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1 Introduction
In this paper, we consider the existence and uniqueness of nontrivial solutions of the fol-
lowing fractional boundary value problem:

D}y, (D u(t)) = £ (&, u(®), Dy, u(t)) +g(t, ule), (Ku)(£) =b, te(0,1),
u(0) =1/ (0) = --- =2 (0) =0,

DG u(0) = (D§,u)(0) = - - = (DG )" 2(0) = 0,

Du(l) = Y 6Dy uln),  Dgeu(l) = Y0 oD% u(n),

(1.1)

where b >0, Dg,, Dgh Dgh Dy, are the Riemann—Liouville fractional derivatives with n —
l<a,B<mn-2<y<n-1,n>2meN),a-y-1>0,0<v=<y,0<&,n,¢<1,
i=1,2,3,...,m=2,m>2Y " 2En 7 <1, Y e T < 1.£,8:10,1] x (—00, +00) x
(=00, +00) —> (=00, +00) are continuous.

In recent years, much attention has been paid to multi-point boundary value problems
involving fractional order; see [1-29] and the references therein. We should mention re-
lated studies in [1-22], which motivated us to consider the problem (1.1). Lv [1] studied

the existence of positive solutions of the following multi-point boundary value problem:

D u(t) +f(t,u(t) =0, te(0,1),

1.2
w©0)=0,  Dhu(l)=Y"2&Dk u(n), (-2
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where 1 <o <2,0<8<1,0<a-8-1,0<¢&,n<1(=12,..,m-2), and
Z;’SZ émf‘*ﬂfl <1.f:[0,1] x [0, +00) —> [0, +00) is a continuous function. Lv [1] first ob-
tained the Green’s function of linear boundary value problem corresponding to the prob-
lem (1.2), which has been adopted in the proof of main theorems in [2—4]. Furthermore,
Lv [2] studied the existence of solutions for nonlinear fractional m-point boundary value
problems involving p-Laplacian operators by the fixed point index theorem. Li, Luo and
Zhou [5] discussed Eq. (1.2) in the case of m = 3 by using some fixed point theorems.
Very recently, Wang, Zhang and Wang [6] considered the following nonlinear fractional

boundary value problem:

—D.u(t) =f(t,u®),u®)) + g(t,u®), O<t<lnm—l<a<mn,

, (1.3)
u?0)=0, i=0,...,n=2,  Dyj.u(l)=bDbu(E), n-2<v<n-1,

wheren-1l<a<n(n>2,neN),n-2<v<n-1,0<b<1,0<E& <1 satisfying o —
v—1>0and 0 < hE* V1«1, They established the existence and uniqueness of solutions
of (1.3) by applying the properties of Green function and fixed point theorems for sum-
type operator. On the other hand, they also gave the physical application of our system
(1.1). The main feature of [6] is that the value of « is extended from 1 <« < 2 in (1.2) to
n—1 <« < n. Liang and Zhang [7] considered the existence of solutions of the problem
(1.3) when n =4, v = 2 and f(¢, u(t), u(t)) = 0. Moreover, Jleli and Samet [8] gave some
sufficient conditions under which the problem (1.3) has a unique positive solution when
b=0.

We note that Wang [9] studied the existence and uniqueness of positive solutions for

singular fractional differential equations as follows:

Df. u(t) + p()f (¢, u(t),Dg+ u(t)) + q(t)g(t, u(t), (Hu)(t)) =0, 0<t<1,

(1.4)
u(©0)=u'(0) =---=u"2(0) =0, [Dg u(O)]e=1 = k(u(1)),

wheren-1<a<n,n>3,1<B<y <n-2,p,qc C((0,1),[0,+00)), p(t) and ¢(t) are
allowed to be singular at £ =0 or t = 1. f,g: (0,1) x [0,+00) X [0,+00) —> [0, +00) are
continuous, and & : [0,1) — [0, +00) is also continuous. What attracts our attention is
the nonlinear term contains not only the derivative term but also the operator term (Hu).
Similarly, Zhang and Tian [10] also studied the problem (1.4) with derivative term, but
the difference is that the function g does not include the operator term. In [11], Ji et al.
also investigated positive solutions for the nonlinear fractional differential equation with
a derivative term. Goodrich [12] first obtained the Green function of the problem (1.4)
when k(x#(1)) = 0. In [13-15], they considered the fractional differential equations with
integer order derivative, and they did not consider the boundary condition [Dg+ u(t)]s1.
Zhang [16] considered the singular fractional differential equations with multiple deriva-
tive terms, and obtained the existence of positive solutions.

We should mention the work of Jong [3], which directly is related to our problem (1.1).

Jong investigated the following nonlinear fractional m-point boundary value problem with
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p-Laplacian operator:

D} (@p(D%u))(t) = f(t,ule), e (0,1),
u(©0)=0,  D%u(0)=0, (1.5)
Dy.u(l) = Y2 EDy u(),  9p(Dau)(1) = Y01 Gipp (D) (my),

wherel<w,8<2,3<a+8<4,0<y <1l,a-y-1>0,0<&,n;,¢ < I,Zlfz;zgmgx—y—l <1,
ZZIZ {mlﬁ_l < 1, the p-Laplacian operator is defined as ¢,(s) = |s|P~2s, p > 1. Jong ob-
tained that the problem (1.5) has a unique solution which is given by u(t) = fol Gl(t,s) x
w;l(fol H(s, 7)f (v, u(t))dt) ds. He first gave the Green function H(s, 7). The main tool of
[3] is the Banach contraction mapping principle. Furthermore, he also showed the unique-
ness of the problem (1.5) in [4] by the classic fixed point theorem of mixed monotone op-
erators. Li and Qi [17] focused on p-Laplacian boundary value problems of higher order
nonlinear differential equations. Tan and Li [18] used Kuratowski’s noncompactness mea-
sure and Sadovskii’s fixed point theorem to study the problem (1.5) when the boundary
condition ¢,(D§. u)(1) = ZZIZ Cipp(Dg- u)(n;) is removed. Wang and Xiang [19] consid-
ered the problem (1.5) when all boundary conditions are replaced by %(0) = 0, D§, #(0) = 0,
u(1) = au(£) and Dy, u(1) = bD§, u(n). Wang, Xiang and Liu [20] investigated the problem
(1.5) when the boundary conditions are replaced by #(0) = 0, D #(0) = 0 and u(1) = au(£).

We should point out that the main tools and methods adopted in [1-20] are cone map-
ping theory. Therefore, nonlinearities in the problems (1.2)—(1.5) are usually required to
be non-negative. But more and more authors are beginning to remove this restriction im-
posed on nonlinear terms. Very recently, Sang and Ren [21] dealt with the following frac-
tional boundary value problem:

—D u(t) = f(t,u(t), u(t)) + g(t, ut),u(t)) - b, 0<t<l, (16)
u0)=0, 0<i<n-2,  [Dyu(®)l =0,

where n -1<a<nl1<B<n-2,n>3 meN),b>0isa constant, f,g : [0,1] x

(=00, +00) X (—00,+00) —> (=00, +00) are two continuous functions. In fact, Zhai and

Wang [22] have introduced ¢—(/, e) operators, and established the existence and unique-

ness of a nontrivial solution for a class of nonlinear fractional equations by using partial

order method.

In this paper, the first goal is to obtain the fixed point of the solution of the operator
equation M(x, x) + N(x,x) + e = x, where M and N are two mixed monotone operators. We
will generalize the results of cone mapping to the non-cone case. Then we will provide
some sufficient conditions under which the problem (1.1) has a unique solution and con-
struct two iterative sequences of unique solution. Compared with [6, 9], we do not demand
the assumption that nonlinearities are non-negative, and the more general boundary con-
ditions are adopted.

Our paper is organized as follows. In Sect. 2, we will introduce some definitions and
give some lemmas to prove the main conclusions. In Sect. 3, the existence of fixed point
for the operator equation associated with the problem (1.1) is established. Then, based on
our abstract results, the existence and uniqueness of the solution of the problem (1.1) are
proved.
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2 Preliminaries and related lemmas
In this section, we give some definitions and lemmas that are useful for the proof of our
main results.

In this paper, (£, || - ||) is a real Banach space. A partially ordered structure in E is induced
by acone P C E,i.e.x <yifand onlyif y—x € P. § is the zero element. P is called normal
if there exists N > 0 such that 6 <x <y = ||x|| < N||y||. Given /& > 0, we denote by P,

Py, = {x € E | there exist A > 0, u > 0 such that A < x < uh}.
Let e € P with 0 < e < I, denote
Py.={xcE|x+eecPy}.

Definition 2.1 ([30, 31]) If A(x,y) is increasing in x, and decreasing in y, then A : Py, x
Py . — E isa mixed monotone operator. That is, for every u;, v; € Py, (i = 1,2) with uy > vy,
Uy < vy, we have A(uy, uy) > A(vy, 12).

Definition 2.2 ([32, 33]) The Riemann-Liouville fractional derivative of order & >0 of a
function % € C[0, 1] is defined by

ot e — 1 (AN o syt
DOJI(t)_I‘(n—a)(dt) /Oh(s)(t s) ds,

where 7 = [a] + 1. The Riemann-Liouville fractional integral of order o > 0 of a function

h is given by

1% h(t) = ﬁ /0 (t — )" Lh(s) ds.

Definition 2.3 ([32]) Leta > -1, v >0and ¢ >0. Then

- Te+1)
"Tla-v+1)

o=V

Dy t*
Lemma 2.1 ([34]) Let u € C[0,1]NL'[0,1], a >0, then

IS D& u(t) = u(t) + 1t et 4+ - 4 ",
wherec; €R,i=1,2,...,nand n=[a] + 1.

Lemma 2.2 Let Y /'° En’ "t 1. If y(t) € C[0,1], then the boundary value problem

1

D u(t) +y(t) =0, O<t<lm—-l<a=<n,
w©0)=u'(0)=---=u"2(0) =0,
Dlu(l) =YY" 2D u(n), n-2<y <n-1,

has a unique solution

1
u(t):/ G(t,9)y(s)ds,
0
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where

G(t,s) = G1(t,s) + Gy(t, s),

1 | lQ =) lo(t=s)*1, 0<s<t<l,

Gl(t,S) = 57N
Pl@) |11 —g)*r1, 0<t<s<l,
and
1| e, &7 T A=) = (g —9)* Y, 0<t<1,
GZ(tx S) = =SS w—y-1
ONCON PR S i G S B L 0<t<1,
with

m—2
A = 1 - Zfﬂ’)?iyil.
i=1
Proof Using Lemma 2.1, we get
ud) + et ettt = 15 y(2).

It follows from the condition #(0) = #/(0) = - - - = u™2(0) = 0 that ¢, = ¢,_1 = - - - = ¢ = 0.
Thus

u(t) = =& y(t) — et
The rest of our proof can be obtained from Lemma 2.1 in [1]. O

Lemma 2.3 Let Zmzz {mf_l #1.Iff :[0,1] x (00, +00) X (—00, +00) — (—00, +00) be a

i=

continuous function. Then the problem (1.1) has the following unique solution:

u(t) = /: G(t,s) (/01 H(s, 7)(f (t,u(z), Dy () + g(, u(r), (Ku)(z)) - b) dr) ds,
where

H(t,s) = Hi(t,s) + Hy(t,s),
in which

1 | 1a -9 1=-(@-95F1, 0
Hits)= (1-5) (t-s)
0

<s=<t=
LB) | eA1(1-s)p 1, s

L
ly

IA
IA
IA

t

p-1 B L1 Z )1 (g — s)B1
Hy(tos) = 1P Y 0csey, Gilny (1 =) (mi-9F], 0<t<1,

TN P SN (B L 0<t<1,
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where
m—=2
B=1-)Y ™.
i=1
Proof Let h € C[0, 1], consider the boundary value problem:

D§+v(t)+h(t):0, O<t<l,m-1<pB <mn,
W0)=vV(0) =---=v"2(0) =0, 1) =" evin).

Similarly, using Lemma 2.1, we deduce
V(t) + artP T+ eotP 2 ke, tP = 1D (p).

It follows from the condition v¥(0) = v/(0) = --- = v*2(0) =0 that ¢, = ¢,_1 = -+ = ¢, = 0.
Thus

W) = —I0 h(e) -yt
The rest of our proof can be derived from Lemma 2.4 in [3]. O

Lemma 2.4 Let

Cls) = % DI LA T R O il I Y7 A () L

O<s<n; 521
1 m—2
D=~ (1 Y E(1- nf‘”)).
i=1
Then the function G(t,s) defined in Lemma 2.2 satisfies the following conditions:
C)t“ ! <T(w)G(t,s) < D7},
and
C()t* "' <T(a—v)Dy.G(t,s) < Dt* ™7,
forevery t,s € [0,1].

Proof Since Gi(t,s) > 0 for t € [0,1], s € [0, 1], it follows that

G(t,5) = Galt,s) = %ta‘l.
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At the same time, we have

G(t,s) = G1(t,s) + Gy(t, s)

1 a-1 1 po—1
St AT 25

Consequently
C(s)t* ! <T'(w)G(t,s) < Dt* L.

Similarly

C(S) toz—v—l

Dy G(t,s) > Dp. Gy(t,s) = ————
0 (t,8) > 0 2(t,s) T(a—v)

and

Dy, G(t,s) = Dy: Gi(t, s) + Dy Ga(2, 5)

1 1 m-2
< ta—v—l + 'ta—v—l
~ I'la—-v) AF(a—V);Sl

1 11 0‘1’1 ta—v—l

D a—v-1
t
' —v)
Hence
C()t* "' <T(a—v)Dy.G(t,s) < Dt* ™" O
Lemma 2.5 ([4]) Let
E(s) = Z G =8P == 9P+ > T - 9P
0<S<7h $20;
and
1 m-2
F= (1 £y (- nf“))
i=1
Then

E(s)tP™' <T(B)H(t,s) < Ft’,

forevery t,s € [0,1].
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Lemma 2.6 Let P beanormal coneand T : Py, X Py, —> E be a mixed monotone operator.
Assume that the following conditions hold:
(i) forevery x €(0,1) and u,v € Py,., there exists (A, u,v) > A such that

T(Au +(A=Der v+ ()Cl - 1)6) > oA u,v)T(u,v) + ((p(k,u, V) — 1)e;
(ii) for fixed t € (0,1) and u € Py, ¢(t, u,v) is decreasing in v, and for fixed t € (0,1) and

V € Pe, o(t,u,v) is increasing in u;
(iii) there exists to € (0,1) such that

to Lo 1 1
h+ -1 eST(h,h)S—h+<——1>e.
(p(tO: h1 h) <¢(t0’ hrh) ) tO tO

Then:
(1) T has a unique fixed point x* in Pj;
(2) there exist initial values ug, vo € Py, and s € (0,1) such that
svo < up < Vo, uo < T(uo,vo) < T (vo, tg) < Vo;
(3) for any x0,y0 € P, taking the iterative sequences as follows:
Xp = T(xn—lﬁyn—l); Yn = T(yn—lrxn—l)r n=12,...
we have x,, — x* and y,, — x* as n — 00.

Proof By (i), we have

T(Au+ (A =1)e, v+ (A - 1)e)
< [(p()\,)flu + ()\_l - l)e,kv + (A - l)e)]flT(u, V) (2.1)

+ ([ 2 u+ (A =1)e, v+ (A - l)e)]_1 ~1)e,

for every A € (0,1), u,v € Pj,.. We can find a positive integer k with

plto )\ 1
Lo T b
Let

Uy = T(un—h Vn—l): Vn = T(V}’I—I! Mn—l)) n=12,....

xp =toh+ (8 — 1)e, yu=t"h+ (" —1)e, n=12,....
Thus

Xp = toxn_1 + (Lo — e, Yu=ty o + (' = 1)e, n=1,2,....
Denote ug := xx, Vo := Y, then ug, vo € P,

uy < vo, uy = T(uo,vo) < T(vo, u0) = v1.
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Since T is mixed monotone, we get
U, <v,, n=12,....
By the conditions (ii) and (iii), combining with (2.1), we have

uy = T (uo, vo)
= T(tsh + (t§ — 1)e,ty"h + (65 — 1)e)
=T(to(t7 h+ (857" = 1)e) + (to — Ve by (8" h + (855 — 1)e) + (£5" — 1)e)
> @(to,tg "+ (t5 7" = 1)etg" ™+ (8" = 1)e) T(t5 i+ (¢ — 1)e, 6" i
+ (6" = 1)e) + (p(to g h+ (85" = Vet + (£F —1)e) - 1)e
> p(to,ty th+ (t5 ' = 1)e,tg"  h+ (8" —1)e)[o(to. t§ *h + (t5 > = 1)e,
52+ (552 = 1)e) T (872 + (657 = Ve, ty" 2 h + (£552 — 1)e)
(et (62 = 1)erts s (52— 1)e) ~ 1)e]
e (plto B (657 = 1)es s (51 = 1)e) ~ 1)e
=p(to,ts th+ (t5 ' = Ve tg"  h+ (65 —1)e)p(to, ts h + (82— 1)e, 55" *h
+ (652 = 1)e) T(t52h + (t5 > = 1)e,tg"*h + (t5" = 1)e) + [ (k0. 8§ 1
+(ts7 = 1)ety"  h+ (8" — 1)e)p(to, ty *h + (tg > — 1)e, 5" *h
+ (6" ~1)e) - 1]e
> >t ts th+ (657 = 1)e,tg"  h+ (555 — 1)e) o (to, t§‘2h + (6572 = 1)e,
"2+ (6557 = 1)e) ... o(to, i, )T (1) + [@(to, t T+ (85" = 1)e, t**
+ (6" —1)e)p(to, ts 2+ (8572 = 1)e, t5" h + (6,5 — 1)e) - - o(to, b, 1) — 1]e

>t p(to, 1, W) T (h, h) + (8 " p(to, 1 h) — 1)e

_ ty to _

5 Lo(to, b, h -1 5 o(to, b, h) — 1
=l gl )<w(to,h,h) +<<p(to,h,h) )e>+(° oliarh,h) = 1)e
=t5h+ (tg — t§ " p(to, b h))e + (ty " o(to, 1 h) — 1)e

—t0h+( —1)e=xk=uo

and

v = T(vo, uo)
= T(t h+ (8% - e, thh + (t§ - 1)e)
< o(to, t5"n + (855 = 1)e,tkh + (¢ = 1)e) " T (5" h + (£5%" = 1)e, 2k
+ (57 = 1)) + (0 (to, t5"h + (655 = 1)e,thh + (£ = 1)e) ™ —1)e
< o(to, t5"h + (855 = 1)e,tkh + (£ = 1)e) "o (to, 155 1 + (5551 = 1)e, 87

(A D)) T (5 e e (67 - 1))+ [o(i0 5
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+ (5% = )ethh+ (5 - 1)e) o (to, 5"+ (555 ~ 1)e, 5 h
+ (5 =1)e) " —1]e

<< o(to, i+ (55" = 1)e, thh + (= 1)e) " (to, 5" + (655 = 1)e,
67+ (5 = 1)e) (ot i+ (5" = V)estoh + (to — )e) " T 1)
+ [0(to, 55"+ (855 = 1) e, t5h + (¢ = 1)e) "o (to, 55"+ (554 = 1)e, k7'
(B = 1)e) (o, 15"+ (85" = 1)e,toh + (tg— 1)e) ' = 1]e

< ¢(t0, 5 + (£~ L)es toh + (to — 1)e) “T(, )
+[o(ton 65"+ (5" = 1)estoh + (8o~ e) = 1]e

< o(to, 5", toh) “T(h, 1) + [ (to, 15y toh) " = 1]e

< @(to, I, )y X T(h h) + [ (to, 1, 1) —1]e

< plto 65+ (65" = 1)e] + [0,y — 1]e

= @(to, )5 i + p(to, b h) Ft5le — e

<to*h+ (55 - 1)e =y =w.

Thus

uo < T(uo,vo) < T(vo, o) < vo.
We deduce for all # € N that

ug < < <uy,<---<v,<---<v; <. (2.2)
In addition

U, >ug>svg+(s—De>sv, +(s—1)e, n=12,....
Let

t, = sup{t >0 | u, >tv, +(t— 1)e}.

Thus we have u, > t,v, + (t, — 1)e,n=1,2,.... Consequently {¢,} is increasing with {z,} C
(0,1]. Assume that ¢, — t* as n — oo, then t* = 1. If not, 0 < £* < 1.

Next, we need to prove that ¢t* = 1. If 0 < £* < 1, we should discuss the following two
cases.

Case I: there is an integer N such that £ = ¢*. In this case, we have t, = t* for all n > N.
Then

tnst = Tt V) = T (Eava + (b0 — De, 8, uy + (£, = 1)e)

T(tv, + (t* - 1)e, (t*)_lu,, (( ) 1)e)

(
> @ (8%, Vo tin) T Wiy ) + (9 (8, Vs t) — 1)e
z¢(

t*, uo, vo) T (19, Vo) + ( (t U, Vo) l)e

Page 10 of 28
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We can get t* = t,;1 > ¢(t*) > t* from the definition of ¢,,;, which is a contradic-
tion.

Case 2: for all n, t,, < t*, we have

Uyl = T (U, Vi) > T(t,,vn + (8, — 1)e, t;lun + (i.‘;1 - l)e)

_ T<t—:(t*vn (- 1)e) + (i_ . 1)e, (i—i)l((t*)_lun () = 1)e)

+
—~
—

o~

*
N—
|

|

—
N—

S
N—"

+

VU
A
N
TS
A
*
=

s

+
—

A

*
|

—_
N—

N
—~

=~

*
N—
|

N

N

+
—~
—

A

*
N—"
-
|

—_
N—

IS

\—/
|
—_
\—/
S

(o =) (@ - 1)e) 1)
> (p(i—:, t*uo + (t* — 1)6, (t*)71V0 + ((t*)71 - 1)6)(/)(15*, Uo, VO) T(Vn: Mn)

R <¢<i—:,t*u0 b (E = e () 0 + (7)) - l)e)w(t*,uo, ) - 1>e.

By the definition of ¢,,;, we have
boet > go(i—z,t*uo +(t* = 1)e, (t*)flvo + ((1?*)71 - l)e)ga(t*,uo,vo) > ;—Zgo(t*,uo,vo).

Let n — 0o, we have t* > ¢(t*, up, vo) > t*, which is a contradiction. Consequently £* = 1.

Since P is normal, we have

ltnsp — unll < M(1 = £)|vo + e, 1V = Vaapll = M(1 = £) lvo + e,
where M is the normality constant. Let n — 0o, we get

lttpsp — tnll — O, Vi = Viapll —> 0.

Therefore u, and v, are Cauchy sequences. Repeating the proof of Lemma 2.3 in Sang and

Ren [21], we derive that our conclusions hold. O

Lemma 2.7 Let P beanormal coneand T : Py, X Py, —> E be a mixed monotone operator.

Assume that the condition (i) in Lemma 2.6 is satisfied. In addition, ¢(t,u,v) is decreasing
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in u and increasing in v for every t € (0, 1). Furthermore, there exists ty € (0, 1) such that
toh + (to — e < T'(h, h)

1 _ _
< 5<,o(to, to'h+ (85" = 1)e,toh + (to — 1)e)h (2.3)
1
+ [t o(to "+ (tg" = 1)e, toh + (to — 1)e) — l}e.
0
Then the conclusions (1), (2), (3) in Lemma 2.6 hold.

Proof As in the proof of Lemma 2.6, we only need to check that u; = T (1o, vo) > uo and
vi = T(vo, o) < vo hold. For every ¢ € (0, 1), since (¢, u, v) is decreasing in % and increasing
in v, by (2.3), we have
= T'(uo, vo)
= T(tsh + (t§ — 1)e,ty"n + (65— 1)e)
> [o(to, 667 h+ (857" = Ve tg" ™+ (55 — 1)e)o(to, 8 2 + (65 % — 1)e, 1"
+ (6" = 1)e) - olto, 1, )| T(h, h) + [ (to, 8 h + (657 — 1)e, 65" h
+ (85 = 1)e)p(to, tg 2+ (85> = 1)e g 2 + (8" = 1)e) - - p(to, 1, ) — 1]e
> [p(to, 1, W) T 1) + ([p(to, 1, )] = 1)e
> [p(to, 1, )] [toh + (to - 1)e] + ([p(to, 1, )] = 1)e

[
> toh+ (t§ — 1)e = xx = uo
and

v1 = T (vo, uo)
= T(ty"h + (6" - 1)e,t5h + (t5 — 1)e)
< [o(to, t55n+ (655 = 1)e, t5h + (5 = 1)e) "o (to, 55"+ (551 = 1)e,
5+ (5 = 1)e) gt 5t + (51 = V)estoh + (2o — 1)e) | T (1 h)
+ [0 (to, 55 + (655 = 1)e, thh + (¢ = 1)e) "o (to, 15"+ (551 = 1)e,
B+ (5 = 1)e) ot 85 i+ (551 = 1)e toh + (b — 1)e) ' —1]e

< t55 o (to, £5 i + (5" = 1)e, toh + (b — 1)e) ™ T(h, )

-1

+6" o (to 5 h + (8" = V)e,toh + (to — 1)e) —1]e
<ty*h+ (&5 - 1)e =y =wo.
The rest of the proof is similar to that of Lemma 2.6, we omit it here. O

3 Main results
In this section, we will establish the existence and uniqueness of nontrivial solution for
the problem (1.1). The main tools are fixed point theorems of an operator equation.
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Theorem 3.1 Let P be a normal cone in E, and let M, N : Pj,, X Py, —> E be two mixed
monotone operators, and the following conditions are satisfied:
(L1) forallt €(0,1) and x,y € Py, there exists Y (t,x,y) > t such that

M(tx+(t-De,t 'y + (7" = 1)e) = Y (&x,)Mxy) + (V%) - 1)e;
(L2) forfixed t € (0,1) and x € Py, ¥ (t,x,y) is decreasing in y, and for fixed t € (0,1)
and y € Py, Y (t,x,y) is increasing in x;
(L3) forallt€(0,1) and x,y € Py,

N(tx +(t=1et 'y + (t_1 - l)e) >tN(x,9) + (t—1)e;

(L4) there exists to € (0,1) such that

to to 1 (1 )
h+ —1l)le<Mhh) <—h+|—-1]e,
W(to,h,h) ('(/f(t(),h,h) > - ( ) tO tO

N(h! h) € Ph,e;
(L5) for all x,y € Py, there exists a constant § > 0 such that
M(x,y) = N(x,y) + (8 — 1e.

Then the operator equation M(x,x) + N(x,x) + e = x has a unique solution x* in Py, and
for any initial values xo, yo € Py, by setting the sequences {x,} and {y,} as follows:

Xn :M(xn—lxyn—l) +N(xn—lr_yn—l) +te, n=1, 2,“-;

Yn :M(Yn—lrxn—l)+N(y;1—l;xn—l)+e, n=12,...,
we have x, — x* and y, — x* in E as n — 00.

Proof For every x;,y; € Py, (i = 1,2) with x; > x5, y1 < y,, the mixed monotone properties
of M(x,y) and N(x, y) lead to

M(x1,y1) = M(x2,2), N(x1,91) = N(x2,2).
Now we define the operator T': P, X Py, — E by

T(x,y) = M(x,y) + N(x,y) +e, forallx,y€ Py,. (3.1)
We have

T(x1,51) = M(x1,91) + N(x1,91) + € = M(xa,y2) + N(%2,52) + e = T(x2,92).

Thus, T is a mixed monotone operator. Note that N(/, i) € Py, there exist aj,a, € Py,
such that

arh+ (a1 —1)e<N(hh) <ah+ (ay - 1)e.

Page 13 of 28
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From (3.1), we have

T(h,h) = M(h,h) + N(h,h) +e.

By the condition (L4), we obtain

fo to
T(h,h) > w(to,h,h)h + (Iﬁ(to,h,h) - 1>e+ arh+(a; —1)e

(v he (R 1
} (wo,h,h) ”1) ' (w(to,h,h) T )e

and

1 1
T(hh) < —h+ <— - 1>e+ ash + (ay — 1)e
) Lo

1 1
= (— + a2>h + (— +ay — l)e.
to to
Hence, the condition (iii) in Lemma 2.6 is proved. Next, by the condition (L4), we have

M(x,y) + SM(x,y) > SN (x,y) + (§ — 1)e + SM(x, y),

8 e
M(x,y) = mT(x,y) 133 (3.2)
By conditions (L1), (L3), (3.1) and (3.2), for every x,y € P}, ., we obtain
T(tx +(t-1et 'y + (1.‘_1 - l)e) —tT(x,y)
=M(tx+(@E-Dety+ (" -1)e) + N(tx+ (t - De,t 'y + (£ - 1)e) +e
—t(M(x,y) + N(x,y) +€)
> Y (t,x,9)Mx,y) + (w(t,x,y) - l)e +IN(x,y) + (t—1)e+e—tM(x,y)
—tN(x,y) —te
= (¥ (t,%9) - t)M(x,y) + (Y (t,x,5) - 1)e
1)
> Wm0 -0 (£ TN - 15 ) + (Wt - 1e
S X)) — x,y) —
= %T(x,y) + (w(t,x,y) -1- %)e.
Therefore
T(tx+(t-Det 'y + (' - 1)e)
5(1ﬁ(t,x»)’)—t) I/I(f,x,y)—f
> (T +t>T(x,y)+ (W(t,x,y)—l—T)e (3.3)

_ Sy (t,x,y) + tT(x,y) s <81//(t,x,y) +t 1>e.
1+6 1+6

Page 14 of 28
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Let ¢(t,x,y) = % Then ¢(t,x,y) > ¢, t € (0, 1), together with (3.3), we obtain

T(tx +(t-Detly+ (t_1 - l)e) > o(t,%,9)T(x,y) + ((p(t,x,y) - l)e, Vx,y € Pje.

Thus condition (i) in Lemma 2.6 is proved. By (L2), for every x; > x; and y; < y, with

Xi,9i € Ppe, i = 1,2, we have

Yt x1,91) = ¥t %2,92).

Therefore

w(tixliyl) +1 > SW(t!x21y2) +t
1+46 - 1+6

8
o(t,%1,91) = = @(t,%2,2).

Thus we deduce condition (ii) in Lemma 2.6 to be met. According to Lemma 2.6, we get

the conclusions of Theorem 3.1. O

In terms of Lemma 2.7, we can establish the following theorem, which is parallel with
Theorem 3.1.

Theorem 3.1’ Let P be a normal cone in E, and M, N : Py, x P, — E be two mixed
monotone operators. The assumptions (L1), (L3) and (L5) in Theorem 3.1 are satisfied.
Furthermore, for fixed t € (0,1) and x € Py, ¥ (t,x,y) is increasing in y, and for fixed t €
(0,1) and y € Py, ¥(t,x,y) is decreasing in x. In addition, N(h, h) € P}, ., and there exists
to € (0,1) such that

toh + (to — 1)e < M(h, h)
1
= t—llf(to, talh + (t(;l _ l)e, toh + (ty — l)e)h
0
1
+ [t—l/f(to,talh + (tal _ l)e, toh + (to — 1)3) _ l]e.
0

Then the conclusions of Theorem 3.1 hold.

Define E = {x | x € C[0,1], Dy, x € C[0,1]}. Then E is a Banach space with an order re-
lation u < v if u(t) < v(t), Dy, u(t) < Dy, v(t). Let P C E be defined by P = {x € E | x(¢) >
0,Dy.x(t) > 0} for all ¢ € [0,1]. It is clear that P is a normal cone. Let

[ SFl-sf  yrP ol - nf)st
e(t)—b/0 G(t,s)(r(ﬁ+1) + Br(B+1) )ds, te€[0,1].

Theorem 3.2 Assume that
(H1) f,g:[0,1] x [—e*, +00) X [—€*, +00) — (—00, +00) are continuous. For every
t €1[0,1], g(¢,0,KC(L)) = 0 with g(¢,0,1C(L)) £ 0 where L > % and
e* = max{e(t) : t € [0,1]};
(H2) forfixed t € [0,1] and y € [-€*,+00), f(t,x,¥), g(t,x,y) are increasing in
x € [—€*,+00); for fixed t € [0,1] and x € [-e*,+00), f (¢, %,%), g(¢,%,y) are
decreasing in y € [—e*, +00);
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(H3) forall A € (0,1), there exists Y (X, x,y) € (A, 1) such that for all t € [0,1],
(@) £t 2%+ 0= D1, 27 Dy + 071 = 1)pa) = 0, 9)f (6,5, D3 ),
(b) glt,Ax+ (A = 1)ps, ALy + (AL = 1)p3) > Ag(t, x,9), where x,y € [—€*, +00),
p1, 3 € [0,€*], and p; € [0, e,] with e, = max{Dy.e(t) : t € [0,1]},
(c) forfixed t € [0,1] and y € Py, ¥ (A, x,y) are increasing in x € Py, and for fixed
t €[0,1] and x € Py, ¥ (A, x,y) are decreasing in y € P,;
(H4) forallte[0,1], x,y € [-€*, +00), there exists § > 0 such that

f(t,x,y) > 8g(t, x,0);

(H5) K:C[0,1] — C[0,1] and satisfies
(@) Ku >0 forevery u € Py,
(b) foru,ve Py, u<v= Ku <Ky,
(c) forall » € (0,1) and u € Py,

K(ru+(h-1)8) > AK(w) + (L - 1)e, e<[0,€"];
(H6) there exists ty € (0, 1) such that

Lo to
v (to, 1, h)h(t) ¥ W(to,h,h)e(t)

1 1
5/0 G(t,s)(/o H(s,r)f(t,h(r),D(”Vh(r))dt) ds

1 1
< —h(t) + —e(t).
= o)+ el

Then the problem (1.1) has a unique solution u* in Py, ., where h(t) = Lt*™1, for all t € [0,1]
We can construct the following sequences:

1 1
wy(t) = /0 G(t, s)</(; H(s, T)f (T, 0p-1(1), Dgs 01 (7)) dr) ds
1 1
+ / G(t,s) (/ H(s, r)g(t,a),q_l(r), (ICO‘n_l)(‘L')) dr) ds—e(t), n=1,2,.
0 0
1 1
o,(t) = /0 G(t,s)(/(; H(s,r)]‘(t,a,,_l(r),D8+a),,_1(r)) dr) ds

1 1
+ / G(t,s) (/ H(s, 7)g(7,0n-1, Kw,-1)(7)) dr> ds—e(t), n=12,...
0 0

cey

for every initial value wy, 0o € Py,we have w,, — u* and 0, — u* as n — oo.

Proof By [3], we have

1 1 1
/ H(s,7)dt =/ H(s,7)dt +/ Hs(s,t)dt
0 0 0

_ s St )
T T(B+1) Br(B+1)

Page 16 of 28
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Furthermore, it follows from Lemmas 2.4 and 2.5 that

D! Fsﬂ1
0<e(t)<b/ ) <‘/0 X0 )ds

B-1
F(a)r(ﬁ / as
bDF

,3[‘(01)1"(,3)
<Le*' = h(t),

where L > ﬁl"( )r 7 Hence, 0 < e(t) < h(t). By Lemma 2.3, we find that the problem (1.1)

has the following expression:

1 1
u(t) = / G(t,s) (f H(s, r)(f(r,u(r),D&u(r)) +g(r, u(t), (ICu)(r)) - b) dr) ds
0 0
1 1
:/ G(t,s)/ H(s,r)f(t,u(r),D&u(t)) dtds
0 0

+ /1 G(t,s)/lH(s,r)g(t,u(r), (ICu)(r)) dtds

—/1 ts)b/ H(s,T)dt ds

=f tsst, T, u(t )D8+M(t))dtds—e(t)

+ / G(t,s) / H(s, T)g(7, u(t), (Ku)(1)) dr ds — e(t) + e(2).
0 0
For every t € [0,1] and u, v € P}, ., we consider the following operators:

1 1

M(u,v)(t) = / G(t,s) / H(s, T)f (1, u(t), Dy v(t)) dt ds — e(2) (3.4)

0 0
and

1 1

N(u,v)(t) = /(; G(t,s) /0 H(s, r)g(t, u(t), (ICV)(‘L')) dt ds — e(t). (3.5)

Clearly, u(t) is the solution of problem (1.1) is equivalent to u is the fixed point of
M(u,v)(t) + N(u,v)(t) + e. By (3.4) and (3.5), we get

1 1
D(”)+M(Lt,1/)(t)=/0 D&G(t,s)/o‘ H(s,t)f(t,u(t),DSw(t))dtds—D8+e(t),

1 1
D(‘;+N(u,v)(t):/0 D5+G(t,s)‘/0 H(s, 7)g(7,u(t), (Kv)(r)) dr ds — Dy e(t).

Page 17 of 28
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(1) Firstly, we show that M,N : P, x Py, — E are two mixed monotone operators. By

(H1) and (H2), for every u;, v; € Py, (i = 1,2) with u; > uy, v1 < v,, we have

1 1
M(ul,vl)(t):/ G(t,s)/ H(S,‘E)f(‘[,ul(‘lf),Dngvl(T)) dt ds —e(t)
0 0
1 1
> f G(t,s) f H(s, 7)f (1, (), Dy () de ds — e(t) = Mltuz, v) (0
0 0

and

1 1
D5+M(u1,v1)(t):/0 D5+G(t,s)/o H(s,t)f(r,ul(r),Dgwl(T))dtds—D&e(t)

1 1
Z/ D(”VG(t,s)f H(s,t)]’(r,ug(r),D5+vz(r)) dt ds — Dy e(t)
0 0

= Dy M(uz, v2)(£).

Hence, M is a mixed monotone operator. Similarly, we deduce

1 1
Nz, ) (®) = / Glt,s) / H(s, 7)g(t,11(0), (Kva)(0)) e ds — e(t)
0

0
1 1
> / Glt,s) / His, ) (7, ua(), (KCva) (1)) dr ds — e(t) = Nlun, v>)(¢)
0 0

and

1 1
D5+N(u1,v1)(t):‘/0 D5+G(t,S)/o H(s,r)g(r,ul(r),(lCVl)(t))drds—nye(t)

1 1
Z/ D3+G(t,s)/ H(s, 7)g(7, ua(1), (Kv2)(r)) dr ds — Dy e(t)
0 0

= Dy N (g, v2)(t).

Thus, N is also a mixed monotone operator.

(2) Next, by (H3), for every ¢ € [0,1] and X € (0, 1), there exists ¥(A,u,v) € (1,1) such

that, for every u, v € Py, we get
M(u+(-De,A v+ (A =1)e)(0)
1 1
= / G(t, s)/ H(s, t)f(t,)u,t + (A —1)e, Dy (A‘lv + ()F1 - l)e)) dt ds —e(t)
0 0
1 1
= / G(t,s) / His, r)f(r, Au+ (A —1e, A’1D8+V + ()Cl - 1)D3+e) drt ds — e(t)
0 0

1 1
2/ G(t,s)/ H(s,t)l//(k,u(r), v(t))f(r,u(r),DEw(t)) dt ds —e(t)
0 0

+ (A u,v)et) — v (h, u,v)e(t)
=¥ (A, u, VIM(u, v)(0) + (Y (A 1, v) — 1)et)
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and

Dy M(du+ (A= 1)e, A7 v+ (A7 = 1)e) (2)
1 1
_ / Dy.G(t,9) / Hs, 7)f (1,000 + (.~ De, Dy (Al + (171 = 1)e)) d ds
0 0

- DS+ e(t)

1 1
= / Dy« G(t,s)/ H(s,)f (v, Au + (. = 1)e, A" Dyov + (A" = 1) Dy e) dr ds
0 0

— Dg.e(t)

1 1
Z/o D3+G(t,s)/0‘ H(s, )¢ (& u(t), v(0))f (1, u(t), Dy v(t)) dt ds — Dy, e(t)

+ ¥ (%, u,v)Dg.e(t) — ¥ (A, u,v)Dy.e(t)

=¥ (A, u, v)Dy M(u, v)(2) + (¥ (A, u,v) — 1) D e(2).

Thus, M(Au + (A — De, A~ v + (A7t = 1e) > (A, u, VM, v) + (¥ (A, 11, v) — 1)e.
In view of (H3)(b) and (H5), we derive

IC()CIM + (A‘l - l)e) <2 N (Ku) + (A‘l - l)e,

N(Au +(A=Derlv+ (A‘l - l)e)(t)
1 1
= / G(t,s) / H(s,t)g(t,Au+ (A = Ve, (K(A v + (A7 = 1)e)) dr ds — e(?)
0 0
1 1
> / G(t, s)/ H(s, t)g(r,ku + (= 1De, A7 HKy) + ()Cl - l)e) dt ds —e(t)
0 0
1 1
> f G(t,s) / H(s, t)kg(t, u(t), (/CV)(‘L’)) dt ds — e(t)
0 0

1 1
=X f G(t,s) / H(s, r)g(t, u(t), (ICV)(I)) dt ds — e(t) + re(t) — re(t)
0 0

= AN(u,v)(£) + (A — 1)e(t),

and

D3+N(Au +(A=Der v+ ()Cl — l)e)(t)

1 1
= / Dy G(t,s) / H(s, 7)g(t,Au + (A —1)e, (IC()CIV + ()Cl - l)e)) dt ds — Dy e(t)
0 0

1 1
> / D}, G(t, s)/ H(s,)g(t, Au+ (A = 1)e, A (Kv) + (A1 = 1)e) dt ds — Dy e(t)
0 0

1 1
> / Dy G(t,s) / H(s, r)kg(r, u(t), (ICV)(I)) dt ds — Dy e(t)
0 0

1 1
Y f Dy G(t,s) f H(s, 1)g (v, u(x), (K)(x)) d ds
0 0
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— DY e(t) + 2D} e(t) - ADy ef2)

= ADg. N(u,v)(£) + (A — 1)Dg.e(t).

Thus, NAu+ (A= 1e, A" 'v+ (A1 = 1)e) > AN(u,v) + (A — 1)e.
(3) In view of (H6), we have

1 1
M(h,h)(t):/ G(t,s)/(; H(s, T)f (1, h(r), Dy h(z)) dr ds — e(t)

0
1 1
< %h(t) + (g - 1>e(t),

to to
M © = 5o "0 (wuo,h,h) ‘1)3“)’

and
1 1
Dy M(h, h)(t) = / Dy G(t,s) / H(s, ‘E)f(‘L', h(r),D(”ﬁh(r)) dt ds— Dy, e(t)
0 0
1 1
<DL h(t) + <— - 1)Dg+e(t),
to to
v v b b v
DO+M(h,h)(t) > D0+ Wh(t) + (W — 1>Do+e(t)

Thus,

tO t() I/I(L‘o,h,h) W(to,h,h)
w(to,h,mh*(w(to,h,h)‘1>65M(h’h)5 o h*( . _l>e'

Next we show that N (%, 1) € Py,. It suffices to prove that N(/, k) + e € Pj,. From Lemma 2.4
and the condition (H2), we have

1 1
N, h)(¢) + e(t) :/ G(t,s)/ H(s,r)g(t,h(r), (ICh)(t)) dt ds
0

5/(; rt(o;)lf H(s,r)g(r L%} IC( o= 1))dtds

tal
< F(O[)//Hst)grLOdrds

_ Dh()
CLI(a) Jo

1 1
N, h) () +e(t) = / G(t,s) / H(s, r)g(t, h(t), (ICh)(t)) dt ds
0 0

f H(s,7)g(r,L,0)dt ds,

1 1
Z/o %t“’lfo H(s,7)g(t, Lt K(Lt* ")) dr ds

toz—l
>
~ ') Jo
k()
CLT(a) Jo

1
(s) /0 Hi(s, t)g(t, 0, IC(L)) dtds

1 1
C(s)/ H(s,7)g(7,0,K(L)) dt ds,
0
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and

1 1
D5+N(h,h)(t)+D8+e(t)=/0 D”+G(t,s)/(; H(s,T)g(7, h(v), (Kh)(v)) dt ds

1 Dta—v—l
<
“Jo T(e-v)
Dtrx—v—l
I'a-v)
_ DDy h(t)
LT ()

1
/ Hi(s, r)g(r,Lr“’l, IC(Lt"‘_l)) drtds
0

=

1,1
/ H(s,7)g(r,L,0)dt ds
o Jo

1,1
f / H(s,t)g(t,L,0)dt ds,
o Jo

1 1
D5+N(h,h)(t)+D5+e(t)=/0 D&G(t,s)/(; H(s,T)g(7, h(v), (Kh)(v)) dt ds

1 1
Z/ C(s) ta,H/ H(s, 7)g(t,Le* Y, K(Le*™Y)) dr ds
0 0

' —v)

t(x—v—l 1 1
*Ta-nty VY /0 H{(s, 7)g(r,0,K(L)) d ds
_ Dy.h(t) 1 1
" Il(a) /0 ¢ /0 H(s, 1)g(r,0,K(L)) dr ds.

Let
D [
h= LF(a)/O /O H(s, 7)g(r,L,0) dr ds,

1 1 1
h=——1] C H(s, ,0,KC(L)) dt ds.
2= tr ), €O [ HEDe(e.00w) dr ds
Then lhh < N(h,h) + e < l1h, thus N(h, h) € Py,. Therefore, the condition (L4) of Theo-

rem 3.1 is proved.
(4) For every u,v € Py, and ¢ € [0, 1], we derive that

1 1
M(u,v)(t):/0 G(t,s)/0 H(s,t)f(r,u(r),DSm(r))dr ds — e(t)
1 1
2/0 G(t,s)‘/o H(s,t)b‘g(t,u(r),O) dt ds — e(t)
1 1
2/ G(t,s)/ H(s,r)(Sg(r,u(t), (le)(r)) dt ds — e(t)
0 0

1 1
= 8/ G(t,s)/ H(s, r)g(r, u(t), (ICV)(T)) dt ds —e(t) + Se(t) — Se(t)
0 0
=8N (1, v)(t) + (8 — 1)e(2)

and

Dy M(u,v)(t) = /01D5+G(t,s)/(;1H(s,t)f(r,u(r),Dgw(r)) dt ds — Dy e(t)

1 1
Z/ D}, G(¢, 5)/ H(s,7)5g (7, u(r),0) dt ds — Dj.e(t)
0 0
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1 1
> f D} G(t,s) f H(s, 7)5g(7, u(t), (Kv)(r)) dt ds — Dy e(t)
0 0

1 1
:8/ G(t,s)/ H(s,t)g(t,u(t),(le)(t)) dt ds — Dy, e(t)
0 0

+ 8Dy e(t) — 8Dy e(2)

= 8Dy N(u, v)(t) + (8 — 1)Dg. e(t).

Therefore, M(u,v) > 8N (u,v) + (§ — 1)e. That is, the condition (L5) of Theorem 3.1 is sat-
isfied. Consequently, all the conditions of Theorem 3.1 are satisfied, the conclusions of
Theorem 3.2 hold. g

By the proof of Theorem 3.2, combining with Theorem 3.1’, we can obtain the following
result.

Theorem 3.2" Assume that the conditions (H1), (H2), (H3)(a)(b), (H4) and (H5) in Theo-
rem 3.2 are satisfied. Moreover, for fixed t € [0,1] and y € Py, ¥ (A, x,y) are decreasing in
x € Py, and for fixed t € [0,1] and x € Py, ., ¥ (X, x,y) are increasing in y € Py, .. In addition,
there exists ty € (0, 1) such that
toh(t) + (to — 1)e(2)
1 1
< / G(t,s) (/ Hf(s, '()f(‘l.’,h('(),D(v)Jrh(t)) dr) ds — e(t)
0 0
1 -1
§t—1/f(t0,t0 h+ (85" = 1)e toh + (to — 1)e) h(?)
0
1
+ [t—w(to, to'h+ (8" = 1)e toh + (tg — 1)e) — 1:|e(t).
0
Then the conclusions of Theorem 3.2 hold.

Lastly, let us give an example to illustrate our main results.

Example 3.1 Consider the following boundary value problem:

DL =262 + 1+ (ult) + 5 + DY + () + 225 SRSV

r2

Mo

;l

1
+ (D u(t) + rzl(s 5+ 1)

15 15 -1
+(f0(u %))ds+l_2<%)+1) - 10, (3.6)

u(0) =0, D3+ 0)=0,
1 1 1
Dy u(1) = 1 D4 u(d) + £Dgu(3) + D u(2),
3 3 3
Dg.u(1) = 1D2 u( )+ 5 Déu(%) + 1—10D§+u(%).

Then the problem (3.6) has a solution.

Proof The problem (1.1) becomes the problem (3.6) when we choose n =2, « = %, B = %,

y=pv=5b=10,m1=13,m=3m=3&=6&=E5=15,and {; = { = {3 = ;5. Then we
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have

A=1- Zg,n“ "1 207521 >0,

m-2

B=1-Y ™ ~ 079270,

i=1

<1+Z;,1- >~15571
(1 * Zfl (1-ne7h ) ~ 1.3988.
A direct computation leads to

1 1 1
/ H(s,7)dt :/ Hi(s,7)dt +/ Hy(s,7)dt
0 0 0

L3 3713 13 .13 13 3% 33,1
=S2 SR 1t S S Rl R Sl i o
reé Br'(3)
e(t) = / /H(s, Ydtds
1 3 1 3 1 3
1 3 3713 _13 .13 _13 .37 _3%7.%
s2—s2 =[72—-32+:2 322422 _22]¢3
_ / (ts)[ . + 1ota 4 2 52 4 4 :|ds
'3 BI'(3)
1 3 1 3 1 3
1t Pl 30 3717 15,13 13,33 _ 337.1
Dt2 [s2-s7 5lz° —37+3° —3° +37—1%]s?
510/ ; [ 2y 10l2 4 2 52 4 4 ds
o TGL TG BI'(3)

15
< — 13 = Lt} = h(z),
r'2(3)
and
15 1 15
e* < Dde(t) < ———r—.
= o3y 0 B IY T30
I'2(3) rrig)
Let

f(t,u,v):t2+1+ (u(t)+ Fi—é) +1)2 + (v(t)+ F;—(Sg) +1>5,

i 15 l)é ( 15 1)’1
gtuv) =t +(u(t)+—r2(%)+ + V(t)+—F2(%)+ )

(Ku)(¢) :/0 (u(s) + FZI(SQ)) ds.
2
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Forie(0,1)and e € [0 ] we deduce

K(ku+(k—1)é) :/O‘t<)»u+(k—1)é+ %)ds

2

t t t 15
:A/ uds+/(k—1)éds+/ — 5 ds
0 0 o I'%(3)

> A(Ku)() + (A - 1)8,

and (ICu) is increasing in u, thus (H5) is satisfied. It is easy to check that f,g : [0,1] X
[- =2, +00) X [- %,+OO) — (—00, +00) are continuous, f(¢,u,v), g(t,u,v ) are both in-
3
creasing in « and decreasing in vand g(¢, 0, K(L)) = £2 )
0. Thus, (H1) and (H2) are satisfied.
Forall A € (0,1), t € [0,1], uvePhe,pl,pge[O ]andp26[0
(A, u,v) = A2 such that

F2( )

) ], there exists
)r 1)

St Au+ (A =1)py, A~ D0+v+( T -1)pm)

21+ (ru+(r-1) +—15 +1 :
= u —
P1 FZ(%)

S

( 1D0+v+( 1)+ L +1)

r2(3)

1
=2+ 1+)\%<u+ (1—)(1),01 + A7 15 +)»1>2
()

[

15 -
D0+v+(1—k)p2+krz—(§) +A

2

1
15 15 3
> 241423 (ur (1= 2= 4 A 407
r2(3) I2(3)

A%(D% +(1-2) 1> 2 +A>
+V -
0 rérE) )

1
9 1 15 2
>t +1+A2 u+—3+1
2(3)

1 15 15 -
<D0+v+(1 A)Fz( 5 AFZ—(%) +A>
r2(3)

2 1 1 15 -3
+1) +)\§<D§+v+—3+1)
2 FZ(_)

1 1
15 2 1 15 o5
zkél:t2+1+<u+—3+l> +(D3+V+ 5 +1> ]
r2(3) I2(3)

= Y, (616, DS, V).

S

wi—

2 1
>t+1+A2lu+
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Moreover, we deduce

gt ru+ (=1)p3, 27 v+ (A = 1) p3)

£ (x (r-1) 15 1)é (xl (»'-1) 15 1>_1
=t"+ | Au+ (A - + =+ + v+ - + -+
03 1_,2(%) 03 F2(%)

£ x%,( (1-27Y) 153 x1>é x( (1-2) 151 A>_1
=t"+ u+(l- + + +Alv+(1- + -t
Pr3 1.,2(%) 3 FZ(%)

1
15 15171 3
zxt2+x(u+(1—r1) x-1>

r2@) )’

A( =) 15 15A -t
+ M v+ (A -A) = +
r2¢3)  r23)
3 15 -1
:At2+k<u+ YE +A1) +A(v+ 373 +A)
'2(3) '2(3)

, 15 3 15 -1
M+ \ut 5o +1) +(v+ 1
r2(3) r2(3)
= Ag(t,u,v).

Thus, (H3) is satisfied. Furthermore, for u,v € Py, we get

+ 1)é + <V(t) + 15 + 1>_é
5 r2(3)
1 -1
zt2+1+<u(t)+%+l) +<V(t)+l“i—f%)+1>

15 3 15 -
>+ (u(t) + 1"2—(%) + 1) + (F2—(%) + 1) =g(t,u,0),

let § = 1, we have f(¢, u,v) > 8g(¢t,u,0). Thus (H4) is satisfied.
By Lemmas 2.4 and 2.5, we have

o 15
ftuv)=t"+1+ (u(t)+ 020

1 1
/ G(t,s)(/ H(S,T)f(t,h(‘[),Dngh(‘()) dt) ds
0 0

1 1 15
5/0 G(tf,s)(/0 H(s,t)(4+h(r)+r2—(%)> dt)ds

1 1 15 e(t)
:/0 G(t,s)(/o H(s,r)h(z)azr)am[rz(%)+4}E

L Dtd [ (1 15Fstt2 15 t
S/ 32 (/ Szgtzdr)ds+[ 3 +4:|ﬂ
o TG \Jo T3(3 I'2(3) 10

_ 4DF 15 e(t)
“ore " [W(g) +4] 10

=1.2325A(t) + 2.3099¢(¢)
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and

1 1
fG(t,s)(/ H(s,t)f(r,h(t),D&h(r))dr)ds
0 0
1C(s)t% 1 11 1
3/0 = )(/ e Yooyt dz)d“Ee(r)
4¢3 1 1 5 1
> F(%)/o c(s)s2 (1 4)ds+—e(t)

ary 11 /1\3 !
> —— —| =) Q-9)2s
5r2(3) J1 10\2

> 0.0001%(¢) + 0.1e(t).

Bl
»HU\

) ds + %e(t)

(1-

Choose £y = 1078, we deduce that the condition (H6) is satisfied. Therefore, all the assump-
tions of Theorem 3.2 are satisfied. We can construct the following iteration sequences:

wn(t):/ ts)(/ H(s,r)(t +<wn 1(r)+F2(5)+1>§
-1
( (Un 1(x)+F1(52))dx+r21(5)+1> )dr)ds
15 ;
+/0 Gts(/ HS,'()(‘L’ +1+<a)n 1(r)+F2(%)+1>

15 -3
Dy oyi(t 2(§)+1 dt |ds—e(t), n=12,...,
2

and
15 3
(2) = (t, H(s, e 1
os)= [ 69 [[ 6:0(e%+ (om0 505 +1)
-1
15
+ (/ (a)nl(x)+ )dx —+1> )dr) ds
0 r2(3) r2(3)
‘ 15 :
t, H 1 e +1
f ( s)</ (s, ‘L’)(‘L’ + +(o 1(1:)+F2( 5 )
1
15 75
+ (D5+a)n_1)(t) t ot 1) )dr)ds—e(t), n=12,...,
I'%(3)
for any initial values wy, 0y € Pj,.,we have w, — u* and 0,, - u* as n — oo. O

4 Conclusions

In this paper, we obtain two new mixed monotone fixed point theorems. By using our
abstract results, we establish the existence and uniqueness theorems of the solution for
a fractional m-point boundary value problem, which generalizes the well-known elastic
beam equation. Furthermore, two iterative sequences to approximate the unique solution

are also given.
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