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1 Introduction

The theory of pullback (or random) attractors is a useful tool to study the long-time be-
havior of nonautonomous (or random) dynamical systems (see [1, 3, 7] and references
therein), in which the trajectory can be unbounded as “time” goes to infinity, and thus
classical theory of global (or uniform) attractors is not applicable. A pullback attractor
is a parameterized family {27 (t)};cr of nonempty compact sets of the state space, which
attracts bounded deterministic sets starting from earlier time. In recent years the upper
semicontinuity of pullback attractors for dynamical systems with different kind of pertur-
bations has also been widely studied (see, e.g., [2, 6, 10, 13, 14, 19, 21, 23, 24]). Simply
speaking, if {A.(¢)}:cr is the pullback attractor generated by the perturbed dynamical sys-
tems and {Ao(¢)}:cr is the pullback attractor for the unperturbed one, then we say that

{Ae()}ier and {Ao(2)}:er are upper semicontinuous in a metric space (X, d) if
lim disty (A, (2),Ao(t)) =0, VieR,
e—0

where, distx (-, -) denotes the Hausdorff semidistance distx (A4, B) = sup .4 infres d(a, b).
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In this paper, we consider the upper semicontinuity of pullback attractors for the fol-
lowing strongly damped wave equation:

02u + dpu — e Adu — Au+f(u) =g(x,t)  in Q x [r,00),
(u(r), 3eu(r)) = (uy, uy), (1.1)

u(x, t)'BQx[r,oo) =0,

where © C R? ia a bounded smooth domain, and ¢ € [0, 1]. For the nonlinearity f € C*(R)
with £(0) = 0,, we assume that it satisfies:

If" ()| < C(Jul +1), (1.2)
llirlninff/(u) > —A1, (1.3)

where A; > 0 is the first eigenvalue of —A.

The external force g(x, t) is assumed to satisfy: g(x, 1), d;g(x, ) € L2 (R; L*(2)), and

loc
¢ 2
/ e‘””g(x,s)” ds<oo forallteR, (1.4)
—00

where the positive constant o will be settled in the proof of Lemma 3.1.

The dynamic behavior of analogous equations have been analyzed in the literature under
different hypotheses. In the autonomous case (i.e., the forcing term g(x;, £) = g(x)), the well-
posedness, existence, and regularity of global attractors have been studied extensively for
more general damped wave equations [4, 5, 8, 9, 12, 15, 16], and the exponential attrac-
tors and dimension estimates for global attractors are considered in [11, 15, 17]. In the
nonautonomous case, we refer the readers to [20-22, 25] and references therein.

When ¢ =0, Eq. (1.1) reduces to the usual wave equation without strong damping term
—Ad;u. Our main purpose in this paper is to study the limiting behavior of Eq. (1.1) as ¢
goes to 0. More precisely, we will prove the upper semicontinuity of pullback attractors
in H}(2) x L*() for Eq. (1.1), that is, that the pullback attractor {A.(£)};er (¢ € [0,1]) for
Eq. (1.1) satisfies

lim sup distHé L2 (Ag(t),AEO (t)) =0 forallg €[0,1] and [a,b] C R.

€780 te[a,b]

For Eq. (1.1), if the initial data belong to Hg(R2) x L?(R2), then its solution is always in
H} () x L?(2) and has no higher regularity, and we cannot obtain the compactness prop-
erty by showing the boundedness of solutions in higher regular phase spaces. In this paper,
we apply the techniques of Zelik [25] to overcome this difficulty and establish the asymp-
totic compactness of solution operators with perturbations (see Lemmas 3.3-3.5).

The structure of the paper is as follows. In the next section, we first recall some basic
concepts and conclusions of the theory of pullback attractors and then prove an abstract
result for verifying the upper semicontinuity of pullback attractors (Theorem 2.2), by ap-
plying which we prove the upper semicontinuity of pullback attractors for Eq. (1.1) in
Sect. 3.

We introduce some notation that will be used in the paper. We denote by (-,-) and || - ||
the inner product and norm in L2(S2), respectively. Let H® = D((-A)?%) (a € R) be the
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scale of Hilbert spaces generated by the Laplacian with Dirichlet boundary conditions on
L%(R) (see [18] for more detail) and endowed with standard inner products and norms,
respectively,

(hpe = ((=8)3, (=) %) and |- e = [(=2)3].
In particular,
H'=H'Q), H=L*Q), H' =H)Q).

Then we have the continuous embeddings H* < H’ for any s > r,
6 3
H*— L3%5(Q), Vse |:0, 5)' (1.5)

and the following inequalities.
Interpolation inequalities: if r = 0s + (1 — 0)q, where r,s,q € R,s > g, and 0 € [0, 1], then
there exists a constant C > 0 such that

letllper < Cllullysluliz, Vo e .
Generalized Poincaré inequality:
Mlulfe < lulfu, YueH (1.6)
We define the product Hilbert spaces as follows:
ET=L*(QxHQ), E£=H;(Q) x LX),
and
EY =H" x H*(« € R).
For any given function u(¢), we shortly write
&u(0) = (u(), 0,u()) and  [&,(0)| % = | Vull? + |||

Throughout the paper, the symbols C and Q stand for a generic positive constant and a
generic positive increasing function, respectively.

2 Preliminaries
In this section, we collect some basic facts from general theory of pullback attractors (see,
e.g., [1, 3]) and then state an abstract result for verifying the upper semicontinuity of pull-
back attractors.

Let us define a nonautonomous dynamical system by a process on a Banach space X
with norm || - || x, that is, a family of continuous mappings U(¢,t) : X — X, t > 7, such that
U(t,t)=1d and U(¢t,s)U(s,T) = U(t,T) forall t > s> 1.

Page 3 of 19
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Definition 2.1 A family of compact sets &7 = {A(¢)};cr is called a pullback attractor for
process U(-,-) if
(i) < is pullback attracting, that is, lim;_, o distx (U(¢, t — 7)D, A(t)) = 0 for all bounded
DcCX
(ii) .« is invariant, that is, U (¢, 7)A(t) = A(¢) forall £ > 7.

Definition 2.2 A family of sets & = {D(¢)}cr is said to be pullback absorbing with respect
to U(-,-) if for every ¢ € R and any bounded D C X, there exists T > 0 (which depends on
t and D) such that

U(t,t—t)DC D(t) forallT >T.

Definition 2.3 A process U(:, -) is said to be pullback Z-asymptotically compact in X if for
any ¢ € R and any sequences T, iy oo and x,, € D(t — t,,), the sequence {U(¢, t — T,) %} nen

is relatively compact in X.

Theorem 2.1 (see [3]) Let a family 9 = {D(t)};er be pullback absorbing, and let U(-,-)
be pullback Z-asymptotically compact in X. Then the family o/ = {A(t)}cr defined by
A(t) .= A, t), where

A2,1) = ﬂUU(t,t—r)D(t—t)X forteR, (2.1)

s>01>s8

is a pullback attractor for U(-,-). Moreover, if for any t € R, there exists T > 0 (which de-
pends on t) such that

Uitt-t)D(t—t)C D) forallt>T, (2.2)
then
lim disty (U(¢,t - 7)D(t - 7),A(t)) =0 foreachteR. (2.3)

Lemma 2.1 Assume that for every ¢ € [0, u], a process U,(-,-) has a pullback absorbing
family De = {D.()}1er satisfying (2.2). Assume that for any sequences {€,},en C [0, ],
{ti}nen C [a,b] C R, {t,}ueny C R* with 1, jaty 00, and x, € D, (a — t,), the sequence
{Us, (tn, @ — Ty)Xn}uen is precompact in X. Then

(i) forevery e € [0, ), Uc(-,-) has a pullback attractor oe = {A¢(£)}ter;

(i) Urerap) Ueefoy Ae(8) is precompact in X.

Proof From Theorem 2.1 we immediately get (i). Taking any sequence
%n € Useian) Ueepon Ae (1), without loss of generality, we let x,, € A, (£,). Then we can
find sequences 1, — oo and &, € D, (a — t,,) such that

1
” usn(tma - Tn)gn —Xn H < ;: VneN.

Then from the assumptions we easily obtain the precompactness of {x,},x. g
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The theory for verifying the upper semicontinuity of pullback attractors has been con-
sidered by many authors; see [7, 13] and references therein. By applying the ideas of [13,
Theorem 4.1] we get the following result.

Theorem 2.2 Let X, Y be two Banach spaces with norms || - || x and || - ||y, respectively, and
let X be continuously embedded into Y. Assume that for every ¢ € [0, 1], a process U,(-,-)
has a pullback absorbing family 9. = {D.(t)}icr satisfying (2.2), and a pullback attractor
e = {Ae(t)}ter is given by Theorem 2.1. Suppose the following assumptions hold:

() De = {De(t)}ter is independent of €, and D, (¢) is closed in X for each t € R;

(ii) forany T >0, any sequences {t,}nen C la, b] such that t, futy to, {Entnen C [0, 1]

n—0o0 n— o0 )
such that e, — &g, and {x,,}nen C X such that x,, — x¢ in X,
n—0o0 .
U, (twa—T)x, — U (to,a—-T)x0 inY; (2.4)

(iii) for any [a,b] C R,

U U Ag(t) is precompact in X. (2.5)
tela,b] e€[0,u]
Then
lim sup distX(Ag(t),Ago(t)) =0 foralley € [0, pn]. (2.6)

€780 te[a,b]

Proof Step 1. We prove that under our assumptions, for any ¢ € R, any sequences
{en}neny C [0, 1] such that ¢, faty g0, and y, € A, (t), there exist yy € A,y (t) and a sub-
sequence {¥y; }keN C {¥u}nen such that

k—o00

Yy — Yo inX. (2.7)
m—>00 . (m)

Let r,, — oo.Forall m,n € N, there exist z,, * € A,,(a — t,) such that

Y = Up, (t, @ — T,) 2", (2.8)
By assumption (i) we let

D.(t)=D(t) forallteRande € [0, u],
and by assumption (iii), without loss of generality, for each m, we let

(m) n—o0
zy" — zy € D(a—1,).

Let yom = Ug, (t, @ — Tn) 2w, and, without loss of generality, let

Yom —> Yo EAso(t)~ (29)
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By assumption (ii) we find

lim ||y, — Yomly = lim || U, (t,a—- rm)zﬁlm) U (t,a— Tz, H y =0 (2.10)
n— 00 n—00

Then, combining (2.9) and (2.10), for any § > 0, we can find m;, N5 € N such that

lyn = Yolly < 1yn = Yomsly + 1¥om; = yolly =& forall n > Nj. (2.11)

From assumption (iii) we also know that {y, } ,cn is precompact in X. Thus by (2.11), noting
that X — Y, we immediately get (2.7).
Step 2. We claim that for any sequences {t,},en C [4, b] such that ¢, [ty to, {€ntnen C

[0, i] such that g, n:io g0, and x,, € A, (t,), there exist a subsequence {x,, }xen C {¥y}ren
and x} € A (t,,) such that for any § > 0, we can find N € N large enough such that

||x,,k—x,’j||X§8 forall k > N. (2.12)
Let t > 0. We can find y, € A, (a — 7) such that

xy = U, (ty,a—1)y, forallmeN. (2.13)

n

By (2.7), without loss of generality, we let

n—00

I — Yyo(€Agpla—1)).
Setting
xfy = Ueo (tny @ — T)yo (€ Aeo (8))
and using assumption (ii), we readily check that

lim [x, -}, =0. (2.14)

n—00

On the other hand, assumption (iii) implies that sequences {x,},en and {x}},en are pre-
compact in X, from which, together with (2.14), noting that X — Y, we immediately ob-
tain (2.12).

Now we are ready to prove (2.6). If not true, then we can find § > 0, sequences {&,,},eny C

[0, u] such that &, n:o;) £0, {tu}nen C [a, b] such that ¢, n:io to, and x,, € A, (t,) such that
distx(x,,,Ago(t,,)) >¢§ forallmeN. (2.15)

It follows from (2.12) that we can extract a subsequence {x,, }xen from {x,},en and xj; €
Agy(ty,) such that

oo — 2], =0,

which contradicts (2.15). The proof is completed. d
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3 Upper semicontinuity of pullback attractors for Eq. (1.1)

The existence and uniqueness of (weak) solutions u to Eq. (1.1) is classical (see, e.g., [4, 5])
and can be obtained by the standard Faedo—Galerkin method. Such solutions satisfy: for
anye >0and [r,T] CR,

ueC([r, T, Hy(Q)),  dueC([r,T),LX(RQ)).

As a consequence, for any ¢ > 0, we can construct the process U, (¢,7) associated with
Eq. (1.1) as follows:

U, (£, = (u(0), 0,u(t)) with§ €&,

and the mapping U, (¢,7) : £ — & is continuous.
The main result of this section can be stated as follows.

Theorem 3.1 Let assumptions (1.2)—(1.4) be satisfied. For any ¢ € [0,1], there exists a
pullback attractor <, = {A.(£)}ser for Eq. (1.1) such that

lim sup distg (Ag(t),Ago(t)) =0 foralleye[0,1] and [a,b] CR (3.1)

€70 tea,b)

and

U U A.(t) isprecompactinE. (3.2)
tela,b) €[0,1]

Lemma 3.1 Under assumptions (1.2)—(1.4), we have the estimate
t
@l e [ (19| + o)) ds
t
< Ce"’(H)(”éu(r)H: +1)+ Ce’”/ e’ |g(x,s) ||2 ds+C (3.3)

forall e € [0,1], t > r, and any §,(r) = (u(r), 0,u(r)) € £, where o > 0 satisfies (3.16), and
C > 0 is independent of r,t, and ¢.

Proof Let F(u) = fou f(s)ds. From (1.3) we obtain that

(f(u),u) = —pllul® - C,, (3.4)
(Fu), 1) >~ pllull® ~ C,, (35)
2
(), ) = (F(u), 1) = = pllul® = C, (3.6)
2

for positive constants p < A1 and C, (see [17] for more detail).
Multiplying Eq. (1.1) by 2(d;u + du) and integrating over 2, we have

%A(t) +8A(2) + 26| Voull® + T(2) = 2(g(, £), 01 + Su), (3.7)
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where

A@) = (1 +&8) | Vull® + 8llull® + | 9ull® + 28(d,u, u) + 2(F(u), 1) + 2C,
and

T(8) = 28| Vaull® + (2 = 28)118,2]1* + 28(f (1), 1) = SA(2).

Let

1 A -
0< 68 <min{ —, 1=h . (3.8)
2 )\.1+2

By (1.2) and the Sobolev embeddings H} (2) < L(2) < L*(2) we have
|{f (), u)| < c/ (L+ul*)dx < C(1+ [lullja) < C(L+[Vu|*). (3.9)
Q

From (3.4)—(3.9), applying Cauchy’s inequality and Poincaré’s inequality A1 ||| < || Vu|?,
we deduce that
A() = (1+88) | Varl|* + 8wl + |0y
— 8119uel|® = 8| uall® = ol ual|®

> (1= pATH)IIVul® + (1= 8) 10,

> C1 &) (3.10)
AD) < (1 +&8)|Vull® + (28 + p)[lull® + (1 + )| 0,ul®
+2C(1+ || Vu||*) +4C,
a1 a1 2 1 12
<1 +20)|Vul* + Ellatull + 5(1 +&8)° + E((28 + P)A] )
1

+ 5(1 +8)? +2C +4C,

< G(|a®]z +1) (3.11)

and

I'(t) > 28| Vul|® + (2 — 28)||8,ul|* — 8(1 + £8) || Vu >
— 8%\l — 81|0pual|* — 28° (0,14, 1)
+28({f (), u) — (F(u), 1)) - 26C,

> (28 - 8(1 + £8) — 28°A7" = 8pA7 ") | Vul|?
+(2-28 - 8 - 8%)||0,ull” - 45C,
> 278 (1 = p) = 8(h1 +2)) | Vuel|?

+(2—48)||d,ul* - 45C,
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> G| &(0)]) % - Can (3.12)

where C; = min{1 - pA;5, 168}, Cy =4+ (2071 +1)? + 2C +4C,, C3 = min{A;18((A; — p) —
8(21 +2)),2 - 48}, and Cu = 46C,.
By (3.8) and Cauchy’s inequality we observe that

2(g(x, ), dyu + Sus)

<2(g(x,t), du) + 2(g(x, 2), Su)

C
<4C3 gl )"+ (3% Nl + 0u]?)

C
<4C3'gx 0| + 73 &) - (3.13)

Combining (3.10)—(3.13), we estimate (3.7) as follows:

d
A+ AW + el Vaull> < 4C;"|gx, )| + Ca. (3.14)

Multiplying this inequality by ¢!, we have

%(e‘”A(t)) +(8—0)e’ At) <4C5 e ||g(x, 1) H2 + Cue’t, (3.15)
where
0<20 <34. (3.16)

Integrating (3.15) from r to ¢ and considering (3.10)—(3.11), we have

Gt a0 + s - o) / & £,(5)|2 ds

t
< G (6] + 1) + 4G5 / &S gtrs) |2 ds + Cao e,

r

After a simple computation, we arrive at

t
o2+ e [ e feo]2ds

<c <e—ﬂ<t—r)(ngu(r) Jtenven [ e g s)|Pds + 1), (3.17)

r

where Cs = (C1(8 — 0))7(Cy + 4C3' + C4071). The proof is completed. O

Corollary 3.1 Assume (1.2)—(1.4). Then, for every ¢ € [0, 1], the process U, (-, -) has a pull-
back absorbing family 9 = {D(t)}icr in &, which is independent of ¢ € [0, 1] and satisfies
(2.2).
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Proof Set
t 12
R(t) = <2Ce“”/ ¢ ||g,s)|| ds + 2C> , (3.18)
D(t)={g €& l§lle <R@®)}, (3.19)

where C given by (3.3). By Lemma 3.1 the family 2 = {D(t)}:cr is pullback absorbing for
every U,(,-).
Choose y > 0 satisfying

20 <y <3$, (3.20)

where § > 0 is given by (3.8).
From the proof of Lemma 3.1 we easily check that inequality (3.3) still holds if o is re-
placed by y, that is,

t
||Su(t) ||i~ < Ce‘”((R(t - t))4 + 1) + Ce_”t/ e(y_”)se‘””g(x,s) ||2 ds+C

<Ce7"((R(t-1))* +1) + Ce* / t ¢ ||gtx,s)||* ds+ C (321)

for all u,_, € D(t — 7).
By (3.18) and (3.20) we observe that

e (RE-1))* = 0, (3.22)
which, together with (3.19), implies that the family {D(¢)},cr satisfies (2.2). O

Lemma 3.2 Under assumptions (1.2)—(1.4), for any {t,}uen C la, b] such that t, = to

{eu}nen C [0, 1] such that ¢, njio g0, and {x,}nen C E such that x,, nio>o X0, we have
” U, (ty,a — T)x, — Ugy (to,a — T)xo ”5,1 futy 0, Vr>0. (3.23)
Proof Set &,,(£) = (un(2), d;un(t)) = Uy, (t,a — T)x, and &, (¢) = (uo(t), 0su0(t)) = U, (t,a -
7)xo be solutions of Eq. (1.1) with initial data &, (¢ —t) = x,, and &, (a—T) = xo, respectively.
Set z,, = u,, — up, which solves the equation

sz,, + 0:2 — Nz — 0 A0szy, = —(f(u,,) —f(uo)) + (&, — €0) A0suty, (3.24)

with initial condition &,, (a — t) = x,, — %o.
Let us introduce the functional

1 _1
T1(8) = (1 + &08)1zull” + 8l zull?o1 + 182171 +28((=A) 29z, (- A) 2 2,).
Taking 0 < § < 1, we observe that

1-9)|&., (t)lli,l <T(E) <2(1+27") &, () ||§,1. (3.25)
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Multiplying (3.24) by (-A)~}(d;z, + 8z,) and integrating over 2, we have

d
1O+ 281 zull* + (2 = 28) 10,2 ]12,-1 + 28011,z ]|

= —2<f(u,,) _f(u())r (_A)_l(atzn + 82,,))
— 26, — £0)(~ A, (=A) (B2, + 82,)).

By (1.2), (3.25), and the embeddings H! < L°(Q), H® — H !, applying Cauchy’s and
Holder’s inequalities, the right-hand side of the above equality can be estimated as follows:

2|(f () = f (o), (=A) ' (024 + 62,))|

<c / (tnl? + 110 + 1) 2| (=AY @y + 520)]| dix
Q

6 6 3 2 : A1 6 g
C(/Q(|un| + |uo +1)dx> (/Q |zl dx> (/Q|( A) (024 + 82,) | dx)

Clunll + luoll3n + 1) 1zall (| (=A) 00z | 30 + [ (=A) 2] 5,1)

IA

IA

2 2
Clunlizp + Nutoll3n + 1)zl (18ezullgg + 112all3-1)

< C(lunlln + Nuoll3,n + 1)TI(2)
and

2(en — £0) [~ Adettn, (—A) (2 + 82,))|
< 20— £0)|[(=A)2 Bytty, (—~A) 3 (3,2, + 82,))|

< 2(en — £0)*19ettnlly 1 + 102151 + 82 11Zull5 -1
Hence
%H(t) < C(llunll5ps + ol + 1)TI(E) + 26, (€0 — £0)* - €l Ot l51- (3.26)
Integrating (3.14) from a — t to b, we get
b 2 2
/a—T(”u(t) ||H1 + 8H 0;u(t) HHI) dt <Q forallee[0,1], (3.27)

where Q > 0 depends on a — 7, b, and ||§,(a — 7)| ¢ but is independent of ¢.
By (3.25) and (3.27) an application of Gronwall’s inequality to (3.26) entails

sup |65 < Q&a@— )51 + Qe (en — £0)%
te|a,
where Q > 0 depends on a — 7, b, and D(a — 7) but is independent of ¢.

Taking the limits as # — oo yields

n— 00
sup || U, (t,a—T)x, — U (t,a—T)xg ||£_1 — 0. (3.28)
tela,b]

Page 11 0of 19
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Since U, (-,a —t)x € C([a - 1,b],E), we have

|Ue, (b0 = s — Uey (to, @ — T)%0 | o1

< | U, (@ = T)xn = Usy (s — 7)o o1

n— 00

+ || Uey (tns @ = T)x0 — Ugy (t0,a = T)xo | -1 —> 0. (3.29)
This finishes the proof. O

To obtain the regularity estimates, we will apply the ideas of Zelik [25].
Split the solution U(t, r)&,(r) = u(t) of Eq. (1.1) as follows:

U(t,r)Eu(r) = V(& 1)&,(r) + W(t,r)&w(r), (3.30)

where V(¢,7)§,(r) = &(2) and W (¢, 1)&,(r) = §,(2) solve the following equations, respec-
tively:

32V + 3,y —eAdv— Av+f(v) + Lv =0,
%‘v(r) = &t(r)! V(x: t) |BQ><[r,oo)= 0,

(3.31)

and

2w+ 0w — e Adew — Aw + f (u) — f(v) = Lv(¢) + g(x, 1),

éw(r) =0, W(xr t) |8$2><[r,oo): 0,

(3.32)

where L > 0 will be settled in the proof of Lemma 3.3.

Lemma 3.3 Assume (1.2)—(1.4). Then for any [a,b] C R and p > 0, there exists T, > 0 such
that the following estimate holds:

sup || V(t,a-1)§(a-1) ||; <wp forallt=>T,, (3.33)
§v(a-t)eD(a—1)

tela,b]

£€[0,1]

where {D(t)}:cr is defined by (3.19).

Proof Let y > 0 satisfy (3.20). Using the same argument as in the proof of Lemma 3.1, we
have

sup 6,05 < Ce 7T ((Ra-1)* +1) + C.
8la-r)eDle-o)

Then we can find T > 0 large enough such that

sup ||f;‘v(t) ||z <C forallt>T. (3.34)
&y(a-t)eD(a-T1)

tela,b)

e€[0,1]
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From (1.3), noting that £(0) = 0, we have
(3.35)

FO)A) 2 KV and - (F),1)= 2 IvI?

for some positive K.
Let 0< 4 <1 and L > K. Multiplying (3.31) by 9,v + v and integrating over €2, we have

%Cbg(t) +B)|&(0)] 3 <0 foralle 0,1, (3.36)
where 8 = min{2(1 - §), 28}, and
() := P (V(t,a—1)§,(a— 1))
(3.37)

= 0gvI> + IVVI? + 81wl + e8I Vv + 28(3,v, v) + 2(F(v), 1) + L]|v||>.

In light of (1.2) and (3.35), noting that L > K, we easily realize that & (¢) fulfills the in-

equalities

2
Cl6®]: < @0 < &(|60]« + 1) (3.38)
for some suitable positive constants Cj, Cy, which are independent of ¢.
By (3.34) and (3.38) there exists 7" > 0 such that
sup <I>8(V(t,a -1)é(a— r)) <C foralz>T, (3.39)
&y(a-t)eD(a-1)
tela,b]
e€[0,1]

where C > 0 is independent of  — 7, £, and ¢.
Next, we claim that for any > 0, there exist 7, > a and ¢, € [a — 7,, 4] such that

(3.40)

d
Z0:(Viba-r)6a-1))|,, =

forall ¢ € [0,1] and &,(a — 7)) € D(a — ). If not, then for 7, futy 00, there exist ¢, € [0,1]

and &,(a — 1,) € D(a — 1,,) such that
d
D, (V(t,a - 1), (a— Tn)) <-n forallte[a—-1,alandneN. (3.41)

dt

Hence, integrating the above inequality over [a — %, a] and considering (3.39), we get that

there exists N € N large enough such that

@, (V(ﬂ, a-t,)&(a- Tn))

~ C
<-C+ d>€n(\/<a - —,a- ‘L'n).‘;:v((l - ‘L'n)> <0 foralln >N,
n

which contradicts the positivity of ®.(¢) (see (3.38)). Thus (3.40) is correct.

(3.42)
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Exploiting (3.36) and (3.40), we have

2
sup  Bl&E) | < (3.43)
&v(a-tp)eD(a-1y)

£€[0,1]

which implies

sup Q. (V(tya-1)é(a—1,)
Sv(ﬂffr])eD(ﬂ*Tr])
c€[0,1]

< sup [0 (Vtpa-n)ela—1)) | Bla)]: <) (3.44)

Sv(ﬂ—‘fn )GD(“—TU)
e€[0,1]

Inequality (3.36) implies that ®.(t) is a nonincreasing function. Note that ¢, € [a — 1,,4]
and hence

. (V(t,a-t)6(a-1,) < De(V(ty.a—1)é(a—1,) forals>a, (3.45)
which, together with (3.44), yields

sup . (V(t,a-1,)6(a 1)
&y(a-ty)eD(a-1y)
c€[0,1]
telab]

< sup (@ (Vtpa-t)Ela-1,)) | Blla)| s <n). (3.46)
Ev(ﬂ*?g[%Dlﬁﬂ*Tn)

Since V/(-,-) forms a process on &, by (3.34) we can find T), > 0 large enough, which depends
on t,, such that

V(a-t,a-1t)Dla-1)CD(@a-1,) forallt>T,andalle€](0,1].
Thus, in view of (3.46), we arrive at

sup d, (V(t, a-1)¢(a—- ‘L'))
&y(a-t)eD(a-T)
£€[0,1]
tela,b]

< sup [0, (Vtpa-1)6(a-1)) | B]& @) |E <n)
Ev(a—:ne)[f)[ﬁa—fn)

forallt > T, (3.47)

From the definition of @, (£) we easily to check that ®.((v1,v2)) — Oas ||(v1,v2) ||§ — 0 uni-
formly with respect to ¢ € [0, 1]. Then from the above analysis, fixing 1 > 0 small enough,
we can choose >0, 7, > 0, and t,, € [a — 7,, 4] such that

sup Btz <n
Ev(a—fn)GD(a—Tr])
c€[0,1]
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= sup o, (V(tn,a -1)é(a - rn)) < Ciu,
&y(a—ty)eD(a-1y)
£€[0,1]

which, together with (3.38) and (3.47), implies

sup &) ||2£ <p forallt>T,
&y(a-t)eD(a-1)

tela,b)

£€[0,1]

where T > 0 large enough. This completes the proof.
To obtain the regularity of w, we need the following result in [25].

Lemma 3.4 Let« € [0, %). Then

|1 - (=2) uz |5 < Cllw llggest 121 3401,

a3 - (=A)* s ||L% < Clluslpe lluallge

Page 15 0f 19

(3.48)

(3.49)

(3.50)

Sfor all uy € H**, uy € H*™L, and us € H®, where the positive constant C depends on o but

is independent of uy and u;,.

Lemma 3.5 Under the same assumptions of Lemma 3.3, for any o € [0, %), [a,b] C R, and

M >0, we have

sup [W(ta-1)Ewa-1)|e0 <Q
léw(a—7)ll<M
tela,b)
c€[0,1]

where Q > 0 depends on o, a — t, b, and M but is independent of ¢.

Proof Multiplying Eq. (3.32) by (—-A)*9;w and integrating over €2, we have

d
E(II@WII% W3 ) + 208wl 50 + 2618W13 0

< 2|{f(v +w)—f(v), (—A)“B,W>| + 2|<Lv +g(x, 1), (—A)"‘atw)|.

Applying (1.2) and the embeddings H! < L8(Q), H**! < H?*, we deduce that

2/{f(v +w) —f (W), (=A)*0,w)]

= C/Q(l + |ul® + ) (Jul + [V])[(=2)*9,w| dx

IA

2 2
< C(L+ Nullzp + 1vI50) (atllggr + 1Vl ) 18wl 342
C
&

£
6 6 2
< < (L 1l + I05) + 5 101

C(/Q(l +1ul® + v°) dx) : (/Q(|“|6 ) dx>% (/Ql(—M“atw\de)%

(3.51)

(3.52)
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and

C
2(Lv -+ g1, (-Ay 0] < = (V1 + g ) + S 18w o

As a consequence, inequality (3.52) improves to

® 0O

d
(18w e+ IWI2 ) + W2 e < — (L + S,y + VIS, + e )] ).

dt

Integrating this inequality from a — 7 to £ and considering Lemmas 3.1 and 3.3, we deduce
! 2
/ 2 || 0:w(s) H g+l ds<Q foralltela,b], (3.53)
a—T

where the positive constant Q depends on a — t, b, and M but is independent of ¢.
Differentiating Eq. (3.32) with respect to ¢ and setting 0(¢) = d,w, we have

320 + 3,0 —e N30 — A = —(f’(u) —f’(v))atu —f' (V)0 + Loyv(¢) + 8,8 (., ) (3.54)
with initial condition
0(r) = 0,3,0(r) = Lu(r) + g(x, 7). (3.55)

Taking the scalar product of (3.54) with (—~A)*~1(3;0 + 66) (where § > 0 is small enough),
we find that

d
E\D(t) +8W(t)

< —{(f' v+ w) —f' (1)), (-A)* (0,6 + 56))
~((F ) =)0, (-A)* (3,6 +50))
+(Logv(t) + ,g(x, 1) = f/(0)0, (= A)* (3,0 + 86))

= 11 +12 +13, (356)
where
W(2) = (1€ et + 8116115 0mr + 81101150 +28(0,6, (—-A)*'6), (3.57)
and we easily check that
Cill&o s < W (E) < Callépll 20 (3.58)
for some positive constants C; and C,.
Next, we estimate [1, I, and I3 one by one.
From (1.2) we have

If'v+w)=fw)| <C(L+|v+wl+v])wl, (3.59)

where C > 0 is independent of v, w, and ¢.
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Taking the H* !-norm of the both sides of Eq. (3.32), applying (1.2), Lemmas 3.1 and
3.3, and the embedding H! < L%(R2), we derive that

ledew + wlipan < [|07w]50mr + CI10WI + [f @) | + [F W] + g 8)] + LivIl)
< 190111 + Q, (3.60)

where Q > 0 depends on a — 7, b, and M but is independent of ¢.
Due to Lemma 3.4 and (3.59) and (3.60), we estimate I; as follows:

L < C(1+ [lullgs + 1vIs) 1Bzl | w- (—A)* 73,6 +860)] 5

< QlIwli3as1 1130 + 86 [l 341

< Q(lIlw + 0wl part + £l 0wl gar1 ) 1060 + 86 || 3a1

< Qliéol12ams + 210w 0m + Q, (3.61)
L= [f ) -fO)]]0- 277 @0 +60)] 3

< C(IVl3 + 1) 1011341106 + 86 || 301

< Ql& 2> (3.62)

and

I < C(I8ull + 13v] + [[8:g(x,0)[|) 180 + 80131 < N6l 2arr + Q (3.63)

where Q > 0 depends on «, a — 7, b, and M but is independent of ¢.
Combining (3.58) and (3.61)—(3.63), we simplify (3.56) as follows:

d

ZV0 QU@ + &30+ Q (3.64)
Applying the Gronwall inequality to (3.64) and using of (3.53), it follows that

||8tw(t)||Ha + || 8t2w||w,_1 <Q forallte[a-rt,bland ¢ € [0,1], (3.65)

provided that ||&,(r)|| < M.
Now we rewrite Eq. (3.32) as

ed,w(t) + w(t) = (-A)TH(®), (3.66)

where H(£) = 32w —9,w— (f (u) —f(v)) + Lv + g(x, £) and (-A)'H(¢) € Cy([a -, b], L*(R2)).
Applying the variation of constants method and considering the fact that &,(a —7) = 0, we
obtain

1 t
w(t) = —e ¥t / e (= A) " H(s) ds. (3.67)
From Lemmas 3.1 and 3.3 and (3.65) we find
”H(t) ||Ha,1 <Q foralltela-rt,bland ¢ € [0,1], (3.68)

where Q > 0 depends on «, a — 7, b, and M but is independent of ¢.
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Finally, combining (3.65) and (3.68) and taking the H**!-norm of both sides of (3.67),
we get the desired conclusion. The proof is finished. O

The proof of Theorem 3.1 The existence of pullback attractors follows directly from The-
orem 2.1, Corollary 3.1, and Lemmas 3.3 and 3.5. Then by Lemmas 2.1, 3.2, 3.3, and 3.5
we readily check that all assumptions of Theorem 2.2 (with X = £ and Y = £7!) are satis-
fied. O
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