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1 Introduction

Liquid crystals present a state of matter with properties between liquid and solid. The sim-
plest form of liquid crystals is the nematic phase, which exhibits long-range orientational
order but no positional order. Generally speaking, there are two primary continuum the-
ories to describe nematic liquid crystal flow: the Ericksen—Lesile theory and the Landau-—
de Gennes theory. In the former one, the local alignment of molecules is described by
a unit vector, which completely neglects molecular details. In contrast, the latter gives a
more complex description of the local behavior of molecular alignments, such as line de-
fects and biaxial configurations. This theory uses a symmetric and traceless tensor Q(x)
to characterize the alignment behavior of molecular orientations. Physically, Q(x) can be

defined as the second-order traceless moment of f:

Qx) = /SZ (mm - %I)j(x, m)dm,

where f(x, m) is the density distribution function with the orientation parallel to m at ma-
terial point x. The tensor Q(x) is said to be isotropic if all its eigenvalues are zero, uniaxial

if it has only two different eigenvalues, and biaxial if its three eigenvalues are different
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from each other. When Q(x) is uniaxial, it can be written as
1 2
Qx)=S nn—gl , nes’,
where S € R is the scalar order parameter. When Q(x) is biaxial, it can be written as
1 I/ 1 ! 2 ’
Qx)=S nn—gl +R[ n'n —§I , nne€Sn-n"=0,5,ReR.
The Landau—de Gennes free energy functional is given as follows:
a b c
FQVQ) - / {-— TH(@?) - 2 Te(@?) + £ (1e(Q?))?
w2 3 4
1
*5 (L, IVQI* + LyQyj;Qikk + L3 Qi Qiky) } dx
[ (3Q +£ivQ) i, 1)
R

where a, b, ¢ are nonnegative coefficients depending on the material and temperature,
and L; (i = 1,2, 3) are material-dependent elastic coefficients. f;, is the bulk energy den-
sity describing the isotropic-nematic phase transition, while the elastic energy density f,
penalizes spatial non-homogeneities. For detailed introductions one is referred to [5, 13].

In the Landau—de Gennes framework, there exist two representative Q-tensor models,
directly derived by a variational method, describing the hydrodynamics of nematic liquid
crystals: the Beris—Edwards model [3] and the Qian—Sheng model [16]. The two models
are, respectively, a system coupling the equation of Q-tensor order parameters with the
time evolution equation of the fluid velocity. In this paper, we are concerned with the
following Qian—Sheng model [16] with the inertial density:

JQ+mQ=H- D+ w[2.Q) (12)
gw-w:—vwv-(amd), (1.3)
V.v=0, (1.4)

where J stands for the small inertial coefficient, and the inertial term Q = (9, + v - V)Q is
the material derivative of Q = (3, + v- V)Q. In addition, the viscous stress o, the distortion
stress 0@ and the molecular field H are, respectively, defined by

0=p1Q(Q:D)+BD+pD-Q+psQ-D+p;(D-Q*+ QD)

+ %(Q_ [SZ, Q]) +M1[Q’ (Q_ [SZ, Q])]’ (15)
a__ 7,
Uzj - anl,j 0; le: (16)

~ SF(Q,VQ) _OF oF def 3
Hl;——<T)U——aQu+ak(aQM)_ T(Q - £(Q), (1.7)
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where the two operators 7 and L are, respectively, given by

1
T(Q =-aQ-bQ* +c|QPQ+ gbIQIZL

1 2
(LQ)y =~ <L1 AQu + E(Lz +Ls) <ka,ml + Qummk — §5k1Qt1‘,if)>'

The constants B1, B4, Bs, Be» B7, 41, and p, in (1.5) are viscosity coefficients. The coeffi-

cients satisfy the following relation:

Bs — Bs = U2 (1.8)

It is worth emphasizing that, to be compared with the original Qian—Sheng model
in [16], a new viscosity term B7(DyQuQy + QixQuDy) in (1.5) is added to ensure that
the energy of the system will always dissipate without assuming any relation between
Bs and B¢. The detailed discussion of the dissipative relation can be found in recent
work [9].

For the Q-tensor dynamical model of liquid crystals, there has been published much an-
alytical work. We only recall some relevant results here. Concerning the Beris—Edwards
system, the well-posedness results on whole space and bounded domain can be found in
[8, 14, 15] and [1, 2, 11], respectively. For the inertial Qian—Sheng model, De Anna and
Zarnescu [4] investigated the local well-posdedness for bounded initial data and global
well-posedness under the assumptions of the small initial data. For the non-viscous ver-
sion of the Qian—Sheng model, Feireisl et al. [6] proved global existence of the dissipative
solution which is inspired by that of the incompressible Euler equations. There is some
interesting work, devoted to exploring the relation between different dynamical theories
for liquid crystals. For example, by the Hilbert expansion method, Wang—Zhang—Zhang
[19] rigorously justified that the strong solution to the non-inertial Beris—Edwards model
converges to the solution to the Ericksen—Leslie model. In the same spirit, Li—-Wang [9] ex-
tended this work, and rigorously proved the connection between the inertial Qian—Sheng
model and the full inertial Ericksen—Leslie model. A unified formulation for liquid crystal
modeling was put forward by Han et al. in [7] to establish relations between microscopic
theories and macroscopic theories.

In [4], the well-posedness results rely on the assumption that the solution decays fast
enough at infinity. However, during the physical modeling process, the liquid crystal sys-
tem is not generally isotropic but certain nonzero uniaxial or biaxial equilibrium at infinity.
Therefore, the main goal of this paper is to study the local well-posedness of the strong
solution for the inertial Qian—Sheng system with the initial data near uniaxial equilib-
rium.

The rest of this paper is organized as follows. In Sect. 2, we state the notational con-
ventions and some technical lemmas, and then present the main result of this paper. In
Sect. 3, based on the classical Friedrich method and the closed energy estimate, we prove
the local well-posedness of the inertial Qian—Sheng’s Q-tensor dynamical model, when

the solution to the system tends to the uniaxial equilibrium state at infinity.
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2 Preliminaries and the main result
2.1 Notations and convections
The Einstein summation convention is used in this paper. The configuration space of the

Q-tensor is the set of symmetric, traceless 3 x 3-matrices, that is,
g3 def R3%3. 0s = 0. O = 0
0 = {QE -Ql/—Q}quz— },

which is endowed with the inner product Q; : Q; = Q1;Qy;. The Frobenius norm on S3 is
defined as |Q| % JTrQ? = /QijQyj. For two tensors A, B € S we denote (A - B);; = AyBy;
and A:B=A;Bjj,and [A,B]=A-B-B-A.Forany Q;,Q; € L2(R3)3*3, the corresponding
inner product is defined as

def

(Q1, Q) = /RB Qu(x) : Qqy(x) dx.

We denote by n; ® n, the tensor product of two vectors n; and ny, and omit the symbol
® for simplicity. We use f; to denote 9;f and I to denote the 3 x 3 identity tensor. In
addition, the superscripted dot denotes the material derivative, i.e., f =(0; +v- V)f, where
the fluid velocity v can be understood from the context. We also define the commutator

[Vi.flg = Ve(fe) -fVig.

2.2 Useful lemmas
The following product estimates and commutator estimates are well-known, see [10, 17]

for example, and they are frequently used in this paper.

Lemma 2.1 Let s > 0. Then, for any multi-index o, B,

|a°fafg|
[ENEE

1 < CA oo gl svietsion + gl zoe 1f Nl pgseietsisr);

s < Clf lgsriarvipi I pgsviarsipr, i s + ol + 18] = 2.

In particular, we have

ellzs < C(F oo llgllres + Nglzoe I1F e )5
Wfellns < Cllfllasliglas,  ifs=2;

Wl < Coin{ |1 1l gl zrzs If 2 gl gt }, 0 <k < 2.
Lemma 2.2 Let a be a multiple index. We have
| [8%&]f 12 < CUIVEliee f a1 + IVl gia- I 122¢)-

In particular, if |a| > 2, we have

1T0%&lf 2 < Clglsart If | iar-1,
1T gllf ]2 < Cllgll ppiate I Nl gtai-1-
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The following energy dissipation relation can be found in [9].

2
Lemma 2.3 Assume that 1, B, 1 >0, B7 > 0, and By — :Tzl > 0. Then, for any smooth
solution (v, Q) of the inertial Qian—Sheng system (1.2)—(1.4),

d 1 .
([ 504 n0m) 8 7@ v0)

2
=-A1lQ: DI} - <ﬂ4 - :—;1) IDIIZ, - (85 + Bs)(D - Q, D)

2
Q-12,Q+ 22D| .
2p1 g2

-267ID- QI — i1 (2.1)

Moreover, if one of the following assumptions holds: (i) Bs + Bs = 0 if B7 = 0, (ii) (Bs + Be)* <
2

8B7(Ba — 22) if B; # 0, then the right hand side in (2.1) is non-positive.

41

We give some results about critical points. A tensor Qy is called a critical point of f,(Q)
if T(Qo) := % lo=q, = 0. The following characterization of critical points can be obtained
from [12, 19].

Lemma2.4 7(Q)=0ifandonlyifQ=S(nn— %I)for somen € S?, where S = 0 or a solution
0f 2¢S? — bS + 3a = 0, that is,

b+ /b? + 24ac b— /b2 + 24ac
= ="\

S1 or
4c 4c

Moreover, the critical point Qy = S(nn — %I) is stable if S = S;.

Given a critical point Qg = S(nn — %I), the linearized operator H, of 7(Q) around Qo
is given by

b
My (Q) = aQ-b(Qo - Q+ Q- Qo) +¢lQol*Q +2(Qo: Q)<CQ0 . gl)~

2.3 Main results
Throughout this paper, we assume that the viscosity coefficients satisfy g1, B4, 1 > 0, 87 >
0,and B4 — % > 0, and the elastic coefficients L; (i = 1,2, 3) satisfy L; >0, L; + Ly + L3 > 0,
and the inertial coefficient J is positive, and J < ;.

The main assertion of this paper is stated as follows.

iy,

Theorem 2.1 Let s > 2 be an integer, n* € S? is a constant vector and Q* = S(n*n 3

If the initial data fulfills
vix) e H'(R?),  Qx)-Q eH*"'(R?),  Qx)eH R,

forall x € R3, then there exist T > 0 and a unique solution (v, Q) of the inertial Qian—Sheng
Q-tensor system (1.2)—(1.4) on [0, T], such that v(0,x) = v;(x), Q(0,x) = Q;(x), and

veL>([0, T} H*(R*)) N L*([0, T1; H**' (R?)), (2.2)
Q-Q* eL™([0, T H* (R?)),  QeL™([0o, T];H*(R%)). (2.3)
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3 Local well-posedness for the inertial Qian-Sheng model

This section is devoted to the proof of the local well-posedness result for the inertial Qian—

Sheng model with the initial data near uniaxial equilibrium. The main framework of our

proof follows the strategy in [18]. We divide the proof of Theorem 2.1 into four steps.
Step 1. Construction of approximate solutions. Based on the classical Friedrich method,

we construct the approximate system of the inertial Qian—Sheng model (1.2)—(1.4). We

define the mollification operator

def

Tef () = F_l(lmiél:‘f);

where F is the Fourier transform. Assume that PP is the Leray projection operator from a
vector field into the corresponding divergence-free field.
Then the approximate system associated with (1.2)—(1.4) is given by

JT.Qe + 1172 Qe = =T (T(TeQe) + L(T:Qe)) = 2 T.De + 11 To [T 6, Te Qe
Te0:Ve + T P(Teve - VIoVe)
=V - T.P(B1T.Q:(T: Q; : T.D;) + BuT: D;
+BsT:De - T.Qe + B6Te Qe - T D + B7(T.De - (1. Q:)* + (J.Q:)? - T.De)
+2(Q; — [T, T Q) + 1 [ T2 Qe (T2 Qe = [T R, T Q)]
+ 0T Qe T.Q:)),
(Ve Qe)le=0 = (Jevo, T Qo)

where the material derivative Q, def 0:Q; + Je(Teve - VI:Q,), and T (T, Q;) and L( T Q,)
are, respectively, defined as

1
T(JeQe) = ~aJ: Qe = b(J:Qe)? + ¢ T Qe > T: Qe + gblstsIzI,

1
L(T: Qe = —(L1A$(Qs)kl + E(LZ + Ls)(Js(Qs)km,mz + T (Qe)immk

2
- §8k1u7£ (Qa)ij,ij) ) .

The above system can be regarded as an ODE system in L2(R3). Then, applying the
Cauchy-Lipshitz theorem, there exist a strictly maximal time T, and a unique solution
(Ve, Q.), which is continuous in time with a value in H*(R®) for any k > 0. Since TJr=J.
and P is a self-adjoint operator in L%(R3), the pair (J,v., J: Q;) is also a solution of the
previous system. Therefore, the uniqueness of the solution leads to (7. ve, 7. Q:) = (Ve, Qe),
and thus (v, Q) satisfies the following system:

JQe + 11Qe = —Te(T(Qe) + L(Q:)) — 2D, + 111 T [Re, Qc,
0rve + T P(ve - Vvy)
=V JP(B1Q:(Q. : D,) + 4D,
+BsD; - Qe + B6Qe - Ds + B7(D, - Q2 + Q2 - D)
+2(Qs — [R6,Qe]) + 111[Qe, (Qe — [R6, Qe))] +04(Qx, Qe)),
(Ver Qe)le=0 = (Jev0, Te Qo).

(3.1)
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Step 2. Uniform energy estimates. We define the energy functional £(¢) by

def

£ /Rs(wﬂ +2(1Q+ Q- QP +107) + S Gu D] Q'
+L£(Q): (Q-Q) + %’VSV|2 + g\VSQF +L(V*Q): VSQ) dx.

Recalling the fact that there exists a constant Lo = min{L;,L; + Ly + L3} > 0 such that (see
[19, Lemma 2.5])

(£@.0)- [ £TVQdx=LoIvQLE:
R
By a Sobolev interpolation, we have

EO~[Q- Q|12+ IVQIEs + VI + 1QI.

Let Q. = Q. — Q*, then from the expression of 7(Q) we have

T(Q:+ Q) =T(Q) + Hor (Q) + P3(Qo), (32)
where o+ and P; are, respectively, defined as

Ho (Q = -aQ- b<Q* Q+Q-Q - %(Q* : Q)I> re(|QfQ+2(Q:QQ),

def

b
P3(Q) = —b(02 + §|QIZI> +¢(]QPQ +1QIPQ* +2(Q: Q")Q).

Since for some constant vector n* € S?, Q* = S(n*n* — %I) is a critical point of 7(Q), from
Lemma 2.4 we get 7(Q*) = 0.
Multiplying the first equation in (3.1) by Q. — Q* and taking the L2-inner product, we

obtain

(]Qs + MIQE: Qe - Q*> + (E(Qe): %(Qs - Q*)>

= <_%Ds + 11 [Re, Qel, T (Qe - Q*)>—(T(Qa), J:(Q: - Q%)) (3.3)

I

I

Using the fact that ([, Q], Q) = 0, the estimate of I; can be calculated as

L= <—%D8 + MI[QS’Q*]"IS(QE N Q*)>

< CIVVell2 | Qe = Q¥ 12 < CsE + 811 VVell o
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The term I, can be handled as

L= _<T(é€ + Q*)»$a£> = _<HQ*(68)’ \7868) - (P3(é£), \7868)
< ~(Ho (Qo), Z:Q:) + C(IIVQI2 + IVQIE) Qe 2
<C(£+8&%).

Noticing that, for Q € S} and a constant tensor Q*, we have
(3,Q- Q)= /R (@m0 (Q) - Q) dx
- [ (0:(Q0(Q - @) + war(4(Qs - @) - 2y ) dx

1d,,. ) .
=5 10+ Q= Q2 - 125 - [ Q- @[l 12) - 1U3.. (3.4)

From (3.3) and (3.4) and the estimates of I; and I;, we know that

d . .
U1+ Q= Q[ ~T1Qu I + (1 =N Q: - Q7 2)

N =

+ Lol VQellj> + (Hor (Q - Q), Q- - QF)
< C(E+E) +81IVVlI2. (3.5)

The basic energy dissipation in Lemma 2.3 tells us that

%</Rs %(Ivgl2 +71Q: ) +£,(Qe + Q*) - £(Q7) +fe(VQ£)) dx

2

= _ﬁIHQS :Ds||%2 - (/34 - 4/:L—le - 38) ”Ds”iz - (,BS + 136)<D5 : QmDe)

2
Qe - (2, Q.1 + 22D,
21 g2

< =3[IVvell2,. (3.6)

~ 28D, - Qu11% — s A

Thus, we multiply by 2 on (3.6) and then add it to (3.5), so that we obtain

d o . .
E(uvsniz #5(1Q+ Q- @72 + 1Q:1)

F3-nle.- @[+ 2000 (@- )

<=S8IVVel?, + C(E +E?). (3.7)

We now turn to the estimates of the higher order derivative for (Qg,v.). On the one hand,

we take V* on the first equation of (3.1) and multiply it by V*Q,, integrate over R? and by
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parts, then we arrive at

d

J : -
s(ivalh cwe)va)smivael:

= J(V¥¥e - VQ.), VV Q) = (VP T(Q.), V Q) = (VP L(Qe), VE(V: - VQ,))
- %(VSDS: VSQS) + ,u,1<VS[Sl€, Q:l, VSQS)

T T+ T+ Ty + Ts (3.8)

Using Lemma 2.2 and V - v, = 0, we obtain

Ty = J(VE(ve - VQo), VPQ,) + J(ve - VVEQ,, VFQ,)
= —]< [I:VS)VS]] : VQm VSQE)
<J|[Vve] - VQe o [ V*Qe |2

< ClVell s 1QellZs < Cs (5% + 52) + 8] Ve [ 7ss-
From 7(Q*) = 0 and Lemma 2.1, the term Z, can be derived,
IZ = _<VS(T(Q£) - T(Q*))’ VSQS)
= _<HQ* (Vsas): VSQE) - <VSP3((§8)1 Vst)

CIv'Qellz + [V°Qellz + 1V Q) [9°Qe 2

<C(E+E3+8).

IA

We observe that, for any Q € S3,

—(,C(Q),V : VQ)

1 2

= / , Vi Qi (Ll AQu + i(LZ + Ls)(ka,mz + Qummk — §5leij,ij>> dx

R

1

=, —L1V; Qi Qi — E(LZ + L3) (v Qx5 Qumm + Vi Qi i Qimm)

R

1
= L1V Qutj Qutym — E(Lz + L3)(v,1 Qi1 Qromym + V/’,kal,lem,m)) dx

1
= / , (—lej,m Qut,j Quim — E(Lz + L) (vj,1Qk1,j Qomm + Vj,kal,lem,m)) dx
R

< ClIVVI=lIVQIZ.. (3.9)
By (3.9) and Lemma 2.1, the term 73 can be handled as follows:

I3 = _<VS‘C(QS)’VE : VVSQ8> - (VSE(QE): [[VS’VE:I] : st)
ST+ Cs(E2+E2+ EY) + 81 Vel

Page 9 of 15
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The term 75 can be calculated as

Is = (V¥ [Re, Q1 Q) + 11 ([ VP R2:, Q7] VV Q)
=< Ml([vsﬁsr aa + Q*]; VSQE) + C”a&”HS‘rl ”VE ”HS H Vst ”Lz

=< H«l([vsﬂsy Qs], Vng) + Cg%.

On the other hand, we act the derivative operator V* on the second equation of (3.1) and

take L2-inner product by multiplying Vv, then by integrating by parts we obtain

1d
2dt
= (0, V*ve, VPv,)

[vovel -

= ~{V(Ve - 9¥e), Ve = [V (1Qe(Qe : De) + D
+BsDe - Q: + foQ: - Do+ f7(De - Q7 + Q2+ De)), V')
= SV (= [26,Qu1), V) = (9]0 (e = 1926, QD] Ve
- (Vo (Q:, Q:), V' ve)

def
S h+ T+ T+ Ta+ Ts. (3.10)
From Lemma 2.2, we can deduce that

Ti = ([V5,ve] - V¥e, VoVe) < Cllvell ot 11V 1

< C(E2 +E%) +8IVVe .
The term J5 can be derived from Lemma 2.2,

Jo = ~(B1Q:s(Qs : V*D;) + B4 VD, + 5 V°D, - Q. + B Q. - VD,
+B7(V*D. - Q* + Q2 - V*D,), V*D,) - B1([V*, Q: Qc :] De, V¥*1v, )
— B [V5, Q@ Q. | De, V¥*IV,) - By [V, Qe Q" ] De, Vo)
- A5{[7,@.] - Do, V) - fefD. - [V, Q] Vi)
—B[V", @] - De + D, - [V*, %], V¥ lv)
~BA[9%.Q - Q] -De + D, - [V, Qe - Q'] V)
— B[V, Q"- Q] - D + D, - [V5, Q- Q. ], V¥*ive)

< —B1|Q: : VD4 |12 - Ba|| VD |32 = (B5 + B6){(V*Ds - Q:, V*D,)

{
{
{
{

-26 9D Q[ - F{[V°2. @] 7D

2 (13 12 A4 2
+ CollVe s (1 Qe sen + 1Qellsen) + 81 Vel
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For J5, we get
Js =2V Q. - V2,31, V) - E(VQ. - [V, Q] Vv,
= -EHV'Q - [V'R Q] VDL + GV 1B s + 81 Ve e
In the same way, the term 7 can be estimated,
Ja=={V°[Qe, (Q: = [Re, Qe) ] Vo' !ve) = 1 V°[ Qe (Q: = [2:, Q)] V' ve)
—mf[Q(V°Q - VIR, Q)] Vv - [ [Q ViR
< —m([Q (VQ - [V, Q])] Vv ) - | [Q VR

+ Co (Ve s + 1Qellzs + Ve I I Qe I 2peen VI Qe N 2pr + SUV VeI

< -u([Qe, VOR |, VIQ: — [ VPR, Qc]) + C5(E7 + £3) + 81 V¥ [ 7.

Therefore, from (3.8) and (3.10), noting 73 + J5 = 0 and gathering the previous estimates
yields

d /1 s, J s s s
G (31wl vl cre): vo.)

= _M1<VSQ8 - [vsﬂs: Qs]r VSQE) - %(VSDe: VSQS) -B ” Q:: V°D; ”iZ

— B4 V*De|)}> = (Bs + B6)(V°D. - Q., V°D,) - 26, | V°D, - Q.| 7

M2
2

—11([Qe, V°R:], VPQ, - [VPRe, Qc]) + C(E7 + €2 + E3) + 68| Vv, | %

([vsﬂs: Qs] VsDe‘) - %(VSQS - [VSSZE: Qs]r VsDe‘)

2
= _ﬁl ” Qa : VSDS Hiz - (ﬁfl - & - 78) ||VSD5 ”22 - (,35 + ,36)<VSD8 ' er VSD£>

4y
2 : H2 2
=287 V'De - Qe — 11 | V°Qe - [V' e, Q] + 2—VSD5
M1 12
= 8[IVVellFs + C(E 12 4 E24 68 + &)
< SIVvelZe + C(E+E3 + E2 4 E3 + €Y. (3.11)
Then, combining (3.7) and (3.11), we obtain
d 2
3 EO+8IVVell < F(£®), (3.12)

where F is an increasing function with F(0) = 0, and is given by
F(EW) = C(E(@) + E3 (1) + E2(1) + E3(1) + E4(D)).

Step 3. Existence of the solution. For s > 2, by virtue of (3.12), there exists T > 0 depending
only on £(0) such that, for any ¢ € [0, min(T, T;)],

E@) +81Vvellzs <2£(0),
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where £(0) depends only on the initial data (v;, Q;). By a continuous argument we deduce
that T, > T. Therefore, we get a uniform estimate for the approximate solution on [0, T.
Furthermore, the existence of the solution can be obtained by the standard compactness
argument.

Step 4. Uniqueness of the solution. Assume that (vi, Q;) and (vo, Q) are two strong so-
lutions with the same initial data. We denote

80=Q Qs  8=Q-Q,  S=vi-Vv,
dp =D1 - Dy, S = 21—y,

where
(SQ = 8t8Q +Vy - V(SQ + (Sv . VQZ

Taking the difference between the equations of the two solutions, we observe that (6, 8y)
satisfies the following system:

J(8:80 +v1 - V) = — 11 (8 — 80, Qa]) — L(80) - %(SD —J8, -V + g, (3.13)
08y +v1-Vé,=-Vp+ V.- (51Q2(Q2 :0p) + Padp + Psdp - Q2

+BsQa8p + B(60 - Q3 + Q3 - 3p) + 2 (35 - 62, Q2)

+u1[ Q2,8 — [8e Qz]]) +V - 8E,, (3.14)

where

1
8[.'1 = /Ll[ﬂl,(SQ] +618Q + l’)<Q1 -5Q + 3Q . Q2 - g(Ql 25Q + 3Q : Q2)1>

—c(IQi1*8q +(Q1:8q + 8¢ : Q2)Q2),
5, = B1(80(Q1 : D1) + Qa(8g : D1)) + BsDy - 8q + BeDy - 8 + % (21, 80]

+ 180, Q1 = [R1, Q] - 11[ Q2. [R1,80]] + %80, Q) — 8y ® Va.

We denote @ = Q; — Q*, then a direct calculation leads to the following estimates:

188, 112 < C(L+ Vi3 + (@1 Q)| oo + (@1, Qo) 1) (I8l + 118411 .2),
188,112 < C(Ivallz + 1V¥1ll3 + [ (@1, Q)| ;o IVl + 1 Qu

+ [ (VQ1L, VQ2)|| o) (18l + 118vll12)-

For the system (3.13)—(3.14), making an L2-energy estimate for (8¢, 8y), we obtain

d
E(HSVHEZ +J118¢117> + (£(30), 8q))

N =

= _M1<8Q - [8q, Q2]18Q> - <£(8Q))V1 : V(SQ + 0y - VQZ)
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= L2 60.85) ~ /(80 VQuu85) + (961,85) ~ 1l Q2 6ol

— BalldplZ — (Bs8p - Qz + B6Qa - 5p, V&) — 287 |8p - Q2 72
- %(SQ - [8e, QZ]: vav) - /~L1<[Q2» ‘SQ - [8e, QZ]]: V8v> - <8F2’ Véy)

2
=—f1lQ:: 872 - (,34 - :721) I8p1122 = (Bs + Bs)(dp - Qa,6p)
2

+ (8,5 80)
12

—2B7116p - Qall2> — 11

M2
56— [82, Qo] + 125
o~ [0, Q2] 2, P

—(L(8Q),v1 - Vg + 8y - VQo) = J(8y - VQ2,8) — (8, Vy). (3.15)
From (3.9) we get

~{L(8g),v1- Vg +8y - VQ,)

< CIVVili=IV8ql7s + CsIV Qa7 V8o 72 + 81 VS 7.
Using the Sobolev embeddings H'(R?) < L°(R?) and H(R?) — L3(R?), we find

~J(8y - VQ2,80) < ClIdyll 31V Qalls 18012 < CllSy Il 1V Qall g 18yl 2

< CA+1Qall2) (18172 + 1861172) + 8V |12

Consequently, from (3.15) and the above estimates and using the dissipation relation, for

i=1,2,wehave

d
a(llrsvllfz +J 1181172 +(£(80), 8q)) + 811y II72

N =

< €O, Qi 8) (11812 + 1801121 + 1851%). (3.16)

In addition, multiplying Eq. (3.13) by 8¢ and taking the L?-inner product, using integra-

tion by parts, then we have

d 0
o (/<6Q,5Q> + 71 ||6Q||§2) +(L(80),8q)

=T1861172 =T858y - VQ2) — pa{dy - VQ2 — [80, Qal, 8q)
—J {8y - VO, 80) - %(61),5@) + (8,,80)
< Cy(1+ 11VQs 1% + 1Qallze + 1Qa12) (1841% + 180112 + 1801%1)

8
+ E”V(SV”iZ + [18e; 112218112

~ )
< C Qi) (I18v1172 + 1851172 + 180117,1) + Envavniz. (3.17)
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Hence, combining (3.16) and (3.17) leads to

| o

(181172 + 7118 + 8oli72 + (m1 = DlISal 7> +(L(80), )

N
o

t

)
+(L(8q),8¢) + 3 [V8ylI2

< C(, Quv) (81132 + 1851172 + 180117)-

Since J < 1, we obtain

d H1
— (181172 + 1801172 + -8l 7> +{£(80), 80)
dt 2

< C6,Quv) (184172 + 1851172 + 1801130,

thus, the Gronwall inequality implies that 8,(£) = 0 and 8¢(t) =0 on [0, T].
Combining the above four steps, we complete the proof of Theorem 2.1.

4 Conclusions

In this paper, we are mainly concerned with the inertial Qian—Sheng Q-tensor model de-
scribing the nematic liquid crystal flow. The inertial term J is responsible for the hyper-
bolic feature of the equation describing molecular orientation. Under the assumption of
the initial data near uniaxial equilibrium, we investigate the existence and uniqueness of
local in time strong solutions to the system. However, the global in time existence around
the uniaxial equilibrium is rather difficult because the energy of the system is not strong
enough to estimate the L2-norm of the difference Q — Q*. This will be left for our future

work.
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