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where V,K:R?> — Rand g: R x R — R are continuous functions; g is of subcritical
growth and has some monotonicity properties. The purpose of this paper is to find
the ground state solution of (0.1), i.e, a nontrivial solution with the least possible
energy by taking advantage of the generalized Nehari manifold approach, which was
proposed by Szulkin and Weth. Furthermore, infinitely many geometrically distinct
solutions are gained while g is odd in u.
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1 Introduction
In this article, we consider the following quasilinear Schrodinger—Poisson system:

—Au+ V(x)u - ul(u?) + Kx)px)u = glx,u), xRS, @y
“Ap=Kx)u?, xeR3, '
where V,K : R® — R and g : R® x R — R are continuous functions.

The quasilinear Schrodinger—Poisson system had been introduced in [4, 20], which is a
quantum mechanical model of extremely small devices in semiconductor nanostructures
taking into account the quantum structure and the longitudinal field oscillations during
the beam propagation.

The Schrédinger—Poisson system can be written as follows:

—Au+ V(x)u + Kx)p@x)u = glx,u), xecR3,
—-A¢p =Kx)u?, xecR3.
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There were many different growth conditions on the nonlinearity g(x, u), such as subcrit-
ical growth [6, 21, 31, 33, 36], or the critical exponent growth [32, 34]. Moreover, many
meaningful results have been obtained. For example, radial solutions [8, 11, 22], ground
state solutions [2, 3], and also semiclassical solutions [12, 18, 19].

The quasilinear Schrodinger equation
—Au+ V(x)u - uA(uz) =gx,u), xeRN,

has been accepted as a model of several physical phenomena in [23], and for the results
about this quasilinear equation the reader can be referred to [1, 5, 9, 10, 15, 30].

At present, there are relatively few existing results about system (1.1), so it could be of
interest to pay close attention to our discussion. When K(x) = 1 in system (1.1), the authors
of [7] took into account the system together with a 4-Laplacian operator, hence the exis-
tence of sign-changing solution with precisely two nodal domains was derived by using the
approximation technique. When the system is considered with asymptotically linear f(¢)
with respect to ¢ at infinity, the existence and asymptotic behavior of the ground state were
studied in [13]. Figueiredo and Siciliano [16, 17] paid close attention to two different sys-
tems with parameter ¢ and critical growth, and obtained the existence of solutions for the
former system in R3. They also proved asymptotic behavior of solutions whenever & — 0.
Similar results were also achieved for the latter system in a bounded domain €2 in R%. The
authors in [24] considered a system with radial potentials and discontinuous nonlinear-
ity, and then obtained the multiplicity results of radial solutions by nonsmooth critical
point theory. By utilizing Ekeland’s variational principle, the authors of [25] obtained the
existence of the ground state solution by seeking the solution of a new system, which is
equivalent to system (1.1). By applying the mountain pass theorem and the concentration—
compactness principle, the existence of a solution to problem (1.1) was established in [35]
when the asymptotic periodicity of potentials V, K and nonlinearity g were considered.
To the best of our knowledge, no one made use of the generalized manifold method to
show the existence of solutions of this quasilinear Schrédinger—Poisson system. On the
basis of the existing results, our aim is to study the existence of a ground state solution
and of infinitely many solutions.

Setting G(x, u) = fou g(x,s) ds, we suppose that V, K and g satisfy the following assump-
tions:

(V) Vis continuous, 1-periodic in x;, 1 <i <N, and V; = inf, g3 V(x) > 0;

(K) K e L*(R3) N L>®(R3), limjy— oK (x) = 0, K(x) > 0 for all x € R?, K 0.

(g1) g€ CR3xR,R)is 1-periodicinx;, 1 <i <N, |g(x,u)| <a(l +|uP!) for somea >0

and4<p<12;

(g2) g(x,u) = o(u) uniformly in x as u — 0;

(g3) ur> ‘% is positive for # # 0, nonincreasing on (—00,0), and nondecreasing on

(0, +00);

(ga) %4”) — oo uniformly in x as |u| — oo.

Let * denote the action of Z* on H'(R?) given by

(k*u):=ulx—-k), keZ
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We note that if 1 is a solution of (1.1), then so are all elements of the orbit of (g, ¢9) under
the action of Z3, and the so-called orbit of (i, ¢o) is denoted as

O(M0,¢o) = {uo( - l(),¢o(' - k) 1k e ZB}

Two solutions (u1, ¢1) and (u2, ) of (1.1) are said to be geometrically distinct if O(uy, ¢1)
and O(uy, ¢,) are disjoint.
Now we state our main results.

Theorem 1.1 Suppose (V), (K), and (g1)—(ga) hold. Then the problem (1.1) has a ground
state solution.

Theorem 1.2 Suppose (V), (K), and (g1)—(gs) hold, and g is odd in u. Then the problem
(1.1) admits infinitely many geometrically distinct solutions.

2 Preliminary results
In this section, we introduce the variational framework associated with problem (1.1). It
follows from (V) that we can define a new norm

1

|mn=<égvm2+vumﬁf,

which is equivalent to the usual norm of H!(R3). The usual norm in the Lebesgue space
LP(IR?) is denoted by |ul,. Then there exists r, > 0 such |ul, < r,|u|| for p € [1,6]. Also
lllprz = [53(IVul*)"* denotes the norm of D*?(R?). It is more convenient for our pur-
poses than the standard one and will be used henceforth. For a functional F, we put

F'={ue H'(R®):F(u) <b}, F.={ueH'(R®):Fw)>a}, Fl:=F,NF.

As far as we know, system (1.1) can be easily transformed into a single nonlinear
Schrédinger equation with a nonlocal term. Briefly, the Poisson equation is solved by using
the Lax—Milgram theorem, so for all # € H!(R3), a unique ¢, € D**(R3) is gained, such
that —A¢ = K(x)u? and, when inserted into the first equation, it gives

—Au+ V(x)u - ul(u?) + K(x)uu = g(x, u).

Actually, for each u € H*(R®), we define an operator T, on D?(R3) by
T,(v) = / K(x)u*vdx.
R3

Holder inequality and the fact K € L2(R3) yield that there is a constant C > 0 such that for
every v € DV2(R3),

| T.)| < CIK 2wl 11Vl pr2es).-

Hence, by the Riesz representation theorem, there exists a unique ¢, € D?(R?) such that

/V(j)qudx:/ K(x)u?vdx.
R3 R3
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Thus ¢, is a weak solution of —A¢, = K(x)u? and can be represented by

1 KO,
Bl = 1 fR L) dy

Moreover, it is obvious that
2
lBullpromsy = I Tull cprer) < CIK |2 [lu]|”.

Also there is

/3 K(x)gu(0)u? dx < CIK |2 lull* ¢l pragsy < CIKI3]|ull®. (2.1)
R
Moreover,
1 K() K(y)
b= | [ Dy [ —(yu%y)dy‘
470 | Jpy 0 1% =9l B(0) %=l

] R I S
<—(IKlx — uli +|Kla ——dy) |u
4m Bi(0) X —yI? 4 * B (0) lx — y[* *

< C(K)|ul3.
Then
./]R3 K@) $uu* dx < |uloo| K 2|ulz < CK) K] |ulz. (2:2)
Let us now define the operator ® : H'(R3) — DV?(R?) as
@[u] = gu,

then @ has the following properties [11]:

Lemma 2.1
(1) @ is continuous and maps bounded sets into bounded sets;
(2) ®[u]>0;
(3) Ifu, — uin HY (R3), then ®[u,] — ®[u] in DV1(R3);
(4) ®[tu] = t>®[u] forall t € R.

We observe that (1.1) is formally the Euler—Lagrange equation associated with the en-

ergy functional
J(u) = l/ (1 + 2u2)|Vu|2dx+ 1/ V(x)u? dx
2 R3 2 R3
1
+ —/ K(x)d)uuzdx—/ G(x, u) dx.
4 R3 R3

From the variational point of view, the first difficulty associated with the problem (1.1)
is finding an appropriate function space where the functional J is well defined. In order



Zhang Boundary Value Problems (2021) 2021:78 Page 5 of 18

to avoid the difficulty which is caused by the quasilinear term, we take advantage of the
change of variable introduced by [23], that is, we consider v = f~!(u), where f is defined by

1
(142720}
f(&)=—f(-t) on(-o0,0],

"(¢) on [0, +00),

having the following properties, which have been proved in [9, 14].

Lemma 2.2 The function f satisfies the following properties:
(1) f is uniquely defined, C*, and invertible;
@) If®OI<1foraliteR;
(3) If®)) < |t| forallt € R;
(4) f®O)/t—>1last— 0;
(5) f(t)/t—2Y* ast — +o0;
©) fO)/2 <tf'(t) <f() for all t = 0;
7) f@)] <2Y4£"2 forall t € R;
(8) fAN2 <f)f' ()t <f2(t) forall t € R;

(9) There exists a positive constant C such that

R {cm, <1,

Clt|\?, |t > 1;

(10) |f(0)f ()| < 1//2forallt e R;
(11) The function f(t)f'(£)t™! is strictly decreasing for all t > 0;
(12) The function fP(t)f'(£)t™! is strictly increasing for all p > 3 and t > 0.

So, after the change of variables, from J we obtain the following functional:

Iv) = %/RS IVv|?dx + %/RS V)2 (v) dx

(2.3)
1

+1 [ Koo ds- [ 6nro) s

which is well defined in H!(R?) and belongs to C! under the hypotheses (V), (K), (1), and
(g2). Moreover, the critical points of I are the weak solutions of the problem

—Av+ V@R W) () + K@drof W) (v) =g (2 f W) (v), veH'(R?),
that is,
(rw,w)= /R 3(VVVW + V@) ) (v)w) dx
+ A;{S K@®)pronf W)f vywdx - A;{Sg(x,f(v))f’(v)wdx =0,

for all v,w € H'(R3). It has been shown in [9] that if v € H(R3) is a critical point of the
functional 7, then u = f(v) € H'(R®) and u is a solution of (1.1).
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We also observe that, in order to obtain a nonnegative solution for (1.1), we set g(x,s) =
0 for all x € R3, s < 0. Indeed, let v be a critical point of 1. Taking w = —v~, where v~ =
max{-v, 0}, we get

ng (W"f {2 + V) W)f' v)(-v7))dx =0.
Since f(v)(-v~) > 0, we have

o VESO)(-v)
R3|VV ‘ dx=0 and /]1%37\/Tf2(v) dx =0.

Hence we may conclude that v~ = 0 almost everywhere in R3 and, therefore, v = v* > 0.
As u =f(v), we conclude that u is a nonnegative solution for the problem (1.1).
Let

M ={ve H' (R®)\ {0}:(I'(v),v)=0}.

Recall that M is called the Nehari manifold. We do not know whether M is of class C!
under our assumptions and therefore we cannot use the minimax theory directly on M.
To overcome this difficulty, we employ an argument developed in [27, 28].

3 Proof of the main results
We assume that (V), (K), and (g1)—(ga) are satisfied from now on. Firstly, (g;) and (g2) imply
that for each ¢ > 0 there is C, > 0 such that

|g(x, u)| <elu|+ ColulP™t, forallueRR. (3.1)
By using (g2) and (g3), one can easily check that

Gx,u)>0 and g u)u>4Gkx u)>0 ifu#0. (3.2)
For¢>0,let

h(t) = I(tu)
2

_ 2,1 2(0) + & 2(t) —
= [Vu|” + 5 /]R3 V(x)f“(tu) + 1 /RB K(x) (e f~ (tu) /]R3 G(x,f(tu)).

2]R3

Lemma 3.1 For each u € H'(R3) \ {0}, there exists a unique t, = t(u) > 0 such that m(u) :=
tyu € M and I(m(u)) = max;cp+ I(tu).

Proof By (3.1) and Lemma 2.2(7), for ¢ sufficiently small,

ﬁ 2, 1 2000 & 2,y Ce »
W) = 2/ﬂ§3|w| +2A;3 V() 2/RSf (00~ /]Rglf(tu)|

If2 P P
> — |W|2—Clﬂf |ul2,
2 Jgr3 R3

since p >4 and u # 0, so h(¢) > 0 whenever ¢ > 0 is small enough.
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Using Lemma 2.2, (3) and (7), and (2.2),

£ £ C(K)|K|
me) < < |WM+§AJWW - V V—Aﬁ@ﬂm)

R3

2 £ C(K)|K
< — |Vu|? + —/ V(x)u? + Mﬂ/ u?
2 R3 2 R3 2 R3

9 Glx, f(tu)) f*(tu) 9
! /R ey @r "

then we can easily gain that /4(t) — —oo as t — 0o according to (2.1), Lemma 2.2(5), (ga),
and Fatou’s lemma. Therefore, max,.q 4(t) is achieved at some ¢, = t(u) > 0, so that 4/ (t,,) =
0 and then t,u € M.

It remains to show the uniqueness of t,. Suppose by contradiction that there exists a
t; > 0 with ¢, # ; such that #/(t;) = I'(tyu) = J'(t1v) = 0, then we have

2 f . / i /g(x,tlvu
—— 4+ 4 Vv K Vo= ,
@ TV K@= |

where u = f~1(v). Together with

”V”2 / 2 2 / 2 / g(x¢tuv) 4
4 V I( = ’
G " STV [ KD | e

this implies that

(L )” 2= (g(x,tlv) _g(x,z,‘uv))v4
(t)?*  (ta)? (tiv)? (tuv)? '

contrary to (gs). O

Lemma 3.2
(1) There exists p >0 such that ¢ = infy I > infs, I > 0, where
S, = {ue H'(®: ul = p}.
(2) There exists ag > 0 such that ||ul|®> > ao for all u € M.

(3) Iiscoerciveon M, i.e., I(u) — 00 as ||ul| — oo, u € M.

Proof (1) Accordingto [15], [ps [Vul* + [s V(%)f*(u) = C|lul|* whenever |lu| < p.By (3.1)

and Lemma 2.2, (3) and (7), we have

/R (6. @) < / Py f @)

& 2 GC L2l 1 2 )
=3 | 1"+ / lul2 < Caellull” + CaCllull 2,
2 p R3

for sufficiently small ¢,

I(u) > Cslull* - Collul?,
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and then infg, I > 0 is obtained when p is small enough. The inequality infa;/ > infs, I is
a consequence of Lemma 3.1 since for every u € M there is s > 0 such that su € S, and
1(t,u) > I(su).

(2) For u € M, by Lemma 2.2(3) and (2.1), we have

1 1 1
O<c<I(u)= —/ |Vu|2+—f V(x)u2++—/ 1((x)¢uu2—/ G(x,f(u))
2 R3 2 R3 4 R3 R3
1 1 1 1
<y [vures [ vt § [ Kot < St s kB’
2 Jr3 2 Jr3 4 Jr3 2

which means that there exists cg > 0 such that ||z||> > oy.
(3) Arguing indirectly, let (1,,) C M be a sequence such that ||, || — oo and I(u,) < d for
some d. Set v,, = u,,/||u,,||. Then ||v,|| = 1 and, passing to a subsequence, v, — v in H!(RR3)

and v, — v a.e. in R3. Suppose

lim max/ vf, =0, (3.3)
B1(y)

n—00 yeRs

where B; (x) is the ball in R® with center x and radius 1, then it follows that v, — 0 in
L"(R3) for 2 < r < 6 by Lions’ lemma (cf. [29, Lemma 1.21]). Using (3.1) and Lemma 2.2,
(3) and (7), we see that G(x,f(sv,)) — 0 for all s € R. Hence by Lemma 2.2(9),

d>1(u,) > I(sv,)

- E/R vl fR Vo) + 5 /R Ky, X(57) - fR G(nf(sv)

2 C2s2
> S—/ |an|2+—5/ V(x)vi—f G(x,f(sv,,))
2 R3 2 |svu|<1 R3
2

2.2 2

:% B IVv,[? + CTS 5 vi- & . V() (svp)? — /R Glxflsn)
f . 2 /2
> 5 mm{l,C }—C7 /H‘KB(SVV,)’” _/]R3 G(x,f(sv,,))

— imin{l CZ}
5 s .

This yields a contradiction if we choose a sufficiently large s. Hence (3.3) is not true and,
since I and M are invariant under the action of Z?3, after a suitable Z3 translation it follows
that v, — v #0 in L} (Z?). Since |u,(x)| — oo if v(x) # 0, it follows from Lemma 2.2(5),
(g4), and Fatou’s lemma that

”Mn”2 R3 f4(un) u;% "

— 00O,

/ G, f () Gf(un) fHun)
R3

and also, by Lemma 2.2, (3) and (7), as well as (2.2),

- I(uy,)

A

CUOIK o a3 f Gl f ()
R3

— " 00,
2luall?

<1
—+
2 [1?

Il

thus the proof is completed. O

Page 8 of 18
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Lemma 3.3 IfV is a compact subset of H'(R3) \ {0}, then there exists R > O such that I <0
on R*V\ Bg(0).

Proof We may assume without loss of generality that VV C S. Arguing by contradiction,
suppose there exist u, € V and w, = m(u,,) = t,u, such that I(w,) > 0 and ¢, — oo as
n — oo. Passing to a subsequence, there is u € H!(R3) with ||| = 1 such that u,, > u € S.
Since |wy(x)| = oo if u(x) #0, then by (2.2) and Lemma 2.2(7) it follows that

Jis K@)y, (wn) - CE)IKa|f (w3 < 2C(K) K |2 |wal3
AR B lIwl? lIwl?

’

so by (g4), Lemma 2.2(5), and Fatou’s lemma we get that

/ G(x,f (wn)) :/ Gfwa)uy _ [ Gf W) fHwn)
R3 R3

= — 00.
lwnll? w2 r3 ftwn) wi
Therefore, by Lemma 2.2(3),
Iw,) 1 C(K)IK]2lw,l3 G(x,f(wy))
= 257 2 - 2 %%
[wall> — 2 2wy || g3 lwall
a contradiction. O

Recall that S is the unit sphere in H!(R®) and define the mapping m: S — M by setting
m(w) := t,w,

where t,, is as in Lemma 3.1. Note that ||[m(w)|| = t,,. Lemmas 3.4 and 3.5 below are taken
from [28] (see Proposition 8 and Corollary 10 there). That the hypotheses in [28] are sat-
isfied is a consequence of Lemmas 3.1, 3.2 and 3.3 above. Indeed, if /() = I(tw) and w € S,
then /#/'(¢) >0 for 0 <t < ¢, and /'(t) < O for ¢ > t,, by Lemma 3.1, £,, > § > 0 by Lemma 3.2,
and ¢, <R forwe )V C S by Lemma 3.3.

Lemma 3.4 The mapping m is continuous. Moreover, the mapping m is a homeomorphism

between S and M, and the inverse of m is given by m™(u) = W'

We shall consider the functional ¥ : S — R given by
W (w) = I(m(w)).

Lemma 3.5
(1) W e CYS,R) and

< (w), z) Hm H( ( ),z) forallze T,(S) = {veHl(Rs),(v,w) =0}.
2) If (wy) is a Palais—Smale sequence for V, then (m(w,,)) is a Palais—Smale sequence

for I If (u,) C M is a bounded Palais—Smale sequence for I, then (m™(u,)) is a
Palais—Smale sequence for W.
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(3) wis a critical point of V if and only if m(w) is a nontrivial critical point of I.
Moreover, the corresponding values of W and I coincide and infs W = infy, 1.
(4) IfIiseven, then so is W.

Lemma 3.6 Ifu, — u in H'(R®), then
(1) Sz K@sunf @n)f )by — [z K@) pronf @)f ' (w)u;
(2) [rs K@) Dsunf*(n) = [z K®)ronf*(w).

Proof (1) Because
/ ; |K )@ Wn)f ()1t — K () g f w)f (w)us]
R
= Kloe [ @) 00 = dyaf ) (0
R
<Kl (/3 | (@rtan) = B ) @) (th) 1t
R
[ ool s, s ]
R
o [ ool o, = |+ [ oyl G, st aou
R R
= |K|oo(l1 + I + I3 + I).

If u, is bounded in H'(R3), then passing to a subsequence gives that u, — u in H'(R3)
and u, — u a.e.in R3. Then by (2.1) it follows that ¢,,, is bounded in D?(R?), and also ¢,,,,
is bounded in L8(R?). Then by Lemma 2.2(3) we obtain that ¢y(,,) is bounded in Lé(R?),
so that ¢y(,) — P, is bounded in L8(R?). Suppose @y(u,) — drw,) — to. Since u, — u a.e.

in R? and due to the uniqueness of limit, we have ¢y(,) = @y, in L°(R?). Moreover, by
Lemma 2.2, (8) and (3),

, (4 12 12
/ lf(un)f (un)un|5 = / a5 < Clluall 5,
R3 R3

so fu,)f (un)u, € Lg(R3), and then I; — 0. Moreover, I, — 0, I; — 0, and I, — 0 can be
obtained in a similar way.
(2) Observe that

| Kt ) = )
< Koo /RS |br (1) = paf ()|

< |1<|oo(/ﬂ;3 |0 u) — B [ () + A3]¢f(u)02(un)—f2(u))\>

= |Kloo(5 + I6).

We also can use the same method, which was used in (1) to prove Is — 0 and /s — 0. And
then the proof is completed. d

Page 10 of 18
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Now we are in a position to prove Theorem 1.1.

Proof of Theorem 1.1 We take advantage of an argument in [27]. Let ¢ = infy; 1. It follows
from Lemma 3.2(1) that ¢ > 0. Moreover, if 1, € M satisfies I(u) = ¢, then m~1 () € Sis a
minimizer of W and therefore a critical point of W, thus, by Lemma 3.5(3), u is a critical
point of I. It remains to show that there exists a minimizer « of I| 5. By Ekeland’s variational
principle [29], there exists a sequence (w,,) C S with ¥(w,,) — cand ¥'(w,) — Oasn — oo.
Set u, = m(w,), then, from Lemma 3.5(2), we conclude that I(x,) — c and I'(4,) — 0 as
n — o0o. Obviously, (1,) is bounded by Lemma 3.2(3). Therefore u,, — u after passing to a
subsequence. Suppose

lim sup / ufl dx =0, (3.4)
B1(y)

"0 yeR3
then by P.L. Lion’s concentration compactness lemma (see [29, Lemma 1.21]) we get
u, —> 0 inL'(R%) for2<r<é6. (3.5)
Furthermore, by Lemma 2.2, (6), (8) and (9),
o(lltnll) = (I' (), 14)
- [t [ VO G [ KO G ds

_/ng(x:f(un))f/(un)un
1 2 1 2 1 9

> 5/]1;3 |Vu,|” + §</RB V(X)f (un)‘l' §/D§3K(x)¢f(u")f (un)
- /ng(x:f(un))f(un)

1 2, 1 20\
> 5 /]R3 [Vu,|* + 5 /unlfl V() (un) /R3g(x,f(un))f(un)

2

1 C
=5 /Rs |V, | + 7»/|.un|<1 V(x)u? _/ng(x’f(u”))f(u”)

1 C? C2
=5 /1;3 |V, | + > /R3 V(x)u? - - V(x)u? - /Rgg(x,f(u,,))f(un)

ln|>1

2

. 2 2 C 2
min{1,C} 1y~ /IW Ve - /R ef @) e

=

=

NI—= N

min{l» C2} ||un||2 -Gs / (un)p/2 - / g(x:f(un))f(un)
R3 R3
According to (3.1) and using Lemma 2.2, (3) and (7), then

@ f @) () < elf ()| + Celf )" < elunl + 25 C, lun| 2,

which means that ng g, f(u,))f (u,) — 0. Moreover,

o(luull) = (I' (), un) = %min{l,cz}nunn2 —o(llunl),
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which yields a contradiction, so that (3.4) cannot hold. Thus, after a suitable Z3-
translation, up to a subsequence we have u, — u # 0 and it is well known that I'(uz) = 0.
Accordingly, u € M, and also that I(x) > c. In order to complete the proof, we only need
to show that I(x) < c. Note that
c+o(1)
1 !
=1(uy) - 5(1 (4n), un)

- %/R Vul’ f V) + g f Ky (10) - / Gl f ()

- G /]R3 Vit |* + %/Rs V) (wn)f () 1t

" % /R K GByu,f ) ()t = % fR &l wn)f ’(”n)”n>
-2 /R V@ 00) ~f0,)f 1))

' G | elws - | G(x,fwn)))

+ G /R Ky, () - % /R KOS (”n)f,(un)un>'

From Lemma 2.2(8) and Fatou’s lemma, we have

lim inf / V() (F () = f () (1) 10
n— 00 R3
> f lim inf V() (£ () = f () ()11 )
R3n—>00

_ /R V) () - F0)f ()

and, by Lemma 2.2(6), (3.2), and Fatou’s lemma,

Jlim. inf(% /R i (0 f () f ()t — /R ; G(x,f(un))>

2/ lim inf<%g(x,f(un))f/(u,,)un - G(x,f(un))>
R

1
= E/Rgg(ac,f(u))f’(u)u—A;{3 G(x,f(u)).

Therefore, by Lemma 3.6, we have

c+o(1) = I(u,) - %(F(u,,), ) > I(u) - %(1’(14),14) =I(u) + o(1),

which implies I() < ¢, thus Theorem 1.1 is proved. a

In the following, we devote ourselves to the proof of the multiplicity result of Theo-
rem 1.2. In addition to the assumptions (V), (K), and (g1)—(ga), we also suppose that g is

Page 12 0of 18
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odd in u. Hereafter we use the following notation:
H:={weS:W(w)=0}, Hy={weH:V(w)=d}.

Denote by JF := H/Z the set consisting of arbitrarily chosen representatives of the orbit
of H. Since W is even, we may assume F = —F. As in Remark 2.12 of [27], since m, m™!
are equivariant and I, ¥ are invariant with respect to the action of Z3, it follows from
Lemma 3.5(3) that the critical orbits O(u) C M of I are in one-to-one correspondence
with the critical orbits O(w) C S of W. Hence the proof of Theorem 1.2 will be completed
once we show that W has infinitely many critical orbits, i.e., the set F is infinite. Arguing
indirectly, from now on we assume that

F is a finite set. (3.6)

Lemma 3.7 The mapping m™* defined in Lemma 3.4 is Lipschitz continuous.

Proof We use an argument from [27]. By Lemma 3.2(2), we have, for all u,v € M,

-1 -1 v
m (1) =||—
H () ()” ‘ |14|| ||V||
u-v (vl - llul)v
[lz| | vl
2
< —lu- ”l||_—||14 nll. 0

=l Vo

According to [27], we shall show that Palais—Smale sequences have a certain discreteness
property which yields some perfect properties of the corresponding pseudogradient flow
(see Lemma 3.11 below). Firstly, we need some preparations involving H. The following
result has been proved in Lemma 2.13 of [27]:

Lemma 3.8 k:=inf{|lv-w|:v,we H,v#w}>0.

Lemma 3.9 If {ul}, {2} are bounded in H*(R3), then
(1) there exists C > 0, depending only on the bound on ||ul|| and ||u?||, such that

[ V(=) [ VI ) -5 () )]~ )

R3

2

’

= [ 190 - @) + Ve - 1) =l -

(2) for each € > 0, there exists C, > 0, depending only on the bound on ||ul|| and ||u3||,
such that

V ) (1 _uz)‘ <ol — 2| + ol — 12,
R3
where

ho(%) = (0, f () )f (1) — 8 (o f (2) ) (17) = Iy () = B2y (0)5
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(3) there exists C(K) > 0, depending only on the bound on ||ul|| and |u?||, such that
g oniy n n

3’

/ K@) () (- )| < CUK)|u)y — u,
R3
where

Sulx) = ¢f(u}1>f(”£)f/(”i) - ¢f(u%>f(”i)f/(”i)'

Proof The proof of (1) and (2) can be found in [15], so we only prove (3). According to
Lemma 2.2, (1) and (3),

/ K(x){,,(x)(ui - uf,)
R3

< |I(|N’/3(¢M}11ui +¢M%ui)(u}q —uﬁ)
R

< Koo (18,2 16|ty |y |18 = 1|, + 19,2 16|17 | |4, = 142 )

< C(K)|u,11—ui|3. O

Lemma3.10 Letd > c.If(v}),(v?) C U are two Palais—Smale sequences for V, then either
vl —v2]l = 0 as n — oo or limsup,,_, ., [[VL = V2| > p(d) > 0, where p(d) depends on d but
not on the particular choice of Palais—Smale sequences.

Proof Our argument is an adaptation of the proof of Lemma 2.14 in [27]. Let u} = m(v})
and u2 = m(v?) for n € N. Then by Lemmas 3.5(2) and 3.2(3), both sequences (u}), (u?) C
I?N M are bounded Palais—Smale sequences for 1. We will consider two cases: either (u} -
ufl) is vanishing, i.e., for each r > 0,

lim max/ |y, — ui’z =0, (3.7)
Br(9)

n—0o0 yeR3

or nonvanishing, i.e., for each r,8 > 0 and any sequence (y,) C R3, we have that

lim |ul — 2> = 5>0. (3.8)
n—00 Br(yn)

Case 1: (u! — u2) is vanishing. Then u! —u2 — 0in L"(R3) for r € (2,6) by P.L. Lion’s lemma
(see [29, Lemma 1.21]). By Lemma 3.9,

Cluy -2
< [ =)o [ VL ) - ()]t - )
R R
= <1/(”31)’ ul - uf,) - (F(ufl), ul - uf,)

- [ K —)+ [ hd )
R3 R3

< C(K)|ui—ufl|3+28||u},—uf’|| +C5‘u}l_uf’

)2
2

Page 14 of 18
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where C, C(K), C; do not depend on the choice of &. Therefore, limsup,_, ., |z} — u2||> <
limsup,_, o, 2¢||ul — u?| for each ¢ > 0, and so that [lu}, — u%|| — 0. As a consequence of
Lemma 3.7, m~! is Lipschitz continuous so that |[v} — V2| = [[m " (u}) — m™ (u2)|| — 0 as
n—> 00.

Case 2: (1), — u2) is nonvanishing. Since m, m~ and I’, ¥’ are all equivariant with respect
to translation of the form u — u(- — k) with k € Z3, we may assume that the sequence (y,,)
is bounded in R3. Passing to a subsequence once more, there exist «!, #? and !, a? such
that

1 1 2 2 1 2

w—~u', w—it |yl —d, @] e

and I'(u!) = I'(u?) = 0. By (3.8) we have that ! # 42, and it follows from Lemma 3.2(2) that
Joao <ol <v(d):= sup{||u|| cuel? ﬁM}, i=1,2

(that v(d) < oo is a consequence of Lemma 3.3(3)).
Suppose u!,u? # 0, then u',u® € M. We put v' := m~ (&) and v? := m~(u?). Then

v1,1? € H and we have

1 2

u 1

u

2
u
liminf|v' = v?| = liminf| — - —— ———= vi— B2,
im i | =timinf] oy ~ g | = a7~z | 1A -
where
[l Qo |2 Qo
= >~+— and =—>—".
A al T v(d) & a2 T v(d)
Since |||v!|| = |||v?]| = 1, it is easy to see from the inequalities above and Lemma 3.8 that

liminf”‘/l _2 H > Hﬁl‘/l —/321’2” > min{ﬁl,ﬂz}”vl —? H > \:t(xj)k'

It remains to consider the case where either ! = 0 or 42 = 0. If 4> = 0, then ! #0 and

ut u? u L Ja
liminf|[v' = v?| = liminf - > — > Y20
n— 00 n—00 ”ul” ||M2|| al U(d)
The case u! = 0 can be treated similarly. The proof is completed. d

As in [27], it is well known that W admits a pseudogradient vector field Q: S\ H — TS
(see [26, Lemma II 3.9]). Let n : G — S \ H be the corresponding flow defined by

4y, w) = -Qn(t, w)),
77(07 W) =w,

where

G:={(tw):weS\H,T"w)<t<T*(w)} CR x (S\ H)
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and T~ (w) <0, T*(w) > 0 are the maximal existence times for the trajectory t — n(¢, w) in
negative and positive direction. Note that 1 is odd in w because Q is, and ¢t — W (n(¢, w))
is strictly decreasing by the properties of a pseudogradient.

Let P C S, § >0, and define

Us(P) := {w € S : dist(w, P) < 3}.

Below we summarize the properties of ¥ and n which will be needed in the proof of The-
orem 1.2.

Lemma 3.11 Let d > c, then for every § > O there exists € = £(8) > 0 such that
(1) wi* = H, and
(2) limg, 7+ W(n(t,w)) <d —€ forwe WHeN Us(Hy).

Proof The claim (1) is an immediate consequence of (3.6) for ¢ > 0 small enough. Claim
(2) has been proved in [27], see Lemmas 2.15 and 2.16 there. The argument is exactly the
same except that S* should be replaced with S. d

We shall need the notion of genus (c.f. [26]). Set
Y :={ACS:Aisclosed and A = -A}.

Let y(A) denote the usual Krasnoselskii genus of A with the definition that the smallest
integer k such that there exists an odd continuous mapping o : A — RX\ {0}. If there is no

such mapping for any &, then y(A) := +c0. Moreover, y () = 0.

Proof of Theorem 1.2 (Multiplicity) We consider the nondecreasing sequence of
Lusternik—Schinireman values for W defined by

c:=inf{ld e R:y(W?) >k}, kel
As in [26], we claim that
H, #0 and c¢;<cpy forallkeN. (3.9)

If this is true, then it follows that there exists an infinite sequence (+wy) of pairs of geo-
metrically distinct critical points of W with W(wy) = ¢, contrary to (3.6), and our proof is
completed.

To prove (3.9), let k € Nand put d = cx. From Lemma 3.8, H; is either empty or a discrete
set, hence y(K;) = 0 or 1. By the continuity property of the genus, there exists 0 < § < %
such that y (1) = y(K), where U := Us(K,). For such 8, choose ¢ > 0 such that the con-
clusions of Lemma 3.11 hold. Then for each w € W%+ \ U there exists ¢ € [0, T*(w)) with
W(n(t,w)) <d — &, so we may denote the smallest time for which W (n(t,w)) <d - ¢ by
e(w). Since d — ¢ is not a critical value of ¥ by Lemma 3.11, it is easy to see by the im-
plicit function theorem that e is a continuous mapping and, since V¥ is even, e(-w) = e(w)
(see Lemma 3.5(4)). As a consequence, the mapping 4 : W4 \ U — W9¢ satisfying
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h(w) = n(e(w),w) is odd and continuous, so it follows from the properties of the genus

and the definition of ¢ that y (W4 \ U) < y(¥9*) < k — 1, which implies

y (W) <y (@) +k—1=y(Kg) + k- 1. (3.10)

If y(K,) = 0, then from above we have y (¥%*) < k — 1, contrary to the definition of c.

Therefore, y(K;) = 1 and so K; # ). Suppose cxy1 = ¢k, then by (3.10), the definition of

d = ¢, and of ¢x,1 we deduce that y(K;) > 2, contrary to the fact that y(K;) = 1. Hence
Ck < ck41 and so (3.9) is obtained. The proof is completed. O
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