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(14 fgs fros LWL dy)APu+VXu=Fou?, xeR?,

|X—y|3+25
u>0, xeR3,

where (-A)’ is the fractional Laplacian with 0 < s < 1,b > 0is a constant,and y > 1.
Since y > 1, the energy functional is not well defined on the work space, which is
quite different with the situation of 0 < y < 1 and can lead to some new difficulties.
Under certain assumptions on V and f, we show the existence and uniqueness of a
positive solution up by using variational methods and the Nehari manifold method.
We also give a convergence property of u, as b — 0, where b is regarded as a positive
parameter.
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1 Introduction

Nonlinear equations involving fractional powers of the Laplacian have attracted increas-
ing attention in recent years. The fractional Laplacian is the infinitesimal generator of Lévy
stable diffusion process and arises in anomalous diffusion in plasma, population dynamics,
geophysical fluid dynamics, flames propagation, chemical reactions in liquids, and Amer-
ican options in finance, see [1] for instance. There are a lot of applications for nonlocal
fractional problems, see for example [3, 6, 26, 33] and the references therein. In this paper,

we consider the following fractional Kirchhoff problem:

(Ut b fs fis MO dudy)(~A)u+ Vi =f@u?, xR,

(Py)
u> O, X € R37
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where b > 0 is a constant and y > 1. The fractional Laplacian operator (~A)* in R3 is de-
fined by

u(x) — u(y)

3 |x _y|3+25

(=AYu(x) = C(s) PV, /R dy, ueS(R?),

where P.V. stands for the Cauchy principal value, C(s) is a normalized constant, S(R3) is
the Schwartz space of rapidly decaying function. Throughout the paper, we suppose that
V and f satisfy:
(V1) V e C(R3) satisfies inf, g3 V(x) > Vi > 0, where Vj is a constant;
(V5) meas{x € R®: —00 < V(x) < h} < +oo forall 1 € R;
(i) fe L% (R3) is a nonnegative function.

The motivation for studying problem (P;) comes from Kirchhoff equation of the form

—<a+b/ |Vu|2dx>Au:f(x,u), x € Q, (1.1)
Q

where Q@ C R” is a bounded domain, a > 0, b > 0, and u satisfies some boundary condi-

tions. Problem (1.1) is related to the stationary analogue of the equation

2u (P, F /L
—_— _+_
P2 ~\n TaL ),

which was introduced by Kirchhoff [12] in 1883. This equation is an extension of the clas-

9%u

du |?
dx> — =f(x,u), (1.2)

Ax 92x

sical d’Alembert wave equation by considering the effects of changes in the length of the
string during vibrations. The parameters in (1.2) have the following meanings: L is the
length of the string, % is the area of the cross-section, F is the Young modulus of the ma-
terial, p is the mass density, and P is the initial tension. Problem (1.2) was proposed and
studied as the fundamental equation for understanding several physical systems, where
describes a process which depends on its average. After the pioneering work of Lions [22],
the Kirchhoff type equation began to receive the attention of many researchers.

Recently, many scholars have paid attention to fractional Kirchhoff problem, which was
first studied by Fiscella and Valdinoci [10], where they proposed the following stationary

Kirchhoff variational model in bounded regular domains of R” (n > 2s):

u(x)— 2 *_
M(fyn fin MO dxdy) (- AYu = Af (5 0) + 020, x€Q, 13
u=0, xeR"\ Q,

with 2} = % Under some suitable conditions on f, Fiscella and Valdinoci [10] proved
that the existence of nonnegative solutions of problem (1.3) with the Kirchhoff function
M satisfies M(t) > my = M(0) for all £ € R, i.e., problem (1.3) is a nondegenerate case, see
also [5, 9,11, 27, 30, 36]. In particular, Fiscella [8, 9] provided the existence of two solutions
for a fractional Kirchhoff problem involving weak singularity (i.e., 0 < ¥ < 1) and a critical

nonlinearity on a bounded domain.
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In the local setting (s = 1), problem (P}) is related to the following singular Kirchhoft
problem which was first considered by Liu and Sun [25]:

—(a+b Jo |Vul® dx)Au = 2g(x) 15 + h@u?, xeQ,
u>0, x € Q, (1.4)
u= 0, X € BQ,

where Q is a smooth bounded domain in R3. Considering the weak singular case, when
A >0 is small, Liu and Sun [25] obtained two positive solutions for problem (1.4) with
3 <p<5-28 and g,k € C(Q) are nontrivial nonnegative functions. Later, by the varia-
tional method and perturbation method, Lei et al. [14] obtained two positive solutions for
problem (1.4) with § =0, p = 5, i.e., singular Kirchhoff type equation with critical expo-
nent. Liao et al. [21] investigated the existence and multiplicity of positive solutions for
problem (1.4) with § = 0, p = 3. Liu et al. [24] studied the existence and multiplicity of pos-
itive solutions for the Kirchhoff type problem with singular and critical nonlinearities in
dimension four. Liao et al. [20] obtained the unique result of a class of singular Kirchhoff
type problems. When p =3, A = 1, and g > 0 or g changes sign in 2, Li et al. [16] showed
the existence and multiplicity of positive solutions for problem (1.4). By the perturbation
method, variational method, and some analysis techniques, Liu et al. [23], Tang et al. [32],
Lei and Liao [13] established a multiplicity theorem for a singular Kirchhoff type problem
with critical Sobolev exponent, Hardy—Sobolev critical exponent, and asymptotically lin-
ear nonlinearities, respectively. Mu and Lu [28], Li et al. [15], and Zhang [40] studied the
existence, uniqueness, and multiple results to a singular Schrédinger—Kirchhoff—Poisson
system. Li et al. [17], Tan and Sun [31], Zhang [41], and we [37] established a necessary
and sufficient condition on the existence of positive solutions for a Kirchhoff problem, a
Kirchhoff—Schrédinger—Poisson system, and a Schrodinger—Poisson system with strong
singularity (i.e., y > 1), respectively. Wang et al. [35] further obtained a uniqueness result
for a Kirchhoff type fractional Laplacian problem with strong singularity. However, results
on the strong singular problem are dependent on a bounded smooth domain, and there
are few studies on the whole space. For more works on Kirchhoff and singular problems,
one could refer to 2, 4, 19, 34, 38, 39] and the references cited therein.

Motivated by the above results, we are concerned with the existence and convergence
property of positive solutions for problem (P;) in this paper. Before stating our main re-
sults, we first collect some basic results of fractional Sobolev spaces. In view of the pres-

ence of the potential function V(x), we will work in the space
E={ueD?(R%) :|ullg < +oo}

equipped with inner product and the norm

(u(x) — u(y)) (v(x) — v(y))
(u,V)E = /R3 » PRpVEET dxdy + [1;3 V(x)u(x)v(x) dx,

1/2
llle = (u, )2
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Here, D%*(R?) is the homogeneous fractional Sobolev space as the completion of C{°(R?)
under the norm

2 /2
lltll psaes) = (/RfR '”ff) ylfgs' dx d) = [uls.

Moreover, by virtue of Proposition 3.4 and Proposition 3.6 in [7], we also have

[ G [ [ M-tk

Without loss of generality, we assume that C(s) =
The energy functional corresponding to problem (P;) is given by

b s
Ib(u)=%||u||%+1(/RB|(—A)fu}2dx) ——/ Sl dx, (1.5)

and a function u € E is called a solution of problem (P;) if > 0 in R3, and for every v € E,

(u,V)E + b/RS|(—A)%u|2dx/Rs(—A)%u(—A)%vdx— /Rgf(x)u-yvdx =0. (1.6)

To the best of our knowledge, there are no results on the existence of positive solu-
tions for the fractional Kirchhoff problem with singularity on unbounded domains. Here
we need to overcome the lack of compactness as well as the non-differentiability of the
functional I, on E and indirect availability of critical point theory due to the presence of
singular term. By the variational method and the Nehari method, we obtain the following
existence and uniqueness of positive solution and the asymptotic behavior of solutions
with respect to the parameter b.

Theorem 1.1 Let b > 0 and y > 1. Assume (V1), (V2), and (f,). Then problem (P),) admits
a unique positive solution uy, if and only if there exists ug € E such that

/Rgf(x)luoﬂ_y dx < +00. (1.7)

Theorem 1.2 Let y > 1. Assume (V1), (V2), and (f1). For every vanishing sequence {b,} C
(0,1), let up, be the unique positive solution to problem (Py,) provided by Theorem 1.1. Then
up, converge to wy in E, where wy is the unique positive solution to problem

(AYu+Vxu=fxu?, xecR3 )
0
u>0, xeR3,
2 Preliminaries and proofs of the main results
Throughout the paper, we use the following notations:
1
« LP(R®) is a Lebesgue space whose norm is denoted by ||u||, = ng |ulP dx)? .
+ Forany o € (0,1), 2 = 575 is the fractional critical exponent in dimension three.
+ — denotes the strong convergence and — denotes the weak convergence.
« u* =max{y,0} and ¥~ = max{-u, 0} for any function u.
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« Cand C; (i =1,2,...) denote various positive constants which may vary from line to
line.
Using conditions (V) and (V;), we can obtain the following continuous or compact em-
bedding theorem (see [18], Lemma 2.2).

Lemma 2.1 Let 0 < s < 1 and suppose that (V1) and (V) hold. If p € [2,2}], then the
embedding E — LP(R3) is continuous, and so there exists a constant C, > 0 such that
lull, < Cpllullg for all w € E. If p € [2,2F), then the embedding E — LP(R?) is compact.

In order to prove our main results, we consider the following two constrained sets:

2
J\/l(b)z{ueE:llull,z3+b(/ |(—A)%u|2dx) —/f(x)lull"’deO}
R3 R3

and

2
A et o [ eyl o) - [ @i as-of
R3 R3

for any b > 0. We now come to prove our main results.

Proof of Theorem 1.1 (Necessity) Suppose that u € E is a solution of problem (P;), then
u > 0 and satisfies (1.6). Choosing v = u in (1.6), we can get

2
/f(x)ul_ydx:||u||,25+b(/ ’(—A)5u|2dx) < +00,
R3 R3

and the necessity is proved.

(Sufficiency) The proof will be complete in five steps under assumption (1.7) and b > 0
always hold.

Step 1. We prove that M(b) #@,i=1,2.

Fix u € E with [ps f(x)|u|'™” dx < +00. For any 5 > 0, we have

2 bn* s 2 1-y
Iy = - Jull + %(/Rg!(—A)w!de = [ e e

Set g(n) = n%:”), then
s 2 2
gln) =Pl + hn4( [ dx) o [ ol
R3 R3
By y > 1, one can easily obtain that g(n) is increasing on (0, +00), with lim,_,¢+ g(n) =

—o00 and lim,_, o g(n) = +00. Thus, there exists unique n(x) > 0 such that I,(n(u)u) =
min,.o I (nu) and g(n(u)) = 0, i.e.,

S 2 2
nz(u)llu||§+bn4(u)( / (Al dx) (W) / SNl dx =0,
R3 R3

that is, n(u)u € J\/Z(b). Specially, assumption (1.7) implies that there exists 1(x) > 0 such
that n(uo)uo € Nz(b) C Nl(b), and so J\/i(b) #¥,i=1,2,forany b > 0.
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Step 2. We prove that N, fb) is an unbounded closed set, and there exists a positive constant
C, such that ||u| > C, forall u e./\/l(b).

According to Step 1, nu € NV, l(b) for any 1 > n(uo), so ./\fl(b) is unbounded. The closeness
of ./\/'l(b) follows from Fatou’s lemma. We claim that there exists a positive constant C; such
that ||ul|g > C; forall u € /\fl(b). Arguing by contradiction, there exists a sequence {u,} C
N, l(b) satisfying u,, — 0 in E. Since y > 1 and u, € N, ®, by the reverse form of Holder’s
inequality, one can get (note that i, £ 0as y > 1)

1

([romas) " ([ mpa) " < [ romas

2
< llunllz +b(f3|(—A)%un|2dx) — 0.
R

Since f € L% (R3) is nonnegative and then (ngf% (x) dx) e > 0, we have ng |, |? dx —
00, which is impossible. So there exists a positive constant C; such that ||u||z > C; for all
e NO.

Step 3. We show the properties of the minimizing sequence {u,}.

Foranyu € V, l(h), according to Step 2, there exists a positive constant C; such that ||«| g >
C1, then by (1.5) and y > 1 one has

b ; 2
I(u) = %Hul@ + Z(AQ(—A)%,V dx) - ﬁ /R3f(x)|u|l—3’ dx > %||u||125. (2.1)

Therefore, I, () is coercive and bounded from below on ./\/l(b) , and so inf v 1p is well de-
1

fined. Since N, l(b) is closed, we apply the Ekeland variational principle to construct a min-
imizing sequence {u,} C /\fl(h) satisfying

(1) Ip(uy,) < il’lle(b) I+ %;

b

() 1(2) = Iy(t) — Lty — 2llg, vz € NP,

The coerciveness of I on /\/'l(b) shows that ||u, || < C, uniformly for some suitable posi-
tive constant Cy. Hence, C; < ||u,||r < C, and then there exist a subsequence of {u,} (still

denoted by {u,}) and a function u,;, € E such that

u, — up, inEand D*? (RB),
uy, — up, inLP(R%),pe[2,29),
U, — up, a.e.in R
Since I, (|u|) < Iy(u), we could assume u,, > 0, then u;,(x) > 0. By {u,} C J\/l(b> and Fatou’s

lemma, we further get f]Rgf(x)uIl,_y dx < +00, which implies u;(x) > 0 a.e. in R3.

Step 4. We prove that uy, € ./\/‘2(17), ian<;,) Iy, = Iy(up), and for any 0 < € E,
1

(s Ve + b /R Jeaytmf s [ artu-a)iy dr- /R F7 Y dx =0,

(
R3

To prove the above statements, we consider the following two cases regarding whether
{4} belongs to NP\ N3P or NP
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Case 1. Suppose that {u,} C NV \ N for all n large.
Forany 0 <y € E, since {u,} C ./\/'l(b) \./\/;b),f(x) is nonnegative and y > 1, we can derive

[ s uy s < [ rout ax
R3 R3
2
<||u,,||%+b</ |(—A)3un|2dx), Vn >0.
R3

Therefore, we could choose 1 > 0 small enough such that

2
/3f<x)(un +ny)' Y dx <l + Il +b</3|(—A)5(un + m/f)|2dx> ,
R R
thatis, u, + ny € ./\/'l(b). Applying condition (2) with z = u,, + ny leads to

% > Iy (tn) — Iyt + 1)

1
1-y

b . 2 . 2
f(Lieoate)(Losimore)]

Dividing by 1 > 0 and passing to the liminf as n — 0%, according to Fatou’s lemma, we

1
= 5(””;1”% — Il + ¥ lI7) +

/ F Gt + )7 =] d
R3

obtain
¥1le s 2 s s
+ (U P)E+b | [(=A) 20, dx | (~A)Zu,(-A)2 ¢ dx
n R3 R3
1 . 1-y _ 1=y
> liminf / fplt )t
n—>0t 1—y Jgr3 n
) (2.2)
1-y _ 7V
> / liminf S (w +nv) Uy dw
R3 10" 1-y n
= f fo)u,” v dx.
R3
Letting n — oo and using Fatou’s lemma again, one can get
/ S@)u,” ¥ dx < +00 (2.3)
R3

for any 0 < ¢ € E. Choose ¥ = uy, in (2.3), we get ngf(x)u;_y dx < +oo and then Step
1 shows the existence of unique n(u;) > 0 satisfying n(up)up € ./\/'2”]) and I,(n(up)up) =
min,.o Ip(nup). Hence, according to the weak lower semi-continuity of the norm and Fa-

tou’s lemma, one has

inf I, = lim I(u,)
Nl(b) n—00

oI b 1 -
= hnngg}f[iuunné + E[un]f— m _A;{sf(x)ul’ de]

Page 7 of 18
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1 b 1
> liminf| = ||lu, |2 | + liminf| —[u,]? | + liminf| —— / f)ut dx
n—oo | 2 n—oo | 4 n—00 y—l R3

/ f (x)ui_y dx
R3

1 b
> E”ub”}z; + = [up)? +

4 -1

= Ip(up) > Iy (n(up)up)

> inf I, > inf I
N2(b) Nl(h)

Thus, the above inequalities are actually equalities. By the uniqueness of 1(u;), we have
n(up) = 1, that is,

wp € NP, inf I, = I (uy). (2.4)
A ®

1

Moreover, we can also obtain that liminf,, o [|#,[|% = [|up]|% with liminf,—, oo [24,]s = [1p]s
and a subsequence of {u,} (still denoted by {u,}) such that lim,_, « [|#,l|% = ||us|% and
lim,,_, oo [1,,]s = [up]s This together with the weak convergence of {u,} in E and D*?(R3)
implies u, — uy, strongly in E and D¥2(R3). Hence, using Fatou’s lemma again, it follows
from (2.2) that, for any 0 < ¢ € E,

(p, V)e + b |(_A)%”bi2dx —A)2up(—A)2  da
R3

(
R3

2/ S@)u,”  da. (2.5)
R3

Case 2. There exists a subsequence of {u,} (still denoted by {u,,})which belongs to ./\fz(b).
For any 0 < ¢ € E, using y > 1 and the boundedness of {u,}, we have

[ sy an < [ o as
R3 R3
2
= [lunllZ + b</3|(—A)%un|2dx) <+00, Vn=>0,
R

then Step 1 shows the existence of some functions /,,y (1) : [0,+00) — (0,+00) corre-

sponding to u, + ny such that
g ©) =1, By )ty + 1) € NG, ¥ =0,

The continuity of /,, (1) with respect to > 0 follows from the dominated convergence
theorem since y > 1 and ng f (x)u}[y dx < +00. However, we have no idea whether or not
hy,y (1) is differentiable. For the sake of proof, we set

" -1
K, (0) = tim (D=1

€ [~o0, +00].
n—0* n

If the above limit does not exist, we choose n; — 0 (instead of n — 0) with 7, > 0 such that
hn,]// (ng)-1

m € [~00, +00]. According to u, € /\/2(17) and /1,y (n)(u, + nYr) €

H,,(0) = limy_ oo
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NP, we have

2
||un||i~+b< / |(—A>5un|2dx) - / FG)ul dx,
R3 R3

2
e ()l + |17 + bhiw“”(/ﬂ@ |(=2)% (u + 90)| dx>
) [ 7 )

Since y > 1, the above two equalities yield
0> Ay (n) - 1]{[”’%1//(’7) +1llu, + 1z

h;%l—xz/(r/) -1 1-y
_my U . 7 dx
T /R @+ 1)

2
+ b, () + 1] [y () + 1]( fR 3|(—A)%(un + mb)|2dx) }

+ [Nt + 0P 117 = Nl ll]

s 2 2 s 2 >
+b[</Rs|(—A) (un+m//)| dx) _</1;3|(_A) un| dx> ]

Dividing by 1 > 0 and passing to the limit as 7 — 0, using the continuity of 4, (1) and
u, € N2, we obtain

2
0= b, @20+t -1 [ o7 asvan( [ Jcariuf o) |
R3 R3
2 e+ 46 [ [0k [ 8 -ty e
R3 R3
2 S 2 2
- (0 1)||u, b 3 -A)2u,|"d
o ){<y+ Matall2 + by + )([RB\( Vi, x) }
+2(MmW)E+419/1;3‘(—A)%un|2dx/RS(—A)%un(_A)%Ipdx,

which implies that h/,w (0) # +00. Since C; < ||u,||g < C, by Step 3, we can further con-
clude from the above inequality that

h,,(0) < Cs uniformlyinn (2.6)

for some suitable constant C3 > 0 and

lalle (v + DCE_
n y—1

0

for n large enough. We claim that there exists a constant Cy such that 7, ,(0) > C4 uni-

formly in all n large. Fix n, without loss of generality, we can assume /,, , (0) < 0, and so
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wy (1) <1 for >0 small. Applying condition (2) with z = &, ()(4, + nY) leads to

1 1
- [1 = Fy () [Nl + Zh,,,m)nwng > et = Py () (0t + 0) |

> Ip(tn) = Iy [y (0) (sn + ). (2.7)

Since u, € N\?, we can further get

oy () = 1 [ Nt L1
Wle, s w(z) { sl _ (5 . F)[h,w(n) [

1 1
_b<1 o 1>[hiw(’7) + 1] [Fy () +1]

s 2 2
< ([ et es) |

_(1 1 )IIun+m/f||fg—|Iun||%

2 y-1 n

U [(=A)3 (st + 1Y) 2 dx)? = (fgs [(=A) 3 14,,|* dx)?]
n

Letting n — 0%, using the continuity of 4,y () and C; < |lu,||g < C;, we obtain

||1/;||E_h;w( ){"u:l”E—(Zj)IIunll%—b()’:”)( A ‘dxﬂ
(i“)(ztmm— (y—f) [P [ ayhu -ty
- h;,w(O){ nle ﬁ[(y + Dlln 2+ by +3)(f3|<—m%un|2dx>2“
(V”)mmm b(V 3)/ Caviu P [ Ay o)y ds
Zh,w(o){nunnf _ (V”)C%}-(V“)(u,,,w),g

n y—1 y—1
_b<’”3>/ i ax [ )iu-a)ivas

since y > 1and hﬁw (0) < 0. Then, from the construction of coefficient, we see that h’,w (0) #

—oo and cannot diverge to —co as n — 00, that is,
h,,(0)#-oo, and h, ,(0)>Cy uniformlyin #large (2.8)

for some suitable constant Cy. So, it follows from (2.6) and (2.8) that

h,,(0) € (~o0, +00), and |hﬁw (O)’ < C uniformly in # large,

Page 10 of 18
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where C = max{Cjs, |C4|} is independent of n. Furthermore, applying condition (2) with

2 = My () (e, + n) again leads to

11—y ()] Nl . ¥ lle
n n

hn,l//(n)
S )|
jtl E Uy — R AU + mﬁ E

> %[Ib(un) = Iy ()t + 1)

. hn,v/(:?v) -1 {_hw(;) LT
Fy () = 1 Ly
] n B d
+ (L= )iy (1) — 1] R?,f(x)(u +nyr) x

b 2 s 2 ?
= 20 00+ g 1) [ )b as) |

b (s 1=2)3 (i + )P dx)® = (fa |(=2) 31ty dx)°])
4 n

Ll + Il Nl Lt ®) (o + ) =y "

dx.
2 n 1-y Jgrs n

Passing to the liminf as n — 0*, since u, € ./\fz(b), by the continuity of 4, (17) and Fatou’s

lemma, we have

|7, (O)] - lltn || . vl
n n

2
> h;,w((>){—||un||%E + /Rgf(x)u}[y dx - b(/RB|(—A)3u,,|2dx) }

-b/ |(-A)%un|2dx/ (=A) T, (~A) 2 dx
R3 ]R3

1 " 1-y _ 1-y
— (t4, ¥)E + liminf / fx) (n + 1) u, &
n—0" 1—y Jgs n

=l e =b [ [P [ (o) -a)ivds

fx) liming (tn + )" =y
r3 1—y -0 n

—~n =5 [ [0kl [ Cariuayvans [ s

dx

Furthermore, for n large, we have

/ Sx)u,”  dx
]R3

- 17,5, O - Nlunlle + 1Yl
- n

+ (un’ 1;//)E
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+b/ |( A)2un| dx/ A)Zun( A) ¥ dx

s%uumwﬁbf |(—A)%un\2dx/ (=8) 24, (=)} dx,
R3 R3

thanks to C; < |u,|lg < C; and |h/ny¢,(0)| < C uniformly in # large. Passing to the limit as

n — oo with using Holder’s inequality and Fatou’s lemma again leads to

f S@)u,” ¢ dx < +00
R3
for any 0 < ¢/ € E. By the same argument as in Case 1, we can also obtain that

wp € NP, inf I, = I (uy), (2.9)
N(b)

1

and forany 0 < € E,

(ub,z/f)5+b/ (=8) b1 dx/ A uy(-A)Ey dx
> / S@)u,” ¥ dx (2.10)
]R3

in Case 2. Therefore, combining (2.4), (2.5), (2.9), and (2.10), we could conclude that in

either case, up to a subsequence, u,, — u;, strongly in E, u;, € ./\/'2 , inf AN y I, = Ip(uyp), and

(I/lb,l//)15+b/ |( A)Zub| dx/ A)2u;,( A)? 1/fdx>/ f(x)u;yl/fdx (2.11)

forany0 <y € E.
Step 5. We prove that uy, > 0 in R3 and uy, is a solution of problem (Py,).
According to Step 4, u, € N7, that is,

||ub||5+b</| )2u;,| dx) /f(x)u =0. (2.12)

Forany ve E and € >0, set v, = uy, + €, then

(up(x) — up () (vi (%) = VI (9))
= (up(x) — up(®)) (ve (%) + v; (%) = ve () =V ()
= |up(®) — up )] + £ (5(%) — 1)) (V) ~ v())
+ (ub(x) - ub(y)) (v;(x) - v;(y)). (2.13)

Using the proof of Theorem 3.2 in [8], we can obtain

liminf - / / () = sV C) = Ve O 0 (2.14)
R3 JR3

0t & |x_y|3+2s
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Set Q, = {x € R3: v, <0}, then using (2.12)—(2.13) and applying inequality (2.11) with
Y =v! lead to

o<t { / (145(®) ~ wp )V (x) = v (7))
R3 JR3

PRpvEES dxdy + /Rs V(x)upvy dx

+b/Rs|(_A)%M"|2dx/ (—A)%ub(—A)%v; d"_/Rsf(x)”byVldx}
1 |t () =y, (y) > (4 (%) — () V(%) = v())

" 10 =L e dxd
/ R3 r* [];3 R3 X

T e [x — y|3+2s |x_y|3+25

up(x) — up() (v, (%) — v (7))
+ _/]1{{3 ./]R3 |l — y|3+2s dxdy

Fol [ )yt

+b( |( %ub| dx)( A)iub(—A)é(ub+8v)—f(x)u;y(ub+8V)}dx
R3

1 s 2 )
- Hwsi oo [ Jeariuf as) - [ on as)

+ {(ub’V)E+b/Rs|(_A)§ub|2dx/Rs(_A);ub(_A)Ede_/Rsf(x)u;y]/dx}

—lf {V(x)ub(ub+8v)+b</ |(—A)%ub|2dx)(—A)%ub(—A)%(u,,+av)
£ Qe

—f )" (up, + EV)} dx + l/ / (up(x) — s () (v (%) - v; () drdy
R3

|.7C y|3+25

< {(ub vE+b/ |( A)fub{ dx/ A)iub( A)fvdx /f(x)ub vdx}

1 s
_E/QF[V(x)u%+b(/ |( A) iub‘ dx)’( A)zub‘ ]
—/ |: ubv+b(/ ’ %ub| dx) A)iub(—A)iv]dx

1 (24 () — up ())( v, (»)
+ /}1@3 dxdy

e |x y|3+2s

< {(ub VE+b/ (- %uh| dx/ A)%ub(—A)%vdx—/ f(x)u;yvdx}
R3

—/ |:V(x)ubv+b</ |(-A)%ub|2dx>(-A)%ub(—A)%v]dx
Qe

A / (4 () — s OGN () ~ v, B))
R3 JR3

|x y|3+25

Passing to the liminf as ¢ — 0* to the above inequality and using (2.14) and the fact that

|2.] = 0as ¢ — 0%, we have

(up, v)E+b/ ’( A)Zub‘ dx/ A)2ub( A)Zvdx /f(xu vdx>0, VveE.

Page 13 0f 18
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This inequality also holds for —v, hence we obtain

(ub:V)E+b/ |( A)Zub| dx/ “A) uy(—A)Ivdx

—/ f(x)u;yvdx =0, VveE. (2.15)
R3

From an argument similar to [29, Theorem 6.3], we know that u;, € C* (R3) for some

a € (0,s). On the other hand, (2.15) implies that

loc

[1 +b / |(-A)%ub|2dx} (=A)Yup + V(x)uy > 0. (2.16)
]R?’

Assume that there exists xo € R? such that u,(xy) = 0, then from (2.16) we have
(=A)’up(xo) > 0. On the other hand, since u;, > 0 and u;, 0, we can get from Lemma 3.2

n [7] that
s up(xo +y) + up(xo — y) — 2ub(xo)
—_A =_
EINES /R 3 e
) _/ e T) |:+Zb(x0 gy <o,
R3 o

a contradiction. Therefore, #; > 0 in R3 and u;, € E is a solution of problem (Pj).
Step 6. We show that uy, is a unique solution of problem (Py).
Suppose that u, € E is also a solution of problem (Pp), then we have

(u*,v)5+h/l;3|(—A% | dx/ (- A)Zu*( A)Zvdx
—/ fuvdx=0, VveE. (2.17)
R3

Taking v = u; — u, in both equations (2.15)—(2.17) and subtracting term by term, we obtain

0> / Fe) (" — ) (up — w,) d
R3

s 2 2
= |lup — w2 +b|:(/Rs{(—A)7ub} dx)

-/ }(-A)%ub|2dx/ (=A) 2 up(~A) 2, dx
]R3 RB

2
— | |=a) A)iu | dx/ (=A) 1, (— Aiubdx+< |(-A A)iu o dx>i|
R3 R3
> [lup — will% + b([up)? — (]2 (1] — [0 ()5 + [10]2)
= |lup - u*”fg + b([ub]s - [u*]s)z([ub]sz + [up)s[u]s + [u*]sz)
> Jlup — uil > 0,

where we use Holder’s inequality. So |lu, — u,||% = 0, then u;, = u, and uy, is the unique
solution of problem (Pp). This ends the proof of Theorem 1.1. d
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Proof of Theorem 1.2 In the proof of Theorem 1.1, 5 = 0 and b = 1 are allowed. Hence,
under the assumptions of Theorem 1.2, there exist a unique positive solution wy € E to
problem (P)) and a unique positive solution w; € E to problem (P;), that is, for any v € E,
one has

(Wo, V)E = [ f(R)wy” v,

= ISt (2.18)
wo e N,”, lanl(o) Iy = In(wo),

Wi VE+ fos [(=A) 2w P d [ (=A) 3wy (=A)3vdx = [ps f(R)wy v,

a . (2.19)
w1 €N2 s IHle(l) L :Il(Wl).

Step 1. We prove that ¢, < c; for b € [0, 1] where ¢}, = ian(b) Ip.
1

By the proof of the necessity of Theorem 1.1, we have [s f (x)w}_y dx < +00. Accord-
ing to Step 1 in the proof of Theorem 1.1 and (2.19), there exists unique n(w;) > 0 such
that n(wy)w; € NG, I (n(w1)wi) = min, o I(nws), and ¢; = I;(w;) = min,.o I; (nw1). Since
J\fz(b) C /\fl(b) and b € [0, 1], we then have

¢, = iInf I, < inf I}, < Ib(’?(Wl)Wl) =minly(nwy) < minl;(nw1) = c;.
NO T N 7>0 750

For every vanishing sequence {b,} C (0, 1), since {u;,} is a positive solution sequence to
problem (P,) provided by Theorem 1.1, then ¢;, < c; and for every v € E,

(14, V) + by, f (=), | dx / (=A)2uy, (-A)2vdx = / f@u, vdx.  (2.20)
R3 R3 R3 "
Using (2.1), we can further get

1
2
3 up, Iz < I, (4p,,) = cp, <c1,

which implies that {u;,} is bounded in E, and so there exist a subsequence of {u,, } (still
denoted by {u;,}) and a nonnegative function u, € E such that

up, — g, ink,
wp, — o, in LP(R%),p € [2,2), (2.21)

up, —> up, a.e. inR>.

Step 2. We prove that uy € ./\/'2(0), inf 0 Io = Io(uo), up, — to in E, and for any 0 <v € E,
1

(o, V)E > /R3f(x)u5yvdx.

Passing to the liminf as » — oo in (2.20) and using Fatou’s lemma, for any 0 < v € E, we
have

(400, V)E — /RBf(x)uayvdx > 0. (2.22)
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Similar to Step 4 in the proof of Theorem 1.1, we have g > 0 in R3. Choosing v = ug in
(2.22) leads to ||uo||% - ng,f(x)u(l)_y dx>0,ie., uy € ./\/1(0), s0 Ip(ug) > co. Similar to Step 1,
for any # € N, there exists unique 71,(wp) > 0 such that n,(wo)w, € /\/'Z(b”), Iy, (na(wo)wo) =

min,.o I, (nwp). Thus
co = Ip(wo)
b s 2 2
- Ibn(wO)——”(f -A)5wo| dx)
4 R3

2
> I, (na(wo)wo) — %(/RJ(—A)%WOFM)

> ¢y —ﬁ f ’(—A)%W0|2dx i
jtl n 4 &3 ’

which yields

limsupcp, < co. (2.23)

n—+00

On the other hand,

¢y, = Iy, (up,)

l||l4 ||2+& /|(—A)%u |2dx 2—L‘/f(x)ul_’/dx
2 bnllE 4 R3 ba 1—]/ R3 b

1, 1 .
Sl == [ f ax

v

By the weak lower semi-continuity of the norm, (2.21), Fatou’s lemma, and Io(uo) > ¢o, we

have

1 1 _
liminfcp, > liminf|:§||ubn||%:| + liminf[— f(x)ull, 4 dx:|
00 n 3 n

n— 00 n— - Y- 1 R

1 1 _
> —luol? + / F@uy ™ dx = Io(uo) > co. (2.24)
2 b ]. R3

Y

This combined with (2.23) leads to lim,,_, .« cp, = ¢o. Thus, the above inequalities are ac-

tually equalities, so u;,, — ug in E and Iy(ug) = ¢o = ian(O) Iy. Choosing v = u;, in (2.20)
1

and passing to the liminf as # — +00, one can get

lluol|? = f F@uy " dx.
]R?’

That is to say, u € /\/2(0).

Step 3. We prove that uy = wo and then uy,, — wo in E.

By (2.22) and ug € /\/'2(0), similar to Step 5 in the proof of Theorem 1.1, we can further
that 0 < yg € E is also a solution of problem (Py). By the uniqueness of solution to problem
(Po), uo = wo. Hence up,, — wy in E and wy is the unique positive solution to problem (2).
This completed the proof of Theorem 1.2. g
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