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1 Introduction

Fractional differential equations have been applied to various fields successfully, for ex-
ample, physics, engineering, and finance. Consequently, more and more researchers paid
much attention to this subject and have obtained substantial achievements, we refer the
reader to [3, 9, 16, 25] and the references therein.

Controllability plays a significant role in the evolution of modern mathematical control
theory. This is a qualitative property of dynamical control systems and is of appropriate
significance in control theory. Many fundamental problems of control theory such as pole-
assignment, stabilizability and optimal control may be solved under the presumption that
the system is controllable. The concept of controllability, when it was first introduced by
Kalman [15] in 1963, has become an active area of investigation due to its great appli-
cations in the field of physics. Controllability problems for different kinds of dynamical
systems have been considered in many papers [1, 2, 4-6, 8, 22, 23].

Controllability is possible to steer a dynamical control system from an arbitrary initial
state to an arbitrary final state using the set of admissible controls. It has many signifi-
cant applications, not only in control theory and systems theory, but also in such fields
as industrial and chemical process control, reactor control, control of electric bulk power
systems, aerospace engineering and recently in quantum system theory.
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Controllability is also strongly related to the theory of realization and so-called mini-
mal realization and canonical forms for linear time-invariant control systems such as the
Kalman canonical form, the Jordan canonical form and the Luenberger canonical form.
Moreover, it is strongly connected with the minimum energy control problem for many
classes of linear finite dimensional, infinite dimensional dynamical systems, and delayed
systems both deterministic and stochastic.

In recent years, the controllability problems for various linear and nonlinear determinis-
tic and stochastic dynamic systems have been studied in many publications using different
method, we refer the reader to [2, 6, 24]. In addition, Kailasavalli et al. [14] acknowledged
the existence and controllability of fractional neutral integro-differential systems with
SDD with Banach contraction and resolvent operator technique as the main reference.
Dabas et al. [10] studied the existence, uniqueness and continuous dependence of a mild
solution for an impulsive neutral fractional order differential equation with infinite delay.
Recently, Heping Ma and Biu Liu [20] interpreted the exact controllability and continu-
ous dependence of fractional neutral integro-differential equations with state-dependent
delay in Banach spaces. Also Yan [27] discussed the approximate controllability of neu-
tral integro-differential delay systems with inclusion type in Hilbert space by using the
fixed point theorem of discontinuous multi-valued operators supported by the Dhage
fixed point technique with the resolvent operator. Additionally, Yan and Jia [28] explained
the approximate controllability of partial fractional neutral stochastic functional integro-
differential inclusions with state-delay.

Especially, the controllability of fractional evolution equations is also studied. In 2015,
Liang and Yang [19] investigated the exact controllability for the fractional integro-
differential evolution equations in Banach spaces E involving noncompact semigroups and
nonlocal functions without Lipschitz continuity,

D*u(t) + Au(t) = f(t, u(t), Gu(t)) + Bv(t), te],
u(0) = 37, cau(ty),

where D* denotes the Caputo fractional derivative of order « € (0,1), —A: D(A) CE — E
is the infinitesimal generator of a Cy-semigroup T'(¢) (¢ > 0) of uniformly bounded linear
operator, the control function v is given in L*(J,U); U is a Banach space, B is a linear
bounded operator from U to E; f is a given function and

Gu(t) = /tl((t,s)u(s) ds
0

is a Volterra integral operator.
In 2011, Debbouche and Baleanu [11] studied the controllability for the fractional non-
local impulsive integro-differential control system of the form

LD+ At u(t)u(t) = (BV)(£) + (&£ (&, u(BQ)), [, g(t,s,uly (5))) ds),
Au(ti) :Il'(l/t(tl')), i=12,...,m,
u(0) + h(u) = uy,

the discussions are based on the theory of fractional calculus as well as on the fixed point
technique and the (e, u)-resolvent family.
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In 2017, Lian, Fan and Li [18] investigated the approximate controllability for a class of

semilinear fractional differential systems of order 1 < « < 2 of the form

CD%(t) = Ax(t) + f(t,x(¢)) + Bu(t); te]=1[0,b];
x(0) + g(x) =xo € E, x'(0) + h(x) = yo € E,

via the resolvent operator.
In 2019, Singh and Pandey [26] studied some controllability results for the abstract sec-

ond order Sobolev type impulsive delay differential system of the form

&(Quit)) = Au(t) + BU(t) + F(t,us, [y K(t,5)u;) ds), te],
I/l(t) = QO(t), te [_G,O]; u,(o) = Xo»
Autliey = Giluy,), AU |pyy = G,%(u;k), k=1,2,...,m.

On the other hand, in recent years, much attention has been paid to establishing suf-
ficient conditions for the controllability of linear fractional dynamical systems of order
0 < o < 1 by several authors; see a recent monograph [1, 2, 4, 5, 8, 22, 23] and various pa-
pers [2, 6]. However, there is no work that reported on the problem of controllability of
nonlinear fractional dynamical system of order 1 < « < 2, to the best of our knowledge, up
until now the controllability for a class of impulsive fractional integro-differential evolu-
tion equation with fractional derivative of order « € (1,2] has not been investigated in the
literature. Motivated by the above mentioned aspects, in this paper, we discuss the con-
trollability for a class of impulsive fractional integro-differential evolution equation of the

form

Dy, u(t) = Au(t) + f(t, u(t), Gu(t), Fu(t)) + Bv(t), te],
Au(ty) = I(ut)), AU (t) = (W' (t)), k=1,2,...,m, (L.1)
M(O) +g(u) = U, M/(O) + h(u) =U,

where °Dj, is the Caputo fractional derivative of order « € (1,2] with the lower limit zero,
A :D(A) C E — E aclosed linear operator and A generates a strongly continuous («, 8)-
resolvent family S, 4(£) (£ > 0) of uniformly bounded linear operator on a Banach space E.
The state u(-) takes values in E, J = [0,b] (b >0), ] =]\ {t1,to,....tm}, Jo = [0,t1], Jx =
(k> trs1], the {f) satisfy 0 =ty < t1 <ty < -+ < by, < Lyy1 = b, m € N; the functions f : ] x
EXEXE— Eand It,Jx :PC(J,E) - E, k=1,2,...,m, g,h : PC(J,E) — E are appropriate
functions satisfying certain assumptions that will be specified later. Au(tx) = u(¢f) — u(Zy),
Au'(t) = u/'(8) — u/ (&), u(ty) and u(;) represent the right and left limits of u(¢) at £ = &,
respectively, the control function v is given in L*(J,U), U is a Banach space, B is a linear

bounded operator from U to E, and the operators G and F are given by

t b
Gu(t) :/ K(t,s)u(s) ds, Fu(t) :/ H(t,s)u(s)ds
0 0
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where K € C(A,R*), A ={(t,s): 0 <s <t <b}, He C(Ag,R"), Ag ={(t,5):0 <s,t <b}.

Throughout this work, we always assume that

¢ b
K* = sup/ K(t,s)ds, H* = sup/ H(t,s)ds.
0 0

te] te]

In this paper, we introduce a suitable concept of a mild solution of the system (1.1).
Moreover, we investigate the controllability for the system (1.1), by using the Monch fixed
point theorem combined with («, 8)-resolvent operators.

The paper is organized as follows: The second part of the paper some notations and
recall some basic known results. The third part we present a controllability result for the
problem (1.1) of our concern. And the last section is provided an example to illustrate

applications of the obtained results. Concluding part close this article.

2 Preliminaries

Let E and E; be two Banach space. For any Banach space E, the norm of E is defined by
Il - le. The space of all bounded linear operator from E to E; is denoted by £(E, E;) and
L(E,E) is written as L(E). We denote by C(J, E) the Banach space of all continuous E-value
function on interval J the norm ||u||¢ = maxe; ||u(£)||. We use ||f||» to denote the L?(J, E)
norm of f whenever f € L?(J, E) for some p with 1 < p < co. We consider the following
spaces:

Let PC(J,E) = {u : ] — E,u(¢) is continuous at ¢ # f, and left continuous at ¢ = f, and
u(ty) exists, k = 1,2,...,m}. Evidently, PC(J, E) is a Banach space with the norm ||u||pc =
sup,{[lu(®)|l : u € PC(J, E)}.

Let PC!(J, E) be the spaces of all functions u € PC(J, E), which are continuously differ-

entiable on J’, and the lateral derivatives

t —u(t* t —u(t”
u}?(t) = lim M and "‘/L(t) = lim M
s—0+ S s—>0— S
are continuous on [0, b) and (0, b], respectively. Furthermore, for u € PC!(J, E), we denote
by u/(¢) the left derivative at ¢ € (0, b], and by #/(0), the right derivative at zero. It is easy to
see that the space PC!(/, E) is a Banach space with the norm

lllper = max{sup”u(t) ssup|/ (1) }
te] te]

In the following, let us recall some well-known definitions. For more details, see [16].

Definition 2.1 The fractional integral of order y with the lower limit zero for a function
f:[0,00) = R is defined as

4 :L ' _ -1
L f(t) F(y)/o(t )Y f(s)ds, t>0,y >0,

provided the right side is point-wise defined on [0, c0), where I'(-) is the gamma function.
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Definition 2.2 The Riemann-Liouville derivative of order y with the lower limit zero for
a function f : [0,00) — R can be written as

1 dn [t fGs)
Lpr L‘:——/ —————ds, t>0,n-1 .
1/ (2) Ti—y)der Jy E—syir S >0,n-1<y<mn

Definition 2.3 The Caputo fractional derivative of order y for a function f : [0,00) — R
can be written as

n-1 k
‘D/f(t)="D [f(t) - kz(; %ﬂ%)], t>0n—1<y <n,

where 7 = [y] + 1 and [y] denotes the integer part of y.

Lemma 2.1 ([3]) For q > 0, the general solution of the fractional differential equation
°DIu(t) = 0 is given by

u(t)=co+crt+cat®+-+cu1t"

wherec; €R,i=0,1,...,n—-1,n=q] + 1 and [q] denotes the integer part of the real num-
ber q.

Now, we review some definitions and lemmas on fractional calculus. For 8 > 0, let

$1
g(t)= 1 T®” >0
0, t<0,

where I'(-) is the Gamma function . The finite convolution of f and g is denoted by (f *

Q) = [of(t - s)g(s)ds.
A strongly continuous family {7T'(¢)};>0 C B(E) is said to be exponentially bounded if
there are constants M > 0 and w € R, such that

| T. ()| < Me™, t>o0.

Definition 2.4 ([9]) Let A: D(A) C E — E be closed linear operators defined on a Banach
space E and «, B > 0. Let p(A) be the resolvent set of A, we say that the A is the generator
of an (o, B)-resolvent family, if there exist w > 0 and a strongly continuous function S :
[0,00) = L(E) such that S, g(t) is exponentially bounded, {A* : Re A > w} C p(A), and for
allu € E,

o0
A%P (A”‘I —A)_lu = / eMSypt)udt, Rel>o. (2.1)
0

In this case, {Sy4(t)}s>0 is called the («, B)-resolvent family (also called the («, B)-
resolvent operator function) generated by A.

Lemma 2.2 (i) The operator S, 5(t) : R, — L(E) associated with S, is defined by

Sunlt) = / Sur(s)ds, £ 0. (22)
0
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(i) The resolvent family S, 4 (t) : R, — L(E) associated with the solution operator S, is

defined by
Sualt) =177 Se(2), (2.3)
Sea-1(8) = IF2S4,1(8). (2.4)

Proof (i). By (2.1), we have
AT (AT —A)_lu = / eSS, 1(tudt, Rer>w,uck, (2.5)
0
-1 el
AP0 -A) u= / e MSyo(t)udt, Re:>w,uckE. (2.6)
0
Thus, by (2.5), (2.6), we obtain
o _ 1 _
/ e M Sy (Oudt = 2 2(AT - A) u = S (1 - 4) 'y

0

1 o0
= —/ e Sy (Hudt
A Jo

_ * -y _ * —At '
—/0 e (g1*5a,1)(t)udt—/0 e </0 Sa,l(s)ds>udt.

(ii). By (2.1), we have
(A“1 —A)_lu = / e S, (t)udt, Rel>w,ucE. (2.7)
0
Thus, by (2.7), we obtain

oo
- 1 -
| e Satoude= (1= ) "= et - )

*
—At
=)\a71/0 e Sy 1(B)udt
- / (G # St
0
[o¢]
_ / M (19715, (6)) udt.
0
(iii). By (2.1), we have

o0
A(re1 —A)’lu = / eMSyu 1(tudt, Rekr>w,uckE. (2.8)
0

Thus, by (2.8), we obtain

1
A2

/ e Sy 1 (Oudt = A(AT=A) = =2 (AT - A) u

0

1 (o]
- / €S (O dt
0
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- / e (guon # S )O)uedt
0

o0
:/ e (1272801 (2))udt. 0
0

Lemma 2.3 Let A be the infinitesimal generator of the strongly continuous («, 8)-resolvent
SJamily {Sq g(t)}¢>0 in E. Then

d
(i): %Sa,l(t)u =ASyu(t)u, forte]anduek;

d
(ii): %Sot,Z(t)u =Su1(Q)u, forte]andu e E;

d
(iii): %Sa,a(t)u =Suu1B)u, forte]anduckE.

Proof Since A is the infinitesimal generator of the strongly continuous («, 8)- resolvent
o ayk
family {S,,5(£)}¢=0. So, for all b > 0, the series £*71 Y 77 I_At i o r(A1t+ozk EY reo r 2+ak)

(a+ak)’
are uniformly convergent on [0, b]. Thus, for ¢ € [0, b], we have

d I @ & AREk- )
PRl [,20: (1 +ak) ”] = At ; Farak_1)"

00
At k
= A ! Z ¥u =ASy .« (t)u,

k=0 1—‘(Ol +Olk)
o] (Ata)k }/ [ o) Aktka+1 }/
aZ(t)M_ tZ _ Aar
k=0 F(2+(¥k — F(2+Olk)
<AL r ket S (A
; ( +Olk)F 1 +ak)u ZO F(l N (Xk) a,l(t)l/i,

and

d a—l o (Ata)k ! o Aktakm—l !
ROl [ kXO: T« +ak)u:| - LZ(; T(a+ak)

Z Aok + o — 1)gkra=2 =\ AR(ak + o — 1)prkre?
= U= u
Py ['(a +ak) “~ (ak+o 1) (e ~1+ak)
tu - oz 2E0101 At ZSaa_ t)u.
ZF(O( 1+ak) (ALt = Sar (O O

Lemma 2.4 ([9]) The operators S, 1(t), Se2(2), Suo(t) and Sy _1(t) have the following prop-
erties.
(§) The operators Sy 1(t), Sa2(t), Saa(t) and Sy -1(t) are strongly continuous for all t > 0.
(i) If Sa,p(t) (t = 0) is an equicontinuous (o, B)-resolvent family, then S,,1(t), Sa2(t),
Saa(t) and S, o _1(t) are also equicontinuous in E fort > 0.

Now, we can formulate some basic properties of operators Sy 1(£), Sg2(£), Sa,e-1(f), and
Sua()-
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Lemma 2.5 For fixed t > 0, Sy 2(t), Suo(t) and Sy _1(t) are linear and bounded operators
on E.

Proof For any fixed t > 0, it is easy to check that Sy3(£), Se«(£), Sy.-1(¢) are also linear

operators since Sg,1(t) is a linear operator. For any u € E, by Lemma 2.2, we have

t
”Sa,Z(t)u”:”/ S (Suds| < Mt|ul
0

and
1 t ) a-1
.0 (E == N t—s)*" ,1(2 ds|| = ——— ’
5ol = | s [ (e=5r 2Suatmas] =S
1 t a3 M2
||Sa,a—1(t)u|| = Hm/o (t=8)*Se1(Huds|| = m”u”' O

Now, we recall some properties of Hausdorff measure of noncompactness that will be
used later.

Definition 2.5 ([7]) The Hausdorff measure of noncompactness « on a bounded subset
D of the Banach space E is defined as

a(D) := inf{e > 0: D can be covered by finite number of

balls of radius smaller then ¢}.

Let a(-), oe(-)pc and a(-)pc1 denote the Hausdorff measure of noncompactness on C(/, E),
PC(J,E) and PC!(J, E), respectively. Forany B C C(J,E) and ¢t € ], set B(t) = {u(t) : u € B} C
E.If Bis bounded in C(J, E), then B(t) is bounded in E, and «(B(t)) < a(B).

Lemma 2.6 ([17]) Let E be a Banach space, and let B C E be bounded. Then there exists a
countable set By C B, such that a(B) < 2u(By).

Lemma 2.7 ([13]) Let E be a Banach space, and let B C C(J,E) be equicontinuous and
bounded, then a(B(t)) is continuous on J, and o:(B) = max,c; (B(t)).

Lemma 2.8 ([7]) Let D C PC([a,b),E) be bounded and piecewise equicontinuous, then
apc(D(t)) is piecewise continuous for t € [a, b], and apc(D) = sup{a(D) : t € [a, D]}, where
D(t) = {u(t) : u € D}.

Lemma 2.9 ([7]) Let {w,};°, be a sequence of Bochner integrable functions from [a, b] into

E such that |w,(t)|| < g(t) for every n > 1 and almost all t € [a, b), where g € L*([a, b], R"),
then the function h(t) = a{w,(t) : n > 1} contained in L'(J,R*) satisfies

a<{/[wn(s)dszn2 1}) 52/[h(s)ds.
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Lemma 2.10 ([7]) Let D C PC'([a, b), E) be bounded and let the elements of D' be piecewise
equicontinuous, then

apcl (D) = max[ sup a(D(?)), sup oz(D/(t))}, where D'(t) = {u/(¢) : u € D}.

tela,b) telab]
Next, we are ready to construct a mild solution for the impulsive system (1.1).

Lemma 2.11 Assume A : D(A) C E — E is a closed linear operator, A is known as the
infinitesimal generator of the (a, B)-resolvent family {S, g (t)} ;>0 on a Banach space E. Then
the problem (1.1) has a unique solution u € PC'(J, E) and satisfies the following integral
equation:

u(t) = Se,1(t) (10 — g()) + Sa2(t) (111 — h(w))
Y Sua(t =t (u(t) + Y Sunlt -tk (W (1))

O<ty<t O<ty<t
t
+ / Sea(t—3) [Bv(s) +f(s, u(s), Gu(s), Fu(s))] ds, te]. (2.9)
0
Proof The proof is similar to the proof in paper [12], here we omit it. g

Based on Lemma 2.11, we will give the definition of mild solutions for the problem (1.1).

Definition 2.6 A function u:J — E is called a mild solution of the problem (1.1) if #(0) =
(o — g(w), ' (0) = (w1 — h(w)), Au(tr) = I(u(tr)), Au' () = Ji(w' (&), u(-)|; € PC'(J,E) and
the following equation is satisfied:

u(t) = Su,1(8) (10 — g(1)) + Sa,2(2) (1 — h(w))
Y Sanlt =t (u(t) + Y Sanlt -tk (' (t))

O<ty<t O<ty<t

+ /[ Sea(t—3) [Bv(s) +f(s, u(s), Gu(s),Fu(s))] ds
0

Theorem 2.1 ([21]) Let Q2 be a closed convex subset of a Banach space E and 0 € Q. As-
sume that Q : Q — 2 is a continuous map, which satisfies Monch’s condition, i.e., D C Q is
countable and D C conv({0} U Q(D)) = D is compact. Then Q has at least one fixed point
in Q.

3 Main results

In this section, we will establish the sufficient conditions for the controllability of the sys-
tem (1.1). For arbitrary u € PC'(J, E), we denote the final stages of u by u, = u(b) and
uy, = u/(b) at time b in the space E.

Definition 3.1 The system (1.1) is said to be controllable on J if for initial conditions
uo € E, u; € E and final stages u;, and u, in E, there exists a control v € L*(J, U) such that the
mild solution u(¢) of the system (1.1) corresponding to v satisfies #(0) = (1o — g(u)), #'(0) =
(1 — h(u)), Au(ty) = I(u(te)), A/ (tx) = T (&), k= 1,2,...,m, and u(b) = up, u'(b) = u;,.
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Let By, := {u € PCY(J,E) : |ullpct < 7o, where ro = max{ry,r,} such that [|ullpc < 1,

||« ||lpc < r2}. However, to achieve such a result, we assume certain conditions:

(HO) A generates a strongly continuous (o, 8)-resolvent family S, g(¢) (t > 0) of the
uniformly bounded linear operator on a Banach space E. That is, there exists a
constants M > 1 such that ||S,,(¢)[| <M for all £ > 0 and there exists a positive
constant My such that ||AS, o (£)||z < M, forall £ > 0.

(H1) The function f:] x E x E x E — E satisfies:

(i) for a.e. t €], the function f(t,-,-,-) : E X E x E — E is continuous, and for
each (x,) € E x E, the function f(-,%,y,z) : ] — E is strongly measurable;

(i) for any rg > 0, there exist a constant ¢, € (0, @) and functions
My, € L% (J,R*) such that

sup{[f (&%, %, 2)| : lIxll <7, llyll < K*r, |zl <H*r} <my(8), te],

. . . A
where m,, satisfies lim,;_, ;o0 1nf% |71, ”Lé =y <o0;

1
(iii) there exist a constant g3 € (0,) and functions Jr € L4 (J,R*) such that
a(f(tiDhDZ;D?))) S]f(t)(a(Dl) + a(DZ + a(D3))r te ]1

for any countable subsets Dy, Dy, D3 € PC(J, E).
(H2) The function Iy, J : PC(J,E) — E, for k = 1,2, ..., m, satisfies:
(i) There exists a nondecreasing function L]k :R* — R* (j = 1,2) such that

I < Li(lullper), k@] < Li(lullpe) and

Lj
fim 70 _

r0—>00 1o

J
8, <00

foralue Eand k=1,2,...,m.
(ii) There exist constants M > 0 such that, for any countable subsets D; C E, and

a({ID)}) < Mpa(Dy),  a({(D2)}) < Mia(D,)
forallj=1,2andi=1,2,...,m.
(H3) (i) The function g, 4 : PC — E is Lipschitz continuous and bounded in E, that is,
there exists aconstants cj, co > 0 and ¢3, ¢4 > 0 such that
lg@ | <c1, |lgw) -gW)|| <ca max [|u ~ Vllec,

||h(u) || =3 ||h(u) ~h(v) ” < ntlgx lu = vllec,

for all u,v € PC(J,E) .
(ii) There exist constants /1, [, > 0 such that, for any countable subsets
Dy,Dy C E,and

a(g(Dy)) < ha(Dy), a(h(Dy)) < ho(Dy).
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(H4) Linear operator W : L(J, U) — E defined by

fot Suat —8)Bv(s)ds, v=1"

Wu = \ /
Jo Sawa-1(t —s)Bv(s)ds, v=vi,

(3.1)

where v and 1%’ are defined in (3.6).

(i) W has an inverse operator W~! which takes values in L2(J, 1)\ ker W, and
there exist two constants M; > 0, M, > 0 such that || B|| <My, ||W™|| < M,.

(ii) There exist a constant g; € (0,«) and a function K, € L% (J,R*) such that

a(W (Do) < Ky(O)a(Dy), te],

for any bounded subset D, C E.
For the sake of brevity, we introduce the notations

pa-di g-1
= a; = , 1=1,2,3;
(a; + 1)1=4 1-g;
b1-i-1 -2
hi= =12, i-1,2,3
CEDR 1~
Ms=ki||Kyll 15 My =ksllJrll 1
141 L33

Ms =ky||my, || 15 Mg = hollmy|l 1, M7 =hsllJell L
L2 L2 L33

Theorem 3.1 Assume that the assumptions (H0)—(H4) are satisfied, then the system (1.1)
is controllable on ] provided that max (A1, Ay) < 1, where

MMlebw-%] MMs N
A1 =maxy |1+ + M(S, +6;) |,
1 H @) I(e) kZ (e +25)

MM Mob* 3 MMy ) )
[+ Cla-1) ][F(a—l)+Z(M08"+M8")”’ (3.2)

k=1

. MMy My
Ay = max{ |:M YT HKW(S)HL%]

|:2Mk+bZMk+ @ )”]f” L +K*)}

k=1 k=1
2MM; M3
[l T 93 ]
,  2MM X
MOZMk+MZM @ 1)||]f|| | (L+K*) [t (3.3)
k=1 k=1

Proof Consider the operator Q : PC'(J, E) — PC'(J, E) defined by

(Qu)(£) = Su,1 (t) (10 — (1)) + Sa,2(8) (11 — h(w))
£ Y Sunt = ) ((t) + Y Swalt = )k (' (84))

O<tg<t O<tg<t

Page 11 of 22
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t
+ / Sua(t—3) [Bv(s) +f(s, u(s), Gu(s),Fu(s))] ds, te]j. (3.4)
0
Furthermore, by Lemma 2.3, we get (Qu)’ : PC(J, E) — PC(J, E) such that

(Qu) (£) = ASy0(2) (sh0 — g(1)) + S (£) (1 — ()
+ Y ASaa(t— )L (u(t)) + D Sua(t— 1)k (' (1))

O<ty<t O<ty<t

t
+ / Saa-1(t—5) [Bv(s) +f(s,u(s), Gu(s),Fu(s))] ds, te], (3.5)
0
where the control v is defined by

U 1
o - =V1 ), wuePC(,E), 6
Vo

“(¢), u €PC(],E),

and v{(¢) and vg‘/(t) are given by

Vi) = w! [Mh — Su1 (D) (0 — g(1)) = Sa2(B) (141 = () D Sap(b - ti) e (u(tx)

O<tg<b

b
= Y Sualb— )i (t) - / (b= 9))f (s, u(s), Gu(s), Fu(s)) dS](t),

O<tg<b
(3.7)
V@) = w [ui, — ASy o (D) (1o — g(1)) = Se1(B) (1 — h(w))
= D ASualb - () = Y Saa(b - 1)k (u' (1))
O<ty<b O<ty<b
b
_ / Saa-1(b = ))f (s, u(s), Gul(s), Fu(s)) ds:| (). (3.8)
0

Taking the control (3.7) and (3.8) in (3.4) and (3.5), respectively, we obtain (Qu)(b) = u
and (Qu)'(b) = uj,, which means that the control v(¢) steers the system (1.1) from the initial
conditions uy and u; to the final states u; and u), in the time b, provided we can obtain a
fixed point of the nonlinear operator Q.

Now, the objective is to prove that the operator Q has a fixed point. The proof will be
carried out in three steps.

Step 1: Arg > 0; Q(B,,) C By,.

For this step, it will be carried out by contradiction. Suppose this is not true. Then, for
each g > 0, there exists u,,(-) € B,, and, for some ¢ € J such that [|(Qu,,)(?)|| > ro, we have

1Qu)(®)|| = || Sa1 () (t0 — g(@)) || + || Sw2(8) (1 = () | +Z||Sa,1(f— 1) o | (a2 |

k=1

+ 2 Saat =t k(W @0) | + /0 [ Sealt =9)]| o[ BviGs)] s
k=1

Page 12 of 22
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+ /(; HSa,a(t —5) ||£ “f(s, u(s), Gu(s),Fu(s)) || ds

m m
< M(Jluoll +c1) + Mb(|lm || +c3) + Y MLy (lullper) + > ML (||t || o)
k=1 k=1

pe1 ¢ t
+MF—(a) Ml/o Vi) ds + T )/ (¢ = )Ly (5) ds

M(lluoll +c1) + Mb(Jlua|l + c3)+ ZM[L}((IIMIIP@) +bL} ([ [ o) ]

MM, b o
T T() H IHLZ+ (ot)/(;(t 8)* myy(s)ds, (3.9

where

m
(™ <M2[||Mb|| + M(|luoll + c1) + Mb(|lus || +¢3) + ZM Li(I#llpcr)
k=1

L e+ 75 / (b-9)* lmr()(s)ds] (3.10)

Now, from (3.9) and (3.10), we have

b3
1@ < [1 + %} |:M(||Mo|| +c1) + Mb(lur ] + )

+ 2 ML (Nllocr) + BLE([o )] + = )/ (b=)* iy (5)d }
k=1

MMlebai%

r@) Nl -

Similarly, we get

b3
[ (Quy @)y < [1 N %] |:Mo(||M0|| 1)+ M(Jlm | + c5)

m
+ Z MoLk ||”||1>c1 +ML1<(H” ”PCI)]
k=1

b MMMb
/ww“%@4 MMM Ly

"Te-1/,

Hence, we have

o = [[(Qu) e

b3 d
_ maxi [1 N f‘%] [M(nuon ver) + Mb(lurl + c3) + Y ML (llullpea)

k=1

. MM, Myb®~2
+bLE (|l ”pc1 / (b—5)*" iy (s) d5:| #Hub”:
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MM, Myb®=3
INa-1)

m
[Mo(||uo||+cl)+M larll +cs) + > _[MoLi(lullper) + ML (| | pea )]
k=1

M b v MM Mab®~3
+ —F(a—l) /0 (b—S) ero(S)dSi| + T_l)llubﬂ} (311)

Dividing both sides of (3.12) by ry, and taking ro — oo, we get

1 m
MM, Myb*=3 | MM,
15max[[1+ 2 ][ ° ZM8k+8k]

')
MMleba_% MM "
|:1+ MNa-1) :||:F(ot—1) +1<X=1: Mody + Mé; :|} (3.12)

This contradicts (3.2). Therefore for some ro > 0, Q(B,,) C By,, which means that Q(B,,) C
B

o
Step 2: We show that Q is continuous on B,,. To show this, let {u,}52,,{u,}52, C B,, be
a sequence such that i, — u, u,, > ' in B,,. Then there exists a number r > 0 such that

lle" lpc < 70, 1™ |Ipc < 7o and ||u|lpc < o and ||/ ||pc < 7o for all # > 1, and we define
E,(s) =f(s,u™(s), G(u"(s)), F(u"(s))) and F(s) = (s, u(s), G(us)), F(u(s))).
Then we obtain

[(Qu)® - (Qu®]
< [1Saa @] o (@) = g@) | + [Sa2®]| ;| (") = hw))|

+ Z [[Se (8 = £ - 2 (" (8)) = I () |

k=1

+ Z |Se2(t = )| - |17 (" (22)) = T (o' (&) |
k=1

+ / Susa e = 5)] | B (5) — Bvi ()] ds + / S0t = 5)] | Eus) ~ E(s)] s
0 0

< ey ma 1~ + Mbe max | —

+ZM”1k AT ”+,ZM19”11< 1)) = Ji (' (#0) |

MM, ba77

n Mbol—l to N
+ W ||Vi{ (S) - VT(S) HL2 + W /0 ||Fn(S) —F(s)” ds, (3.13)

Page 14 of 22
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where

[ ) - Vi) 2

/O |E.(s) - F(s)|| ds

) ., Mb*~!
= M, | Mc, I?Ea]x”u — ) e +MbC4Htng||"‘ —utf o + I'(a)

+ Y M| Le(w(te) — Ie(wt)) | + Y Mb|Je (" () = Jie (' (8)) ||}. (3.14)
k=1 k=1

By continuity of f, Iy, Jk, and the Lebesgue dominated convergence theorem combined
with (3.13), (3.14), we get ||Qu" — Qu|lpc — 0, as n — oo.
Then, in a similar manner to above, we get

[ (Qu") ®) - (Quy ()|
< |4Sua®| - - | €C")  g@))| + |ASan®)] . - [ (h(u") = ()|

+ Y N ASwalt = )] 2 [ Ia (" (80) = (e |
k=1

+ Z“Sa,l(t = 1) || o Ik (" (80)) = Jie (' (20) |

k=1

/stlt 9 o |Bv" 5 - B | ds

N / [Suen(t = 9] |Enls) — Fs)] s
0

< My max o — . + My ma 1~

+ZM0||1k "(t0) — T (@) | + D M| (8)) = Jie (o @) |

k=1

MM, b*~

() ba—z to -
+F(—|| 0= s [0 -Fol s (3.15)

where
|47 ) =59 2

=M, |:M0cz ntlij” u' = u e + Mey ntlgx” u'—ul

MbotZ
T / |B.9) - Fo) ds

+ ZMo |2 (2" (80)) = I (@) |

+ ZM Ve (2™ (1) = T (1 (&) ||]~ (3.16)

k=1

Page 15 of 22



Gou and Li Boundary Value Problems (2021) 2021:25 Page 16 of 22

By continuity of f, I, Ji, and the Lebesgue dominated convergence theorem combined
with (3.15), (3.16), we get ||(Qu")" — (Qu)'|[pc — 0, as n — oo.
Hence, we have

|Qu" - Qupes — 0, asn— oco.

Step 3: We will prove that Q satisfies Monch’s condition. To this end, let us assume that D
and D' are countable subsets of B,, and D C conv({0} U Q(D)) and D’ C conv({0} U(Q(D))").
Then we show that ap1(D) = 0.

First, without loss of generality, we consider that D = {¢#"}°; and D’ = {u/"}32,. If we are
able to show that {(Qz")'}32, is equicontinuous on Ji, k = 0,1,2,...,m, then D C conv({0} U
Q(D)) and D’ C conv({0} U(Q(D))’) are also equicontinuous on Jx, k = 0,1,2,...,m. For this
fact, let /1,1, € J, be such that t, <[, </l <t,,, forsome p € {0,1,2,...,m}, and we get

|| (Qun)/(IZ) - (Qun)/(ll) || = ”Asa,a (12) _Asa,a (ll) ”E H (MO +g(u)) ||
+ [ Sa1(l2) = Se (b)) r [ (1 + h(w)) |

p
+ ) [ ASualls = 1) = ASua(h = 80| o i (w"(10) |
k=1

p
Y |ISan e = ) = e (= )| - e (" (80) |

k=1

ll m ~
+ ”Sa,a—l(lZ - S) - Sa,a—l(ll - S) || E[ng (S) + Fn(s)] dS
0
b m ~
+ /1. ||Sa,a,1(ll —3) ||£[Bv§‘ (s) + F,,(s)] ds.
1

By equicontinuity of S, g(t) and absolute continuity of the Lebesgue integral, we conclude
that the right side of the above inequality tends to zero as I, — /; independently of u. Thus,
Q(D) shows equicontinuity on J forall k =0,1,2,...,m.

Now, by Lemma 2.9 and (H1)(iii), (H2)(iii) and (H3)(ii), we have

SI(W($)|:Q<{SOI,1(b)g(un)} )+a<{5a,2(b)h(u”)} )
n=1 n=1

+ 05( ZSa,l(b — )L (" (t)) } )

k=1

n=1

+o ( ZSa,Z(b — )i (" (8) ] )

k=1

n=1

b 00
+ cx( /0 Soe(b— s)f(s, u"(s), (Gu” (s)), (Fu” (s))) ds} >:|

n=1

< 1<w(g)[M11 supar ({u"(6)}" ) + Mblysupa({u" ()} "))

te] te]
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+ZMM,< supot({u @)} ZMka supar ({u" (o)}, )

k=1 teel k=1 tee/

/(b 8% 1]f(s)<su})oz({u”(s)}zil)+I(*supa({u”(s)}zl))ds

seJ

+H* supa({u”(s)}zzl)) ds]

seJ

< o sl 017,) + bswpaa 0]

+ZMkSUPO‘({ "()},,) +bZMksupa({ Wt}

k=1 tre] k=1 trel
+ 2 /b(b—s)“_lf (8)(1+K*+H*)su a({u"(s)}oo )ds (3.17)
F(a) 0 f se? n=1 . .

Similarly, we obtain

o(fi"®1%)

< Ky(§) |:0l (:Asa,a(b)g(un)} +a (lSa,l(b)h(M")} )
n=1 n=1

+ a< > ASuulb- tk)Ik(u”(tk))} )
n=1

k=1

+o ( Z&m(b =t (™ (8)) } )
n=1

k=1

b 00
+ a( /o Sae-1(b— s)f(s, u"(s), (Gu"(s)), (Fu"(s))) ds} >i|
n=1

fK”‘S’[M“l super((u'))%,) + Mbysuper ()] 5,)

te] te]
+ ZMoMk supa({ (tk ZMM/% SUPO‘({ /n(tk)}zz)
1 tre] k=1 trel

_1)/ (b—-s)*" 2]f(s)(supa({u”(s)}n:1)+K* supa({u”(s)}nzl)

seJ seJ

+H* supoz({u”(s)}:il)> ds:|

seJ

< K (&) |:M011 supa({w" ()} ) + My supa ({u"(8)}°))

te] te]
+ M, ZMksupot({u @)} +MZMkSUP°‘({ w" ()},
P trel k=1 txel

* * b
% =90 supa({u©)},) ds} (3.18)
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Furthermore, by Lemma 2.9, we get

o) <a( al(t)g(u”)} )+a({sa,2<t>h<u")} )
n=1

Zsal(t b (u "(tk))} >
n=1

O<tg<t

{
(
06( Zsaz(t tk)]k(u(tk))}n=1>
(

/tSM(t $)BvY (s ()afs}OO )
0 n=1

+ oz( /[Sa,a(t - s)f(s, u"(s), (Gu"(s)), (Fu"(s))) ds}oo )
0 n=1

<Miysupa({u'(6)},) + Mblysupe({u"(®)} ")

+o

+

+o

te] te]
+ZM,1 su[;a({u”(tk)}:il)
k=1 S
SN ), MM et
+Mb;M/% 2:"161;“({ (tk)}nZI) + T;)\/O‘ a({u (S)}nzl)ds
1+I(*+H*) ol w100
F( ) / (b-s) ]f(s)sslg)a({u (s)}nzl)ds. (3.19)

Similarly, by Lemma 2.9, we have

a((Qu”)/(t)) < Mol supa({u”(t)}zzl) + Ml supa({u”(t)}:il)

te] te]
2MM1ba_1

M [ et s

2(1+K +H)/ (b= "rs)supa({u"(s)},,) ds

seJ

+MoZMksupa({ "(t0},,)

k=1 el
+MZMksupot({ u"(t)})- (3.20)
k=1 &<

By (3.17) and (3.19), we obtain

a((Qu”)(t)) <Ml supa({u”(t)}:il) + Mbl, supa({u”(t)}zl)

te] te]

+MZMksupa({u @)}, +MbZMkSUP“({ "(t0},2)

k=1 txe] k=1 txe]

4 MM ( f (b—s)* 11<W(s)ds>

F(a)

Page 18 of 22



Gou and Li Boundary Value Problems (2021) 2021:25

xM|:ll supa({u'(0)},")) + blysupa({u"(0)})))

te] te]

+ZMk supa ({u” (20}, +bZMk supar ({u" (80}, )

k=1 & k=1 &

M / b—s)""Vs(s )supa({u"@)}iil)dS}
seJ
201 + K* + H*
' (e)

2M2M 1 Ms
< [M+ 2L |k ||Lq11}

x [11 supe ({u"(1)}")) + blysupe ({u"(8)} 7))

te] te]

)/ (b—s)a-11f<s>su;’“({u"@)}iil)dS

> M swpa( () ) + b3 M supa( (@]

k=1 e k=1 e
1+I(*+H*) o
[ sl M}

<[M+2MMIMS|| WS)” }

2M4(1 + K* + H*)
x [11 +b12+ZM;+bZM§+ 4T||1f||Lq13]aPC1(D).

(3.21)

Similarly, by (3.18) and (3.20), we get

/ QMM M 3 3
a((Qu") (1) < [1 + I”(;SHK HL%jH:Moh + Ml + My ;M}( +Mk2:1:M12(

2MM: . i
+ F(T—;)”]f”L% (1+K*+H ):|0‘Pc1(D)~ (3.22)

Now, by Lemma 2.10, we have

apc1 (QD) = max { sup«a ((Qu") (t)), sup o ((Qu”)/(t)) }

te] te]
2M2M M 7 -~
=< max{ |:M + W H1<W(S)HL‘III] |:ll +bly + ZM; + hZM,%
r( )||/}|| 1 (1+K*+H*):|
2MM,b*1 “ -
[ T;)”I<W(S)”L1}|:Moll +Mlz +M0 ZM; +MZM/%
k=1 k=1
2MM; R
Ta-1) ||]f||L% (1+K*+H )} }apcl(D).
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This implies that ap1(QD) < Ayapel (D). Therefore, we get
apct (D) < apet (conv({O} u Q(D))) = otpe1 (QD) < Agapet (D).

Since Ay < 1, we obtain apc1 (D) = 0. That is, D is relatively compact. Hence by Lemma 2.11,
Q has at least one fixed point u € B,,, which is a mild solution of the system (1.1) and it
satisfies u(b) = up and u/(b) = u),. Therefore, the system (1.1) is controllable on J. This
completes the proof. d

4 Application
In this section, we give an example to demonstrate the feasibility of our results.

Example 4.1 We consider the impulsive fractional parabolic partial differential equation

(S8

2 —2t
f’t—%u(x, t) = aa?u(t,x) +Bv(t,x) + 1 [u(t, y)

S

+ fot sin(¢ — s)u(s,x) ds + fol cos(t —s)u(s,x)ds], xe[0,m],te],
u(t,0) =u(t,m)=0, te],
Au(t, x)|oy, = fot" ar(te —S)uls,x)ds, k=1,2,...,m,
A ””;i'x) le=ty, = fot" arty — s)% ds, k=1,2,...,m,
u(0,%) = uo(x), 34.0,x) = uy (%),

(4.1)

3

where 2% is the Caputo fractional partial derivative of order 1 < <2, =[0,1],0 =t <
9t2

b <ty < <ty <t =1, Ault,x)|—g = ult™,x) — u(t™,x), A‘)”Egi‘x) lt=t, = A%hﬂ; -

A% le=; - ax,dx € C(R,R). We choose E = U = L*([0,7]) to be endowed with the norm

Il Il2- The functionv:J x [0,r] — [0, ] is a control function and B: U — E is abounded

linear operator.

Define u(t)(x) = u(t,x), v(¢)(x) = v(¢,x), and CDéu(t)(x) = %u(x, t), and

w

S (&, u(t), Gu(t), Fu(t)) (x)
—2t

‘ 1
_ 1e+ . [u(t,y) +/O sin(¢ — s)u(s,x) ds +/0 cos(t — s)u(s, x) dsj|,

73
Ii(uy,) :/ ar(ty — s)u(s,x)ds, k=1,2,...,m,
0

ou(s,x)
s

173
]k(Mtk) = / ar(ty — ) ds, k=1,2,...,m.
0

We define A: D(A) CE — Eby Au = %u with each domain D(A) given by

D(A) := {u € E : u, u, are absolute continuous, u,, € E, u(£)(0) = u(t)() = 0}.

Then the operator A is given by

o0
Au = Z -n*(u,u,)u,, ue€DA),

n=1
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where u,(t) = \/g sinnt,n=1,2,...,is the orthogonal set of eigenfunctions corresponding
to the eigenvalues A, = —n2 of A. Then A will be a generator of the (a, 8)-resolvent family
such that

Sep(t)u = cos ——(u, u,)u,,.
, 2
— l+n

Moreover, we have [|S, g(¢)[| 2 <M = 1. Then the system (4.1) is the abstract form of the
system (1.1). Obviously, f satisfies (H1)(i) and (ii). Thus, for (¢,u) € ] x PC(J, E), we have

S (& u(t), Gu(e), Fu())

e 2t b4 t . 1 2 %
=< 17 e |:/o (u(t,y)+/0 s1n(t—s)u(s,x)ds+/0 cos(t—s)u(s,x)ds) ]

—2t

e
1+ef

0 0
V7 (lullec + K°llullpc + B ullec),

where k° = SUp,; fot || sin(t—s)||ds <1, K = SUp;c; fol | cos(t —s)|| ds < 1. Furthermore, for
D,,Dy,D3 C PC(J,E), we have

@(f(6,D1,D5,D3)) = Js(0)supar(D1(0)) + K sup (Da(0)) + K super (D2(0) |,

te] te] te]

where J;(£) = %ﬁ . Similarly, we can show that the condition (H2) is satisfied with L} =
M} = ([ |ty —5)12 ds)? and L2 = M2 = ([2* [G(tx - )| ds) 2.

When B = I, and using the above defined linear operator, we conclude that the operator
W . L*(J,U) — E, defined as in [26, (4.6)],

n2

Yooy Jo 2 sinl(25)(1 = ))(uls), up)unds,  uePCl;
> Ja oy cos[(27)(L - 9)](uls), un)unds, u € PC,

1l+n

Wu(s) = (4.2)

has a bounded inverse operator and satisfies the condition (H3). Thus the conditions
(HO)—(H3) are satisfied, and, by Theorem 3.1, the system (4.1) is controllable on J.
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