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Abstract
In this paper, we study the following quasilinear Schrédinger equation:

—div(alx, Vu)) + VO IX| ™ JulP2u = KX fx,u) inRY,

vvhereNz3,1<p<N,—oo<a<%,a§e§a+1,d:1+a—e,

p*=p*la,e) = NQ/—ZD (critical Hardy—Sobolev exponent), V and K are nonnegative
potentials, the function a satisfies suitable assumptions, and f is superlinear, which is
weaker than the Ambrosetti-Rabinowitz-type condition. By using variational
methods we obtain that the quasilinear Schrédinger equation has infinitely many

nontrivial solutions.
MSC: 35J60; 35J20
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1 Introduction

In this paper, we study the following quasilinear Schrédinger equation:

—div(alx, Vi) + V(@) x| [uP2u = K(x) x| f(x,u) inRYN,

i (1.1)
u € DY(RN) N DY (RN),

whereNZS,1<p<N,—oo<a<%,a§e§a+1,d=1+a—e,p*:=p*(a,e)=NNf’;p

is the critical Hardy—Sobolev exponent, V and K are nonnegative potentials, f is of
superlinear growth near infinity, and for some positive functions /,(x) € L*°(R") and
ho(x) € L{“i/(p_l)(RN), where o = ;—f, the function a satisfies |a(x, Vu)| < colx| P ho(x) +co(1 +
o]~ ) ()| Ve P

Problem (1.1) comes from the quasilinear Schrédinger equation and involves several

improvements. Firstly, Duc [17] established the existence of a nontrivial solution to the
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problem

—div(a(x, Vu)) = f(x,u) inQ,
u=0 ondQ,uc Wg’p(Q).

For different types of a(x, Vu), the quasilinear equation of the form (1.1) has been de-
rived from several physical models. Especially, a(x, Vi) = |Vul[P~2Vu and a(x, Vu) =
|| "7 | Vu|P~2Vu were used for the problems of nonlinear diffusion, such as nonlinear op-
tics, plasma physics, condensed matter physics, and so on. We refer the reader to [16, 25]
and references therein.

This type of equation has been extensively studied in recent years with a huge variety
of hypotheses on the potentials V(x) and K(x). For V bounded from below by a positive
constant (V(x) > V7 > 0) and K(x) = 1, we would like to cite [1, 10, 21] and references
therein, and in case of K(x) # 1, we refer to [18, 23, 25].

If V goes to zero as |x| — oo, that is,

|x1|i—I>noo V(x) =0,
which is called the zero mass case, we can cite [2, 7, 9], which use the same technique as
that used in [2]. In the case where K vanishes at infinity, we refer to the papers in [3-5].
The cases of K bounded by a positive constant and unbounded K are considered in [14].

Finally, [11, 12] deal with the comprehensive problems including the potentials V' and
K. In [3], with more general potentials K and V, the authors obtained an inequality of
Hardy type and then the strong convergence in the whole space. As a matter of fact, they
have obtained the compact embedding of E C DV*(RN) in L% (RN) with 2 < g < 2*. Using
the same way, the compact embedding of E C Dy” (RN) in L} (RN) is proved in [8] with
l<p<N,p<qg<p*.

In most of the aforesaid references, the Ambrosetti—-Rabinowitz (AR) condition is usu-
ally assumed. It is very crucial to ensure the boundedness of the Palais—Smale (PS) se-
quences of the energy functional. However, there are many functions that do not satisfy
the AR condition. So in this paper, to prove that there are infinitely many solutions to
quasilinear Schrodinger equation, we develop a superquadratic condition, which is weaker
than the condition AR.

There are many difficulties in solving the problem of relationship among nonlinearities,
operator, and potentials. To overcome this, we prove the existence of infinitely many so-
lutions to problem (1.1) with compact embedding by using Tang’s methods in [24]. As far
as we know, to prove the boundedness of the (C).-sequence for problem (1.1), we must
have compact embedding, so we need to enhance some conditions for potentials K(x) and
V(x). Before proving our results, we need to make the following assumptions on 4, A4, V,
K,andf.

(1) Functions a and A. We consider continuous functions & : RN x RN » RN and
A RN x RN - R such that a(x, &) = %ﬁé) Let ¢y and ¢; be positive real numbers, and
let /15(x) and /;(x) be nonnegative measurable real functions in RN such that &(x) €
L‘;/(p_l)(]RN) with @ = ;—f and /11 (x) € L®(RN) with 4, (x) > 1 for a.e. x € RY. We introduce
the following hypotheses:

(A1) lalx, )] < colxl™*Pho(x) + co(1 + [P (x)|§ 7" for a.e. x € RY.
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(A2) a1+ |x]™ P (x)|E — )P < (alx, &) —alx,n))(& —n) forall£,n € RN and a.e. x € RV,
(A3) Aissubhomogeneous, thatis, 0 < a(x, &) < pA(x,£) forallé € RN and a.e.x € RN,
(Ag) a(x,0)=0, A(x, &) = A(x,—&) for a.e. x e RN,

Remark 1.1 ([20]) The function A can be used in several cases. For example:
(i) Ax,§) = 1|s|1’

(ii) A(x, &)= |§|szthheL (RN).

) loc
) Alx,§) = [(1+|€|2)2—1]W1thp22.
(V) A(w8)="2[(1+[§%)5 ~ 1] with p > 2 and h € LFT (RY),
) Ax, &) = |§|P +0(x)(y/1 + |&]% — 1) with a suitable function 6. We get the operator
p— 2
div(|Vul?~*Vu) + div(6(x) W) which can be regarded as the sum of the

(iii

(v

p-Laplacian operator and a degenerate-form mean-curvature operator.

(2) Potentials V and K.

(VK1) V,K € C(RN,R), V(x) > minV(x) > 1, K(x¥) > minK(x) > 0, K(x) # 0, and
K(x) € L®(RN);

(VK2) im0 vary Kx =0forall0<0 <1.

Example 1.2 ([15]) The following functions are typical examples of functions satisfying
(VK1) and (VK2):

(i) K(x)=2and V(x) = (x| + 1)7 for0<8 <1.

(if) K(x)=sinx and V(x) = [(|x| +1)(] sinx| + 1)]é for0<6 <1.
Is easy to check that11m|x|ﬁoo =0, K(x) # 0, K(x) € L°(RYN), V(x) > min V(x) > 1,
and K(x) > min K (x) > 0 for a110<0 <1.

(3) Functionsf and F. Let functions f : RN*! — R and F : RN*! — R such that f(x, u) =

oF 3" ) for all x € R satisfy the following conditions:

(fi) there exist constants c1,c; > 0 and B € (p, p*) such that

[f(x, u)| <cluft+elulft forall (x,u) e RN x R.

(f2) limyy— oo W = oo for a.e. x € RN, and there exists ry > 0 such that

Flx,u) >0, VY(xu)eRN xR,|ul>r.
(fs) Flx,u):= —uf(x, u) — F(x,u) > 0, and there exist ¢y > 0 and « > s N such that
|F(x, u)|K <colul*Flx,u), Vxu)e RN xR, |u| > r.

(fa) fx,—u) = —f (%, u), V(x,u) € RN x R.
(fs) There exist u > p and ¢ > 0 such that

WE(x,u) < uf (x,u) + olul’, V(x,u) e RN,
(fs) There exist u > p and r; > 0 such that

W, u) < uf (x,u),  Y(xu) € RN ju| > ry.
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Example 1.3 ([19]) Is easy to check that the following nonlinearities f satisfy (1), (f2), (fa),
and (fs):
(i) f e, u) = @)l ul(p + 3)u® - 2(p + u +p +1].
(i) f(x, u) = g(x)|ul?>u(4|u|?® + 2usinu — 4 cos u).
(i) f(x, u) = g(x) Y1~ bilul"iu, where by >0, b; € R, i=2,3,...,m,
VI>Va> > Ym = p—2,g €CRN,R), and 0 < infpn g < suppy g < 00.

Now we are ready to state the main theorems of this paper.

Theorem 1.4 Let (VK1)-(VK?2), (A1)-(A4), and (f1)—(fa) be satisfied. Then equation (1.1)
has infinitely many nontrivial solutions.

Theorem 1.5 Let (VK1)-(VK?2), (A1)—(A4), (1), (f2), (fa), and (f5) be satisfied. The equa-
tion (1.1) has infinitely many nontrivial solutions.

It is easy to check that (f) and (fs) imply (f5). Thus we have the following corollary.

Corollary 1.6 Let (VK1)-(VK2), (A1)—(A4), (f1), (2), (fa), and (fs) be satisfied. Then equa-
tion (1.1) has infinitely many nontrivial solutions.

Remark 1.7 In our theorems, F(x, u) is allowed to be sign-changing. Even if F(x,u) > 0,
assumptions (f3), (f3), (f5), and (fs) seem to be weaker than the superquadratic conditions
obtained in the aforementioned references.

Notations Considering « and K in equation (1.1), an open set B C R, and a measurable
function u : B— R, we use the following notations.

« LiB)={u:B—R| [, |l%|7" |u|7 dx < o0} for 1 < g < 0.
LY (B) = {u:B— R| [, K(x)|x|™"" |u|?dx < 0o} for 1 < q < c0.

* 1
letllzg ) = (Jp K@)Ix]™" [ul? dx)7 for 1 < g < cc.

.

.

.

ety = iy 12 Vul? da)?.

» L9(B) is the usual Sobolev space for 1 < g < 0.

« We denote by 0,(1) terms that tend to zero as n — 0o. The weak (—) and strong (—)
convergences are always taken as n — oo.

.

Hereafter C is a positive constant that can changes its value in a sequence of
inequalities.

The remainder of the paper is organized as follows. In Sect. 2, we present variational
framework. In Sect. 3, we state and prove the main results of the paper.

2 Variational framework
In this section, we want to use variational methods. So we define a convenient space and
functional. We consider the spaces

D'?(RN) = {u: RN — Rju € I”" (RV) and Vu € I?(RV)}
and

DLP(RN) = {u: RN — R|lx|“u € 17" (RY) and |x| ™ Vu € LF (RN) }.
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We define

Jan (L + [x[77)|[VulP dx < 0o
E={ueD"@®RY)NDYRN) |and ,

Jen V)22 |ul? dx < 0o

endowed with the norm

el = (/]RN ((1 +12]) | Vul? + é V()| |u|1’) dx)p @2.1)

with ko given by the inequality A(x, Vi) > koh1(x)(1 + |x|7%?)|Vul? for all £ € RN and a.e.
x € RN, which will be proved in Lemma 3.2. Evidently, E is continuously embedded into
Dy’ (RN). By the weighted Caffarelli-Kohn—Nirenberg’s inequality [13]

1 1
>k % * p
( / I Juf? dx)” gc( / |x|-“"|w|1’dx> ,
RN RN

Da” (RY) is continuously embedded into L% (RN). Thus we get E <> Dy (RN) < 17 (RN)
for N > 3.
In E, we define the following energy functional € C1(E,R):

1 "
J(u) = / (A(x,Vu) + = V() |x[" |M|p> dx
RN p
- / K(x)|x|™ F(x,u)dx, Vue€E. (2.2)
RN
Its Gateaux derivative is given by
(/' (w),v) = / (alx, Vu)Vv + V() || ulP~2uv) dx
RN
—/ K(x)lx|_°‘1’*f(x, u)vdx, Vu,veE. (2.3)
RN

By condition (f;) we have

|F(x,u)| < C—1|u|1’ + %2|u|ﬁ, V(x,u) e RN x R. (2.4)
p

3 Existence of infinitely many solutions
In this section, we prove the existence of infinitely many solutions for problem (1.1). Next,
we give the definition of a (C).-sequence.

A sequence {u,} C X is said to be a (C).-sequence if J(i1,,) — c and ||J'(u,,)||(1 + || un ) —
0, and it is said to satisfy the (C).-condition if any (C).-sequence has a convergent subse-
quence.

To prove our results, we use the following symmetric mountain pass theorem.

Lemma 3.1 ([6, 22]) Let X be an infinite-dimensional Banach space, X =Y & Z, where Y
is finite dimensional. Suppose that I € C1(X,R) satisfies the (C).-condition for all ¢ > 0 and
the following conditions:
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() 1(0) = 0, I(—u) = I(u) for all u € X;
(I) there exist constants p,0 > 0 such that I|38,nz > 0;
(I3) for any finite-dimensional subspace X C X, there is R = R(X) > 0 such that I(u) <0
on X \ Bg.
Then I possesses an unbounded sequence of critical values.

Lemma 3.2 ([20]) The function A satisfies

A, £)] < ol ™ (ho(w) E] + i W)IE) + com ()€, ae x €RY, (3.1)
and there exists ko > 0 such that

Ax, &) > kohl(x)(l + |x|“’“’)|§|” foralle e RN and a.e.x e RN, (3.2)

The following two lemmas discuss the continuous and compact embedding E —
LY ,(RN) for all g € [p, p*).

Lemma 3.3 Let (VK1)—(VK2) be satisfied. Then E is continuously embedded in L}’w (RN)
for all q € [p,p*), that is, there exists y, > 0 such that

”””LQQ(RN) <ygllull, YueE. (3.3)
Proof Since ‘I/i)(g) — 0as |x] > oc0and 0 < % < {/(9(22), we have % — 0 as |x| »> oo.

By the continuity of V/(x) and K (x) there exists M > 0 such that K(x) < MV?(x) < MV (x)
for all x € RN and 0 < 6 < 1. If g = p, then the proof is trivial. Fix g € (p, p*) and choose
o =224 Then g = po + (1-0)p* and 0 < & < 1. From D,”(RN) = L (RV), (VK2), (2.1),
and Holder’s inequality we can get the following inequality:

q ¥
IIM||1<,Q=/ K(x) ™7 ul? dx
RN

= [ KL g
RN

o 1-o
[ ] [
RN RN
K AN o YO
< (sup LL) (/ V(x)|x|~*? |u|”> (/ ™7 ul? dx)
xeRN |V(x)| RN RN

o p*(-0)
§CM</ V(x)|x|°‘1’*|u|”) (/ |x|°"’|w|”dx)
RN RN

1 . o+
fpkOCM</RN <(1 + |x|_°‘p)|Vu|p + p—kOV(x)|x|_“" |u|”) dx)
q

1 .
:pkOCM(/ <(1 + [%17P) |Vl + — V(x)|x| |u|P) dx)p
RN pko

= pkoCM||ul|4.

p*(1-0)

It follows that E < L} ,(RN) is a continuous embedding. O
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Lemma 3.4 Let (VK1)-(VK2) be satisfied. Then E is compactly embedded in L?M (RN) for
all g € [p,p*).

Proof From Lemma 3.3 we have % — 0 as |x| — oo. Hence for any ¢ > 0, there exists

R > 0 such that K(x) < eV(x) for |x| > R. Let {u,,} C E be a bounded sequence of E. Going

if necessary to a subsequence, we may assume that
u, —~0 inkE, u, — 0 inL;ayloc(RN) forp <g<p*.
Next, we claim that u, — 0 in L ,(RN). Set Br(0) = {x € RV : x| < R}. Then
f K@)lal ™ un()|" dx < ¢ f VElal ™ [ua(0)|” dx
RN\Bp RN
< pkoellun|”. (3.4)

Hence, for any ¢ > 0, we have

1, (%) ’p dx

[ K

RN

- / K@)l i )| e + f Ko)lal™" un(0)]” dx
RN\Bp

Br

<e(1+ pkollua|”),

from which (3.4) follows. Since |s|/|s|? — 0 as s — 0 and [s|7/|s|?" — 0 as s — o0, then

for any ¢ > 0, there exists C > 0 such that
K(x)|s|7 < aCI((x)(Isll’J + Islp*) + CK(x)|s|? forallseR. (3.5)

To prove the lemma for general exponent g, we use an interpolation argument. Let &, —
0 in E. We have just proved that u, — 0 in L}, ,(RN), that is,

u,,(x)|qu — 0.

/ K@la "
]RN

Since the embedding E — Lf,* (RN) is continuous and {u,} is bounded in E, we also have
that {u,} is bounded in L (RN). From (3.5) we have

/ K ()™ |1, ()| dxe < eC f (K@) %77 |t P + ] |t P ) e
RN RN

+ cf K(x) x| |, |P dx — 0,
]RN

implying that 1, — 0 in L} ,(RY). This completes the proof. O

Next, we need the following lemmas to show that J satisfies Lemma 3.1.
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Lemma 3.5 Under assumptions (VK1), (VK2), (1), (f2), and (f3), any sequence {u,} C E
satisfying

Jn) = c*>0, (' (un),un) = O, (3.6)
is bounded in E.

Proof To prove the boundedness of {u,}, arguing by contradiction, suppose that ||z,| —

ocoasn— o0. Letv, = HZ—:” Then ||v, || = 1. Observe that for large #,

C* + 1 Z ](Mn) - 1(]/(”‘}’1)) Mn)
p

= / [A(x, Vu,) - lcz(x, Vu,,)Vu,,:| dx

RN V4

+ f K(x)|x|_”1’* [lf(x, U, ), — F(x, uy,)] dx (3.7)
RN p

> /R K@ Bf(x, )it — E u,q)} dx
- / K(x) || F(x, uy) dx.

RN

It follows from (2.2) and (3.2) that

/ K(x) || 2" | F (x, 1) |
dx
]RN

Il |17

. Jen (A, Vi) + 5V @)= |14 ]P) dox = T (21)

ll2tn 1P

(3.8)
S (kohi(x)(1 + |x]77) [V, |P + I%V(x)lxl_""’ [, 1P) dx — J (ua,1)
>
- 2 1P
p_
- koll x| ](un)
e, 1P
By (3.8) we obtain
K (x) || " | F(x, u,
0<ko < limsup/ Gl 1F @ )l 4 (3.9)
n—oo JRN Il2,, 117
ForO<a<b,let
Q,.(a,b) = {xeRN:af |u,,(x)| <b}. (3.10)

Passing to a subsequence, we may assume that v, — vin E is satisfied. Then by Lemma 3.4,
E is compactly embedded in L} ,(RN), g € [p,p*), v, — v in L ,(RN), q € [p,p*), and

v, — vae on RV,

Page 8 of 15
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If v =0, then v, — 0in L} ,(R4), g € [p,p*), and v, - 0 a.e. on RV, Hence from (2.4) it

follows that
/ K (o) ||~ | F (%, )| v, 1P dx
Q,(0,70) |22, [P
< C1 C2 B -p _ap* p
<|—+=r K(x)|x| [V lP dx (3.11)
p B Qu(070)

) Br

N (p o >”v”” L @n0r0) 0
Set k' = *5. Since k > d , we see that pk’ € (p, p*). Hence from (f3) and (3.7) we have

val” dx

7

K () || =7" |F (%, ,,) |
|;/ (%) || [F(x, up)| dxi| |:/ K (x)|x] —ap* |V, |2 dx]
Q2 (rg,00) |Mrl |pK Q5 (rg,00)

* 1
K@)l colus [P F, :
|:/ (%) || Coltnl (x, ) dx] I n”p
Q(rp,00)

|24, |P* L2 (Qu(r0,00))

/ K (x)|x|" |F(x, u,)|
Qy(rp,00)

1
P

=

IA

(3.12)

IA

1
val® — 0.
R ®N)

= [co(e” +1)]
Combining (3.11) with (3.12), we have

dx — 0,

/ K (x)|x| 2" |F(x, u,)]
RN

Ml 117

which contradicts (3.9).

Set A := {x € RN : v(x) # 0}. If v # 0, then meas(4) > 0. For a.e. x € A, we have
lim,,, o |1, ()| = 0c0. Hence A C Q,,(r9, 00) for large n € N, and from Holder’s inequality,
ho(x) € Lii/(p DRNY, Iy (x) € L2(RN), Iy (x) > 1, (2.2), (2.4), (3.1), ), (f2), and Fatou’s lemma it

follows that
0= lim & +ou(1) . J(u)
n=>o0 |luyll? oo fluy P
Jan (A(x, Vi) + £ V(x)|x|‘“1’ lo4al?) dx — fon K ()| 77" F(x, 1) dx
= lim

00 ll24, 117

Jan [coha ()L + 16 ™7) V| + SV ()] =7 |14 [] dx

< limsup
n->00 21?7
colx|™Pho(x)|Vu,| dx K(x)|x|™" F(x, u,) dx
¢ iy Je OB Vi A KL Fl )
n—00 ”Mn”p n—00 ”Man

max{ko, cohy (%)} | u,|1?

< limsup
1> 00 [z, |17
o 15172071 da] 7 [fn 517 | Vit, P ]
C x|~ x)P-1T dx] » x| u x]7
+ lim sup OL/RN 0 EN .

n—>00 llatn |17

Page 9 of 15
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e K@l Fs ) d

=00 Nl 117

Colloll -0 g 14
o

< max{ko, cohl(x)} + limsup
n—0o0 ||un||p

K () || 7" F (%, u,,
+limsup[/ (o)l il )an|p dx:|
Qu(0,r9)

n—00 Iun |p

K " F(x, u,
—liminf[ f )™ FCh) 1o dx}
Qy(rg,00)

n— 00 |u4,,|P

_ : 1 € pp »
= max{ko,cohl(x)} +hmsup[(p + =1, )”V"”Lﬁ,a(ﬂn(omo))}

n—00 ﬂ

|:/' K (%) 72" |F (%, )|
Qy(rp,00)

|24 P

— liminf
n— o0

(X (r0.00) )] [Vl dx]
< max{ko, co (x)} + (% + %rg”)y}f

K ~P"|F(x, uy
—liminf[/ Co) ™ 1F, )] [XQﬂ(ro,oo)(x)]|Vn|p dx]
Qy,(rg,00)

n—o00 |Mn |P
= 00, (3.13)
which is a contradiction. Thus {1, } is bounded in E. O

Lemma 3.6 Letpi,ps>1,7,q>1,and Q CRN. Let g(x,t) be a Carathéodory function on
Q x R satisfying

g0, 8)| < an|t| P70 4 ap |27V, V() e Q x R, (3.14)

where ay,a; > 0. If u, — w in L ,(Q) N L (Q) and u, — u for a.e. x € Q. Then for any
ve IRIQ) NLZLRQ),

lim / K ()|~ | g(x, 1) — g (o, )| ]9 dx = 0. (3.15)
n—00 Q

Proof If (3.15) is not true, then there exist a constant &y > 0 and a subsequence {u,} such
that

/ K@)|x™7" |g(x, ug,) — g, )| v|7dec > &9, VieN. (3.16)
Q

Since u, — u in L‘I?Q(Q) N L’I‘?a(Q), passing to a subsequence if necessary, we can assume

that >0 llak, — u||’Z},l <+ooand Y ) llug, — u||‘L’,%2 < +00. Set
Ky Ka

1 1

wl(x)=[2|uki—u|”1} , Wz(x)=[2|uk,~—ul"2} , xeQ.

i=1 i=1
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Then w; € L, (R2) and w; € L2, (). Note that

K@)l | g, ug,) — g, )| [v]7

< 2K ()l (| g, i)

"+ g w)]) v
< A K@) 1 [ (g 1770+ 1alP7Y) + ay (loag 17270+ JuafP271) )
< 4K ()%
x [220a (Jug, — ™" + (k™) + 222 al (g, — ul?> ™+ w271 v
< ALK @) [ 27 (lwa P+ () + 222l (Jwa P2 4 (a2t (vl

= h(x), VieN,x € Q, (3.17)

and
/h(x) dx = 41 [2P1+1a;/ K@) (lwa 17+ P17 v]? de
Q Q

+ 2"2+1a§/ K(x)|x|‘"‘1’*(|W2|‘”2_1 + |u|”2_1)|v|‘1 dx]
Q

~1 1 -1 -1
<4 2 (w128, + el 28 ) VI
Ko Ko Ko

1 p2-1 p2-1 q
+ 27200 (Iwa 173, + ull, ) 1V ]
K,a Ko Ko

< +00. (3.18)

Since u, — u for a.e. x € ©, by (3.17), (3.18), and Lebesgue’s dominated convergence the-

orem we have

lim K(x)|x| " |g(x, uy;) — g(x, u) |r|v|‘1 dx =0, (3.19)
11— 00 Q
which contradicts (3.16). Hence (3.15) holds. O

Similarly, we can prove the following lemma.

Lemma 3.7 Let p1,p» >1,r>1,and Q C RN, Let g(x,t) be a Carathéodory function on
Q x R satisfying (3.14). If u,, —> u in L’IQQ(Q) ﬂL’I?’a(Q) and u, — u fora.e. x € Q, then

i, [ KT gl ,) 050ty ] s =0
n—oQ Q

Lemma 3.8 Under assumptions (VK1), (VK2), (1), (f2), and (f3), any sequence {u,} C E
satisfying (3.6) has a convergent subsequence in E.

Proof By Lemma 3.5 the sequence {u,} is bounded in E. Going if necessary to a subse-
quence, we can assume that #, — # in E. By Lemma 3.4, u,, — uin L} (RN) for g € [p,p*),
which, together with Lemma 3.7, yields

/ K(x)|x|_“1’* [f(x, uy) —f(x, u)‘ |, —ul|dx — 0, n— oo. (3.20)
RN
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Observe that
(I (wn) =T (W), 4y — ua)
- /RN (a(x, V(= )V (s, — 1) + V(@) 2] |ut,, — uf?) dix
- [ KR [ ) o), - )
> /RN (e (1+ 17P) I ()| V (s — ) [ + V)|l ™" |1ty — ul?)
- /R K@ [f G 00) = £ 5 10) ot - 0)
> kopllun — ull? - fRN K ()7 [£ (6, 1) = f (6 1) | (s — 1) . (3.21)
It is clear that
(' () =T ), 4 — ) — 0, 11— 0. (3.22)
From (3.20)(3.22) we have ||, — u]| = 0, 1 — co. 0

Lemma 3.9 Under assumptions (VK1), (VK2), (1), (f2), and (f5), any sequence {u,} C E

satisfying (3.6) has a convergent subsequence in E.

Proof First, we prove that {u,} is bounded in E. To this end, by contradiction set ||u,| —
oo as n — o0. Let v, = 2. Then ||v,|| = 1. By (2.2), (2.3), (3.2), (43), (fs), and h;1(x) > 1,

U,
llenll®

for large n € N, we have

. 1.
¢ +1>J(uy) M(](Mn)»”n>

1 * *
2/ <A(x,Vun)+—V(x)|x|_“” |u,,|1’> dx—/ K(x)|x|™*" F(x, u,)dx
RN p RN
1 «
o [ (PAG Vi) VI )
n JRN

1 "
+ —/ K(x)|x|™ f(x, u,)u, dx
K JRN

v

(1 - g) / (koh1(x)(1 + 1 TP [Vt P + 1v(x)pcl‘”‘”*'””'p) &
) Jen p

- / K(x)|x|™*" E (x, u,) dx
]RN
1 .
+ —/ K@)~ f(x, un)u, dx
w JrN
> (1 _ ’ﬁ)konunnp— [ K(x)lxl‘“"*[ﬂf(x, )
" RN w

+ g|u,,|1”:| dx + ﬂ/ K(x)|x|‘°"’*f(x,un)dx
123 w JrN
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- (1 - E)konunnp— e / K@) |2 14, ]? dx
128 n JRrN

_ p p_ Q0
- (1 - M)konunn ~ ol

which implies

1< —2tlimsup v,

3.23
- (U"ﬂp)kb n— 00 LKH(RN) ( ]

Passing to a subsequence, we may assume that v, — v in E. Then by Lemma 3.4, E is
compactly embedded in L% ,(RY), g € [p,p*), va — vin LY ,(RY), g € [p,p*), and v, > v
a.e.on RN, Hence from (3.23) it follows that v # 0. By a similar fashion as for (3.13), we can
get a contradiction. Thus {u,} is bounded in E. The rest of the proof is the same as that in
Lemma 3.8. (]

Lemma 3.10 Under assumptions (VK1), (VK2), (f1), and (f,), for any finite-dimensional
subspace E CE, we have

J(w) — —c0 as ||u|| = oo,u € E.

Proof Arguing indirectly, assume that for some sequence {u,} C E with ||u,|| = oo, n —
00, there exists M > 0 such that J(u,) > —M for all n € N. Set v, = HZ—Z”; then |jv,|| = 1.
Passing to a subsequence, we may assume that v, — v in E. Since E is finite dimensional,
vy = veEInE, v, — vae. on RY, and thus ||v| = 1. Hence we can get a contradiction by

a similar fashion as for (3.13). O

Corollary 3.11 Under assumptions (VK1), (VK2), (1), and (f,), for any finite-dimensional
subspace E C E, there is R = R(E) > 0 such that

J(u) <0, Vuek,|ul|>R.

Since E is a reflexive separable Banach space, there exist {e,}°; C E and {e}};°, C E*
such that

1 ifn=m,

e, e =
(n m> 0 ifnu+#m,

E=5span{e,:n=1,2,...}, and E*= span{e: ‘n= 1,2,...}.

For k=1,2,..., we denote

k 00
Xy = span{ey}, Y = @X, and Z; = @ X;.
j=1 j=k+1

Lemma 3.12 Let (VK1) and (VK?2) be satisfied. Then for any p < q < p*, we have

m(q) = sup  Nulyg @vy—0, k— o0
ueZp,llull=1 Ko
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Proof 1t is clear that 0 < ng,1 < 1, so that ny — n > 0 (k — o0). For every k € N, there
exists uy € Zx satisfying

1
<-—.

k

llurll =1, O <mi— ”M"”L?Q(RN)

Then there exists a subsequence of {u;} (which we still denote by u;) such that u; — u

and

(€, u) = kli)rr;(ef,, w)=0, n=12,...,

which implies that # = 0, and so u; — 0. By the compact embedding E — L;Ica (RN) we
have u; — 0in L;fw(RN). Hence we get n; — 0. 0

By Lemma 3.12 we can choose an integer m > 1 such that

pko
1l oy <5

B ﬂko
u p, u < —
Ko ]RN) 2C1 ” ” ” ”Lﬂ

o S a0 lul?, VueZz,. (3.24)
Ko 2

Lemma 3.13 Let (VK1), (VK2), and (f1) be satisfied. Then there exist constants p,0 >0
such that J|s8,nz,, = 6.

Proof From (2.2), (2.4), (3.2), (3.24), and 7 (x) > 1, for u € Z,,, choosing p := |lu| = %, we
get

J(u) = /R y (A(x, Vu) + ;V(x)lxl‘o‘p* |u|P> dx — /R y K ()% F(x, u) dx
> f (kohl(x)(l + x| 7P) [ Vul? + $V(x)|xr“f”‘ |u|”) dw
RN
- / K(x)|x| ™" F(x, u) dx
RN

> kollull” —f K@)l (C—Huv’ ¥ C—2|u|‘*) dx
RN p B

= Kollal? = ety ey = 10
> %nunp - %‘)nun/’
. 9B-p+l _
= 7](0 225+2 ko =6 >0.
This completes the proof. O

Proof of Theorem 1.4 Let X = E, Y =Y, and Z = Z,,. By Lemma 3.5, Lemma 3.8,
Lemma 3.13, and Corollary 3.11 all conditions of Lemma 3.1 are satisfied. Thus problem

(1.1) possesses infinitely many nontrivial solutions. O

Proof of Theorem 1.5 Let X =E, Y =Y, and Z = Z,,. Obviously, the rest of the proof is
the same as that of Theorem 1.4 by using Lemma 3.9 instead of Lemmas 3.5 and 3.8. [J
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