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This paper is dedicated to studying the following Kirchhoff-type problem:

where N= 1,2, m:[0,00) — (0,00) is a continuous function, V: RN — R is
differentiable, and f € C(R, R). We obtain the existence of a ground state solution of
Nehari-Pohozaev type and the least energy solution under some assumptions on V,
m, and f. Especially, the existence of nonlocal term m(lqu||fz(RN)) and the lack of
Hardy's inequality and Sobolev’s inequality in low dimension make the problem more
complicated. To overcome the above-mentioned difficulties, some new energy
inequalities and subtle analyses are introduced.
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1 Introduction
In this paper, we consider the following Kirchhoft-type equation:

(| Ve 2y ) At + V() =f (), x € RY; (1.1)

u € HY(RYN),

where N = 1,2, m : [0,00) — (0,00), V: RN — Randf : R — R are continuous functions.

Problem (1.1) has a profound physical meaning for it is related to the stationary analogue
of the Kirchhoff equation, which arises in nonlinear vibrations, see Alves, Corréa, and
Figueiredo [1] for more details. The following equation is a special case of (1.1) when RY
is replaced by a bounded domain €2 and f(s) — V(x)s by f(x, s):

—m(||Vu||iz(Q))Au =f(x,u) inQ. (1.2)
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Equation (1.2) appears when we search for a stationary solution to

Uy —m(/ |Vu|2dx) Au=f(xt) inQx(0,T7). (1.3)
Q

Problem (1.3) was proposed by Kirchhoff [20] when m(¢) = a + bt and N = 1. We refer the
readers to [2—4, 9, 10] for more mathematical and physical background on Kirchhoff-type
problems.

Lions [25] proposed an abstract functional analysis framework to the Kirchhoff equation

Uy — <a+b/ |Vu|2dx>Au =f(x,u) inQx(0,7), (1.4)
Q

after which extensive attention to (1.4) was aroused. In recent years, the following
Kirchhoff-type problem

—(a+b [on IVul*dx)Au+ V(®)u =f(x,u), xeRN; L5)
ue H'(RY) '

has been studied intensively by many researchers, where V € C(RV,R) and f € C(RN x
R,R), a,b > 0 are constants. By variational methods, a number of important results of
the existence and multiplicity of solutions for problem (1.5) have been established with
f satisfying various conditions. In the meantime, V is usually assumed as a constant, or
periodic, or radial, or coercive, see for example [1, 5, 7, 8, 11, 14-16, 19, 21, 23, 24, 26—
28, 30, 31, 34, 36—38] and the references therein.

Recently, Ikoma [17] investigated the following Kirchhoft-type equations with power

type nonlinearity:

_ 2 _ q-1 N.
m(I Vil gn) Aue+ V(X)u = [ul"™u, xeRY 16)
u e H'(RN).

Here, g € (1,00) if N =1,2 and q € (1, %) if N > 3. Problem (1.6) in the general dimen-
sions was considered, and the author proved that problem (1.6) has a ground state solution.
Precisely, they assumed the following conditions on 7 and V when N = 1,2:

(M1) m € C([0,00)) and there exists m1y > 0 such that 0 < my < m(s) for all s € [0, 00);

(M2) There exist go > 0 and &g > 0 such that M(s) — q01+1 m(s)s > gos in (0, 00);

(M3) The function s~'M(s) is nondecreasing in (0, 00);

(V1) V € CHRN,R) such that limpy oo V(%) = sup,cpn V(%) =t Vi < +00;

(V2) 0<inf,pn V(x) =t Vp;

(V3) Let go be the constant that appeared in (M2). When 1 < g < 2go + 1, there exist

a, B > 0 such that

|x.VV(x)| < C(l + |x|)a for all x € RY,

(q-1)2 - (N -2)q0
2q0+1—¢q

x-VVx)<BV(x), Be (0, ] for all x € RN,
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Through refined topological analysis on energy functional of “limit problem’, Ikoma
compared the mountain pass level ¢,; with the one of the limit equation ¢ ;. Specially,
in Ikoma’s analysis, the situation of N =1 is different from the one when N > 2. To get
a ground state solution of (1.6), the author used the standard arguments which com-
bined the monotonicity trick to get a bounded (PS),,, sequence and the concentration—
compactness lemma to prove that the sequence has a convergent subsequence. It is
worth noting that, in Ikoma’s argument, he had to face the difficulties about obtaining
the boundedness of the (PS) sequence and the strongly convergent subsequences when
1<g<2qp+1.

Tang and Chen [32] dealt with the Schrédinger—Kirchhoff type equation

—(a+b [ IVuldx)Au+ V(x)u = f(u), x€R3%; w7
ue H'(R®), '
when the nonlinearity f is more general. They proved that (1.7) possesses a ground state
solution of Nehari—Pohozaev type and the least energy solution with the following as-
sumptions about f, here N = 3:
(F1) f € C(R,R) and there exist constants Cp > 0 and pg € (2,2*) such that

[fO)] < Co(1+1e0"), VeeR;

(F2) f(t)=o(t)ast — O;

(F3) limy— o0 % = +00, where F(t) := fotf(s) ds;

(F4) The function ! ‘(:l);f]{\ffl(tt) is nondecreasing on ¢ € (—00,0) U (0, 00), where p > 2.
Precisely, they proved that there exists the least energy solution following the standard

approach as Ikoma’s result. The difference is that they developed a new trick and com-
pared the level ¢, with the energy I7° of the minimizer #$° more directly. Here, ¢, is the
limited energy of a bounded (PS) sequence {u,(1)} for almost every A € [1/2,1). By using
their original highlight inequalities to obtain the comparison, they got a minimizer #;° on
the Nehari—Pohozaev manifold which is also used in Li [22] and Ruiz [29] for A € [1/2,1].
Then, by using the global compactness lemma obtained in [22], they got a nontrivial crit-
ical point &, which possesses energy c,. Their approach is applicable to the problems of
other types, such as Schrodinger—Poisson problems [32], Choquard equations [33], and
so on.

Let us point out that some arguments and tricks used in [32] fail to adapt directly to one-
and two-dimensional cases for Hardy’s and Sobolev’s inequalities and do not work at this
point. In this sense, it is more complicated than a three-dimensional case. To the best of
our knowledge, there are few results concerning (1.1) in one- and two-dimensional case.
Based on [17, 32], the main purpose of this paper is to extend and complement the cor-
responding existence results on (1.7) in a three-dimensional case and above to the lower

dimensional situation. However, the general term m(t) is more difficult to deal with than
2

L2(RN
intricate. In addition, it is noticed that there is no need to distinguish N =1 and N =2 in

the special form a + bt, and the appearance of m(||Vu/| )) makes problem (1.1) more
our approach.

Now we state our hypotheses. Let N = 1,2. For V, we suppose (V1), (V2) as above, and
we use a mild hypothesis (V3) in place of (V3). Furthermore, (V4) makes some subtle
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inequalities hold, which helps us to prove the existence of ground states. For f, we suppose
(F1)—(F4). For m, we assume (M1) above, (M2) instead of (M2), (M3), and (M4).
(V3) (p-N)V(x) - VV(x)-x> 0, where p > 2;
(V4) The map ¢+ W;M is nonincreasing on (0, +00) for all x € RN\ {0},
where - denotes the inner product in RY, p > 2 holds here and after;
(M2) There exists gq > 0 such that M(s) — %m(s)s > ggs for s € (0,00), where
M(s):= [y m(t)dt;
(M3) The map t +— % is nonincreasing in (0, 0o) for all s € (0, 00);
(M4) The function mi(s) is nondecreasing in [0, 00).

A simple example of m satisfying all conditions (M1)—(M4) is the following:
1
m(t) =a+ btr,

where a >0, b >0, p > 2. We can easily verify that m(t) fits all the above hypotheses.
To state our results, we define the norm in H!(RN)

1/2
= (/RN(WW + |ul?) dx) , (1.8)

1/s
lluells = (fN Iulsdx> , 1<s<+o0, (1.9)
R

and the energy functional

E(u) = %M(||Vu||§) + %/RN V(x)u? dx — /RN F(u) d. (1.10)

Under assumptions (V1), (F1), and (F2), weak solutions to (1.1) correspond to critical
points of E and E € C}(RN,R). For any ¢ > 0, it follows from (F1) and (F2) that there exists
C, > 0 such that

[f(©)] <elel + Celefo™!, VteR. (1.11)

Let us define the Pohozaev functional for (1.1) by

N
Pu) := sz(HVull%)lquH% + %fRN[NV(x) +(VV(x),x)]u® dx

—-N | F(u)dx, (1.12)
RN

that is, P(u) = 0 if u is a critical point of E, and define the following constraint set:
M :={u e H' (RN) \ {0} : J(u) := (E'(w), u) + P(u) = 0}, (1.13)

clearly, u € M if u is a critical point of E.
Our main results are as follows.

Theorem 1.1 Suppose that m, V, and f satisfy (M1)-(M3), (V1)-(V4), and (F1)-(F4).
Then Problem (1.1) has a solution it € H*(RN) such that E(iz) = infpq E > 0.
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Theorem 1.2 Suppose that m, V, and f satisfy (M1)-(M4), (V1)—(V3), and (F1)—(F4).
Then Problem (1.1) has a least energy solution it € H*(RN) \ {0}.

The paper is organized as follows. In Sect. 2, we give some preliminaries and the proof of
Theorem 1.1. Section 3 is devoted to proving Theorem 1.2. In this paper, C;, Cs, ... denote
positive constants possibly different in different places.

2 Preliminaries
To obtain the ground state solution of (1.1), we establish the key energy inequality related
with E and J. To this end, we first prove the following two inequalities.

Lemma 2.1 Suppose that (F1) and (F4) hold. Then

2+p

NF(tu) — F(u) + [fw)u + NFw)] =0, Ve=0,ueRR. (2.1)

2+p
Proof 1Tt is evident that (2.1) holds for « = 0. For u #0, let

12

g(t) = tNF(tu) — F(u) +
2+p

[f(u)u + NF(u)], t>0. (2.2)

Then, from (F4), one has

&) = NEV T (tu) + N f(tu)yu — £ [NF(M) +f(u)u]

e pf(tu)tN’1u+NtN’2F(tu) fw)u + NF(u)
i '”'[ jtupr T P }

_ N [f(tu)tu +NF(tw)  f(w)u + NF(u)]

|tu|2+p—N |M|2+p—N
>0, t>1,
<0, O<t<l.
It follows that g(¢) > g(1) = 0 for ¢ > 0. This implies that (2.1) holds. a

Lemma 2.2 Suppose that (V1) and (V4) hold. Then

1 2+p

Vi(x) - tN*?V(tx) - [N +2)V(x) + VV(x)-x] > 0. (2.3)

2+p
Proof Let

2+p

h(t) = V(x) - &2V (ex) - [(N +2)V(x) + VV(x) x]

+p
By (V4), one has

H(t) = (N + 2NV (tx) — NIV (tx) - (8x) + 6147 [(N +2)V(x) + VV(x) x]

(N +2)V(tx) + VV(tx) - (tx)
tp—N ]

= P [(N +2)V(x) + VV(x) - x—
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>0, t>1,
(2.4)
<0, O«<t<l.
It follows that 4(#) > k(1) = 0 holds for ¢ > 0. a

Lemma 2.3 Suppose that (F1), (F2), (F4), (V1), (V4), and (M3) hold. Then, for all u €
HYRN) and t > 0, the following key inequality holds:

2+p

E(u) > E(tuy) + J (), (2.5)

2+p
where u;(x) := u(t"\x) are fixed.

Proof Note that

tN+2

2

E(tu,) = %M(tN IVull3) + A; ., V(tx)u® dx — £V » F(tu) dx (2.6)

and

J(u) = (E'(w), u) + P(u)
= %m(nwng)nwng + %/ [+ N)V(x) + VV(x) - x]u? dx
RN
- / [f(u)u + NF(M)] dx. (2.7)
RN
Thus, by (1.10), (2.1), (2.3), and (2.6), one has
E(u) — E(tu,)

1 1 1
= EM(||Vu||§) - EM(thvm@) +s fRN[V(x) — NV (tx) |u? dx

+/ [tNF(tu)—F(u)] dx
RN

1> 1 n_ LN N B 5 5
= 2+ p I(u)+§M(|IVu||2)—§M( IVul3) - 21p 'Em(IIVullz)HVMIIz
1 1—t>
+ —/ {V(x) N2V (tx) — [(N+ 2)V(x) + VV(x) x]}uz dx
2 JrN 2+p
_ p2p
+/ {tNF(tu)—F(u)+ [f(u)u+NF(u)]}dx
RN 2+p
1—¢%r 1 o 1 N 5 — 2 ) 5
> 24 p ](u)+5M(IIVM||2)—§M( IVul3) - 21p 'Em(IIVMllz)HVuIlz
In fact, the following assertion holds:
1 1 1-¢>* N
L&) = SM(IVully) = M (e Vullz) - - m(IVull3) [ Vull; = 0. (2.8)
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From (M3), we have

N N
L'(t) = Etlwn’l(llvbtlli)llvbtlli—EtN_IM(tNIIVMH%)IIVMII%

N m(EN ||Vl DN | Vull3
=Et“"[’“"(||w||%)llwli— : )

w2
B
Then L(¢) > L(1) = 0. That implies (2.5) holds. O
From Lemma 2.3, we have the following corollary.
Corollary 2.4 Suppose that (F1), (F2), (F4), (V1), and (V4) hold. Then, for u € M,
E(u) = rrtlg)xE(tut). (2.10)

Lemma 2.5 Suppose that (F1)—(F3) and (M2) hold. Then, for any u € H*(RN) \ {0}, there
exists unique t, > 0 such that t,u;, € M.

Proof Let u € H'(RN) \ {0} be fixed. Clearly, for E(tu,) defined as (2.6) on (0, cc0), we have

dE(t t N _ 1 +
ét”) =0 & Tm( V)" 1||w||§+§/RN[(N+2)tN W (tx)
+ VY () - (tx)]u2 de —£N! / [NF(tu) +f(tu)tu] dx=0
RN
& Jtu)=0 <  tu,e M. (2.11)

By (F1) and (F2), it is easy to verify that £(0) = 0 when ¢ = 0, E(tu;) > O for ¢ > 0 small. By
(M2), there exists C; > 0 such that M(s) < M(l)s% + Cys for any s > 0, which yields

1 o 2N 5y N2
E(tu;) < i{M(l)(rN IVil3) ¥ + CitN | Vul3} +

/ V(tx)u® dx
RN

-V N F(tu)dx, Vtu, € M, (2.12)
R
then E(tu,) < 0 for ¢ large follows from (F3). Therefore maxe (o o0) E(tu;) is achieved at ¢, > 0
so that % |¢=z, =0 and t,u,, € M.
Next we claim that ¢, is unique for any u € HY(RY) \ {0}. In fact, for any given u €
HYRN)\ {0}, let t1,2, > 0 such that tu,,, tyu;, € M. Then J(tiuy,) = J(t2us,) = 0. Jointly
with (2.5), we have

2+p 2+p

E(tiuy)) = E(tyuy,) + mﬂﬁutl) = E(tyuy,). (2.13)

Also,

2+p 2+p
t2 — tl

E(tyus,) > E(tiuyy) — ————
e @y

J(tat) = E(taay ). (2.14)

(2.13) and (2.14) imply ¢; = t,. Therefore, ¢, > 0 is unique for any u € H*(RN) \ {0}. (]

Page 7 of 20
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Lemma 2.6 Suppose that (F1)—(F4) hold. Then

inf E(u)=1= inf  max E(tu;).
ueM ucHY(RN)\{0} >0

Proof Both Corollary 2.4 and Lemma 2.5 imply the above lemma. O
Lemma 2.7 Suppose that (V1), (V4), and (M1) hold. Then there exists w; > 0 such that
o1 |ull> < Nm(||Vull3) [ Vul3

+ / [(N+2)V(x) + VV(¥) - x]u’dx, VYueH'(RY). (2.15)
RN

Proof From (2.3), one has

(N+2)V(x) +VV(x) - x

>Q2+p) N PV(tx) - 2+ p)t ¥ PV (x), Vt>0,xeRV. (2.16)
Taking ¢ — oo in (2.16), we deduce that
(N+2)V(x)+VV(x)- x>0, VxeRN. (2.17)

Arguing by contradiction, suppose that there exists a sequence {u,,} C H'(RYN) such that
]l = 1 and

Nm (Vi 5) I Vet |15 + A;{N[(N +2)V(x) + VV () - x]u;. dx = o(1). (2.18)

Thus there exists # € H'(RN) such that u, — . Then u, — u in L _(RY) for 2 < s < 00
and u, — i a.e. in RN, By (2.17), (2.18), the weak semicontinuity of norm, and Fatou’s
lemma, we have

0= HE)IEO{NM(”V”"”%)”V”"”% + /]RN [(N +2)V(x) + VV(x) x]ufl dx}

> Nmol|Via|3 + fRN[(N +2)V(x) + VV(x) - x]is* dw, (2.19)

which implies # = 0. Thus, from (V1) and (V4), one has

/RN{(N + 2)[V(x) - Voo] +VVix) x}ufl dy=0(1), n— oo. (2.20)
Both (2.18) and (2.20) imply

o(l) = Nm(||Vu,,||§)||Vu,,||% + /]RN [(N +2)V(x) + VV(x) x]ufl dx

= Nm([[Vun3) I Vitu |3 + (N +2) Vool 13 + 0(1)
> min{Nmo, (N +2)Voo } ]I + o(1)

= min{Nm,, (N +2) Vi } +0(1), (2.21)

which is a contradiction, and it shows that there exists w; > 0 such that (2.15) holds. [
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Lemma 2.8 Suppose that (F1)—(F3), (M2), and (V2) hold. Then
(i). there exists pg > 0 such that ||u| > po, Vu € M;
(ii). I =inf,ecpnq E(u) > 0.

Proof (i). For allu € M, by (F1), (1.11), (2.7), (2.15), and the Sobolev embedding theorem,
one has

w N 1
71||u||2 < E;qq(||w||§)||w||§ + 5/ [2+N)V(x) + VV(x) - x]u’dx
]RN

= / [f(u)u + NF(u)] dx
RN
w
< Il + Cofju. (2.22)
This implies
> o ) Yue M (2.23)
llull = po = 4_C2 , ueM. .

(ii). Together a direct calculation with (V2), it follows from (2.3) that

pP-N)Vix)-VV(x)-x
> Q2 +p) NV (tx) - t2+p[(N +2)V(x) + VV(x) x]

>+t V- PPN +2) | Vieo + |[VV(R) - x| ] (2.24)

forall t € R, x € RN. There exists £, > 0 small enough such that

Q2+ P2 Vo -t [N + 2| Vlloo + |[VV() - 2] ] = %, (2.25)
then
P-N)V@)-VV@) x> Q+p)t) 2 Vo—tg P [N + 2|Vl + [VV(x) - 2] ]
> % >0. (2.26)
Let t — 0in (2.1), then
fu—(2+p-N)Fu) >0, VueR. (2.27)

From (M2), (2.26), and (2.27), for all u € M, one has

Ew) = E(u) - ﬁf(u)

= %M(||Vu||%)+ / [(p—N)V(x)—VV(x)~x]u2dx
RN

2(2 +p)

1 N
5y S m(IVul3) | Vul} +

1
Tip /RN[f(u)u—Q +p—N)F(u)]dx
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1 N Vo
> —M(|Vul2) = ———m(||Vul?) | Vu|? + ul)?
z MIVul) = 5 xy UVl IVelly + gl

€0 Vo
> ) Vull; + laell3

2 8(2+p)

e Vo 2 2 2
> -, :=C. > C. 0. 2.28
_mm{ 5 8(2+p)}llull sllull” = Cspg > (2.28)
This shows that I = inf,c o E(u) > 0. O

The following lemma has been proved in [12] and [32].

Lemma 2.9 Assume that (F1) and (F2) hold. If u, — u in H'(RN), then along a subse-

quence of {u,},

lim sup
"7 peH1RN),|lgll<1

[ ) - - ~fwo ax| ~o. (2.29)

Similar to [31, Lemma 2.10], by using Lemma 2.9, we have the following lemma.

Lemma 2.10 Assume that (F1)—(F4) hold. If u,, — u in H*(RN), then

E(uty) = E(u) + E(st, — 1) + 0(1) (2.30)
and

J () = J () + ] (1t — 1) + 0(1). (2.31)

Similar to [31, Lemma 2.13], by using the key inequality (2.5), the deformation lemma,
and the intermediate value theorem of continuous function, the following lemma is given.
We omit the proof here.

Lemma 2.11 Suppose that (M1)-(M3), (V1)-(V4), and (F1)—(F4) hold. If u € M and
E(u) =1, then u is a critical point of E.

To overcome the lack of the compactness of Sobolev embedding, we define its limit
problem related to (1.1) by

-m(|Vul3)Au+ Voo =f(u), x€RN;

(2.32)
u e H'(RN).

Under assumptions (F1) and (F2), weak solutions to (2.32) correspond to critical points of
the energy functional defined in H'(RN) by

1 1
E®(u) = EM(IIVuH%) + 5 /RN Vioott? dx — /};N F(u) dx. (2.33)

Similar to (1.13) and (2.7), we define the functional

T () := %m(||Vu||§)||Vu||%+ 2+N/ Voolu|2—/ [f)u + NF(u)] dx,  (2.34)
RN RN
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the constraint set
M = {ue H'(RN) \ {0} :J®(u) = 0}, (2.35)
and the minimizer

I*:= inf E(u). 2.
inf_E@) (2:36)

Since V(x) = Vo, which is well covered by (V1), (V2), and (V4), then all the above con-
clusions on E are true for E*°. Through discussing the corresponding limit equation (2.32),
we will get the proof of Theorem 1.1.

Lemma 2.12 Assume that (M1)—(M3) and (F1)—(F4) hold. Then I*° := inf,c 00 E® (1) is
achieved.

Proof For any u € M, we have E®(u) > I*°. Let {u,} C M such that E*(u,) — I as
n — oo. Since J*(u,) = 0, then it follows from (2.27) that

I® +0(1) = E®(u,) - ﬁ]‘”(un)

1 N
EM(HVWH%) - mﬂf(llwnlli)llwnlli

p-N 9 1 /
— Vollu, —_— )y — 2 - N)F(u,)|d
2@t 17 ||2+2+p RN[f(u Jitn — (p + )F (1) ] it
1 N p-N
> —M(||Vu,|?) - Vull2) || Vul? Veolluall2. (237
2 SM1Vl3) = 5 m V) IVall + 5= Vel (237
Similar to (2.28), this shows that {u,} is bounded in H'(RN).
With (2.8), the rest of the proof is similar to [31, Lemma 2.12], so we omit it. O

The same as the case of dimension three in [31], we get the following relation between
Iand I*.

Lemma 2.13 Suppose that (M1)-(M3), (V1)-(V4), and (F1)—(F4) hold. Then I < I*°.
Lemma 2.14 Suppose that (M1)-(M3), (V1)-(V4), and (F1)—(F4) hold. Then I is achieved.

Proof Step 1. Choosing a minimizing sequence {u,} C M of I and showing that the se-
quence is bounded in H'(RYN). This part of argument is the same as Lemma 2.12. So we
omit it here.

Step 2. Showing that {u,} is convergent in H!(RY). By Lion’s concentration compactness
principle [35, Lemma 1.21], similar to [31, Lemma 3.2], one can easily obtain that result,
so we also omit it here. O

Proof of Theorem 1.1 Under Lemmas 2.6, 2.11, and 2.14, there exists # € M such that

E(w)=I= inf  maxE(tu,), E'(n) =0. (2.38)
ueHY(R2)\{0} >0

This shows that # is a ground state solution of Nehari-Pohozaev type for (1.1). g
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3 The least energy solutions for (1.1)
In this section, we give the proof of Theorem 1.2.

Proposition 3.1 ([18]) Let X be a Banach space and A C R* be an interval. We consider
a family {®@; }sen of C*-functionals on X of the form

@, (u) = A(u) — AB(u), VA€A,

where B(u) > 0,Vu € X, and such that either A(u) — +00 or B(u) — +00, as ||u|| — oo. We

assume that there are two points vy, v, in X such that

¢, := inf max Cbk(y(t)) > max{cb,\(vl), dJA(vz)}, (3.1)
yel te[0,1]

where

I'={y eC([0,11,X) : ¥(0) =v1,y (1) = v2}.

Then, for almost every A € A, there is a bounded (PS)., sequence for ®,, that is, there exists
a sequence such that
(i). {u,(A)} is bounded in X;
(ii). Pa(un(2)) = c1;
(iii). @} (u,(X)) = 0in X*, where X* is the dual of X.

To apply Proposition 3.1, we introduce two families of functionals defined by

E;(u) = %M(sz) + % /R N V(x)u® dx — A /R | Fdx (3.2)
and
EX(u) = %M(sz) + %/}RN Viott? dx—A]RN F(u)dx (3.3)

for A € [1/2,1].

Lemma 3.2 ([13]) Suppose that (V1), (V2), (F1), and (F2) hold. Let u be a critical point of
E; in HY(RYN), then we have the following Pohozaev-type identity:

N-2
Pi(u) := Tm(HVuH%)HVuH% + %/ [NV(x) + (V\/(x),x)]u2 dx
RN
- N\ F(u)dx =0. 3.4
| Fuas 3.4
We set J; () := (E} (), u) + P;.(u), then
2

L(u) = Nm(||Vu||%)||Vu||% + %/RN [(N+ 2)V(x) + (VV(x),x)]u2 dx

- A/ D‘(u)u + NF(u)] dx (3.5)
RN
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for A € [1/2,1]. Correspondingly, we also let
N N+2
J(u) = Em(IIVullﬁ)IIVuH% + Tvoo”u”% - A/N[f(u)u + NF(u)] dx (3.6)
R
for A € [1/2,1]. Set

M = {u e H'(RN) \ {0} : J°(u) = 0}, [°:= inf EX(u). (3.7)

ue M$°
By Lemma 2.3, we have the following lemma.

Lemma 3.3 Suppose that (M1)-(M3), (V1), (F1), (F2), and (F4) hold. Then
——J®w), YueH'(RN),t>0,A>0. (3.8)

In view of Theorem 1.1, E{° has a minimizer u$° on M, i.e.,
U e M, (EX) (u°) =0, and I°=EXud). (3.9)
Lemma 3.4 Suppose that (M1)-(M3), (V1), (V2), and (F1)—(F3) hold. Then

(i). there exists T > 0 independent of ) such that E;(T(u$°)r) < 0 for all » € [1/2,1];
(ii). there exists ko > 0 independent of X such that, for all ) € [1/2,1],

¢y i= }}rg trer}(a{)lc]EA(y(t)) > ko > max{E; (0), Ex (T (u{°) ;) }, (3.10)

where
I'={yeC([0,1, H'(RY)) : ¥(0) = 0,y (1) = T(u5°) . };
(iii). ¢ and I° are nonincreasing on A € [1/2,1].

The proof of Lemma 3.4 is standard, the reader can refer to [6, Lemma 4.4].
We use the ingenious assumptions on V' borrowed from [31], that is, for V € C(RN,R)
and V(x) < Vi but V(x) # Vi, there exist ¥ € RN and 7 > 0 such that

Vo> V(®) and |(u°)(x)]| >0, ae |x— <7 (3.11)

Lemma 3.5 Suppose that (M1)-(M3), (V1), (V2), and (F1)—(F4) hold. Then there exists
X € [1/2,1) such that ¢, < I° for A € [, 1].

Proof 1t is easy to see that E; (t(43°),) is continuous on ¢ € (0,00). Hence, for any A €
[1/2,1), we can choose t; € (0, T') such that E; (£, (45°), ) = maxeeqo, 77 Ex (£(u3°);). Define

tT(uS®)r, fort>0,
0, fort=0.

Yo(t) =

Page 13 of 20
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Then yy € I' defined by Lemma 3.4(ii), i.e., %5(0) = 0, yo(1) = T(43°) 7. Moreover,
E;(ti(u1°), ) = max E; (no(®) = c;. (3.12)

It follows from (2.27) that the function F(¢)/|t|**?7N is nondecreasing on ¢ € (-00,0) U
(0, +00). Since t; € (0, T), then we have

Ftyus®) _ F(Tuy)

tjﬂé—]\[ — T2+pz—N ‘
Let
¢o »= min{37/8(1 + |x[), 1/4]}. (3.13)

Then it follows from (3.11) and (3.13) that

T o
Ix—xlfi and t€[l1-20,1+¢] = |tx—X%<T. (3.14)
Let
%o max{l 1- (1- §O)N+Z MiNge[1-go,1+¢0] f]RN[Voo - V(zx)] |M(1X)|2 dx
. 2’ 272 [ F(Tu®) dx ’
L Jaw F(T (3.15)
T2 [ F(Tu‘fo)dx}’

where L(t) is defined in (2.8). Then it follows from (3.11) and (3.14) that 1/2 < X < 1. We
have two cases to distinguish:
Case (i). t, € [1 — &y, 1 + &]. From (3.2), (3.3), (3.8)—(3.12), (3.14), (3.15), and Lem-

ma 3.4(iii), we have
L= I =EP(u°) = EP (6.(u?),)

=B (6 (), - (1- 02 /

R

+2

N
NF(tw‘f°)dx+ '\2 A;{N[VOO—V(tAx)“u‘foizdx

> c;\—(l—)\)TZ/ F(Tu‘lx’)dx
RN

(1 - go)N*2 . f 2
_ Voo =V 1" d
+ > e in Rz[ o = V(Tx)]|uf®|" dx

>¢, Vie(rl]

Case (ii). t; € (0,1 — &o) U (1 + &g, T]. From (2.5), (3.2), (3.3), (3.8), (3.11), (3.12), (3.15),
Assertion 1, and Lemma 3.4¢(iii),

¥ > I = B (uf°)

= B (6 (),) + 5 M1V [2) - SME Vi)
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1-£% N
s —m
2+p 2
> E(t.(4°),) —(1—,\)t§f F(tuf®) dx +
A RN

1 1 1-£2% N
+gM(“WCf’Hi)—§M(fiv||vuf°||§)— 2+Ap =y

(Ivu ) Vel

+2

A
12 /RN[VOO - V(th)]|u?f°}2dx

(| Vi) Ve,

>0 -1 —)»)TZ/ F(Tu®) dx + %M(||Wi’°||§) - %M(TNHVMTOHQ
RN

1-T* N
ey gV ) v,

>c, Vie(1].

Combining both the above cases, we have ¢, < I;° for A € (,1]. (]

Lemma 3.6 Suppose that (V1), (V2), and (F1)—(F3) hold. Let {u,} be a bounded (PS).,
sequence for E; with A € [1/2,1]. Then there exist a subsequence of {u,}, still denoted by

{u,), an integer | € N, and uy € H'(RN) such that
(i) A2 :=1lim, o |Vuu 3, ty — s in HY(RY) and & (u,) = 0;
(i) there exist w',...,wl € HY(RN) \ {0} such that (XY (Wr) =0 for 1 <k <,
(iii)
I

1
e m(AD)AT =& () + > &R (wh);

k=1
! 2
A2 = (V|3 + > [V
k=1
where
1 2 2 1 2
E(u) = —m(A,\)HVull2 + = Vx)u”dx — A F(u)dx (3.16)
2 2 JrN RN
and
(3.17)

1 Vo
EX(u) = —m(Ai) Va3 + —/ u? dx—k/ F(u) dx.
2 2 RN RN

We agree that in the case | = 0 the above holds without wX.

Analogous to the proof of Lemma 2.3 in [22], we can prove Lemma 3.6. We omit it here.

Lemma 3.7 Suppose that (V1), (V2), (V3), (M4), and (F1)—(F3) hold. Then, for almost

every A € [A, 1], there exists u; € H'(R?) \ {0} such that

E;L(M)L) =0, E}L(M)L) =Cjy. (318)

Proof Under (F1)—(F3), Lemma 3.4 implies that E, () satisfies the assumptions of Propo-
sition 3.1 with X = H(RN) and ®, = E;. So, for almost every A € [1/2,1], there exists a
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bounded sequence {u,(1)} C H'(RY) (for simplicity, we denote {u,} instead of {u,())})
such that

Ey(uy) = ¢, >0, | E(un)] — 0. (3.19)
By Lemma 3.6, there exist a subsequence of {u,}, still denoted by {u,}, and u; € H*(RYN)

such that A% = limy,, o | Vs, ||3 exists, u, — uy in HY(RY) and (€;)'(uy) = 0.
If (ii) occurs, i.e., there exist / € Nand w!,...,w' € H}(RY) \ {0} such that (£°) (wk) = 0

forl <k<|
¢+ im(Ai)nvmng =& w) + Xl:é’f"(w") (3.20)
k=1
and
A2 = |V | + Xl:||w/k||j. (3.21)

k=1
Since (&,) () = 0, then we have the Pohozaev identity of the functional &,

2 1
Pi(wy) = Tm(Ai)lleH% *+3 /RN[NV(x) +VV(x) - x]u; dx — NA /]1;2 F(uy)dx

=0. (3.22)

It follows from (2.27), (3.16), (3.22), and (V3) that

E4(0r) = Ex(y) - ﬁ[(eg(un, ) + Py (1,)]

_2+p-N_ 2 1 ~ ~ 12
- 2(2+]9) m(A)»)”VM)LHZ + 2(2+]9) ./H{{N[(p N)V(x) VV(?C) x]u,\ dx
3 7 /RN[f(Mx)ux —(2+p-N)F(u;)]dx
> %m(Ai)IIVu,\H%. (3.23)

Since (£2°)' (W) = 0, then we have the Pohozaev identity of the functional £*

ﬁfo(wk) = Em(A§)||Vwk||z+NVoo/ (wk)2 dx—NA/ F(wk) dx=0. (3.24)
2 2 RN RN

Thus, from (3.6), (3.17), (3.21), and (3.24), we have

0 = ((£7) (W), W) + P (w)
N+2

= ST+ SV WA [ [ N ()]

> J2° (wh). (3.25)
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Since w* € H'(RN)\ {0}, in view of Lemma 2.5, there exists £ > 0 such that (wX),, € M5°.

From (3.3), (3.6), (3.8), (3.17), and (3.21), one has

7 () = £ (W) = i (5 (W) )+ B3]
2+p—-N
22+p)

1
m(A3) [V + ([ V)V, = 5M (I VwH]5)

2(2+p)
1
+EX (W) - mffo (W)

N
22 +p

2+p-N
~ 22+p)

1
m(A) VW, + 55y (W oW, - 5M (v w])

2+p

X)) - 5

2 (wh). (3.26)

Let

2+p-N

N
_ 2
H(t) = 20ip) m(A7)t + 22+p)

m(t)t — %M(t), (3.27)

then by (M4) one has

2 2PN o py 2PN
H'(t) = 2217) m(A37) + 22 +p)m ()t 2017) m(t) >0, (3.28)
H(0) = —%M(O) = 0. (3.29)
Then, from (3.21), (3.25), and (3.26), one has
EX (W) =1 (3.30)

It follows from (3.20), (3.21), (3.23), and (3.26) that
!

1
et gm(A) IV = Eua)+ Y &7 (w)

k=1

1
> I + Zm(Af)HVLqH%

1 _
>I°+ Zm(Ai)nvmn%, v e [ 1],

which together with Lemma 3.5 implies that / = 0 and &, (u,) = ¢, + im(Ai) | Vuz||3. Thus,
it follows from (3.21) that A; = ||u; ||2, 4, — uy in HY(RN) and E; (4,) = c;.. O

Proof of Theorem 1.2 In view of Lemma 3.7, there exist two sequences of {1,,} C [,1] and
{u;,} € HY(RN), denoted by {u,}, such that

An— 1, E; (u,) =0, E,(u,) =c;,,. (3.31)

Page 17 of 20
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From Lemma 3.4(iii), (2.27), (3.2), (3.5), and (3.31), one has

ci2 = ¢, =Ey, (u,) - 5 +p]x,,(un)
= lM(||Vu 13) + ;/ [(p-N)V(x) - VV(x) - x]ul dx
2 "2 22+ p) Jrn "
An
- 5y IV DIV + 52 /R [y~ @4 p = N)F(u)] v
&o 2 Vo 2
> 5 IVu,ll5 + 82+ p) llznlls
> Cyllu, || (3.32)

This shows that {u,} is bounded in H'(RY). Since ¢, — c1, then similar to the proof of
Lemma 3.7, there exists & € H'(RV)\{0} such that

E'(z) =0, 0<E(t) = ;. (3.33)
Let

2= {ueH' (R)\{0}:E'(w) =0}, 1= infE(u),

uex

it follows from (3.33) that ¥ # ¢ and 1 < ¢;. For any u € X, Lemma 3.2 yields P («) =
P1(u) = 0. Therefore, it follows from (3.23) that E(u) = E; (1) > 0, thus I > 0. Set {u,} C =
such that

E'(u,) =0, E(u,) — 1. (3.34)

By Lemma 3.5, we have I < ¢; < I?°. Through a similar argument as in the proof of
Lemma 3.7, we can certify that there exists # € H*(RN)\{0} such that

E@@)=0  E@)=1. (3.35)
This shows that i is a nontrivial least energy solution of (1.1). O
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