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Abstract
We study positive solutions to steady-state reaction—diffusion models of the form

-Au=Af(v);, £,
-Av=2Ag); £,
MiVvhu=0, 0Q,
FrVav=0, 0Q,

where A > 0'is a positive parameter, 2 is a bounded domain in RN (N> 1) with
smooth boundary 0€2, or 2 =(0,1), g—f, is the outward normal derivative of z We
assume that f and g are continuous increasing functions such that f(0) = 0 = g(0) and
liMs_s 00 ”Msg(g) =0 forall M> 0. In particular, we extend the results for the single
equation case discussed in (Fonseka et al. in J. Math. Anal. Appl. 476(2):480-494, 2019)

to the above system.
MSC: 35J15; 35J25; 35J60

1 Introduction
In [7] the authors analyzed and established several results for positive solutions for
reaction...di usion models of the form

JAu=af(u); @,
S+ u(u=0; 9%,

wheref e C2([0,00)), andu € C([0, 00)) is strictly increasing such thag(0) > 0. In recent
history, there has been a lot of interests in models where the parameter in"uences the
equation and boundary conditions (seé[.7], and [8]). In this paper, we are interested in
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extending the results in ¥] to systems of the form

JAu=Af(v);, @,
JAv=ag(u);
g—:; +/au=0; 3R,
H+Vhv=0; o,

(1.1)

where A > 0 is a positive parameter2 is a bounded domain inRN (N > 1) with smooth
boundary a2, or 2 = (0, 1), g—é is the outward normal derivative ofz, andf, g satisfy the
following conditions:

(Hi1) f,g € C[0,00), increasing, f (0) = 0 =g¢(0), and lims_, w =0forall M >0 (com-
bined sublinear effect at infinity). Further, there exists a > O such that f,g € C1[0,a)
and f/(0), ¢’(0) >0

Without loss of generality, we assume thdt'(0) > ¢’(0) throughout the paper. We “rst
recall recent results for the eigenvalue problem

LAV=EY,  Q,
) (1.2)
g—"; +yJ/Ev=0; 9%,

wherey > 0. Namely, letE;(y) be its principal eigenvalue (sed]), and letv be the corre-
sponding normalized positive eigenfunction ofl(2). Now consider the eigenvalue prob-
lem

AP =Eg(0)p; €,

13
% +VEp=0; . -2
n

Noting that the substitutionE = Eg’(0) reduces{.3) to (1.2), we easily see that the principal
1

; ic E1(¥) \pji — «
eigenvalue of 1.3) is O] with y = NGOk De“ne
Ei(y)
1= . (1.4)
9'(0)
Next, for a givenx, we recall the for the eigenvalue problem
LAVE (0 AV Q,
(1.5)

g_\rl,ﬂ’ w=0; aQ.

Denoting bya; (%, y) its principal eigenvalue and by: > 0 the corresponding eigenfunc-
tion of (1.5 such that||¢; || = 1, the following results were established ir8[:

Gx>0; X<E1()/),
=Ei(y), (1.6)
>Ei(y).

O‘XZO;

> e

Ui<0;
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Hence, by the substitutionkg’(0) = 4, denoting byo; the principal eigenvalue of

~Ap=(0+Ag'(0);

20 N 1.7
gy tVAe=0; 99,
we deduce the following:
0,>0; A<Ay
0,=0; A=Ay (1.8)
o < O, A> Al.
Next, for 0 <a<b, de“ne
a a
Q:1(@) :=min —,—— (1.9
' f@ 9@
and
b b
Q2(b) :==max ——,— . (1.10)
2 f(0)' 9(b)
Further, let
) RN...l
Cl:l?fe_NR_ - (2.11)

whereR is the radius of the largest inscribed ball if. Letw be the unique solution of

LAw=1 @,
) 1.12)
‘;—g +w=0; 9.

Then we “rst establish the following:

Theorem 1.1 Let (H;) hold. Then (1.1) has a positive solution (u;,v;) for A > A, such that
U llsos IValloo = 00 @s A — oo. Further, if there exists 0 <a < b such that % > Cqp|IW|l 0o
and Q1 >max{A1, 1}||w||«, then (1.1) has at least three positive solutions for

max{A;,C1Q2,1} <A< V(Vgl

lwlloo

(see Figl).

Next we establish the following:

Theorem 1.2 If there exists r > Osuch that f,g € C2([0,r)), f(0) = 0=g(0),f’(0) =¢’(0) > 0,
and f”(s),g”(s) < Ofor all s € [0,r), then (1.1) has a positive solution (u;,v,) for A >A; and
X~ Aq such that ||U; || o, [IVallec — 0 as A — A7 (see Fig2).
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Figure 1 Bifurcation diagram for positive solutions when the 1@ )]l
hypothesis of Theorem 1.1 holds
Ay i
Figure 2 Bifurcation diagram for positive solutions when the 169l
hypotheses of Theorems 1.1 and 1.2 hold
A 2

Remark 1.1 Note that if both % and ﬁ are strictly increasing fors > 0, then the multi-

plicity of positive solutions fori > A, is not possible (seéppendix).

We present some preliminaries in Sec2. We provide proofs of Theoremd..1and1.2in
Sect.3. In Sect.4, we discuss an example. We state and prove Lemmain Appendixto
justify Remark1.1 Our existence and multiplicity results are established via the method
of sub- and supersolutions. We conclude thlstroduction by citing two additional related
references §] and [9].

2 Preliminaries

In this section, we introduce de“nitions of a subsolution and a supersolution of.{l), and
state sub-supersolution theorems which are used to prove the existence and multiplicity
for positive solutions. By a subsolution ofl(1) we mean {1, ¥,) € C3(2) N CY() that
satis“es

JAY < Af(Y2); R,
CAY2 < Ag(Y1), R,
VAL <0, 9,
P2+ /i <0; 0L,

and by a supersolution of 1.1) we mean Z1,Z,) € C3(2) N CY() that satis“es

LAZy > M (22 @
AZy > 20g(Z1); K,
T +/AZ1=0; 0%,

% +4/2Z,>0; 9%.

Now we state two results (se€[ 10], and [11]) we will use later.
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Lemma 2.1 Let (v1,%) and (Z1,Z,) be a subsolution and a supersolution of (1.1), respec-
tively, such that (1, v2) < (Z1,Z>). Then (1.1) has a solution (u,v) € C?(2) N CX(Q) such
that (u,v) € [(V1,%2), (Z1, Z2)].

Lemma 2.2 Let f and g be nonnegative and increasing, and suppose there exist a sub-
solution (v1,v,), a strict supersolution (¢2,¢,), a strict subsolution (yr2,v,), and a su-
persolution (¢1,¢;) for (1.3) such that (Y1, ¥1) < (V2,¥2) < (¢1,61), W1, V1) < (¢2,¢2) <
(¢1,¢41), and (Y2,v,)  (¢2,¢5,). Then (1.1) has at least three positive solutions (uj,v;),i =
1,2,3,such that (uz,v1) € [(V1,¥1), (@2:92)], (U2,V2) € [(¥2,%5), (#1,61)], and (u3,v3) €
(Y1, 1), @1, 6 DNV, ¥ 1), @2, 021 U [(V2, ¥ 2), (1,61

3 Proofs of Theorems 1.1 and 1.2

Proof of Theorem 1.1 First, we show the existence of positive solutions far> A;. Let

(¥r1,¥2) = (Mg, M), whereg;, is the normalized positive eigenfunction ofl(.7). De“ne

H(s) = (o5 + Ag’(0))s .. Af (s). ThenH(0) = 0,H’(0) =0y + A(g'(0) ..f'(0)) <O (by .8). This

implies that H(s) < 0 for s &~ 0. Thus (@, + Ag’(0))m¢;, .. Af (Mg¢,) < 0 for m ~ 0. Hence
Ay < M (¥2) for m ~ 0. AnalyzingH (s) = (o3 + 19/(0))s ..Ag(s), by a similar argument
we obtain . Ay < 29(y1). Further, on the boundary, we havé/2 + /4y, = 0 and 52 +

/Ao = 0. Thus @1, ¥0) is a subsolution of {.1) for m ~ 0.

Now let e; be a positive solution of

LAe=1;

A 3.1)
g—: +4/2e=0; 9.
We consider three di erent cases. If bothf and g are bounded, then let Z;,Z;,) =
(AMA 22—, M, %—) and chooseM; large such thatmgs® > Af (Fg22). This implies
..AZy .. Af(Z3) = 0 for M, > 1, and by a similar argument we see thatAZ, ..Ag(Z1) > 0
for M,\ > 1. Also, on the boundary, we haV(%Z?l +4/2Z; =0 and % +2Z,=0
Hence (1,Z5) is a supersolution forM; > 1. If g(x) > co asx — oo, let (Z1,2Z,) =

(M;.e;,A9(M, ||le; |l )es)- Then by choosingM;, large we obtain

1 fGledecg(Malienlloo))
Merlloo ™ M;. [l

which implies thatM;, .. Af (Ag(M;.]lexllo0)es) = 0. Hence .AZ; .. Af(Z,) > 0. We also have
Ag(My e lloo) --2g(M;.e;) > 0. Thisimplies that . AZ,..Ag(Z1) > 0. Further, on the bound-
ary, we have’zd + +/AZy = 522 + /22, = 0. Hence Z1,Z,) is a supersolution of {.1) for
M, > 1. Fmally, we conS|der the case wheféx) — co asx — oo andg(x) is bounded. In
this case, letZ1,2Z5) = (\f (My |81 ]ls0 )€1, M;.€;). ThenAf (M |leslloo) -- A (Me5) > 0, which
implies that ..AZ; ...Af(Z2) > 0. Also, we haveM,; > Ag(Af (M, |lesllo0)es) for My > 1.
This implies that ..AZ, ...1g(Z1) > 0. Further, on the boundary, we hav%%—]l +/0Z1 =
% ++/2Z,=0. Hence ¥3,Z,) is a supersolution of {.1) for M, > 1. Now we can choose
M, large enough such thatyy, v2) < (Z1,Z2). Hence by LemmaZ.1), (1.1) has a positive
solution for A > A;.

Next, we show that there exists a positive solutionu{,v,) for » > 1 such that
U3 llso» IV llee — 00 @SA — oco. De*ne h e C2([0, 00)) such thath(0) < 0,h(s) < f(s), and
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h(s) < g(s) for s € (0,00) andlims_, , h(s) > 0. Then the Dirichlet boundary value problem

.Aw=1h(w); <,
w=0; 9%,

has a positive solutiorw, for A > 1 such that||w; ||, — oo asi — oo (see f]).

It is easy to show thaty, ,w; ) is a subsolution of {.1) for A > 1 sinceh <f,h <g, and
g—f < 0;0Q2. We can also choosé; > 1 such that €1,Z5) > (W,,W,), where ¢1,2,) is
a supersolution of {.1) as constructed before. By Lemm2.1, (1.1) has a positive solu-
tion (uy,v;) € [(W;.,,W,), (Z1,Z2)] for A > 1. Clearly,||U; |l oo, IVi]loo = 00 @SA — o0 SinCe
[[W]|oo = 00 @SA — o0.

Next, we establish our multiplicity result. We “rst construct a positive strict superso-
lution (Z1,Z7) for (1.1 when l<i< =L “W” , Wherew is the solution of (1.12). Let (Z1,7,) =
(aW aW) Then T f(a) > ) gives usHWII > Af(a). Sincef is increasing, we have
lel > A (aHWII ), which implies that .AZ; > Af(Z,) in Q. Similarly, we can show that

..AZ, > 1g(Z1) in Q. On the boundary, we hav%1 +/AZ; = T My /aw] > T
w] =0 sinceA > 1. Similarly, we havé’;—n2 ++/AZ,>0. Thus (Zl,zg) |s a strict supersolutlon
of (1.2).

Now we construct a strict subsolution ¢, ) of (1.1) for 2 > C1Q, = C1 max{
Note that in [1] the authors showed that the boundary value problem

b L}
OMIORS

SJAu=Af(v);, @,
JAv=ag(u);
u=0; 9%,
v=0; 0%,

has a strict subsolutionto, Vo) for A > C; max{ﬁ, %} such that||To||s > b and ||Vo|loo >

b. Let (Y1, ) be the “rst iteration of (Uo, Vo), that is, the solution to the problem

LAY =0 (W), @,
~AY2=29(To); L,
W+ ain=0; 9%,
W2+ 0 =0; Q.

Then by comparison principle {1, V») > (Uo, Vo); 2. Hence (1, V) is a strict subsolution
of (1.1) such that||1]lc > b >a and ||{2]ls > b >a. Thus we have §1,V,)  (Z1,72).
Further, for A > A1, we can construct the subsolution1,v,) as before form ~ 0,
and for any A > 0, we can construct the supersolutionZ,Z,) as before forM; > 1.
Also, for m 2~ 0 and M, > 1, we obtain {1,v2) < (Y1, ¥2) < (Z1,Z2) and (1, v2) <
(Z1,2;) < (Z21,Z5). Hence by LemmaZ.2), (1.1) has at least three positive solutions for
A € (max{A1,C1Qo, 1}, uv?ﬁ)- O

Proof of Theorem 1.2 Let (y1,¥2) = (Mg, m¢,) be as in the proof of Theorenil.1 Then
(Y1, ) is a subsolution of {.1) for m ~ 0. Sincef”(s) < 0 andg”(s) < 0 for s & 0, there
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existsA >0 such thatf ”(s) < ..Aandg”(s) < ..Afor s~ 0. Let (1, 92) = (8, ¢y, 5,.¢5), where
8, = "M“ffW' Note that §, > 0 andé; — 0 asr — A] sinceo; — 0 andming¢;, O

asi — A7 (see B]). Clearly, [|¢1]lcc = 0 and [|¢2]lcc — O asr — Aj. Then by Taylores
theorem we have (¢,) = f(0) +f/(0)¢p, + @qﬁz =S¢t @d}% for someé& € [0,¢;]. Then

we have

)

> (8:¢.)°

APy A (p2) =8 03 +29'(0) hi .. A 8 f'(0) +

LA .
> 8¢y opt ?5)\ ming, =0
Q

by our choice ofs;. A similar argument shows that A¢, ...Ag(¢1) > 0. Further, on the
boundary, we haves + V/Ag1 = %2 + V/i¢, = 0. Thus @1, 42) is a supersolution of {.1).
Choosingm ~ 0, we also haveys,v») < (¢1,¢2). By Lemma2.1there exists a positive
solution (uy,Vv;) € [(V1, ¥2), (@1, ¢2)] for A > A andi ~ A; such that||u; |0 = O, [Vallco —
0asr — AJ. O

4 Example
For an example to illustrate Theorem4.1..1.2, considerf =f,x andg = gk as follows:

e ... 1; s <Kk,
f:fol,k(s): oS ak k

[eass ..eark] +[ekT ... 1]; s>K,

2(1+3)% ... 2; s<Kk,
9=0(s)=

[1(1+5)2.. 3 +K)+[2(1 +K)? ... 2]; s>k,

wherek > 0 is a constant, andr > 0 is a parameter. Note that thougly is superlinear at
in“nity, since f is bounded,w —> 0 ass — oo forall M >0. Choosea =k,b=«, and
« > k. Then we note thatQ1(k) = min{%,ﬁ} — o0 ask — o0 since%,% — 0

ask — oo and Qz(«x) =max{fz)‘—a),gf‘—a)} — 0 asa — sinceff‘—a),g“ — 0 asa —

00. Hence we can choosk = kg such that Q1(ko) > max{Az, 1}|W| « :rid choosex > 1
such that%(‘fg) > C1 |- Hence - > max{Aq, C1Qg, 1} for k = ko anda > 1. Itis also
clear thatf and g satisfy {H,). This implies that (1.1) has at least one positive solution
for A > A; and at least three positive solutions fax € (max{Az,C1Qo, 1}, ”\Sﬁ) for k = ko
and« > 1. Thus Theorem1.1holds in this example fork = kg and « >> 1. Further, since
f/(0) =¢’(0) andf,g € C?([0,k)) and f” < 0, g” <0 for all s € [0,k), Theorem 1.2 holds.

Hence the bifurcation diagram for positive solutions is as shown in F.

Appendix
Lemma 5.1 Let (H;) hold, and let % and ﬁ be strictly increasing for s > 0. Then (1.1)
has a unique positive solution for A > A;.

Proof: The existence for. > A; is clear from Theorem1.1 Let (uj,vj),i = 1,2, be two
distinct positive solutions fori > A;. Since (ng;,m¢,) is a subsolution form ~ 0, there
exists a minimal positive solution, and hence without loss of generality, we can assume
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that (uz,v1) > (uz,V2), by which we mean thau; > u,v; > vo. Now

ug Uz Vi \Z
L= ug)g(u +f(v)f(v2) —— ...— dx
T RS B A R 70
= g(u2ug ..g(upug +f(vo)vy .. F(vy)ve dx
Q
= [U2Avy ..U AVo] + VoAU .. V1AUL] dX
= UZ% Ul% + 2% auz dx

. Vv VI —
) an an an n

[..¥/AUpV1 + V/AUrVs .. &/AVoUL + v/AV1Up] dx = 0.
IQ

This is clearly a contradiction Wher}% and % are strictly increasing andis, v1), (U2, V2)

are distinct. Thus (.1) has a unique positive solution fok > A;.
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