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everywhere, the existence of weak solutions is proved by the viscous solution
method. By imposing some restriction on the nonlinear damping terms, the stability
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1 Introduction
The initial-boundary value problem of a doubly degenerate parabolic equation

ve = div(a@)[v]*@| VP2 V) + f(x,£,v,|VV]), (%) € Qr =2 x (0,T), (1.1)
v(x,0) = 1p(x), wxe€, (1.2)
vix,£)=0, (x,t)e€dx(0,T), (1.3)

is considered, where p(x) > 1, «(x) and a(x) are nonnegative C(2) functions, f(x, t,v,|Vv|)
is a continuous function and is called the nonlinear damping term. This equation comes
from non-Newtonian fluid, the so-called electrorheological fluids, the heat conduction,
and many other diffusion problems.

What first caught our attention is the heat conduction equation with a damping term

Ve =vAV —y| V|2 (1.4)

The author of [5] showed that the uniqueness is not true. The author of [31] and [33]
generalized the results of [5] to a more general equation

v = Av—g@) |7 VP, (1.5)
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where g > 1, g(x) > 0 and there is a point x € Q such that g(xg) > 0. Based on these facts,
one may conjecture that the heat conduction equation with a nonlinear damping term

Vi = VAV +f(x,t,v,|Vv|) (1.6)
is ill-posed.
The second aspect that attracted our attention is the so-called electrorheological fluids
equation

Ve = diV(|Vv|p(")_2VV), (1.7)

which has been widely studied by many mathematicians, one can refer to [8, 9, 11-16] and
the references therein. A more complicated equation

Ve = div(a(x, t, v)IVvlp(x)‘zv‘/) (1.8)

was studied in [2, 3]. Though the existence of weak solutions to equation (1.8) has been
shown, the uniqueness result only for the case of |a(x, ¢, u) — a(x, t,v)| < w(|lu —v]|),

I / tds (1.9)
1m = .
g—>o0 J, (,L)(s)l3

+

has been proved, where 1 < 8 < p‘f_l.

equation (1.8) remains open till today.

In other words, the general uniqueness problem of
Let a(x) satisfy
alx)=0, x€0%, alx)>0, xe€Q. (1.10)

Then equation (1.1) is degenerate on the boundary 9<2. If a(x) = 0, p(x) = p is a constant
and f(x,t,v,|Vv|) = 0, on the stability of weak solutions, that the degeneracy of a(x)|scsq
may take place of the usual boundary value condition (1.3) was revealed in [20, 21]. More-
over, whether

3[’)1'(1/)
8x,-

N
Ve = div(a(x)|v|°‘(")|VV|”(")’2VV) + Z (1.11)

i=1

or
v, = div(a(®) Vv 2Vv) - b(x)|Vv4, (1.12)

similar results have been obtained in [27] and [25] respectively. For the other related pa-
pers, one can refer to [19, 23, 24] etc.

For equation (1.1), compared with equation (1.7), there exists another diffusion coeffi-
N 9bi(v)
i=1 Bxl-v
nonlinear damping term f (x, ¢, v, | Vv|). Considering all these factors, compared the damp-

cient a(x). Compared with equation (1.11), the convective term ) is replaced by a

ing term f (x, ¢, v, |Vv|) with the degeneracy of a(x)|,cyq, the latter plays a leading role when
the uniqueness problem is considered. Maybe such a conclusion can be explained by the
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fact that equation (1.1) represents the model that the diffusion process is more dominant
than the damping phenomena. For example, for an epidemic model of diseases, it is im-
possible to know in advance that v = 0 on the boundary 92. Thus, imposing the boundary
value condition (1.3) seems unreasonable, while the condition a(x)|ccyo = O can be ex-
plained as some anthropogenic interferences are made to control the epidemic across the
border 9€2. In accord with this fact, in theory, we conjecture that under the condition
a(x)|xeae = 0, one can deduce that v = 0 on the boundary 92. This conjecture was par-
tially proved in [22] several years ago, and we are not ready to discuss this conjecture in
this paper for the time being.

The main aim of this paper is to establish the well-posedness theory for equation (1.1).
To accomplish this aim, the nonlinearity of [v|**) and the nonlinearity of the damping
term f (x,t, v, |Vv|) are the main difficulties to overcome. The extinction, the positivity, the
large time behavior of the solutions and v = 0 on the boundary 92, all these important
contents remain to be studied in the future.

Let us give the definition of weak solution.

Definition 1.1 If v(x, ) satisfies

0
veL®(Qr), 8—; eW(Qr),  a®)*@|VvP¥ e LN(Qr),

and for any function ¢ € C}(Qr),

d
// <—Vg0 +a(x)|[v|*® | VyP@-2ygy . V(p) dxdt = /f f(x, t,v, |Vv|)<p dxdt (1.13)
Qr dt Qr

and
}LI% /Q v(x, £)p(x) dx = /Q vo(x)p(x) dx (1.14)

for any ¢(x) € C3°(R2), then we say that v(x, ) is a weak solution of equation (1.1) with
initial value (1.2).

Here, the basic Banach space W(Qr) and its dual space W'(Qr) are defined by Antontsev
and Shmarev in [2]. In addition, let

p"=maxp(x),  p =minp(x),

xeQ x€Q

px)
plx)-1

and set g(x) = as usual. The main results in this paper are the following theorems.
Theorem 1.2 Ifa(x) € C(Q) satisfies (1.10), f(x,t,v,|Vv|) < 0 when v <0,
0<v(@) eL¥(Q),  al@)vol|Viol™ e L'(Q), (1.15)

and
(i) whenp~ >2,

[

o (x)

[f(x, t,v, |VV|)| < c(a(x)|v|) 7@ V|2, (1.16)
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(i) whenp™ > 1,

(x)

[f(x, t,v, |VV|)| < c(a(x)|v|)1’(") V. (1.17)
Then equation (1.1) with initial value (1.2) has a nonnegative solution v(x, t).

Theorem 1.3 Let u(x, t) and v(x, t) be two solutions of equation (1.1) with the initial values

uo(x) and vo(x) respectively and with the same homogeneous boundary value condition
u(x,t) =vix,£)=0, (x,t)€dQx(0,T). (1.18)

Ifa(x) € CA(RQ), alx) € C(Q) satisfy (1.10) and the nonlinear damping term satisfies
(i) whenp =2,

If (£, |V tl) = f (38,9, | VW)

20(x) 2a(x) (1'19)
< clu—v|[(a@)v]) 7D [Vv]* + (a(x)|ul) 7 | Vul*],
(i) whenp~ > 1,
[f(x, t,u, |Vu|) —f(x, t,v, |VV|) |
alx) alx) (1'20)
< clu—vI[(a@)Iv]) P V] + (al)lul) 7 [Vul]
Then
/ |u(x, t) — v(x, t)| dx < c/ |u0(x) - vo(x)| dx, a.e tel0,T). (1.21)
Q Q

In particular, if a(x) = 0, besides Theorem 1.3, we have the following theorem.

Theorem 1.4 Let u(x,t) and v(x,t) be two solutions of equation (1.1) with the initial val-
ues uo(x) and vo(x) respectively and with the same homogeneous boundary value condition
(1.18). If a(x) = 0, p~ > 2, a(x) € C(Q) satisfy(1.10) and the nonlinear damping term sat-
isfies

f (8,10, IVul) = f (3, £, v, | VV]) | < calx) (VY] +Vul?), (1.22)
then

/ |u(x, t) — vix, t)|2dx < c/ |uo(x) - 1/0(96)|2 dx, a.e tel0,T). (1.23)
Q Q

Moreover, since the diffusion coefficient a(x) satisfies (1.10), we can obtain a stability
theorem without the boundary value condition (1.18).

Theorem 1.5 Let u(x, t) and v(x, t) be two solutions of equation (1.2) with the initial values
uo(x) and vo(x) respectively. If a(x) € CA(R2), a(x) satisfies

AL / [Val?™ dx < c, (1.24)
Q\Q,
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and the nonlinear damping term satisfies (1.16) and (1.19), then the stability of weak solu-
tions is true in the sense of (1.21).

Here and in what follows, A > 0 is a small enough constant, and we define 2, = {x € Q:
a(x) > A}.

Compared with Theorem 1.3, there is not boundary value condition (1.18) in Theo-
rem 1.4. Instead, condition (1.24) is imposed. Comparing with other related works [2, 3],
the most distinctive assumption in this paper is that a(x) € C3(£2). Since

|ua(x) _ Va(x)| <clu- V|0t(x)

is always true, and in particular inf, g (%) = p{’il.
This fact implies that when a(x) € CO(Q), u® ) is beyond the restriction (1.9). So, The-
orem 1.3 and Theorem 1.4 have some essential improvements from the works [2, 3]. In

the next research, we will try to do some work when «(x) is not limited to C}(<2). By the
way, from [4, 5] [33] and [31], in order to obtain the well-posedness of weak solutions to
equation (1.1), the damping term f(x, t, u, Vi) must satisfy some restrictions, for example,
condition (1.19) and condition (1.20) in our paper. A similar condition was first introduced
by Karlsen and Ohlberger in their paper [10], in which the uniqueness of weak solutions
to the equation

N ob;(u,x,t)
U = (K X, t)VA(u) + Z ! "t e(u,x,t)
i=1

l

is proved. Although, as one of the reviewers pointed out, condition (1.19) or condition
(1.20) is reasonable, are there other conditions to replace condition (1.19) or condition
(1.20)? This is also an interesting problem.

2 The proof of Theorem 1.2
In this section, we prove Theorem 1.2.
Let us consider an approximate problem

ver = div((a(@) + &) (IVe*® + &) Vv P92 Vv,) = f (0,8, v, [Vvel),  (68) €Qr,  (21)
ve(x, £) =0, (x,8)€dR x(0,7T), (2.2)
Ve(x,0) = veolx), x€, (2.3)
where v, € C5°(R), [Veolio(@) < IVolre(@), @) Vveo*” converges to a(x)|Vv(x)l? in

LY(R) uniformly. Since f(x,t,v,,|Vve|) <0 when v, < 0 and satisfies (1.16) or (1.17), the
above problem (2.1)—(2.3) has a unique nonnegative solution v, € L*°(0, T; W (2)), and

loc
IVellze (@) < ¢ (2.4)
one can refer to [3, 7, 18]for details.

Lemma 2‘1 [f”&‘ € LOO(O, T;LZ(Q)) r_W\XI(QT)v ||u5t||w/(QT) E (&) || v(luiz‘ |q_1u£)||p,QT S ¢ then
there is a subsequence of {u.} which is relatively compact in L*(Qr) with s € (1,00). Here,
q=1
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This lemma can be found in [17].
Proofof Theorem 1.2 At first, let us multiply (2.1) by v,. Since f(x,t,v,|Vv|) <Owhenv <0

and satisfies (1.16), by the Young inequality, we have:
(i) when p~ =2, f(x,£,v,,|Vve]|) satisfies (1.16), we have

1/ gdx+// (ﬂ(x)+e)(|v,3|°‘(")+8)|Vve|p(x)dxdt
2Ja Qr

1
:—f vgodx+// [ t,ve, | VVve)|ve dx dt
2Ja Qr

1 2a()
< —/ Vﬁodx+cff (a(x)lv|) 7@ V|2 dxdt (2.5)
2Ja Qr

1
< —/ Vfodx+// [ea(x)|v8|“(x)|Vvs|p(x)+c(8)] dxdt
2Ja " Qr

A

G

(i) when p~ > 1, f(x,t,ve, | Vv,|) satisfies (1.17), we have

1

_/ Vﬁdx+// (ﬂ(x)+a)(|v,3|"(")+8)|Vve|p(x)dxdt
2 Ja Qr

1
-5 [ s [ semeviion
2 Jq Qr

a(x)
/Vﬁodx+c// (ax)|v])?®
Q Qr

/ V?O dx + // [sa(x)|vg|"‘(x)|va @ 4 c(s)] dxdt
Q Qr

Ve dx dt

< Vv|dxdt (2.6)

IA
NI—= N

IA
o

Then
f/ a(x)|ve|“® | Vv, |P¥ dx dt < // (a(x) + &) (1ve "™ + &) Vv, PP dxdt < ¢, (2.7)
Qr Qr

which implies

alx) g
/ / a@)| V™ P dxde < c. (2.8)
Qr

Secondly, according to the definition of Banach space W(Qr) [2], C3°(Qr) is dense in
W(Qr). Now, for any u € C§°(Qr), llullwoy) = 1, we have

(Ver, u) = — // (a(x) + &) (|v:|*™ + )| Vv, P92V, - Vudxdt
@ (2.9)

+// f(x,t,v8,|VV8|)udxdt.
Qr
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According to condition (1.16) or (1.17), by the Young inequality, we easily deduce

‘// (6 ve, IV, | )udxdt
Qr

< ( )| 5|| a| @ 1 ( 1 )
C/v/‘ [axv Vv, | + ]
< (

(2.9)—(2.10) yield

|(vg,, u)| < c[// (a(x) + s)(|v5|°‘(") + 8)|VV5 [P dxdt:|
Qr
+c// IVul™ dxdt + ¢ (2.11)
Qr
<c
and
IVeellwrop) < c. (2.12)

Let A > 0 be a small enough constant, set D, = {x € €2 : dist(x, 9$2) > A}, and let ¢ € C§°(2),
0 < ¢ <1 satisfy

¢lpy =1, ¢la\p, =0.

Then

|<(§0Vs)t» 14)| = |<¢Vst» 14>| = |<Vst7 M>|

and

als) g 1
1@ ), o < V22 lwiap < elverlwian < e (2.13)

as well as

alx) g

afx) afx)
/ |V(<pv§’<">+l)|p(x)dxdt§C(A)<1+ / vy P dxdt) <c(h),
Q D;,

or equivalently,

ax)
[V (v

LS(O,T;LP(")(Q)) <c (2.14')

a(x)

a@)

for any s € (1,00). By (2.13)—(2.14), govf(x)+ is relatively compact in L°(Qr). Then
o) )

<,0v§’(’°)+ — @v; a.e. in Qr. Due to the arbitrariness of A, we know Vf(")+ — v; a.e. in

Qr-
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By (2.4), v € L*°(Qr), and
ve — *v, weakly star in L*(Qr),

it must be

al®) L q
v, = ve®

Thus, v, — va.e.in Qr.

Moreover, since a(x) is positive in €2, (2.8) yields

a(x) +1 M
v vt in 110, T 129 (Q)). (2.15)

loc

Now, we want to show the local integral of Vv. For any ¢(x) € CA(R), if we choose
alx) alx)
) +1)d) as the test function, then

e, Wi aw
/ / = ( ”(x —vP® +1)¢ dxdt
alx)

+ / / P(x)(alx) + s)(|v8|°‘(") +€)|Vve |1"(")’2V1/£V(v§WH - w"E oh )dxdt
o Ja

. . (2.16)
alx) 1 a(x)
+ / / (@) + ) |V [7® + ) [Vv POV, (v2 " — v Ve dxdt
0o Ja
T W
= / ff(x, t, Ve, |Vv8)(vf(x) T VI’(")H)(,‘b dxdt.
0 Ja
We have the following facts:
. 31/9 x alx) g Ve %*1 @) 4 q
g%/ / —vP® N dxdt = <¥ W& —vr g ) =0, (2.17)
. oW o) g
lmé/‘ /f(x,t, Ve, [Vve) (ve” = vr® )¢dxdt=0 (2.18)
E—> 0 Q
and
alx) -2 parl
(a(x) + 8) (|V5| + 8)|VV8 [PP==V v, (Ve — @ )V¢ dxdt
Q
< |(a@) + &) (1ve|*® + &) | Vv P2V, | o) (2.19)
L0, T;LPW-1 (@)
’ CH Vov—v.) ||L°°(0,T;Lp(")(ﬂ))’
which goes to zero as ¢ — 0. By (2.17)—(2.18), we can deduce that
T o) g (
lim/ / P () (al) + ) (Ive|*® + )| Vv, |p(")‘2VvSV(vf(") — Pl )dxdt
e=0Jo Jo (2.20)

=0,
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which implies that

T ax)
lim / / P@)(ax) + ) (1ve|* + €)@ | Vv, P2V, Vyro ™ dxdt
Q

e—0 0

a(x)

T o) g
=““5/ / () (a@) + &) (176 + &) Vv P2V, Vil dxdt
E—>

(2.21)

e—0

<l1m/ /qb x)+8 (|v£|“(")+8)|va|p(")dxdt

and we have

T a(®)
/ / B(®)a(®)|ve [“P Vv, PP Vv, Vveo T dxdt
0 Q

T
/ / (ﬁ * 1)¢><x>a(x)|v5|“("’“W|wg POV, Vvdxdt
o Je\px) (2.22)

T ax)
<c / / D) (a(®) + &) (1ve |2 + ) |*O | Vy P02V, Ve * dx dt
0 Q
<c

)
Since |v,[*®|Vv, [PW2Vy, € L1(0, T; L% (), we can deduce the local integral of Vv,

loc

ie.,
Vv e L%(0, T; 129(Q)). (2.23)

For any large enough n, m, v, = v¢|,_1 and v,, = v¢|,_1 are two viscous solutions. Then
n m

8(Vn - m)

1
= dlv[(d(x) + _) <|Vn|a(x) + _) Vv, P92y,
" (2.24)

1
(u(x) + —) (|vm|“"“> + —) V¥ |P(">-2Wm}
m

+ [f (% & Vs IVVl) = f (% & Vi | Vi) ]

Egoroff’s theorem vyields, for fixed § > 0, a closed set Es C Q7 such that the measure
nw(Qr — Es) <8 and v, = v uniformly on E;. By drawing the methods of [26—28], we can
extrapolate that

/ / a(x)|v|*W| Vv, — Vv,,|P dxdt — 0, (2.25)
Es

from which we can deduce Vv, — Vv a.e. in Q7. Thus, we have

ve =~ %v in L=(Q7),

Page 9 of 21
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_ )
(a@®) + &) (1ve|* + &) VY PP 2y, — a(x)|v|*™ | VyP®=2Vy  in L7 (0, T; LP9-1(RQ)).

In the end, the initial value is true in the sense of (1.14) can be shown as that of [1]. Thus,

v is a weak solution of equation (1.1) in the sense of Definition 1.1. O
3 The global stability

For small > 0, we define g, (x) to be an odd function, when s > 0, g, (x) has the form

gn (S) = 1- 52

Gy (s) = /0 2,(5)ds,

. B . S . B
rl]lil’(l)gn (s) = sgns, 'lllir(l)sg,7 (s) =0, 'lllil’(l) G,(s) = Is].

Proceeding as in [28], we can prove the following lemma, we omit the details here.

Lemma 3.1 Let u € W(Qr), us € W' (Qr). ThenV a.e. ty,t, € (0,T),

/ 2) / g(Wuydxdt = |:/ [Gn(u)(x, L) — Gy (u)(x, Ifl)] dx}.
t Q Q

The following lemma is the basic characteristics of the variable exponent Sobolev spaces
[6, 12, 32].

Lemma 3.2
(i) The spaces (LK), | - |y ) (WK, | - | yrotoey) and W) are
reflexive Banach spaces.
(i) The p(x)-Holder inequality. Let p(x) and q(x) be real functions with [ﬁ + ﬁ =1
Then, for any u € I’*(Q) and v € L1 (), we have

/ uvdx
Q

(i) Nll pi () and [ |ulP® dx satisfy

= 2[Jull o ) 1Vl Lot ()

Pl =1, then [ jur®ds =1
Q
s Pt
Flil gy > 1, then ”“”mMm)f/QWI”(’“)dxf el
If llul <1, then |ull o < | 1l dx < |u]?,
re(Q) ’ 1P (Q) = o - P0)(Q)’
Theorem 3.3 Let u(x, t) and v(x, t) be two solutions of equation (1.1) with the initial values

uo(x) and vo(x) respectively and with the same homogeneous boundary value condition
(1.18). If a(x) € CA(R), the nonlinear damping term satisfies

Page 10 of 21
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(A) p~ =2,

If (% £ 10, |V ) = f (3,80, | VW)

20(x) 20(x) (3.1)
20(x) ) 20(x) )
< cfil O)u—v|[[v] 7@ [Vv]* + u] 70 |Vu)?],
B) p>1,
[f(x, t,u, |Vu|) —f(x, t,u, |Vv|)‘
(3.2)
a(x) 2a(x)
< cfi(x, ) |u —vI[[V[PD [ V] + [u] 70 |Vul],
and one of the following conditions is true:
(i)
a(x)filxt) <c, (3.3)
(ii) there is a constant r > 2 + lﬁ such that
// a(x)' 7 fi(x, t) dxdt <, (3.4)
Qr

then
/ |u(x, t) —v(x, t)| dx < c/ |u0(x) - Vo(x)| dx, ae tel0,T).
Q Q

Proof We only give the proof of case (A). Case (B) can be proved in a similar way, we omit
the details.
Since u(x,t) and v(, ) satisfy the same homogeneous boundary value condition (1.18),

we can choose g,(# — v) as the test function. Then

L du—-v)
/0 /Q o7 g(u—v)dxdt

t
+ / f a(x)|u|“(")(|Vu|”(x)_2Vu - |Vv|p(")_2Vv)V(u - V)g;(u —v)dxdt
0 Jo

(3.5)
t
+ / / a(x)(|u|"‘(x) - |v|°‘("))|Vv|P(")_2VvV(u —v)g,(u—v)dxdt
0 Ja

:/Ot/Q[f(x,t,u,IVul) —f (%, 8,v, 1Y) ]g, (u - v) dxdt.

There are two facts much in evidence in (3.5). One is that, by Lemma 3.1, we have

. ! 0(u —
hm‘/0 /Qg,,(u—v) (u V)dxdt

n—0 dat

(3.6)
:/|u(x,t)—v(x,t)‘dx—/ |u0(x)—vo(x)|dx.
Q Q

Page 11 of 21
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Another one is that, by the monotonicity of the operator |Vu|""2Vu, we have
/ a(x)|u|“(x)(|Vu|”(x)_2Vu - |Vv|1’(x)_2Vv)V(u - v)g,/7(u —v)dx > 0. (3.7)
Q

Let us discuss the other terms in (3.5). In the first place, a(x) € C3(2), we set Q4 = {x €
Q:a(x) > 0} and define

Dy ={x€ Q:ulxt) #vx1)},

Dlt:Qath’ D2t:(Q\Qa)th'

Since (2.23) yields |Vul[?®,|Vv|P® e Ll (Qr), using the fact lim,—.0g,(s)s = 0 and the

loc
Lebesgue dominated convergence theorem, we have

hm/ /a(x 2] = [v]*@ ||V vP¥g! (4 — v) dx it

= lim/ / a(x){|u|“(") - |V|O‘(")‘ |Vv|p(x)g7’7(u —v)dxdt
Dy

n—0

(3.8)
/ / hma Yo ()€ 199 |y — v] | VP gn(u v)dxdt
Dy "
=0,
and similarly
t
lim/ /a(x)||u|°‘(x>—|v|“<x>||vM|Pg;(u—v)dx:0. (3.9)
n—0 0 Jo
According to (3.8)—(3.9), we can obtain
hm a(x) |u|‘” |V|°‘(")|Vv|px) VvV (u - v)gn( u—v)dxdt
< hm/ / a(x)||u*® = |*@| VPO (1 Vul + | Vv))g, (u - v) dxdt
<cl1m/ / x)||u|“(" [v|* ")||Vv|p 1|Vu|gn(u v)dxdt
+ lin})/ / a(x)||u|“(x) - |v|°‘(’“)|’|VV|p(x)g;(u—v) dxdt
o b (3.10)

+"“

t
<clim (/ / zz(x)| |1 ™) — |v|“(")|||Vv|p “) g, (u—v) dxdt)
n—0 0 JDy;

1

(//D a(x)||u|0‘ |V|Dt ||Vu|p gn(u—v)dxdt) "

+11m/ f a(x)||Vv|p(" ||u| |V|°‘(")||g;](u—v)dxdt
Dyt

- )

where p* and ¢* follow from (iii) of Lemma 3.2.
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In the second place, since the nonlinear damping term satisfies (3.1), using the Holder
inequality, we have:
(i) By (3.3),

n—0

lim /Ot'/g[f(x,t,u,wm) —f(x,t,v,|VV|)]g,,(u—v)dxdt‘

t 2a(x) 9 2a(x) 2 1
<c a(x)[|v| 0 |Vy|” + |u| P@ |Vuy| ]’a(x)‘fl(x, t)||u— v| dxdt
0 Ja

2
P21

t
< c(/ / a(x)[|u|“(")|Vu|p(") + |v|°‘(x)|Vv|p(x)] dxdt)
0 Ja

. (3.11)
t P P
. (/ / a(x)|u — v|pP@-2 dxdt)
0o Je
‘ pto 2
<c / / |u — v|PD-2 dx dt
0o Ja
1
4 P22
56(/ /!u(x,t)—v(x,t)|dxdt> ,
0 Ja
where py; = max, g ’@ or min, g % according to (iii) of Lemma 3.2, pyy has a similar

sense.
px)  (r=1)p(x)-2r
px)-2  p)

.e . 2 .
(ii) Since r > 2 + PoL there is
l1 > 1, 1, > 1 such that

> 1. By (3.4), there are two constants

lim /t/ [f (% 8,1, |Vt —f(x,t,v,|VV|)]g,,(u—v)dxdt|
0 Je

n—0

‘ 2a(x) 2a(x)
SC/ /[|V| 20 |V + [u] 79 |Vl |fi(x, 0)| |4 — v| dxdt
0 Q

' a(x) p(x) a(x) p(x) 1%
5(/0 /Qa(x)[|u| IVulP + |v|*™|Vy| ]dxdt)
( | [ atlat s 0 -] 55 dxdt)m (3.12)
0 Jo

¢ _p®)  (p@)-2r
Sc(/ /a(x)|a(x)_1f1(x,L‘)|1’(")‘2 P) dxdt)
0 Ja

S

1

¢ plx)  (r=Dp()-2r Iy
. (/ / |u - V|P(x)—2 p(x) dxdt)
0 Ja
1
¢ )
50(] /!u(x,t)—v(x,t)|dxdt) .
0 Ja

Now, let n — 0 in (3.5). According to (3.11)—(3.12), there is a constant /3 > 1 such that

/Q‘u(x,t)—v(x,t)|dx§/;2|u0(x)—vo(x)|dx+c</0t£2‘u(x,t)—v(x,t)|dxdt)13.

By a generalized Gronwall inequality [26], we have the conclusion. O
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Proof of Theorem 1.3 If the nonlinear damping term satisfies (1.19)

If (2, 8,14, |V ul) = f (3, 2,v, |V V) |

< c[(a(x)|v|)7<_53) |Vv|* + (a(x)|u|)25<_55> \Vul*]|u—vl,

we easily show that there is a constant / > 1 such that

n—0

t 1
50([) /Q|u(x,t)—v(x,t)|dxdt) .

Proceeding as in the proof of Theorem 3.3, we have the conclusion. If the nonlinear damp-

lim /t/ [f(x,t,u,|Vu|) —f(x,t,v,|VV|)]g,,(u—v)dxdt
o (3.13)

ing term satisfies (1.20), we can prove the conclusion in a similar way, and we do not repeat
the details here. O

Theorem 3.4 Let p~ > 2, u(x,t) and v(x, t) be two solutions of equation (1.1) with the ini-
tial values uo(x) and vo(x) respectively and with the same homogeneous boundary value
condition (1.18). If a(x) = 0, the nonlinear damping term satisfies

If (8,10, IVu]) = f (3,8, 1, [ VV]) | < cfi (o, ) (1VVIP + [Vl ?) (3.14)
and condition (3.3) or (3.4) is true, then

/|u(x,t)—v(x,t)|2dx§c/|uo(x)—v0(x)|2dx, ae tel0,T).
Q Q

Proof Since u(x,t) and v(,£) satisfy the same homogeneous boundary value condition
(1.18), we can choose (u — v) as the test function. Then

/Ot/Q B(ua; V)(u—v)dxdt

t
+/ /a(x)|u|“(")(|Vu|”(")_2Vu—|Vv|1’(")'2Vv)V(u—v)dxdt (3.15)
0 Jo

:/t/ [f (% 2,0, Vi) = f (%, 2, v, [VV]) | (e — v) dx dt.
0 Ja

By Lemma 3.1, we have

/(f/ﬂ(u—v)a(b;; ) dxdt

=%/ﬂ’u(x,t)—v(x,t)‘dx—%/Q|u0(x)—vo(x)|dx

(3.16)

and

/ a(x)(|Vu|p(x)_2Vu - |Vv|1’(")_2Vv)V(u —v)dx>0. (3.17)
Q
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At the same time, since the nonlinear damping term satisfies (3.14), using the Holder
inequality, we have the following:
(i) By (3.3), there is a constant [ > 1 such that

fo t /Q [f (0, | Vul) = (.1, vww)](u—v)dxdt’

< c/t/ g(x)(|VV|2 + |Vu|2)|a(x)_1fl(xyt)||u—V|dxdt
0 Q

2

, 2

< c(/ / a(@)(IVulP™ + |VyPe)) dxdt) -
0 Ja

. (3.18)
t o) P2
. (/ / a(x)|u — v|pP@-2 dxdt)
0o Je
‘ pto 2
<c / / |u —v|P®-2 dx dt
0 Ja
t ) 1
< c(/ / }u(x, t)— v(x,t)| dxdt) s
0 Ja
where py; = max, g ’@ or min, g % according to (iii) of Lemma 3.2, py; has a similar

sense.

px) (r-1)p(x)-2r
FE R e 1. By (3.14), there are constants /; > 1,

s\ O 2 .
(ii) Since r > 2 + poET there is

I, >1,and /3 > 1 such that

/0 t fQ [f (o0, | Vul) = (.1, v,ww)](u—v)dxdt’

t
fcf /(IVVI2+ \Vul®) |fi(x, )|l - v| dxdt
0 JQ

2

, 2

< (/ / a(@)(|Vult® + |VvPe) dxdt) i
0 Q

( / / () a) i (, £) - ) |2 dxdt)@ (3.19)
0 Q

t ) (pE)-2r
§c</ /‘az(x)|1,z(x)_1f1(x,1f)|!’(”)‘2 P) dxdt)
0 Ja

t px)  (r=1p(x)-2r %
. / / |u —y|pW-2 pk) dxdt
0 JQ
¢ 5
2 3
§c(/ /!u(x,t)—v(x,t)| dxdt) .
0 JQ

According to (3.18)—(3.19), there is a constant /, > 1 such that

/Q|u(x,t)—v(x,t)|2dx§/s;‘uo(x)—vo(x)|2dx+c</(;t/9|u(x,t)—v(x,t)|2dxdt)l4.

By a generalized Gronwall inequality [26], we have the conclusion. O

L

1
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Proof of Theorem 1.4 Since the nonlinear damping term satisfies

[f(x, t,u, |Vu|) —f(x, t,v, |Vv|)‘
< ca®)(|Vv* + |Vul?),

proceeding as in the proof of Theorem 3.4, we have the conclusion. g

4 The global stability if [, a(x)' ™ dx < oo
Recalling that, by a weak characteristic function x (x) of , x (x) € C(2) and

x(x)=0, x€0%, xx)>0, x€9, (4.1)

we can set another weak characteristic function as

(4.2)

x®) =2,
=10

A

In this section, we explore the stability of weak solutions by the weak characteristic func-
tion method [29, 30].

Theorem 4.1 Suppose that u(x,t) and v(x,t) are two solutions of equation (1.2) with the

initial values uo(x), vo(x) respectively. If there is a weak characteristic function x (x) € C'(Q)

satisfying

1
1 P
—(/ a(x)|V x [P®) dx)p < 00, (4.3)
A\Jae,

a(x) € CH(RQ), the nonlinear damping term satisfies (3.1) and one of (3.3) (3.4), then
/Q‘u(x, t) — v(x, t)’ dx < c/ﬂ‘uo(x) - vo(x)‘ dx, ae tel0,T).
Proof Since a(x) € C3(R), as before we set 2, = {x € Q: a(x) >0} and
Dy = Q4 N {x € Q:ulx,t) #v(x 1)}, Dy = (Q\ Qa) N {x € Q:ulxt) #v(x, 1)},
as well as

D, = {x € Q:ux,t) #v(x,t)}.
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By choosing g,(z — v)$,(x) as a test function, since
//Q a(x)xk(x)[|u|°‘(x)|Vu|p(")_2Vu — |y|*@ |VV|1’(")_2VV]V(M - v)g,;(u —v)dxdt
;
= /t/ a(x)x,\(x)[|u|°‘(x)|Vu|1’(x)_2Vu - |v|"‘(x)|VV|p(")_2Vv]V(u - V)g,’](u —V)dxdt
Dy
= /t/‘ a(x))(x(x)[lm"‘(x)|Vu|”(")_2Vu - |v|°‘(x)|VV|”(x)_2VV]V(u - V)g,;(u —v)dxdt
o Jpy
+ /t/D a(x)xk(x)[IVulp(x)_ZVu - IVvlp(x)‘ZVv]V(u - V)g;](u —v)dxdt,
0 2t

we have

N

+ / / a(x) 35, (0)[u|* ) (| VUl 2 Vi — [VyP2 V) V(i - v)g) (u - v) dxdt
0 JDyg

X)»(x)gn(u — V) dxdt

+ /ot./D a(x)xl(x)(|u|°‘(") - |v|“("))|Vv|p(")’2VvV(u —v)g (u—v)dxdt
1t
+ /t/D a(x)xl(x)[Wulp("HVu - |Vv|p(x)’2VV]V(u - V)g;(u —v)dxdt
0 2t
+ /t/D a(x)|u|°‘(")(|Vu|p(")’2Vu - |VV|p(x)’2Vv)Vx,\gn(u —v)dxdt (4.4)
1t
/ /D |u|"‘ %) |v|°‘("))|Vv|p(")_2VvVXAgn(u —v)dxdt
1t
/ /D |Vu|” 2Vu - |Vv|p(x)_2Vv)VXA(x)g,7(u —v)dxdt
2t
/ / x,t u, |Vu| f(x, t,v, |Vv|)])(x(x)g,,((u - v)) dxdt
/ Sile, ) |u — vl[lvl |Vv|2 + Iul |Vu| ) dxdt.
o Joy
As usual, we now analyze every term in (4.4). In the first place, we have

t 0G,(u—
lim/ /X,\dedt
=0 Jo Jo ot

:/’u(x,t)—v(x,t)‘dx—f|u0(x)—vo(x)|dx
Q Q

(4.5)

and
t
f / %.(®)a(x)|u|*® (|VulPPD 2V - VPOV V(1 - v)g) (u - v) dxdt > 0, (4.6)
0 JDy;

t
/ / XA(x)a(x)(|Vu|p(")’2Vu - |Vv|p(x)’2Vv)V(u - v)g,(u—v)dx > 0. (4.7)
0 JDy
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In the second place, since |Vu|[?™W, |Vy[P® ¢ L,

(Qr), using the fact lim,_, g; (s)s=0and

the Lebesgue dominated convergence theorem, we have

t
tim iy [ [ s w)ao) ) — 1| Vg ) =, @8)
n—>01—0 Jo Di;
t
tim iy [ [ s w)ato) ) — o |9, e ) =, (@9)
n—>01—0 Jo D1t
thus
lim lim / Xk(x)a(x)(|u|“(")—|V|“(’“))|Vv|p(")"2VvV(u—v)g,'](u—v)dxdt‘
n—0ArA—0 D1t
t
= lim / / a(x)(|u|°‘(")— |v|"‘("))|Vv|”(x)_ZVVV(u—V)g,;(u—v)dxdt‘
n—0| /o Di;

t
< lim/ / a(@®)|[ul*® — [y [V P (Vi + | VV])g) (u - v) dxdt
n—0 Jo Dt

t
§clim/ / a@®)||ul*® = [v*@ | VPO Vulg) (u - v) dxdt
0 JDyt

n—0

t
+ / / a()[|ul*® = "D |VvPDg) (u - v) dxdt (4.10)
0 JDy;
1

. ¢ o
<clim / a(x)||u|°‘(x) - |v|“(")|||Vv|”(")g;](u—v) dx
Dy

n—0 Jo
1

1
. (/ a(x)||u|“(x) - |v|"‘(")||Vu|p(")g,’7(u -v) dx) dt

Dyt
t
+ lim / / a(x)||Vv|p(x)||u|“(x) - |V|°‘(")| |g;](u —v)dxdt
1=0Jo Jpy
=0.
Here, p; is p* or p~ according to (iii) of Lemma 3.2, q; is ¢* or q~.
In the third place, we denote D; = {x € Q: x(x) > A}. If we choose A small enough, then

for Q, = {x € Q:a(x) >0},

Qy C Dy, Q\ D, C 2\ Qq,

there is a constant ¢, such that ¢(x) > ¢, provided x € Q,. According to the definition of

the weak characteristic function x (x),
Vi x)=0, xeQ,.
If we define that

Ds; = {(x, t) € Qr:ulx, t) # v(x, £),x GDA},

Dy = (Q\ D) N {x € Q: ulx,t) #v(x, 1)},
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then

t
/ / a(x)|u|°’(x)(|Vu|p(x)_2Vu—|Vv|p(x)_2VV)ka(u—v)g;](u—v)dxdt
o Jpy, (4.11)

=0,

and

t
/ / a(x)(|u|"‘(x) - |v|"‘(x))|Vv|”(x)_2VVVXA(u - v)g,'](u —v)dxdt
o Jpy, (4.12)

=0.

In the fourth place, since

t t
/ / a(x)|Vul!™ dxdt < c, / / a(x)|VvIPW dxdt < c,
0 JDy 0 JDy

by (4.3),

t
/ / a(x)(|Vu|1’(")_2Vu - |Vv|p(x)_2)VvVXAgn(u -v) dxdt‘
0 JDy

t
/ / a(x)(|Vu|”_2Vu—|Vv|"_2Vv)VXAg,7(u—v)dxdt‘
0 JDyND3;

+

t
// a(x)(|Vu|P_2Vu—|Vv|p_2VV)VXAg,7(u—v)dxdt‘
0 JDyg

t
/ / a(x)(quV’_ZVu—|Vv|p_2Vv)VXAgn(u—v)dxdt‘
0 TP (4.13)

IA

1
- / a(x)(|Vu|p(")_2Vu - |VV|p(x)_2VV)|VX | dx
A Jap,

€
F

t

/ [(/ a(@)(|Vul® + |vvP®) dx) !
0 Q\D;,

1

—(/ a(x)lel”(x)dx> dt
A\Ja\p,

—0

IA

T

as A — 0. Here, we have used the fact

/ a(x)|V x [P dx < / a(x)|V x IP@ dx.
Q\D;, )

Q\Q2

At last, for the nonlinear damping term satisfying (3.1), we can deal with it as in Theo-
rem 3.3, we omit the details here.
Letting n — 0 in (4.4), let A — 0. The Gronwall inequality yields the conclusion. O
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Proof of Theorem 1.5 Only if we choose x (x) = a(x), then

1 1
L

1 i .
—( / a(x)IVxI"(")dx)p s(w / |Vx|"<">dx>” <¢
A\Jap, \Q,

and the conclusion follows clearly. O
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