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We first analyze the linearized equations around the steady state solution. Thus we
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H* then we show that the RT equilibrium state is linearly unstable. With the help of
the established unstable solutions of the linearized problem and error estimates
between the linear and nonlinear solutions, we establish the nonlinear instability of
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1 Introduction
The instability arises when steady states of two fluid layers with different densities are ac-
celerated in the direction toward the denser fluid [1]. This phenomenon was first studied
by Rayleigh [2] and then Taylor [3], thus is called the Rayleigh—Taylor (RT) instability. In
the last decades, this phenomenon has been extensively investigated from both physical
and numerical aspects, see [4, 5] for examples. It has been also widely investigated how
the RT instability evolves under the effects of other physical factors, such as elasticity [6—
8], rotation [9], internal surface tension [10—12], magnetic fields [13—-17], and so on. In
particular, to the best of our knowledge, the linear Rayleigh—Taylor instability is well un-
derstood, see [5, 9], for instance; however, there are only few mathematical analysis results
on nonlinear problems in the literature.

In this paper, we further mathematically prove the RT instability in incompressible liquid

crystal materials in the presence of a uniform gravitational field in a bounded domain
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QCR3:

pr+u-Vp=0,

pus+ pu-Vu—puAu+Vp=-Ad-Vd - gpes,
dy+u-Vd=Ad+|Vdd,

divu =0,

u(0,x) = u®(x), d(0,x) = d°(x),

(u,d)aq = (0, €3).

(1.1)

Here the unknown function p is the density of the nematic liquid crystals, « the velocity,
and p the pressure, d represents the macroscopic average of the nematic liquid crystal
orientation field. Also u > 0 is the coefficient of viscosity, g > 0 is the gravitational constant,
e3 = (0,0,1)7 is the vertical unit vector, and —pges is the gravitational force.

In this paper we study the Rayleigh—Taylor (RT) instability of system (1.1). To this pur-
pose, we consider a density profile 5 := p(x3) € C*(2), which satisfies

22};{,5} >0, (1.2)
and an RT condition
p'(x3) >0 forsomex’ € Q, (1.3)

where x) denotes the third component of x°. Then we further define a pressure p (unique

up to a constant) by the relation
Vp = —gpes.

The condition (1.3) means that there is a region in which the RT density profile has a larger
density with increasing x3 (height), thus leading to RT instability.

Obviously, R¢ := (0,0, p, e3) is an RT equilibrium-state solution of the system (1.1). Now,
we denote the perturbation by

e=p-p, u=u-0, q=p-p, o=d-e3
then, (0,4, q, o) satisfies the following perturbation equations:

or+u-Vi+p)=0,
(0+p)ur+(0+p)u-Vu+Vqg—ulAu=-Aoc - Vo —goes, (L4)
or+u-Vo = Ao +|Vo %o + |Vo|es, ‘

divu =0,
with the initial-boundary value conditions:

(Q,M,O')|t:0 = (Qoru0)00)¢ (M,O')|3Q = (01 O)¢ (15)
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where Q is a general bounded domain. In this article, the initial-boundary value problem
(1.4)—(1.5) is called the LCRT problem.

If the perturbation is small, we omit the nonlinear terms, and thus get the linearized
LCRT equations

Qt+p_/u3:01

ou; + Vg + goes = wAu,

pUt q+goes =1 (1.6)
o; = Ao,

divu =0.

The linearized equations (1.6) and the initial-boundary values (1.5) constitute the lin-
earized LCRT problem. It is well-known that the linearized LCRT problem is convenient
in mathematical analysis in order to have an insight into the physical and mathematical

mechanisms of the instability.

1.1 Main results
Before stating our main result, we shall introduce some mathematical notations of Sobolev

spaces:

/ - /Q L el@=WOQ), k=l Ir=(0,T),

Hf = {ne H\(Q)nlse =0},  H::={neHi(Q)|divy =0},

[rir=o),

O PN R PN P

2
0’

2 1
E@ =Y |9y + D 0w aq0)|gy o + | (e 0)
i=0 i=0

2
1’

1
D)= Y |0iet,3,0) o5 o + | (s o)

i=0

a <b means that a<cb for some positive constant c,

where 1 < p < 00, k is a nonnegative integer, and the positive constant ¢ may depend on
the domain occupied by the fluids and other known physical parameters such as g, @, «,
and u, and vary from line to line.

Next we state the instability result in the LCRT problem

Theorem 1 Let Q be a C®-bounded domain, and let the density profile p € C*(Q) satisfy

(1.2)—(1.3). Then, the equilibrium (p,0,q,e3) to LCRT problem (1.4)—(1.5) is unstable in

Hadamard sense, that is, there are positive constants A\, my, €, 8, and
(@% %" u,q") e HH(RQ) x H}(Q) x H*(Q) x Hy(RQ) x H*(R),

such that, for any given 8 € (0,8,), there is a unique classical solution (o,u,o) € C°(Ir,
HY(Q) x HX(Q) x HX(Q)), with a unique associated (perturbation) pressure q € C°(Ir, H*),
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to the LCRT problem with the initial data
(QO; MO, qO) = 8(@0, ito, Z]O) + 82(0, Mr’ qr)’

but the solution satisfies

us(T°)

>¢€

I =& (1.7)

||9(T8) ”LI(Q)’ ”h<T8) ”LI(Q)’

for some escape time T® := %ln mz_(; € Ir. In addition, the initial data 0°, u°, ¢°, and o°

satisfy the compatibility conditions:

div((u0 Vil + (qu - nAu°

+g0%; + Ac® - Va)/(e°+5)) =0 inQ, (1.8)
Vg’ - nAu® + g3 + Ac®-Vo®=0 ondQ, (1.9)
Ac®+|Vo?|’e3 =0 on 0L (1.10)

The proof of Theorem 1 is based on a bootstrap instability method, which has its
origin in [18, 19]. We mention that many authors have established various versions of
the bootstrap methods for mathematical proofs of various flow instabilities, see [20—
22], for example. We complete the proof of Theorem 1 in four steps. Firstly, we in-
troduce unstable solutions to the linearized LCRT problem, in view of the linearized
LCRT problem, we can obtain a growing mode ansatz of solutions, i.e., for some A >0,
(0,u,q,0) := er(=p'ti3/ A, i1, G,0), see Proposition 1. Secondly, by using the standard en-
ergy method, we establish a Gronwall-type energy inequality of the local-in-time solution
of the LCRT problem, see Proposition 2. Thirdly, we use initial data of solutions of the lin-
earized LCRT problem to construct initial data for solutions of the LCRT problem, so that
the modified initial data (o}, 15, ¢3) := 8(2°,%°, %) + 8%(0,u’, 4") belongs to H* x H* x H*
and satisfies necessary compatibility condition, see Proposition 4. Finally, we introduce the
error estimates between the solutions of the linearized and nonlinear LCRT problems, and
then prove the nonlinear solution is unstable under L!-norm.

Now, we will introduce some well-known mathematical results, which will be used in
the proof of Theorem 1.

Lemma 1 (1) Embedding inequalities (see [23, Theorem 4.12]):

Iflle S Wl for2 <p <6, (1.11)
Ifllcoy = U llzee S IF 2 (1.12)

(2) Estimates of the product of functions in Sobolev spaces (denoted as product estimates):

Ifl1lgl forj=0;
Wfzlly < 3 IF11 gl for0<j<2; (1.13)
IF2lgll; + 1f1lgll for3 <j<5,
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which can be easily verified by Holder’s inequality and the embedding inequality (1.11)—
(1.12).
(3) Interpolation inequality in H' (see [23, Theorem 5.2]):

-4 o
A1 < Wfllo “ILFN; < C@fllo +ellfll; - forany 0 <j<i,e>0. (1.14)
2 Linear instability
Proposition 1 Under the assumptions of Theorem 1, the LCRT equilibrium state R¢ is
linearly unstable, that is, there is an unstable solution in the form
(0,u,q,0) := e (=p'ti3/ A, 1,3, 0) (2.1)

to (1.5)—(1.6), where (i1,§) € H* x H? solves the following boundary problem:

A?pii+ AVG = AuAii +gp'iizes,

(2.2)
diVITtZO, I:l|ag=0,

with the constant growth rate A defined by

o'widx— Ap [ |Vw|?dx
A% = sup gJows — 5f| | . (2.3)

weHé f p|W| dx
Moreover, u satisfies

Fiu#0,  in#0, and ii3#0. (2.4)
Proof Please refer to the proof of [24, Theorem 1.1]. O

3 Gronwall-type energy inequality of nonlinear solutions

We derive that any small solution of the LCRT problem enjoys a Gronwall-type energy
inequality. We will derive such an inequality by the a priori estimate method for simplicity.
Let (0, u,0) be a solution of LCRT problem such that

sup \/” (Q(t),u(t),o(t)) ||Z <8¢€(0,1) forsome T >0. (3.1)
0<t<T

Moreover, the solution enjoys fine regularity, which makes valid the procedure of formal
deduction. In addition, we rewrite (1.4) with the boundary-value condition in (1.5) as a
nonhomogeneous form:

0+ p'uz=Ni:=~u- Vo,

pus +Vq— wAu +goes =Ny :i=—Ao - Vo — (0 + p)u - Vu — ou,
or— Ao =N3:=-u-Vo +|Vo|*o + |Vo|es,

divu =0,

u(0,%) = u®(x), c(0,%) = o%(x),

(M!U)|89 = (0! O)
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Lemma 2 Under the assumption (3.1) with sufficiently small 8, it holds that
d =2 2 2
— Vol +ellull} < | (e, us) | + VED. (33)

Proof Multiplying (3.2); by u in L? and using integration by parts, we get

Mnfuno+u||Vu||0——g/@u3dx+sz wdx. (3.4)
By (3.1) and product estimate, it holds that
/ Ny - udx <NVED. (3.5)

Thus we immediately derive (3.3) from (3.4) and (3.5) by using the Young’s and Friedrichs’s

inequalities. O
Lemma 3 Under the assumption (3.1) with sufficiently small 8, it holds that

)

— < ul|4. 3.6

dt”QH4N||Q”4H ll4 (3.6)
Proof Let o: = (01, 05,a3) be a multiindex of order || := o1 + oy + @3 < 4, and 9% :=

U] A0 A3
97 08293,

Using integration by parts, we can get
/ u-vVo*pd%odx =0,

thus, applying 9* to (3.2)1, and then multiplying the resulting identity by 3% in L?, we get

5 dt || ol = / “(p'us)d%0 dx + /(u V%o - 0%(u- Vo)) 3%0dx:=I4. (3.7)
By (3.1) and product estimate, it holds that
L Sllollallulla forany 0 < |o| < 4. (3.8)

Thus putting (3.8) into (3.7), we immediately derive (3.6). O

Lemma 4 Under the assumption (3.1) with sufficiently small 8, it holds that

_||\/Q+P”t||o+c||ut” < llusllf + VED, (3.9)

_||\/Q+:(—)utt||()+6”utt”1 < I,usll§ + VED. (3.10)
dt
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Proof Let1 <i<2.Applying 9/ to (1.4),, (1.4)4, and (3.2)s, we get

(0 + pur) + 3j((0 + P)u- Vu) + Viq
= uAdu—-93i(Ac - Vo) - gdloes,

. (3.11)
divo;u =0,

8;'I/l|3gz =0.

Multiplying (3.11); with i = 2 by uy in L2, and using the integration by parts and (3.2);,
we can get that

1d -
5 77 (Ve + pual) + il Vel

= /(gat(ﬁ'ug - M))es - uy dx - / 83((9 + P - Vi) - ty dx

1

+ 2 / QtM?t dx + /((Q + )t — 3,3((@ + p)”t)) Uy dX

+ / 33(A0’ -Vo) - uydx

= Ii. (3.12)
By (3.1) and product estimate, it holds that

4
D M S Nuallo(19:usllo + VED).

i=1

Moreover, by using (3.1), integration by parts, and product estimate, we can obtain
5] < (||Utt||0+ ||Mtz||1)\/ ED. (3.13)

Putting the above two estimates into (3.12), and then using Friedrichs’s and Young’s in-
equalities, we get (3.10). Similarly, we can easily derive (3.9) from (3.11) with i = 1. d

Lemma 5 Under the assumption (3.1) with sufficiently small 8, it holds that

d

Enané +clol? SVED, (3.14)
d 9 9 f

S ol + ellonll} S VED, (3.15)
2#WMM+CWMHLV ED, (3.16)

Proof Let 1 <i < 2, applying 9/ to (3.2)3, we get

3o — Adio = 3N, (3.17)

Page 7 of 18
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multiplying (3.17) by o in L? with i = 0, then using integration by parts, we get

1d

S lol+ ||Vo||3:/N3~odx. (3.18)

By (3.1), integration by parts and product estimate, it holds that

//\/30 S \/ED

Putting the above estimate into (3.18), and then using Young’s inequality, we get (3.14).
Similarly, we can easily derive (3.15) and (3.16) from (3.17) with i = 1 and i = 2, respec-
tively. O

Lemma 6 Under the assumption (3.1) with sufficiently §, it holds that

| a),, S llella + [ (ae, )|, + o llalio I3, (3.19)
|9:t,q) | S lluallo + Nzeaello + (Nellz + llzello) lully + loellzllo I3, (3.20)
| a5 Sllells + lully + VED, (3.21)
|8: ), < [ (3, 0) |, + VED. (3.22)

Proof Applying 9! to (3.2);, we have
P U+ Valqg— nAdu =N, - gdoes. (3.23)
By (3.11), (3.11)3, and (3.23), for i = 0 and i = 1, we get the following Stokes problem:

Voig — uAdiu = M,
divoiu =0, (3.24)

a;”'éﬂ = 0,
where we have defined

—goes — puy + N fori=0,
M, = goes — Pl 2 (3.25)
g(ﬁ,ug —./\/'1)63 —ﬁutt + atN2 fori=1.

Applying the classical Stokes estimate to (3.24) yields

i ’ )N f | = O,
3600, < (e, us N2)l2 or i (3.26)
‘ ||(u3¢ utt:-/\/l’ atM)llo fori= 1,

and

, Jup, N fori=0,
“8;(14, q) “SB_Zi 5 ”(Q Uy 2)”3 ori (3.27)
' ”(MS» utt’NI, atM)”l fori=1.
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By (3.1), we can estimate that

|V 3ND) [ < (el + llecllo) laelly + llaella (lloello + lll1)

+llell2llullo + loell2lio s, (3.28)
IN2ll2 S Nlullzllwlls + llellzllullz + llo lallo s, (3.29)
N2 s + | V3, 9:NR) ||, S VED. (3.30)

In addition, using (3.1) and (3.2);, we have

lleello < llatllo- (3.31)

By using Young’s inequality and the four estimates above, we get (3.19)—(3.22) from (3.26)
and (3.27). O

Lemma 7 Under the assumption (3.1) with sufficiently §, it holds that

lolla < lloella + llorllsllull2, (3.32)
lolls < lloells + VED, (3.33)
loellz < luellollorlls + llowlos (3.34)
loels < lowll + VED. (3.35)

Proof Applying 9! to (3.2)3 and (3.2), we get the following elliptic equations:

—-Adio =3 (N3 - 0y),

. (3.36)
3;G|39 =0.

Applying the classical regularity theory for an elliptic problem (3.36) with i=0,1,2,3,

we have
g PSR LA ] e (3.37)
(1) Taking (i, k) = (2,0) in (3.37), we immediately get
lolla S INll2 + lloglla. (3.38)

Now we estimate ||V3||» and, by the definition of A3, get
IN3ll2 S Nl Volla + | IVo P, + [IVo ?], S lolislullz + o llollo I3 + llo 3, (3.39)

thus, by using (3.1), we get (3.32) from (3.38) and (3.39).
(2) Taking (i, k) = (3,0) in (3.37), we immediately get

lolls S N5 + lloells, (3.40)

Page 9 0of 18
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and similarly to (3.39), we get
IN3lls S lllisliolls+ lolillols + o3, (341)

thus (3.33) follows by putting (3.41) into (3.40).
(3) Taking (i, k) = (2,1) in (3.37), we can obtain that

lowll2 S 13:N5llo + llowllo- (342)
By a simple calculation, we get
13:N5llo S leellollorlls + lloella, (343)

thus by putting (3.43) into (3.42), we obtain (3.34).
(4) Taking (i, k) = (3,1) in (3.37), we obtain that

loells < 18:N311 + llozl1, (3.44)
similarly, we get that
10:N511 S lluellllorlls + llull2lloelly + llozl1llolls, (3.45)

thus, (3.35) follows form the above two estimates. O

Lemma 8 Under the assumption (3.1) with sufficiently §, we have that
€ is equivalent to || (Q,M,O')”Z. (3.46)

Proof By (3.19), (3.20), (3.32), and (3.34), to get (3.46), it suffices to derive, for sufficiently
small §,

lolls + Nowlla + luello + llallo + llowllo < || (0, 0) - (3.47)

Next, we verify (3.47).
Multiplying (3.23) with i = 1 by u,, in L?, we infer that

I/ B § = f(g(ﬁ’us —NMes + uAuy + 9 N5) - iy dy.

Using (1.2), (3.1), (3.28), (3.31), and Young'’s inequality, we can derive from the above iden-
tity that

2 2
loaeellg S Maelly + el + lloell2llolls. (3.48)

Next we shall estimate for |||, and ||o¢||>.
By using (3.29), we can obtain from (3.2), that

laellz < llellz + liglls + llulla + llo|la (3.49)
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and

—Ag =My :=p'dus +gaso +div((o + p)u - Vu+ Ao - Vo) +u, - Vo, (3.50)
Vq-ilyq = Ms:= (wWAu—goes — Ao - Vo) - 1, .

where 7 denotes the unit outer normal vector on Q2. Applying the classical elliptic regu-
larity theory to (3.50) yields that

lglls S IMall + IMsllsrpe) S (@ u o), + el

Inserting the above estimate into (3.49), and then using interpolation inequality, we arrive
at

luellz < [ (01, 0)|, + llello- (3.51)

Next we shall estimate ;.
We multiply (3.2), by u, in L2, and then use the integration by parts to obtain

[NEAE /(MAM +Na —goes) - u; dx.
Using (3.1) and Young’s inequality, we can derive from the above identity that

el < (@) [5 + o 13- (3.52)
Thus, we derive from (3.48), (3.51), and (3.52) that, for sufficiently small §,

luella + laello S [l(es,0) 3 + liow 13- (3.53)

Next we estimate || oy 5.
By (3.39), we can derive from (3.2); that

loellz < || 0)],- (3.54)
Now, we estimate o;. Multiplying (3.36); with i = 1 by o, in L2, we infer that

ol = [ (80 +9N5) 0. (3.55)
Using (3.1), (3.43), and Young'’s inequality, we derive from the above identity

lowllg < leee 51l 13 + lloell3 + Nl 3. (3.56)
Thus, by (3.52), (3.54), and (3.56), we can get

loella + llowllo < [ (0su0) |, (3.57)
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Finally, by (3.2);, we have

lloells < llulls, (3.58)
lowllz < Nlaellz + Nzl 1o l3- (3.59)
Thus, we get (3.46) from (3.52) and (3.53), (3.57), and above two estimates. O

Proposition 2 There exist a constant 5, € (0,1) and C > 0 such that, for any § < 8,, if the
solution (0, u, o) of LCRT problem satisfies (3.1), then for any t € (0, T), the solution (o, v, o)
satisfies the Gronwall-type energy inequality

t t t
£ +/ Ddr <C; (/ ”(Q, V,U)sz‘( + H (Qo,vo,ao) Hj) + A/ Edr. (3.60)
0 0 0

Proof We derive from Lemmas 2-5 that, for sufficiently large constant c;,

d

S eDi < a0 ua) |2 + lollaliulls + VED) e, (3.61)

where we have defined

o= IVpull + Ve + pleiss,un) | + | (@, 00 00) [ + 012,

Dy := |[(cattrster) |} + el + | (0, 000 000) |-

Integrating (3.61) over (0, t), and then using interpolation and Young’s inequalities, we get,

for any given ¢ > 0,

& +c/ (D1 + ||Q(r)||§) dr
0
551(0)+e/ lol?dr + 1/ (e, w)@)|; + VED) d, (3.62)
0 ¢ Jo

where the positive constant ¢ depends on ¢.
Noting that, by (3.31), (3.58), (3.58), (3.59), and Lemmas 6-8, we easily derive that there
exists a constant ¢ such that, for sufficiently small §,

&1, €, and || (o,u,0) || are equivalent for any ¢ > 0, (3.63)
D< C(D1 + ||Q||§)- (3.64)
Consequently, we immediately derive (3.60) from (3.62)—(3.64). O

Proposition 3 (1) Let 5 € C*(Q). Then there are a sufficiently small 8, € (0,1) and K; >0
such that if (0°, u°, o°) satisfies

VI u0,00)|; < 52, (3.65)

525 {(°+p)®)} =K1 >0, (3.66)
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and the compatibility conditions

diva®=0 in, (3.67)
(01, ur)li=0=0 on 9%, (3.68)

then there exist a local existence time T™* > 0 (depending on 8,, the domain and the known
parameters) and a unique local-in-time classical solution (0,u,o,q) € CO(H* x H? x Hy x
H?) to the LCRT problem.

(2) In addition, if the solution (o, u, o) further satisfies

sup H (o,u,0) “i <8, forsomeT < T™,

te[0,T)

then (o, u, o) enjoys the equivalent estimate (3.46) and the Gronwall-type energy inequality
(3.60).

Remark 1 For any given initial data (0% u° 0°) € H* x H* x Hj satisfying (3.65)—(3.67)
with sufficiently small 85, there exists a unique local-in-time strong solution (o, %,0,q) €
Co([0, T), H? x H? x H3 x H'). Moreover, the initial date of g is a weak solution to

div(Vg®/(e® + p))
=div((uAu® = Ac®- Vo0 - go%:;3)/(0° + p) —u® - Vu®) in Q, (3.69)
Vq® = (uAu’ — goles — Ac®- Vo) -7 onaQ.

If the condition (3.68) is further satisfied, i.e., (0°, u°, o°) satisfies

Vq® — nAu® + golez + Ac®-Vo®=0 onoQ,

(3.70)
Ac® +|Vol%e3=0 ondg,
then we can improve the regularity of (0, #, o) so that it is a classical solution for sufficiently
small 5.

Remark 2 For any classical solution (o,u,0) constructed by Proposition 3, and for any
given £y € (0, T™), we take (0, 4, 0)|;~, as a new initial datum. Then the new initial data
can define a unique local-in-time classical solution (p,#,5,g) constructed by Proposi-
tion 3, moreover, the initial data of g is equal to g|-;, by unique solvability of (3.69).

4 Construction of initial data for the nonlinear problem
For any given § > 0, let

<Qa’ua,qa) — 5€At(é0, ﬁO)éO), (41)
where (3°,7°,4°) := (-=p'it3/ A, 4, ), and (i, ) € Hﬁ X ﬂ3 comes from Proposition 1. Then
(0* u*,q*) is a solution to the linearized RTLC equations, and enjoys the estimate, for any

i>0,

|9 (s q%) |5, = ci)ae™. (4.2)
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Moreover, by (2.4),

[ P ) PR PP
Next we shall modify the initial data of the linear solutions.

Proposition 4 Let (3°,°,3°) be the same as in (4.1), then is a constant 83, such that for
any 8 € (0,83), there exists (u’,q") € H* x H® enjoying the following properties:
(1) The modified initial data

(00, upy45) :=8(2% °,3°) +8*(0, ', ") (4.3)

belongs to ﬂg x H* x H?, and satisfies the compatibility conditions (3.69), and (3.70) with
(u$, @) in place of (u®, q°).
(2) The uniform estimate holds:

ol + '] < o (4.4)

where the constant C, > 1 depends on the domain, the density profile, and the known pa-

rameters, but is independent of 5.

Proof Recalling the construction of (&%, 3°), we can see that (i1°, 3°) satisfies

divi® =0 in €,
A pi® + AVZ® - ApAR® =gp'ud inQ, (4.5)
7°=0 ond<.

If (u',07,q") € H* x Hy x H? satisfies, for any given §,

divi" =0 1in Q,
Vq - uAu" = gp'ules — Aol - Vol
+ (03 + p)(Y = (8° + 8%u”) - V(8i° + 8%u")) /8% in Q, (4.6)
divY = =8 A div(edi®/ (0} + p)) in R,
(T,u")=0 on g,

where (08, u),0¢,4%) is given in the mode (4.3), then, by (4.5), it is easy to check that
(03, ud,08,q5) Hy x H* x Hi x H?, and it satisfies the compatibility conditions (3.69);
and (3.70) with (ug, qg) in place of («°, ¢°). Next we construct such (u",0",¢") which satisfy
(4.5) for sufficiently small §.

Since H? < L, there exists a constant 84 > 0 such that

inf{w+ p} > inf{p}/2 >0 for any w satisfying || w|, < 4. (4.7)
xeQ xeQ

Moreover,
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(1) There exists (Y, q) € H? x H' such that

Vg—-AY =0, divY = -8 A div(edi’/(e} + p)) in <,

(4.8)
T=0 onos2
and
”(T’q)Hs,o <5 (4.9)
(2) There exists (u",q") € Hy x H 3 such that
divi' =0 inQ
Vq" — uAu":=gp'uses — Aol - Vol
q — K gp uses 0 0 (4.10)

+ (0§ + p)(Y — (8u° + 8%u”) - V(8i° + §%u")) /8%  in Q,
=0 ond,

and || (¢, q")|ls2 < ¢, where T is constructed in (4.8). We mention that the constant ¢ above
is independent of §. Thus we can get Proposition 4 from the above arguments. O

5 Error estimates and existence of escape times
Let

Cyi= /[ (8% 20) |+ G = 1, (5.1)

< (So = min{Sl,(Sg, 2C353,54}/2C3 < 1,

and (1), g5) be constructed by Proposition 4.
Noting that

(05, ) ||Z < (36 <2C380 < b4, (5.2)

then
inf{gg + ,5} > 0.
x€Q

Thus, by the first assertion in Proposition 3, one sees that there is a (nonlinear) solution
(u,q) of the problem defined in some time interval I7max with the initial value (03, u3).
Moreover, we have [ gdx = [ q}dx =0.

Let &9 € (0, 1) be a constant, which will be defined in (5.9). We define

T? := (A) ' In(go/8) > 0, i.e.,rSeATa = &g,
T* = sup{t € (0, T™*)|| (0, u)(r) |, < 2C38p for any T € [0,1)},

T = sup{t € (0, Tm‘”‘) | || (o, u)(t)“o < 2C38e! for any 7 € [0, t)}, (5.3)
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where T™3 denotes the maximal time of existence of the solution (o, %) € C([0, T™), H*

H?%). Obviously, T*T** > 0 and

X

(o, w)(T*) |, =2C3d0, if T* < o0, (5.4)

I u)(T*) |, = 2C38e™T, if T** < T™, (5.5)

We denote 7™ := min{T?, T*, T**}. By the definition of T**, we can deduce from the
estimate (3.60) that, for all £ < 7™,

t
E <8N 4 Af Edr. (5.6)
0

Applying Gronwall’s inequality to the above estimate, we arrive at, for some constant Cy,
£ < Cy8%e*M forall t < T™, (5.7)

In addition, we have the following error estimate between the nonlinear solution (o, #)
and the linear solution (0%, u%).

Lemma 9 Let gy < 84/Cy. There exists a constant Cs such that, for any § € (0,1) and any
te ITmin,

|| (Qd,ud) HN < Csv/83e3A8, (5.8)
where (0%, u?) := (0, u) — (0% u®), ¥ = L' or L?, and Cs is independent of T™".

Proof Please refer to [25, Lemma 3.1]. We mention that the condition gy < §4/C, makes
sure that inf,_s{o0 + p} > inf,5{p}/2 > 0. O

Now we define that

. C380 C% Wl%
£0 := min y—51—5 (>0, 59
0 ‘{c44c§4cg> (3)
mo i=min{ [0° | 1, 5] o [ (50, 73) [ 12 }- (5.10)
It is easy to see that m > 0 by (5.10). Now, we assert that
T® = T™" + T* or T*, (5.11)

which can be proved by contradiction as follows:
(1) If T™i" = T* < T?, then T* < co. Moreover, T* < T™ by Proposition 3. Note that we
can deduce from (5.3), (5.7), and (5.9) that
||(Q, u)(T*) ”4 < C45€AT8 = C480 < C380,

which contracts (5.4). Hence T™"  T*,
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(2) If T™in = T** < T%, then T** < T* < T™*, Moreover, making use of (4.1), (5.1), (5.3),
(5.8), and (5.9), we see that

[ w)(T) g = I(e*u*)(T™) 4 + (e, u')(T™)
S 8C3€AT** + C533/263AT**/2 S (SeAT**(CS + CS\/%)

<28C;e™T, (5.12)

which also contradicts (5.5). Therefore, T™" # T**, We immediately see that (5.11) holds.
This completes the proof of claim (5.11).
Since T? < T* < T™*, we can use (4.1), (5.8), and (5.9) to deduce that

le(T) = le* (7)1 = le*(T) ] s
> SeAT? 1oll,1 — C583/263AT5/2

> gollBollr — Csed? > moeo — Csed? > moeg/2. (5.13)
Similarly, we also have
s (T°) |1 = mogo - Csed? > moeo/2,
and
G, u2) (T°) || 1 = 111080 — Csed? > moeo/2,

where u; denote the ith component of #(T?) for 1 < i < 3. This completes the proof of

Theorem 1 by defining ¢ := mgpeo/2.
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