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1 Introduction
In recent ten years, research on the existence numbers of solutions to nonlinear differen-
tial equations has been widely performed via corresponding critical point theorems, for
example, [2, 6,9-11, 14-17] and the references therein, and the aim of this paper is to ob-
tain the existence of two solutions to Kirchhoff-type fourth-order impulsive elastic beam
equations.

In [5], Bonanno et al. considered the existence of two positive solutions for superlinear

Neumann problems with a complete Sturm-Liouville operator:

—(p)u’) + r(x)u'(t) + qx)ult) = Af (x,u),  x € [a,b],
' (a) =u' (b) =0,

(1.1)

under the Amberosetti-Rabinowitz condition combining with a local condition not
adding on zero point.

In [8], D’Agui et al. studied the existence results of two non-zero solutions for some
Sturm-Liouville equations involving the p-Laplacian operators with Robin boundary con-

ditions:

—(q@) |’ () [P~2u'(8)) + s(x) () P2 u(x) = Af (8, u),  x € [a, b]
u(a) =u'(b) = 0.

(1.2)
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In [13], we obtained the existence of triple solutions of the following second-order

Hamiltonian systems with impulsive effects:

i(t) + gO)iu(t) — A(t)u(t) = -Ab(t)VH(u) a.e.te[0,T],
AW(G) = L' (t), i=1,2,...,N;j=1,2,...,1, (1.3)
u(0) — u(T) = i4(0) — i(T) = 0,

via variational methods and three-critical-point theorems without adding superlinear or
sublinear assumptions to the nonlinearity at zero nor infinity.
In [12], we obtained the existence of at least three solutions to the impulsive equations

with small non-autonomous perturbations

—u"(t) + u(t) + p(O)u/'(t) = Af (t,u) + ug(t,u) ae.tel0,T],
Au' (&) = L(u(t), i=1,2,...,p, (1.4)
u(0) = u(T) =0,

when the nonlinearity satisfies some superlinear conditions.
In [7], D’Agui et al. considered the fourth-order differential equations with impulsive

effects

u® + Au" + Bu = Af(x,u) in [0,1],
u(0) = u(1) =0, (1.5)
u”(0)=u"(1) =0,

where A, B are real constants, f : [0,1] x R — R is a L!-Carathéodory function. They gave
some criteria to guarantee the differential equations have at least two non-trivial solutions.
Motivated by the above-mentioned work, in this article, we consider the following

Kirchhoff-type fourth-order differential equations with impulsive effects:

u®™ 4 K(fol(—ozlu’(t)l2 + Blu(t)P) dt)(au” + Bu) = Af(t,u) ae.tel[0,1],

A = L (8)), i=1,2,...,1,

—AU" () = L)), i=1,2,...,1 (1.6)
u(0) = u(1) = 0,

u”(0)=u"(1) =0,

where K : [0, +00) — R is a continuous function such that there exist two constants 1y and
m; satisfying 0 < mg < K(x) < m;,Vx >0, o < 0,8 > 0 are real constants, X is a positive
real parameter, f : [0,1] x R — R is a L!-Carathéodory function, 0 =ty < t; < --- < £; <
tr =1 Au"(t) =u" () —u"(£), Au" (t;) = " (t]) —u" (), and I; (j=1,2;i=1,2,...,]) €
C(R,R). We aim to get the existence of at least two solutions. We find the existence of
at least two solutions without assuming any asymptotic conditions neither at zero or at
infinity on nonlinear items. Our main tools are variational methods and two-critical-point

theorems by Bonanno and Marano.
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2 Preliminaries

We consider the spaces

Hy(0,1) == {u € L*([0,1]) : ' € L*([0,1]), u(0) = u(1) = 0},

H*(0,1) :={u e L*([0,1]) : o/, u" € L*([0,1]) }.

Take X = H}(0,1) N H*(0,1), thus X is a Hilbert space with the inner product

1
(u,v) := / u’ (V' (t) dt
0

and the induced norm

1 1/2
llul| = (/0 (u”(t))zdt) .

By direct calculation one finds that the norm | || is equivalent to the following norm:

1/2

1
||ullx=</0 (|u”<t)|2—a|u'<t)|2+,3|u(t)|2)dt> ,

for more details, see [4].
It is well known that the embedding X < C!([0, 1]) is compact and there exists a positive

constant k =1 + % such that

oo = max[ max |u(t)|, max |u/(t)|} < Kllulx 2.1)
te[0,1] te[0,1]

for all # € X (see [18]).
We call that u € X is a weak solution of problem (1.6) if

1 1 1
/ (W (V' (¢) dt + 1<< / (~a|' @) + Blu®)[) dt) / (—atd () (2) + Bul)u(t)) dt
0 0 0
/ / 1
+ lei(u/(ti))v/(ti) + ZIZi(u(ti))V(ti) - )L/o f(tu@)v(t)de=0
i=1 i=1

holds for any v € X.
Put

F(t,u) = / ft,&)ds forall (t,u) €[0,1] x R.
0
Let the functional [, : X — R be defined by

5(u) = () — AV (),
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where

Jo (el @2 +Blu(o)| ) dt Loopud)
D(u) = —||u||2 + 5,/ K(s)ds + Z/ L(t)dt
0 0

. Z / Li(t) (2.2)
W (u) = /IF(t,u)dt.
0

Lemma 2.1 ®,V are well defined and Gdteaux differentiable at any u € X and

1 1
(@' (u),v) = / (" ()" (t) dt + K</ (—oz‘u'(t)‘2 + ,3|u(t)’2) dt)
0 0

1
X/o (—au/ (OV (2) + Bu(t)v(t)) dt (2.3)

+Zzl, (o t)v (&) lel (wt))V(82),

= i=1

(\IJ'(u), v> = / f(t, u(t))v(t) dt, VYvelX. (2.4)
0

Lemma 2.2 If u € X satisfying I} (u) = 0, then u is a weak solution of the Kirchhoff-type
system (1.6).

Theorem 2.3 ([1], Theorem 3.2) Let X be a real Banach space and let ®,V : X — R be
two continuous Gdteaux differentiable functions such that ® is bounded from below and
®(0) - W(0) = 0. Fix r > 0 such that supg,)., ¥ (u) < +00 and assume that for each

re <o, ;)
Supq)(u)g lI’(I/l)

the functional ® — A\ satisﬁes the (PS.)-condition and it is unbounded from below. Then,
for each X € (0 1), the functional ® — AV admits at least two distinct critical
points.

’ SUP @y < W(u)

Theorem 2.4 ([3], Theorem 2.1) Let X be a real Banach space and let ®, WV : X — R be two
continuous Gdteaux differentiable functions such that infx ® = ®(0) — W(0) = 0. Assume
there are r € R and u € X, with 0 < ®(u) < r such that

SUPg (< V(1)  W(i)
r )

and, for each )\ € ( sup@( ) the functional I, = ® — AV satisfies the (P.S.)-condition

and it is unbounded from below Then, for each A € (?;(Z), m ), the functional I,
admits at least two non-zero critical points u; 1, u; o such that I, (u 1) < 0 < L, (¢4;.2).

Definition 2.5 ([7], Definition 2.1) f:[0,1] x R — R is an L!-Carathéodory function if:

Page 4 of 10
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(1) x> f(x,&) is measurable for every & € R;
(2) &+ f(x,&) is continuous for almost every x € [0, 1];
(3) for every s > 0 there is a function [, € L*([0, 1]) such that

sup |f (x,&)| < L(x)

|El<s

for a.e.x € [0,1].

3 Main results

Our main results are the following two theorems about the existence of at least two distinct
solutions to the Kirchhoff-type system (1.6).

Theorem 3.1 Assume the following assumptions:
(H1) there exists . > % such that

0 < uF(t,u) <f(t,wu, Vtel0,1],ucR\{0},
(H2) there exist positive constants L;(i = 1,2,...,1) such that

|Li(w) - ()| < Lilu—-v], Vu,veR,

(H3) 0 < I1;(w)u < ,ufou/ L) dt, 0 < Ly(w)u < p [y Dbi(8) dt < pdlul?i=1,2,...,,Vu €
R\ {0}, then there exists ¢ > 0 such that, when

2
S <0, 1 ),
2k? [ max, <c F(t, u) dt
the functional I, admits at least two distinct critical points.

Proof In view of condition (H3) and 0 < my < K(x) < m;,Vx > 0, there exists a constant
¢1 > 0, such that

1 ’ 2 2 l /(t:

1 1 [Jo el @ +Blu®)®) dt u'(t;)

D) = —||ul)®>+ = K(s)ds + L;(t) dt
(u) 2IIuII 2/0 (s)ds ?:1/(; 1(2)

! u(t;)
£y | bdeyde=ellul
i=1 70

thus one finds that ® is bounded from below.

Let {u,} € X such that {I;(u,)} is bounded and I} (z,) — 0, as n — +00, then we prove
that {u,} is bounded in X. In fact, combining (H1), (H3), (2.2) with (2.3), one has

ud, (un) — I)/L(un)un

"
= (5 —1)||un||2

/ S iy (O)2+Blun(0)|) dt
0

+ % K(s)ds

Page 5 of 10



Liu and Yu Boundary Value Problems (2021) 2021:38

1 1
_K(/ (—oz|u;,(t)|2 +,B|u,,(t)|2) dt)/ (—au;(t)2+/3u,,(t)2) dt
0 0
! 1y, (£;) ! ! un(t;)
cud [ nde- Y @) e+ Y [ ned
i=1 V0 i=1 i=1 v0

1
3 b)) / Fleu)de+ . |, d
0

i=1

1
> (% - 1>||un||2 ¥ (%Wlo —%)/0 (=, (®)|* + Bun(®)|) dt

Zmin{E -1,
2

H 2
5 Mo —m (IZAe

2m1
mo *

Hence there exists a subsequence {u,, } of {1, } converging uniformly to « in [0, 1]. Thus,

which implies that {u,} is bounded in view of p >
when k — +00, one has
(L () = I, (1)) (thy, — 1) — O,
/Ol(f(t, Uy ) - f(t, u))(unk —u)dt — 0, (3.1)
(Loi (s (1)) = i () ) (1t (&) — () — 0, i=1,2,...,L

Thus, by standard direct calculations, one finds that there exists a positive constant ¢,
satisfying a < ¢ < b, where

1 1
a-= min{l,]((/ (~a| O + Blum @) dt),l((/ (~a| ) + Blu®)[) dt) }
0 0
1 1
b:max{l,l((/ (—a|u’nk(t)|2+f3|uy,k(t)|2)dt),l((/ (—a\u’(t)|2+ﬁ|u(t)|2)dt>},
0 0

such that

(5 () — I, (1)) (thy, — 10)
= I, (st ) (s, — 1) — I, (1) (1, — 1)

= callaty — ully
Z Li(u), (1)) = (W () (w,, (&) — (&) (3.2)
1
£ ) (Fai (1t (8)) — Do ((82)) ) (s (81) — 1a(2:))
i=1

1
_/o (f(t,u,,k)—f(t,u))(unk(t)—u(t))dt

and

!
(Cz -k Zu) 242, — ullx

i=1

Page 6 of 10
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l

2 2 2
= ol — ully k> Lillotn, — ull}
i=1

l

2 2
< callttm, — il = D Lillttw, — ull3,
i=1

!
< Mot —ull =Y Lilus, (&) — ' (8)|”
i1
I
<colltty, —ull% - Z|Ili(u/nk)(ti) — Li(u/ @) ||, (&) — (&) (3.3)

i-1
!
Z(Iu(u;k)(ti) - Ly (4 (1)) ) (u () — /()

i=1

2
< colln, —ullx -

l

Callttm, — ully + Z(Ili(u/nk)(ti) - Ly (4 (8))) (my,, (&) — ' (£)

i=1

=

L (uy) - Ii(u))(u,,k —u)+ 1 (f(t, un) —f(t, u)) (4, () — u(2)) dt
0

l

+ Z(Izi(unk(ti)) = D (u(t;)) ) (s, (£) — a(2))

i=1

Combining (3.1), (3.2) with (3.3), we get ||u,, —u|x — 0,as k — +o0, thus {u,, } converges
strongly to u in X, then the functional J; satisfies the (P.S.)-condition.

Next, we prove I, is unbounded from below.

Noticing that 0 < uF(¢, u) < f(t,u)u,Vt € [0,1],u € R\ {0}, one finds that there exist
@, B > 0 such that F(t,u) > a|u|* — B,u € R\ {0}. We choose p,(t) = &, € R satisfying
|&4] — +00, thus &, € X. In view of (2.2) and [’ I (¢) dt < 8|ul%i=1,2,...,l,Yu e R\ {0},
we get

1 _ _
L(pn) < iﬁnulénlz +181&,1% — A@|&,]" + 1B,

noticing that ¢ > 2, and it leads to I, (p,,) = —00(|px| = +00), thus one finds that the func-
tional I, is unbounded from below.

Taking account of (2.1), (2.2) and (H3), for all # € X satisfying ®(u) < r, one has ||| <
/2r because of ||ut]|os < kll2t||x < k+/2r =: c. Therefore,

1
sup W(u)= sup / F(t,u)dx
0

d(u)<r D(u)<r

1
< sup / F(t,u)dx
0

d(u)<r

1 (3.4)
< max F(t,u) dx
0 lul=c
1

< max F(t, u) dx
o lul=c

< +00.



Liu and Yu Boundary Value Problems (2021) 2021:38 Page 8 of 10

Hence, by Theorem 2.3, one finds that the functional J; admits at least two distinct critical
2
). |

C

points for A € (0, ETE ———vs

Theorem 3.2 Assume the conditions of Theorem 3.1 are satisfied. In addition, suppose

there exist ¢ > 0 and & € R with |E| < W, such that
22 [\ max < F(t,u)dt [y F(t,E)dt

< =

c (38m +8D)E|?

ﬂm1+51>|€\2 2
FtE)dx * 2k2 fol max |y <c F(t,u)dt
two non-trivial solutlons

thus when )\ € ( ), the Kirchhoff-type system (1.6) has at least

Proof Choose (t) = &, taking account of condition (H3), one has

1 ) )
M= 1911 + Z/ L) dt + Z/ L(t) dt
i=1 Y0 i=1 70

1 £p2
> iﬂmolél >0

(3.5)

and

1 ! V(t) ! v(t;)
®) = 1)1 + Z/ Li(t) dt + Z/ L) dt
i=1 Y0 i=1 70

1
§E|+8§:EI

—(%ﬁm1+w)@ﬁ

In view of (3.5) and (3.6), we get 0 < (V) <
Noting that W(v) = fo (¢,€) dt, by virtue of (3.4), we get

SUPg (<, V(1) - fol max <. F(¢, u) dx

r r
~ 2k2 fol max <. F(¢, u) dx
C2
Jo F(tE)dt
( Bmy + 81)||?
(V)
“ o)

so the conditions in Theorem 2.4 are all satisfied. Hence, we complete the proof. d

Remark 3.3 Noting that F(t, u) fo f(t,&)dé for all (¢,u) € [0,1] x R is continuous on €
R, thus condition (H1) can be replaced by the following condition:
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(HO) Suppose that there exist i > 2 and L > 0 such that
0< uF(t,u) <f(t,w)u, Vtel0,1],|ul>L.
Example 3.4 Taking

3 1.
K(x) = 2 + Zsmx, Vx € [0, +00),

1 5 3
Fltuy = | vy O 4047+ 200u), - ful <10,

T ) 198000, 1 3 1
i (7o —3) lul>10,

Flt,u) = \/,(11—_”|M|2(|u|2—1)(|u|2—100), lu| < 10,
YT ) 1980000 1 4 1
s Gago e = 5u), |ul > 10,

1 u, lul<1,
l= 1y o= _1’ ﬂ = 17 Ili(u) =_—u I2i(u) = 1
10 u7, |ul>1.

By calculation we know that f (¢, u) is a L!-Carathéodory function in view of fol ﬁ dt =
3.142. Consider the Kirchhoff-type system (1.6), and we choose ¢ = 10,8 = %,é =0.9.
There exists 0 < |#| < 1 such that max, <10 F(¢, ) = max, <1 F(¢, u) = F(t, u), furthermore,
by a Newton-iterative method we obtain & = 0.706, F(1, %) = 24.88, by calculation, the
Kirchhoff-type system (1.6) has at least two non-trivial solutions when X € (0.029,0.369)
by applying Theorem 3.2 and Remark 3.3.

4 Conclusion

The main novelty of our paper is that we apply a recent obtained critical-point theorem to
the study of the superlinear fourth-order impulsive elastic beam equations, and the exis-
tence of at least two solutions of this kind of equations has been studied. The assumptions
made and the related considerations are needed to set up the problem in a way that makes

it suitable for the abstract framework, and we also improve many previous results.
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