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decreasing property of the energy functional. Firstly, the existence of a global solution
for the wave equation is proved by the Faedo...Galerkin method. Then, in order to
obtain the nonexistence of global solutions for the wave equation, a new functional is
de“ned. When the initial energy is less than zero, the special properties of the new
functional are proved by the method of contraction. Finally, the conditions for the
nonexistence of global solutions of the wave equation with acoustic boundary
conditions are analyzed by using these special properties.
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1 Introduction

Wave equation is a partial di erential equation describing wave phenomenon, it can be
used in many di erent “elds, such as acoustics, electromagnetics, "uid mechanics, and so
forth. The existence of global solutions has been one of the key issues in the study of wave
equation. As we all know, there are three kinds of boundary conditions commonly used
in wave equation, namely Dirichlet condition, Neumann condition, and mixed boundary
condition; however, the three conditions signify that the waves travel in the same medium.
Infact, when the sound waves enter from one medium to another, some of the sound waves
will be re”ected back and some of them will be transmitted through, so it is necessary
to discuss the wave equation under the acoustic boundary conditions. In this paper, we
analyze the existence and blow-up of the global solution of the wave equation under the
acoustic boundary conditions. We consider the following wave equation with acoustic
boundary conditions:
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I1 I2
= alufit.. blul%d, x o L,t>0, 1)
i=1 =1

the initial boundary conditions are as follows:

ul gx,+ )=0,

LU A ud AR =Ry, () 1% (0,4 ),

ur+fOQye+a(x)y=0, &t 1% (0,+ ), 2)
U(X1 O) = Uo(X), Ut(X, O) = Ul(X), X )

y(X, O) ZYO(X): X 1,

where , ,a&;,bj>0,2< <m,and 2<Q;, <---<(2<Q1<pPp<P2<---<p,<r are
constantsr = 'L is the critical Sobolev index of the space/tm( ). R'(n 3)isa
bounded domain with the smooth boundary = ¢ 1,where gand ; are disjointand
closed. The unit outward normal vector to the boundary is denoted b.f,q,h: ; R*
are bounded essential functions, satisfying Ojs  q(x) and 0 <hp  h(x) foranyx 1.
The di erentiable function y indicates the material of the surface.

The second and third equations ing) are known as acoustic boundary conditions, and
they simulate a porous boundary. For decades, many achievements have been achieved
on the wave equations with Dirichlet conditions, Neumann condition, or mixed bound-
ary condition; however, these conditions cannot perfectly deal with the problem of wave
propagation in mixed media. Hence, acoustic boundary conditions with intuitive mod-
els began to be widely considered by scholars. Morse and Ingdiffitroduced acoustic
boundary conditions in 1968. Beale and Rosencrard {rstly proposed a general form
of acoustic boundary conditions and proved the existence and regularity of the solution
of wave equation under acoustic boundary conditions. Recently, many results have been
obtained under acoustic boundary conditions. For instance, Gerbi and Sai-Houari stud-
ied a class of semi-linear wave equations and proved the existence of local solutions by
the Faedo...Galerkin approximation and contraction mapping theorem 8}.[Frigeri ana-
lyzed the global asymptotic behavior of solutions of a class of wave equationglinThe
decay rate of viscoelastic wave equations are discussed]nThe existence and nonex-
istence of global solutions for viscoelastic wave equations are analyzedjnNonlinear
and quasi-linear viscoelastic wave equations are studiedhdnd [8], respectively. Jeong
et al. obtained the nonexistence conditions of global solutions for a class of quasi-linear
wave equations with acoustic boundary conditions by using the energy functional method
in [9]. The global solutions of wave equations with time delay are analyzed 19] More
studies on the wave equation with acoustic boundary conditions can be found1i[.13].

For the wave equation with positive de“nite energuy ... u = ..Ju|?-%, the existence
of solutions can be proved by the Galerkin approximation method. For the wave equa-
tion with nonpositive de“nite energy ug ... u = |u|P %, the global existence of solu-
tions was proved by using potential well method in 19684)], and the existence, blow-
up behavior, and vacuum isolation of solutions were also discussedif][and [16]. In
2007, [L7] and [18] introduced a class of wave equations with di erent sign source terms,
Ug ... U= alulP%..bJu|%%, and investigated the existence and blow-up of global so-
lutions. Recently, 19] proposed a class of wave equations with multiple nonlinear source
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terms and studied the existence and nonexistence of global solutior2§] jnd [21] applied
multiple nonlinear source terms to Schrodinger equation and Boussinesq equation, and
proved the existence and blow-up of global solutions. Wave equations with multiple non-
linear source terms are also investigated i2%] and [23]. The nonlinear wave equation
with weak and strong damping terms and logarithmic source term is discussed ]
However, the mentioned wave equations with multiple nonlinear source terms are under
Dirichlet condition, Neumann condition, or mixed boundary condition, and there are few
results under the acoustic boundary conditions. In this paper, the existence and nonex-
istence of global solutions of Eql] are considered under acoustic boundary conditions,
the method used in this paper is partly from that in9] and [25].

Since Egs.X)...2) include multiple nonlinear source terms and acoustic boundary con-
ditions, the potential well theory in [L7..23] cannot be used directly. In additionm and
order Laplacian term makes the problem more complicated. The di culty of this paper is
to estimate ug » and u(t) p, we need to deduce more precisely by using Minkowskiss
inequality, Holderes inequality, and Younges inequality. Finally, the existence and nonexis-
tence of the global solutions of the equation are obtained.

2 Existence theorem

Many results have been obtained on the existence of global solutions for wave equations
with acoustic boundary conditions$, 5, 7, 8, 12], the Faedo...Galerkin method is one of the
most used methods to prove the existence of solution®5 and [26] respectively proved

the existence of solutions for two di erent kinds of wave equations with acoustic boundary
conditions by using the Faedo...Galerkin method, but these two kinds of equations contain
neither multiple nonlinear source terms nom and order Laplacian operators. In this
paper, we use the Faedo...Galerkin method to prove the existence of global solutions of
Egs. Q)...B).

Some notations are given as follows:

WE( )= u WB( )l ,=0, @v)= uvdx,

1

(uv) ,= uvd , Vop= [u]P dx
1

The energy functional corresponding to Egsl)...R) is

I
_1 2 1 m & pi
E(t)_5 utdx+E | u] dx...i:l o |ulPrdx
2, 1
+ 2 qu%dx+= h)gyAt)d . 3)
=1 q; 2 1

For the convenience of calculation, the lette® in di erent formulas stands for a di erent
positive constant. We “rst give the monotonicity theorem of energy functional as follows.

Lemma 1 If uisa regular solution of Eq. (1)—(2), then the energy functional satisfies

E®=.. | ul?dx... | u dx... hXfxyXtd 0 4)

1
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and
E(t) E©), & O0). (5)

Proof Multiplying Eg. (1) by u; and integrating on , we can get the conclusion from the
initial boundary conditions. O

Remark 1 Formula §6) represents the energy inequality of the wave equation. It can be
seen from formula @) that the energy is nonincreasing with respect tb The proof of the
energy inequality of the wave equation with acoustic boundary conditions is similar to
that in [6, 10, 27], and [28]. In this lemma, the energy functional has a more complicated
form than in the previous literature works.

Theory 1 Suppose that the initial values of Egs. (1)—(2) satisfies ug(x) Wlém( ) and
uy(x) Wl(’) (), ifpy , then there exists a set of global solutions (u(x,t),y(x,t)), sat-
isfying

u L oT;wh( ) L%( ), u L OT;Wh(),

ux L OT;L%( )

andy,y,ye L (0,T;L%( q))forany T >0.

Proof Let{ws}and{ } be the basic functions of the Sobolev spawl(')m( ). The approx-
imate solutions of Egs.J)...R) are constructed by the Faedo...Galerkin method as follows:

| |
u (= diwsx), &)= bit) s(x), (6)

s=1 s=1
and
U w)+ (| ou ™2 u, wo) (U Py, wo) (U, W)

...h(x)y, W) | = :ilai(lul |Di---{|| JWs) .. ]!Zlbj(lul |qjm:ﬁl ,Ws),

¥y s) o (U +Fy +alyi ], ) 1 =0,

(7)
u (0= Liuowws, U (0)= Ly (us,wews,
—_ u (0)+(x)y; (0)
yi (0)= W.
y ©, m...24 (0 .24 ©
_ | u (0) + oy (0)
Y, (O) - n | h(x)n 1 n

(1) First step estimation.
Multiplying ( 7) by the functionsd,*(t) andb,*(t), respectively, and summing with respect
to s, we have

1 I2
aij i i i
u,20|x+E | w|™dx... = Ju [Pidx+ =2 Ju |9dx
i=1 Fi j=1

Sle
NI -

1 1
+ > yod + > hayf d  +  hfy?d

1 1 1
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Integrating from O to t, we get

1, _
—  ufdx+ — u |Mdx... — up |Pidx
2 | m I | | | | |

- 1
oo Juldxrs yPd
=1 j 2 1
1 2 ' 2
+- hagyyd + hfy~d d
1 0

2 1
t t
+ | u |?dxd + u, dxd
0 0
-1 Lo)dx+— i (0)dx " u (0) P dx
2 | m | ...i:1 pl |
I2
bi .
+ 2y (0)%dx
=1
1 1
+3 yAOd +3  hay?(©d . ®)
1 1

Let us estimate the functional :;1 % |up [P dx by use of the method in §] and [22].

The following formula can be obtained by simple calculation:

t
u () =u (0)+ U ()d.

Using Minkowskies inequality and Hélderes inequality, it holds

t
ur (t) o UI(O)pi+o u,()pid,

t Pi
w® g P W@ ()

2w (0) b +thit Ot u () d . 9)

The following inequality can be obtained by use of Younges inequality and the known
condition p; <

i ; L pi i1
tpi“'lu, Pi & U, + Cyi( )—'p't i
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Pi
forany >0, whereCyi( )= Pi~.Then, by using Soboleves embedding inequality, we can
get

pi - Pi Pty

t
et () d =y d +Cy( )t ||
0

pi( ...1)
!

Pic u d +Cu( )—Pit
0

whereC is the Sobolev embedding constant. Hence, we have

I1 a; Ih a; ' I1 a; t
2 u JPidx ZL2Pi yy (0) §f+ Zc o u d
i=1 M =1 M b 0
h Lpi RCeD)
+  Cyu( Jai——t #i 2% | (10)
i=1 Pi

We can select the appropriate value to make !il &c opi = 5 and substitute (0)
into (8), then there exists a constarivl1(T) > 0 such that

I2
1 of ) 1 1
5 ulzdx+a | u |mdx+__ —j uj |qux+E 1y|2d +5 1hqy|2d
j=1
t t 2 1 t
+ hfy?d d + u, “dxd +Z> u, dxd
0 . 0 2

(11)

(2) Second step estimation.
We “rstly estimate u, (0) andy, (0). Takingt=0,w=u, (0), and =y, (0)in Eq. (7), we
obtain

u (0) 5= div. u (0™ u (0),u (0) + div  u (0) “? u (0),u (0)

I
+ oy ) (0 + a u (0)™ U (0)y (0)

i=1

I2
b u (0) %% (0),y, (0)
=1

and y, (0) 5, +(hCLy, (0) +F(x)y; (0) +a(yi (O)y, (0)) , =0.

Using the known conditions and Hdolderes inequality, it follows that there exists a con-
stantC >0 suchthat u; (0)  Cand y, (0) 5 ,=0.

Di erentiating Eq. (7) with respect tot and replacingw; and s with u, (t) andy, (t),
respectively, it holds

1
u,2dx+§ y,2d *3 hay2d  + u o f ou ] 2dx

1 1

Sla
NI -
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+( .2 u Y u - oy Zdx+ u, 2dx+  hfy,2d
1
=.. | u|™2uy - u dx
oMl 2) | ou ™t e e oy - Uy dx
I3 I2

+ aipi.. ) Ju Pty o dxee o b(gg e 1) Jun |98, b dx

i=1 j=1
Using Holderss inequality and Younges inequality, we have
| U |m...2 U| X U| dx
wemo2)y |ou ™ w e ou u - oy dx
(m..1) | u|™2u u dx

(m..1) | u|™2 u u dx

1 1
2 2
Mm..1) | u|™2 u Zdx u Zdx
m..1) | u|™2 u Zdx + M..1¢()  u “dx
and
11
ai(pi - 1) fup Py up dx
i=1
11 ) I1
ai.. 1) fu Pty Tdx+ o ai(pi 18a( ) uldx,
i=1 i=1

I2
bj(gy - 1) ur |98y up dx
=1
I2 I2
bi(gi ... 1) u %%, Zdx+  bi(g...181( ) u2dx
=1 i=1
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(12)

(13)

(14)

(15)

for any > 0. Let be suciently small, we have the following inequality by use of

Egs. (2)...15):

Sle
NI =

1 1 1

C u, 2 dx + u, Zdx .

1 1
u 2dx+ = U dx+ o y,2d +5 hgy?d +  hfy,2d
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Integrating from O tot and using Eq.11), it follows that there exists a constari,(T) > 0
such that

1 2 1 2 1 2 ' 2
5 U dx+ — u, dX+§ y,-d +§ hay~d + hfy,“d d
1

1 0 1

My (T). (16)

Finally, combining with (L0), (11), and (16) and using the Lions...Aubin theoren2p], we
notice that M;(T) and My(T) are independent of time, so we can obtain the existence of
global solutions of Egs.1)...R) by taking the limit of Eq. (7) with the similar method in
[25], and the global solutions satisfy

u L oT;wh( ) L%( ), u L OT;Wh(),

ug L O,T;L%( )
andy,yi,ye L (0,T;L%( 1)) 0

Remark 2 The nonlinear term in Eg. () is more complicated than that of the viscoelastic
wave equation in f]. This paper uses di erent methods to deal with the nonlinear terms
and Laplacian operators. And a similar method is used to solve the double dispersive-
dissipative wave equation with the Neumann condition ir2[7].

3 Nonexistence theorem
Let H(t) = ..E(t), using Egs. %) and (5), we have

1 _
HO) H(@) % |ufP dx (17)
i=1 M

foranyt O.Let

L) =H®) () + uutdx...E h()f x)y2(t)d ...  hXu(t)y)d , (18)

1 1

where and are constants.

Lemma 2 Suppose that u(x,t) is a regular solution of Eq. (1) under condition (2), and

the initial energy satisfies E(0) < 0.If < min{%z, p,m(—1) 1}, then there exists a positive
L P -
constant r such that
L) r H@o+ ul+ u 3+  hEgxyt)d . (29)

1
Proof Di erentiating ( 18), the following equality can be obtained:

L®=@...)H (OH @)+ ut2 dx + Uug dx ... h()f (X)y(t)y:(t) d

1

h(xu@®y®d ...  hXxu®y()d .

1 1
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Using Egs. {)...2) and Greeness “rst formula, we obtain

LE)=1..)H=(®H @)+  uZdx

+ u div| u™2u +div] u] ?u + oy
11 I>
+  auPi-t.. bjul%-t dx
i=1 j=1
heOF )y (t)d ... h(xue(t)y(t)d h(x)u(t)y:(t) d
1 1 1
=(1... )H " (MOH@®)+  uPdx
| u™dx... | u] % u udx... U ugdx
11
+ ai  |ulPidx
i=1
G u u u
. by [u]%dx+ Uty | u™2=+| ug 2 ' ud
. n n n
=1 1
heOfF (y(®)y:(t)d ... hxue(t)y(t)d h(x)u(t)y:(t) d
1 1 1
=(1... )H-"MOH @+  uPdx
| u/™dx... | u] 2 u udx
I
u ugdx+ a  |ulPidx
i=1
I2
bj |ul%dx+ h(x)q(x)y?(t)d . (20)
=1 1
We can obtain the following inequalities from Younges inequality and Holderss inequal-
ity:
u updx | ul?dx+ | ug?dx,
L Ll
| u U udx — | u| dx+ “1 | u] dx. (22)

Hence,

L) @..)H-®OH@®+ u2dx... | u™dx

S
wo— |yl dx... —— T | ue] dx

(21)

Page 9 of 15
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| ul?dx... | uel?dx+ ai |ulPidx
i=1

I2
by |ul%dx+ h(x)q(x)y?(t)d .
=1 1

Taking =MiH (t)and “~1=M,H- (t), and usingf (x),h(x),H(t) > 0, we obtain

L) (@...)H @®H @+  uldx.. | u|mdx...4—M1H t) | ul?dx

M...(...l)
MiH () | u?dx..—2—H C~qt) | u| dx

;JMZH“'(t) | u dx
11 I2

+ a JulPidx... bj |ul%dx+ h(x)q(x)y?(t)d .

i=1 =1 1

LetM= M, + —Mj, using the energy functional4), we have

L@ (... .. M)H= (OH )+  udx... | ul™dx
- 2
"4M1H (t) | ul“dx
M...(...l) I I2
—2—H ) | ou dx++ @& ufPidx... b |ul%dx
i=1 =1

+ hay*td + MH= (@) h()f (yg(t)d

1 1
@.. .. M)H~ (OH () +  udx... | u]™dx
- 2
"4M1H t) | ul“dx
M...(...l) 1
—=2—H Q) | ul dx+ ai  |ulPidx
i=1
I2
bj |ul%dx+ h(x)q(x)y?(t)d . (23)
=1 1

From the de“nition of H(t), it follows that there is a constank such that

L@ (@@... .. M)H " (t)H (t) + kH(t) + +g u? dx

| u]™dx
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Ih I2

k _ k
+ — @ JulPidx+ — ... by |ul%dx
i=1 i =1
k 2
oot h(x)a(x)y=(t)d
1
My G Gy ) dx.——H (1) | ulPdx (24)
aM,

Usingw™( ) H}( ),w™( ) LPFi( ),m ,and Inequality (L7), after simple
calculation, it can be concluded

Ih

=1 M
! _pi#2
a m
c = | ul™dx (25)
i1 Pi
and
o4 (D Pl
HC-Qt) | ul dx C EI | U™ dx | 5)
i

i=1

For any constantg 0 andM > 0, the algebraic inequality

1
z z+1 1+M z+M), (0< <1) (27)
holds. Using the known condition < min{%z, s}y We have < %Zand <5t
e i i
forany1 i I1. Hence from @7) the following inequalities can be acquired:
_Pi*2 1
md 1+ —— Mdx +H(0
| ul™dx HO) | ul™dx+H(0)
14 1 | u™dx+H(t) (28)
H(0) ’
and
pi (..1)+
| umdx 141 | u™dx +H(t) 29)
H(0) '

From Inequalities 5) and (26), we can obtain that there exist two positive constanis;
and N, such that

aH © | uPdx  Ni | ul™dx+H(@) (30)

and

—M'Z"("'lh C-Qty | ul dx N | ul™dx+H(t) . (31)
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Consequently, takingk = 3(Ny + Np + ™ + ™2 + m +p, + ;) , we obtain from @4)
that there exists a positive constant such that

L) (L. .. MYH ()H () + (K ..N;y ..N, JH(t) + +g u2dx
Ih
L N Mo | ulmdx+ e upax
m i1 Pi
I> K k
+ S b Jufdx+ -+ h(x)a()y*(t)d
j:l q] 2 1
@ .. M)H" (OH ()
+r H@t)+ u?dx+ | uMdx+ hX)qXyAtd . (32)

1

Taking0< < 1W we can get the following formula from 18):

L(0) =H®)(0) + uo(x)ul(x)dx...é h(x)f (x)y2(0)d ... h(x)u(0)y(0)d

1 1

> 0.

Using Inequality 32), it holds

L) r H@E+ uldx+ | ul™dx+ h)qgX)y*(t)d

1

After integral, we can get(t) L(0)>0,(t 0). O

Theory 2 Suppose , ,a,bj>0and2< <m<qQ,<---<@<Q1<p1<p2<---<p; <
r ,wherer isthe critical Sobolev index in W™( ). If the initial energy E(0) < 0,then any
regular solutions of Egs. (1)—(2) must blow up in finite time.

Proof Firstly, it is proved that when 0 < < ”2‘—m2 there exists a positive constant C such
that

L) C HO+ | uMdx+ Juldx+  h)gey2nd (33)

1

In fact, using (L8) andf,h >0, we get

LM C(L ) MO+ uudk  + heuy®d (34)

1
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Furthermore, by using Holderes inequality and Younges inequality, we can get

oo ) ﬁ 5 2(11...)
uug dx u-dx up dx
1 1
m@.) 2 2.0
C |u]™dx ug dx
K
M) ) 20
C [u]™ dx + uf dx ,
wherel+1=1.Taking =2(1...),we haveu = §&). By Poincare-s inequality, it follows
1 2
T m.2) 5
uuy dx C | ul™dx +  updx . (35)

If0< <=2 then we get 0 <2y < 1. From (17), (27), and (35), we obtain

2m’

1

ukdx  C | u/Mdx+H(@O)+ u2dx
C | uMdx+H()+ udx . (36)

On the other hand, by Holderss inequality anwc}'m( ) L?( 1), we have

h(x)a(x)

LOTCUCEIE R & SYOYCL
R ; )
Tq h(x)a(x)y2(t)d ui(t)d
C h®eY®d | umdx

1

Hence, using 27) and the similar method above, it can be obtained

houty®d  C hegaeymd ] umax T
C h(a)y*(t)d + | u|™dx m(...2)
C | u™dx+HE)+  h)geyit)d . (37)

1

From (34), (36), and 37), we get

LTo@®) C H®+ | u™dx+ |uldx+ haey’®d

1

whereCisonlyrelatedto , ,qo, @ , h ,andH(0).
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Taking <min{%2, m.. _ M-2 1} by Inequalities 83) and (19) in Lemma2, it follows
g p|l( ...1) 2m

that there exists a constant > 0 such that
L@ LI () (38)

foranyt 0. Integrating the above formula with respect tbon [0,t], we get

1
LT (t) ——— (39)
L17(0) ...t
foranyt 0. Hence there existg I_lT(O) such thatlim¢ t L(t)= ,that means
the regular solutionu(x,t) must blow up in “nite time. O

Remark 3 Compared with the quasilinear viscoelastic wave equation i8] ind [9], we
not only prove the existence of global solutions of the equation, but also give the more
complex nonlinear terms.

4 Conclusion

When the wave equation has nonlinear source termm,and order Laplacian operators,
we discuss the initial boundary problem of the wave equation under acoustic boundary
conditions. We “rstly prove that the energy corresponding to any regular solutions is non-
increasing with respect td. Combined with the theory of convergence, the existence of the
global solution is proved by using the approximate solutions constructed by the Faedo...
Galerkin method. On the other hand, we investigate the nonexistence of global solutions
and give the su cient conditions of blow-up of any regular solutions in “nite time.
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