¢ F, (3Q), we get
deg(Fy,Q,(0,0)) = deg(F,,, Q,(0,0)) = 1.
Hence, there exists a (¢1,,,£,,,) € Q such that F, (¢1,,,£2,) = (0,0). O

Lemma 3.5 There exists a bounded Palais—Smale sequence (u,,v,) for E on H;id X sz
at the level

c:= ;2? (tf}fféQE(y(tl’ tz)) > rnax{],”(wal,m),lu2 (wﬂz,m)}, (39)

satisfying the additional condition
G(uy,vn) = 0(1), (40)
where 0(1) — 0 as n — oco. Furthermore, there exists C > 0 such that

/(|(—A)%un|2+!(—A)%Vn|2)dxza for all n,
RN

and u,,v, —> O a.e. in RN as n — oo.
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Proof The idea comes from [3]. Equation (39) is simply from Lemma 3.4. We consider the
augmented functional E:R x Hffl‘d X Hfz";d — R defined by E(Luy, u2) 1= E(I % uy, ] * ).

Let
?(tlr t2) = (l(tlﬂ tZ)! V1 (tl) t2)1 )/2(t1, tZ))r
Vo(t1,£2) = (0, yo(t1, £2)) = (0,81 % wi, £ % W),
I={y e C(QRxH x H2':7 =7 on 8Q)},
and
c:

nf max E(7(f,5)).
[ (t1,t2)€Q (J/(l 2))

2

123
Since, for any y (t1,£2) = (y1(t1, ©2), y2(t1, 12)) € T, (0, y1(ta, 2), va(t1, 22) € T, we have ¢ < c.
On the other hand, for any y € I" and (1, 1) € Q, we have

E(7(t1, 1)) = E(I(t1, 2) * y1(t1, 12), Ut 12) * a2 (b1, 12)),

and (I(-) x y1(-),I(-) * v2(-)) e " due to y = 7% on 3Q, so ¢ < ¢. Hence, ¢ = ¢.
Now take a sequence of {7,} C I such that

lim max E(fn(tl, tz)) =c=c.
n—>+00 (t1,t2)€Q

We may also assume that y,, = (/,;, Y11, ¥2,») satisfies the following two additional prop-
erties: for all (¢1,£,) € Q:

o Lt 5) =0,

o Yin(ti,0) =0, you(t, &) > 0,a.e. in RN,

The first property comes from the fact that

E(7(t1, 1)) = E(I(t1, t2) * v1(t1, £2), L(t1, £2) * a1, 12))

E(O, (t1, 2) * Y1 (11, 82), U1, 12) * a1, 1)),

and the second one is the consequence of E(/, |ul, |v|) < E(l, u,v) and the definition of Z.
Applying Theorem 3.2 in [20], there exists a Palais—Smale sequence (/,;, u,,, v,,) for Eon
R x H, f;;d x H ;"z‘d at level ¢, such that
o limy,_, 00 E(Ly, Uy, vi) =C =,
o 1imys o0 [1;] + dist((u, Vi), 74 (Q)) = 0,
+ Forall u,v € H(RN) with [on uyudx =0, [on vavdx=0and VI €R,

(E,(ln: Up, Vn)! (l’ u, V)> = 0(1)(|l| + ”u”HS + ”V”HS)'

Page 18 of 29
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Take (/,u,v) = (1,0,0), direct calculations gives

<E,(ln; Uy, VVI)’ (1’ 0’ 0)>
= 262 fRN(}(—A)%unV +a)in) dx (41

e?~VNsln (5 _ 1)Nis

2 /N(Mllunﬁp + 2Bl [Vl + 1oV, ) dx.
R

From the above, we can get

se2‘2l”(w _S> /RN(|(_A)%MH|2 ¥ |(—A)%vn|2) dx
= (p = VNSEls t V) ~ (B (st v2), (1,0,0)

— (p-1)Nsc, asn— +00.

Sincel, > O0andp>1+ %, we see that there exist C > 0 and C > 0, such that
c‘:g/ (|22 u,|” + |(-A) 3w, ) dx < C, (42)
RN

therefore (u,, v,) is bounded in HS(RN) x HS(RYN). Using [, — 0 and (41) again, we con-
clude that (u,, v,,) satisfies (40). Now take (Z, u,v) = (0, u,v) for any (u,v) € H}(RN) x H5(RN)
with /RN u,udx =0, f]RN vyvdx = 0, due to the boundedness of (i, v,) and [, — 0, it is easy

to see that

(E @t i), (1, V) = (E' Ly th Vi), (0,14, v)) + O(1l) (Nt s + 11Vl 1)

= o) (Ilwllzs + V111

Therefore, (u,,v,) is a bounded Palais—Smale sequence for E on H;?d X H;zd at level ¢
with additional condition (40). Finally, u;,,v; — 0 a.e. in RN as n — oo is a simple conse-

quence of yy ,(t1,£2) > 0, y2,,(t1,£2) > 0 and lim,,_, , o, dist((z,, 1), 7,(Q)) = 0. O

From Lemma 3.5, there exist nonnegative functions i, ¥ in H:(RY), such that, up to a

subsequence,

(t4n, V) = (@,7), weaklyin HS(RN) X HS(RN),
(thny V) = (i, V), strongly in L% (RN) x L% (RN),

(um Vn) — (121 17), a.e.in RN.

Page 19 of 29
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As a consequence E'| Hrad y pyrad (44, v,)) — 0, there exist two sequences of real number
1 2
{A1,) and {A,,} such that

/ (=) 2, (= A) 2 g + (=A) 20, (= A) 2 Tt = |t |2 721G — 2|V P 2v,0h1) dx
RN

—/ (ﬁ|un|p72|1/n|pung+Iun|p|vn|p’2vnh)dx+/ (AL ultng + Ao nvuh) dx (43)
R" RN

=o(1)(lgllss + IAllms),
for every g, h € H*(RN) with o(1) — 0, asn — oo.

Lemma 3.6 Both {\1,} and {)\,,} are bounded sequences and at least one of them is con-

verging, up to a sequence, to a positive value.

Proof By using (u,,0) and (0,v,) as test functions in (43), we get

s 2
[ 8510 = sl = Bl v, ) s+ 51 = o),
R:

[ e

with o(1) — 0, asn — 0o. Hence the boundedness of {A;,} follows from the boundedness

of u,, v, in H*(RN) and in L% (RN). Furthermore, since (i, v,) satisfies (40),

Nl

2
V| = 21Vl = Blual [val?) dx + Ay ual = o(1),

2 2
AL nly + Aoy

- ‘/N(|(—A)%un|2+ [(=A) v, | = 1|16 = 2816 [v,l? = |V ?) dix + (1)
R

(o8 -1) Leoinl s (carinf)as om,
RN

p-1)N
therefore by (42),
ps 1\ - 9 9 2ps
——— — — |C < Aay + Agpas <2l ——— - 1|C,
((p—l)N 2) = A T Ay <(1ﬂ—1)N

for1+ ]%5 <p< Ngs and every n sufficiently large. Therefore, at least one sequence of {1, }
is positive and bounded away from 0. This shows that at least one sequence of {%;,} is

converging, up to a sequence, to a positive value. g

Next, we consider converging subsequence A1, — A1 € Rand Ay, — A, € R,as n — oo.

The sign of ; plays an important role for the strong convergence of u,, v, in H*(RY).

Lemma 3.7 Ifil >0 (resp. Xo >0), then u, — i (resp. v, — V) strongly in H*(RN).
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Proof Let us suppose that 1, > 0. By the weak convergence of u, in H*(RV) and the strong
convergence in L#(RN), it is easy to get from (43)

0(1) = (E'(tn, vu) — E' (i1, V), (ty — i1, 0)) + A f (uy — it)* dx
RN

= f (|(=A)% (= @)[* + A1 (1 — %) dz + 0(1),
RN

with o(1) — 0 and # — 0. Since i1 > 0, this is equivalent to the strong convergence of u,
in H5(RN). The proof in the case A, > 0 is similar. |

Having arrived at the end of this section, we give the proof of Theorem 1.1.

Proof of Theorem 1.1 By the convergence of {1,,} and {A,,}, and the weak convergence
(4, v,) — (i1, 7), we see that (A1, Ay, i, 7) is a solution of (1) with at least one ; positive.
We will show that both ):1, )12 are positive, hence by Lemma 3.7, # € H,,, v € H,, and the
proof is complete.

We prove by contradiction. Without loss of generality, by Lemma 3.7, we may assume
that A, > 0 and A, < 0. Since (A1, A2, %, 7) is a solution of (1) and &, 7 > 0, we have

(=A)*V = —ho¥ + oV L+ Bi##1 >0 inRYN,

N
N-2s’
particular, this implies that # solves

and since 2s < N < 4s, ie,, 2 < from Lemma 2.7(i), we can deduce that ¥ = 0. In

(=A@ + dqit— 1 1=0 inRYN,

(44)
Jen#dx=a}, and >0 inRY,

so that it = w,, ,, € P(ay, 11). However, due to strong convergence of u,, v, in L2 (RN),
we obtain due to (40),

_1)N-2
¢= Tim E(uy,v,) = lim L DN =28
n—00 n—00 4ps

2
/];{N H1 |Wﬂ1'u1| P dx = Im(wahm)‘

/N(Mllun|2p +2Bu, [P v P + M2|Vn|2p) dx
R

_(p-1N-2s
- 4ps

This is a contradiction with Lemma 3.5. Therefore, both i1, A are positive. O

4 Proof of Theorem 1.2

In this section, we prove Theorem 1.2. The proofis divided into two parts. Firstly, we show
the existence of a positive solution (i, v), and secondly we characterize it as a ground state.
The proof of the theorem is based on a mountain pass argument. For (u,v) € H;“l‘d X H;“z‘d,
we consider the function

252}

E(ls () = /I;N(|(—A)%u|2+|(—A)%v|2)dx

oP-DNs!

2p

/ (el + 281l 1 + o]y )
R
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where [x (1, v) = (I*u, [xv). If (i, v) € Hfl‘d X H;zd, then [ (u,v) € H;?d X Hgd forany!/ e R.

Similar to Lemma 2.5, we have the following lemma.

Lemma 4.1 Let (4,v) € Hf;;d X H;"Z‘d. Then

Jim | (03wl + [(a)xv]) dx =0, (45)
—>—0Q0 R
dim (A2 u” + (821 xv]") dix = +oo, (46)
—+00 R
lE{nooE(l* (w,v)) =0" and 1EI+nooE(l* (,v)) = —00. (47)

The next lemma enlightens the mountain pass structure of the problem.
Lemma 4.2 There exists K > 0 sufficiently small such that
supE < i%fE and E(u,v)>0 onA, (48)
A
where

2, <K}, (49)

A={wv) e HM x HE, || (=A)3u}, + [ (-2)3v
B:

{(u, V) € de X sz,

s 2 s 12
(-A)2u|j, + | (-A)2v| = 2K} (50)
Proof By the Gagliardo—Nirenberg—Sobolev inequality (11),

f(Mllulz”+2ﬁ|MIpIVI”+MzIVI2’”)dx
]RN

< c/ (1u? + |vI*) dx
RN

(p-DN

< c(fRN(|(-A)%u|2 + a8 dx) °

for every (u,v) € H;‘;d X sz, where C > 0 depends on u4, iy, 8,41, a3 > 0, but not on the
choice of (&, v). Now if (11, v1) € B and (u3,v,) € A (with K to be determined), we have
E(u1,v1) — E(ua, v2)

- %{/RN(“_A)iul’Z CNEARES /RN(!(—Aﬁuzl2 + !(—A)szlz)dx}

e-oN K
2s >

’

K C
—— | (malm | + 2Blur P w1 ? + palv1|?) dx = — — —(2K)
2p JrN 2 2p

provided K > 0 is sufficiently small. Furthermore if necessary, we can make K smaller, then
1 s 2 s 2
E(uy,vy) > —(f (|(=2)2us|” + |(=A) 2wy )dx)
2 RN

C
2p

(/I;N(|(—A)%u2|2+|(—A)%vz|2)dx) >0,

for every (uy,v2) € A. (]
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For the next part, we shall introduce a suitable minimax class. Define
D= {(u,v) e H™ x H2: || (-A)Su’, + | (~A)3v|}, = 3K and E(w,v) <0} (51)
: ’ ai ay ° L2 L2 = =2

Recall from Lemma 2.3 that w,, is the unique positive radial solution of (19). By
Lemma 4.1, there exist /; < 0 and /; > 0 such that

hox Wy cora2r Way,corad) = (81, V1) € A,
Iy % (Wal,Co/u%’ wuz’co/a%) =:(ita,1,) € D.
At last, we define
= {y € C([0,1], H?¢ x H2Y) : 7(0) = (311, 11), 7(1) = (2, 7) }.
Similarly to the proof of Lemma 3.5, we derive

Lemma 4.3 There exists a bounded Palais—Smale sequence (u,,v,) for E on H;";d X H;";d
at the level

d:= inf max E(y(t)),
yeltel01]

satisfying the additional condition
G(up, vy) = 0(1),
with o(1) — 0 as n — oo. Furthermore, u;,,v;, — 0 a.e. in RN as n — oo.

Lemma 4.4 Let B, be defined in (10), if 8 > Bs, then

supE(l * (Wal,(co/a%)l’—l’ W@,(Co/a%)!’—l )) < min{lm (Wﬂl,/ll )’qu (W@,Mz)}' (52)
leR

Proof By Lemma 2.3, direct computation gives

/RN (Zx Way (Coladp-? G Way,(Coladp-! ) dx

p p
:/ e(p‘l)NSl(a—llwo(x)> (d_zlw()(x)> dx
R” c; c

_ “If“g P-DNs! f W d = “If“gcl oP-DNs!
T Top 0 = D ’
C RN C

0 0

2
(p - 1)Ne* (a’Cy +a3C,
E(l* Way (oratp1s Wan (Coradp-1)) =

4ps Co
P-DNsl (Mlcla%p +2BCdlab + ll«zcﬂgp)
2p G '
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Therefore, it is easy to get

I}le?RXE(l * (Wﬂly(Co/ﬂz)p’l’ Way,(Cola?)p~1 ))

sl _p-ON
C(p-DN=-2s CiC""" (a} +af) v INE
B 2s *
Aps (Mlﬂ%p +2pd’ab + Mzﬂip) B-DN=25
Due to (10) and (23), if B > Bs, (52) is satisfied. 0

Existence of a positive solution at level d  We will prove the existence of positive solution
at level d by contradiction. By Lemma 4.3, up to a subsequence, we may assume that

(Un, Vi) = (i1,v), weakly in HS(RN) X HS(RN),

(thny V) — (i1, ¥), strongly in L% (RN) x L% (RN),

(U, V) = (1, V), a.e. in RV,

Then it can be easily derived that (i, ) is a solution of (1) for some constants A1, A5 € R.

Moreover, Lemma 3.6 and Lemma 3.7 are applicable. We may assume that A; > 0 and
u, — i strongly in H*(RN).If &, < 0, we can derive that ¥ = 0 and i = w,, ,,, as in the proof

of Theorem 1.1. By G(u,,v,) — 0 and strong convergence in L (RN), d = I,, (Wa, .1, ). We
can consider the path

)/(t) = ((1 - t)ll + tlZ) * (Wal,;q; Waz,uz)'

Obviously, € T'. Then, by Lemma 4.4,

d < sup E(7(2)) < supE(Ix Way s Wazz)) < Ly Way 1)
te[0,1] IeR

which is a contradiction. Therefore, A, > 0 and v, — ¥ strongly in H*(RY). This shows that
(A1, A2, 14, V) is a solution of (1) with A1, A2 > 0 and (i, V) € Hy X Hy,.
Obviously, we can see that G(&,v) = 0, i.e., (&, V) € F.

Variational characterization of (u,v) In the following, we will prove that

E(i1,v) = inf{E(u, v); (u,v) € F} = inf R(u,v),

(14,1/)6Ha1 xHa,

where F and R are defined in (6) and (8). Recall the definition of A in (49) and D in (51),
let us define

At = {(u,v) c€A,u,v>0a.e. in RN},

Dt := {(u,v) €D,u,v>0a.e.in ]RN}.
For any (u1,v1) € A* and (up,v2) € D*, let

T (w1, vy, 9, v2) =2 {7 € C([0,1], HRY x H2Y) : 7(0) = (1, v1), 7(1) = (12, v2) }.
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Lemma 4.5 The sets A* and D* are connected by arcs, so that

d=  inf max E(y(¢)),
y €l (u1,v1,u2,v2) te[0,1]

(53)

for every (u1,v1) € A" and (uy,v;) € D*.

Proof Equality (53) follows easily once we show that A* and D* are connected by arcs

(‘as I * (u,v) is a path from A* to D*). Let (u1,11), (uz,2) € Hf;;d X Hfj;d be nonnegative
functions such that

/(|(—A)%u1|2+|(—A)%v1|2)dx:/ (| s us|* + [(-A)3v,[*) dx = o2,
RN RN

for some a > 0. For /e R and 6 € [0, ],

(54)

h(l,0) = (cos (% uy)(x) + sin 6 ([ * uy)(x),cos O (L * v1)(x) + sin O (I x vz)(x)).

Set i1 = (1, hy), we have K (,0), h2(1,0) > 0 a.e. in RN, It is not difficult to check that

/ hf(l,@) dx = af + sin(29)/ ULy dx,

RN RN

/ h%(l,@) dx = a% + sin(20)/ V1o dx,
RN RN

fN(|<—A>%h1(l,e>|2 + |0 I(L,6)[)
R

= e252l(a2 + sin(29)/ ((—A)%Ml(—A)%MZ + (—A)%Vl(—A)%VZ) dx),
RN

for all (/,0) € R x [0, 5]. We can deduce that

a%f/ h3(1,0)dx < 2a? and a%f/ 15(1,0) dx < 2a3.
RN RN

Therefore
o+ sin(20)/ (“A) 21 (=A) 2wy + (~A)3vi(=A)2v,) dx > 0,
RN

and it is continuous in 0 € [0, %], so there is a constant C > 0 independent of /, 9, such that

Co?e*! < /R (Mo + |0 o)) 20251

dx <2a’e

Thus we can define the function

A i h(1,0) hy(1,0)
Hb0e = (”1 @6 Tha0)12 )

for ([,60) e R x [0,Z].

'
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Notice that ljz(l, 0) e H;l‘d X H;;d for every ([,6), we see that

Ceoa®e™"! < / (|2 0) [ +|(-8) 1L, 0)[") dx < 2e10%€*”, (55)
RN
2

: 2 p 2 2
min{ay,a5} max{af,as}

with ¢y = and ¢; =

max{a%,a%}
Foru,v>0andte [0,% s

min{a%,a%} :

”cost - u(x) +sint - v(x) ”sz > max(cos t|u| 2, sin t||v||sz)

. ll2¢| 20 [Vl 20

2 2

||u||L2p )4

+vll
Therefore, we have, for some constant C > 0 independent of /, 6,

/ ilfp(l,é)dx > Ce? VNl and / izip(l,e)dx > Cel?~ VNSl (56)
RN RN

forall (/,0) € R x [0, Z]. Let (1, v1), (142, v2) € A*, and let h be as previously. From (55), we
can deduce there exists [y > 0 such that

/R (A o O+ [(-4) (o 0)) dr < K,

for all © € [0, Z], where K is defined in Lemma 4.2. For the choice of [y, let

—r % (u1,v1) = h(-r,0), 0=<r=<l,

o1(r) := | h(~lo, 7~ ko), bh<r<l+7%,

(r—2!0—%)*(uz,vz):il(r—Zlo—l,%), lo+% <r=<2l+7.

It is not difficult to check that o, is a continuous path connecting (1, v;) and (u,,v,) and
lying in A*. For the case that condition (54) is not satisfied, suppose for instance

f () 2]+ Ayt ) dx > / (a3 mf + |-a)8vs[) dx.
RN RN

Then, by Lemma 4.1, there exists /; < 0 such that
/ (|A)E (G x )| + |[(~A) 3l + ) [) dx:/ (|=A) 2| + | (=2) 3 v, ") dix.
RN RN

Therefore, to connect (u1,v1) and (u3,v;) by a path in A", we can at first connect (11, v;)
with /; x (41, v1) along arc [ (u1, 1), then connect /5 * (i1, v1) with (¢, v3). This shows that

A" is path connected. In a similar way, we can prove that D* is also path connected. [

From the previous notation,

F .= {(u, v) € Hy X Hyy : G(u,v) = O},
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we define its radial subset and positive radial subset

Fraq = {(M,V) GH:,Td X H;id :G(u,v) = 0},
F*:={(w,v) e F:u>0,v>0},
Frtld = {(M’V) GFradZMZO,VZO};

where

G(u,v):/RN(|(—A)%M|2+|(—A)%VZ)dx

-1)N
_ u/ (Ml|”|2p+2,3|bt|p|V|p+M2|v|2p)dx,
2ps RN
For (u,v) € H,, x Hy,, let us set
W () = E(I % (1,v)),

where [ x (¢,v) = ({ x u,] » v) for short. Similar to the proof of Lemma 2.5, we have the

following lemma.

Lemma 4.6 For every (u,v) € H,, X Hy,, there exists a unique l,) € R such that [, x
(u,v) € F. Moreover, 1, is the unique critical point of V), which is a strict maximum.

Lemma 4.7 We have infr E = infp+ E = infp:ad E.

Proof We prove the lemma by contradiction. Suppose there exists (&, v) € F such that

0<E(u,v) < iFn+fE. (57)

For any u € H*(RN), since [|[(=A)2 |ulll2 < [I(-=A)2ull;2, we get E(|ul,|v]) < E(u,v) and
G(|u|,|v]) < G(u,v) = 0. Thus, there exists [, < 0 such that G(/y = (||, |v|)) = 0. We obtain

1 2 s H
E(lo * (1ul, Iv)) = (E - m%zs IO{/M(K_A)W”Z N |(—A)2|V||2)dx}
(g Lot o
= ezszloE(u, V).
Therefore
0<E(u,v) < ing < E(lo * (|u|, |v|)) < ezszloE(u, V),

which contradicts /o < 0. Thus infr E = infr+ E.
Next, if there exists (i, v) € F* such that

0<E(u,v) < inf E.

Frad
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For u € H*(RN), let u* denotes its Schwarz spherical rearrangement. According to
the property of Schwarz symmetrization, we have E(u*,v*) < E(u4,v) and G(u*,v*) <
G(u,v) = 0. Thus there exists /o < 0 such that G(p = (#*,v*)) = 0. Similarly, we get

0<E(u,v)<infE < E(lo* (u*,v")) < > E(,v),
rad

which contradicts [o < 0. Thus infr+ E = infp:ad E. O

Proof of Theorem 1.2 We have showed that (A1, A,, i, ¥) is a solution of (1). Since (i, V) €
F; 4 we just need to show that

E@u,v)=d < i1+1fE.
rad

Then E(, v) = infr E follows from Lemma 4.7. Choose any (i, v) € F; ;. Let us consider the
function W, ,)(/) = E(/*(u,v)). By Lemma 4.1 there exists /o > 1 such that (=fp) x (i, v) € A*
and [y x (4, v) € D*. Therefore, the continuous path

7(®) = (2t = Dlo) * (w,v), tel0,1],

connects A* with D*, and by Lemma 4.5 and Lemma 4.6, we can deduce that
d< tg}g}f}E(f(t)) = E(u,v).

Since this holds for all the elementary quantities in F_, ;, we have

d <infE.

+
Frad

Finally, it remains to show that

infE= inf R. (58)
F Hygy xHa,
The proof of (58) is similar to the case for the single equation; see Lemma 2.6. d
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