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where f1,f, € C[(0,1) x Rf x R, R], Rf = (0,+00). By constructing a special cone and
applying fixed point index theory, some new existence results of multiple solutions
for the considered system are obtained under some suitable assumptions. Finally, an
example is worked out to illustrate the main results.
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1 Introduction
In the recent decades, the topic about the existence of solutions of nonlinear boundary
value problems (BVPs for short) has received considerable popularity due to its wide ap-
plications in biology, hydrodynamics, physics, chemistry, control theory, and so forth.
Some progress has also been made in the study of solutions for various types of equations
or systems including differential equation [13, 21, 25, 27], integro-differential equation
[2, 19, 27], evolution equations [1, 7], fractional systems [3, 15, 17, 22—-24, 30, 31], impul-
sive systems [14, 18, 28], and delay systems [14]. In consequence, many meaningful results
have been obtained in these fields. For more details, please see Lakshmikantham et al. [8],
Podlubny [16], and the references therein.

As abranch of research on boundary value problems, singular boundary value problems
arise from many fields, such as nuclear physics, biomathematics, mechanics or engineer-
ing, and play an extremely important role in both theoretical developments and practical
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applications [5, 10-12, 26, 29, 32]. Moreover, extensive attention has been drawn to the
study of singular semipositone boundary value problems (SBVPs for short) to differential
equations or systems recently. For example, in [12] Y. Liu investigated the existence of two
positive solutions to the singular semipositone problem

vy +Af(t,y)=0, O0<t<];
y(O) :J/(l) :Or

where f € C[J x R§,R], J = (0,1), R§ = (0, +00), and the parameter A > 0. The nonlinear
term f may be singular at £ = 0, £ = 1 and y = 0. By constructing a special cone, the ex-
istence of multiple positive solutions was obtained under some suitable assumptions. In
[32], Zhu et al. considered the existence of positive solutions of the two-point boundary

value problem for nonlinear singular semipositone systems

xW = f(t,x(8), y(0), 2" (£),y" (1)), O<t<1;
YD = g(t,x(¢), y(), 2" (£),y"(t), O0<t<l;
x(0) = x(1) =x"(0) =x"(1) = 0;
¥(0) =y(1) =y"(0) =y"(1) =0,

where f,g € C[J] x R* x R* x R~ x R7,R] may be singular at £ = 0 or ¢ = 1, not singu-
lar at # = 0, R* = [0, +00), R™ = (-00,0]. By applying the fixed point theory in cones, the
existence results of positive solutions were established.

As we all know, fourth-order boundary value problems have important practical appli-
cations in physics and engineering, and, for instance, they are usually used to describe the
deformation of an elastic beam supported at the end points [4, 9, 20]. Wang et al. [20]
investigated the boundary value problems of a class of fourth-order differential systems
with parameters as follows:

u®(t) + B’ (t) — aqu(t) = fi(t, u(t), v(t)), O0<t<l;
V@) + By () — i v(2) =fo(t,u(t),v(t)), O0<t<l;

(1.1)
u(0) =u(1) =u"(0) = u"(1) = 0;
v(0) =v(1) =v"(0) =v'(1) = 0,
where f1,£; € C[[0,1] x R* x R*,R*], and B;,«; € R (i = 1, 2) satisfying
Bi < 272, —Bil4 < ay, o/t + Bilm? < 1. (1.2)

The existence results of positive solutions were proved by using the fixed point theory
under two novel cones being constructed.

Unfortunately, the result obtained in [20] is only the existence of at least one nontrivial
positive solution when the nonlinear terms have no singularity. It should be stressed also
in [20] that the solutions of BVPs (1.1) are all positive and the nonlinear terms must be
nonnegative, which is limited to a certain extent in some cases. Besides, we know that there
is always some connection between the nonlinear terms in practical applications, but the
description of this connection is rarely mentioned and studied in the present literature. To
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our best knowledge, there is no paper considering SBVPs (1.1) when f; (¢, u, v) and fo(¢, u, v)
are singular at £ =0, ¢t = 1, and u = 0, and also no result is available about the existence of
multiple solutions for such boundary value problems.

Motivated by all the above analyses, in this paper we discuss the existence and multiplic-
ity of solutions to SBVPs (1.1) when the parameters B, ; € R (i = 1,2) satisfy condition
(1.2). In addition, f1, f» € C[(0,1) x R} x R,R], namely f; (¢, u, v) and f»(t, u, v) may be singu-
laratt=0,t=1and u =0, and f;, f, are semipositone rather than positive with some con-
nection imposed between them. Our approaches are based on the approximation method
and the well-known fixed point index theory.

Obviously, what we consider is more different from [20] and [32]. The main features of
the present work are as follows. Firstly, fi (¢, , v) and f2(¢, &, v) may be singular at both ¢ = 0,
t = 1and u« = 0, and under some suitable assumptions, the multiple nontrivial solutions for
SBVPs (1.1) are established. Secondly, fi may be negative for some values of ¢, u, and v; f,
is also allowed to change sign. Moreover, f; is controlled by f;. Thirdly, in the obtained so-
lution (&, v), the component u is positive, but the component v is allowed to have different
signs, even may be negative.

The rest of the present work is organized as follows. Section 2 contains some prelim-
inaries. In Sect. 3, some transformations are introduced to convert SBVPs (1.1) into the
corresponding approximate boundary value problems. The main results will be given and

proved in Sect. 4. Finally, in Sect. 5, an example is given to demonstrate the main result.

2 Preliminaries

In view of condition (1.2), as in [9], denote

—Bi+/ B +4a; —Bi— /B +4a;

€1 = — Y §ip = — (i=1,2),

and let G(t,s) (i,j = 1,2) be the Green function of the linear boundary value problem

—u(t) + &u(t) =0, O<t<l;
u;(0) =u;(1)=0, ij=1,2

Then, for /; € C[0, 1], the solution to the following linear boundary value problem

() + it () — () = hi(t),  0<t<1;
ui(0) = u;(1) = u/(0) = /(1) =0, i,j=1,2

can be expressed as
1 el
Mi(t) = / / Gl‘,l(t, ‘E)Gi,z(r,s)h,’(s) ds d‘[, te [0, 1] (21)
o Jo

Lemma 2.1 The function G;j(t,s) (i = 1,2) has the following properties:
(1) Gij(t,s) = Gyj(s,t) and G;j(t,s) > 0 for t,s € (0, 1);
(2) Gij(t,s) < Cy;Gyj(s,s) for t,s € [0,1], where C;; > 0 is a constant;
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(3) Gij(t,s) = 8;;Gij(t,£)Gij(s,s) for t,s € [0,1], where 8;; > 0 is a constant;
(4) Gaj(t,s) <N;Gy(t,s) for t,s € [0,1], where N; > 0 is a constant.

Proof (1)-(3) can be seen from [9]. In addition, by careful calculation and Lemma 2.1 in

. . G2,<(t,s) . . .
[9], itis not difficult to prove that N := supg_, ; m < +oc. Immediately, (4) is derived. O

The main tool used here is the following fixed point index theory.

Lemma 2.2 ([6]) Let E; be a Banach space and P be a cone in E;. Denote P, = {u € P: ||u| <
r}and oP, ={u € P: ||u|| =r} (Vr>0). Let T : P — P be a complete continuous mapping,
then the following conclusions are valid.

(1) If uTu # u for u € 9P, and p € (0,1], then i(T, Py, P) = 1;

(2) Ifinf,cop, ||Tull > 0 and uTu # u for u € 0P, and p > 1, then i(T, P,, P) = 0.

3 Conversion of boundary value problem (1.1)
In order to overcome the difficulties arising from singularity and semipositone, we con-
vert boundary value problem (1.1) into another form (see (3.4)). For simplicity and con-

venience, set
1
Cl = / Gl,l(Tr 'L')Glyz(‘[,‘[) d‘L’, Ml‘,]' = max Gi,j(t, t).
0 te[0,1]

Then C, and M;; (i, = 1,2) are positive numbers.
Now let us list the following assumptions which will be satisfied throughout the paper.
(H1) There exist functions p € L'[J,R*] such that

filt,u,v)+p(t) =0, VY(Lu,v)e] xRi xR,
(H2) fi,f2 € ClJ x R} x R,R], and there exists N3 > 0 such that

[fz(t, u, v)| <Nj3- [ﬁ(t, u,v) +p(t)].

In this paper, the basic space is E := C[0,1] x C[0,1]. It is a Banach space endowed
with the norm ||(, v)|| = max{N||u«|, ||v||} for (#,v) € E, where ||u|| = max;cp,1] |#(t)], [V] =
maxeo,] [V(£)], and N := NiN3N3. N1, N, and N3 are defined in Lemma 2.1 and (H2),
respectively.

Moreover, let

£[u(®)] = u (&) + B (£) - ayu(t),

S[u(e)] = u () + o (8) — craua(t),

[C11C12]* My Mo (1
rp= pls)ds.
81,181,2C1 0

(3.1)

Define a function w: [0,1] — R* by

1 p1
w(t) = / / G11(t,7)Gro(T,8)p(s)dsdr.
o Jo

Page 4 of 15
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Applying (3.1) and Lemma 2.1, one can easily obtain that

1 pl
w(t) = / / G11(t,T)Gro(T,85)p(s) dsdt
o Jo (32)

! 811812C
§C1,1C1,2M1,2G1,1(t,t)/ p(s)ds =r, Ciaiha Gi,1(tt), te[0,1].
0

»
C11C12M1

This together with (2.1) guarantees that w(¢) is the positive solution of the following
boundary value problem:

‘ﬁ[W(t)] =p(t), 0<t<l; (3.3)

w(0) = w(1) =w"(0) = w’(1) = 0.

Now we are in a position to convert SBVPs (1.1) into an approximate boundary value
problem. For this matter, it will be carried out in two steps.

Firstly, in order to overcome the difficulties arising from semipositone, consider the fol-
lowing singular nonlinear differential boundary value problem:

£lu@®)] = fi(t, [ut) - w@O)]",v(®)) + p(£), 0<i<l;
W] = £, [u@) - w®)]* v(£), 0<t<l;

u(0) = u(1) = u"(0) = u"(1) = 0;

v(0) =v(1) =v"(0) =v"(1) = 0,

(3.4)

where

[u(t)]* _ M(t)¢ M(t) > 0;
0, u(t) <0.

Then we can obtain the following conclusion.

Lemma 3.1 Assume that (u,v) is a solution of BVPs (3.4) and u(t) > w(t) for t € [0, 1].
Then (u,v) is a solution of SBVPs (1.1).

Proof Let the vector (u,v) be a solution of BVPs (3.4) and u(t) > w(t) for ¢ € [0,1]. Then
the definition of function [-]* together with (3.4) guarantees that

E£lu(t)] = fi(t, u(t) — w(t),v(t)) + p(¢), O0<t<]1;
Iw(e)] =fo(t, u(t) — w(t),v(t)), O0<t<l;

u(0) = u(1) =u”(0) = u”(1) = 0;

v(0) =v(1) =v"(0) =v'(1) = 0.

(3.5)

Setuy = u—w, vy = v. Then £[u; ()] = £[u(t)] — £[w(£)] and J[v;1(2)] = I[v(#)], which implies

ﬁ[u(t)] = £[u1(t)] + ﬁ[w(t)] = E[ul(t)] +p(t),
@] =3[n®] telo1].
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So, (3.3) together with (3.5) guarantees that

Elui ()] =fi(t, u1(t),v1(2)), O<t<1;
Ivi®)] =folt,ur (8),v1(2)), 0<t<1;

(3.6)
u1(0) = u1 (1) = u7(0) = u(1) = 0;
r1(0) = v1(1) =v{(0) = v{(1) = 0.
Namely (u1,v1) = (u — w, v) is a solution of SBVPs (1.1). O

Secondly, in order to overcome the singularity associated with SBVPs (1.1), consider the
following approximate boundary value problem:

Elu(®)] = £{(t, [u(t) - wOT;, V() + pt), 0<t<l;
O] =t [u(t) - wOI,v(E), 0<t<1;

u(0) =u(l) =u"(0)=u"(1) = 0;

v(0) =v(1) =v"(0) =v'(1) = 0,

(3.7)

where

filt,u+ }w), u>0;

ﬁ(t,},v), u<0(i=1,2jeN).

A

In the following, we shall mainly discuss the existence results for BVPs (3.7) by using the

fixed point index theory. For this matter, first we define the following mappings:

T’l(u, v)(t) = / / Gu1(t, ‘C)Gl_z(l',s)[fl}( , [u(s) - w(s)];,v(s)) +p(s)] dsdr,
o Jo

i 1 1 . .
10 = [ [ Garlts)Gaa(r (s [u6) - w9}, v09) dsel,
0 0

T/, v)(t) = (T)(u, v)(8), Ty(w,v)(2)), VE€[0,1],(,v) €E,j €N, (3.8)

Obviously, it is easy to see that the existence of nontrivial solutions for BVPs (3.7) is
equivalent to the existence of the nontrivial fixed point of 77. Therefore, we just need to
find the nontrivial fixed point of 77 in the following work.

For the sake of obtaining the nontrivial fixed point of operator 7/, set
P={(u,v) € E:u(t) > o (¢)|lull and |v(¢)| < Nu(t),¥t € [0,1]},

where o (t) = % Gi,1(t, ) and N = N1 N, N3. Np, Ny, and N3 are defined in Lemma 2.1
and (H2), respectively.
Evidently, P is a nonempty, convex, and closed subset of E. Furthermore, one can prove

that P is a cone of Banach space E. For simplicity, denote

P, := {(u,v) epP: ||(u,v)H < r}.

Page 6 of 15
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Then, by the definition of cone P and the norm ||(z, v)||, one can see that

P, := {(u,v)eP: ||(u,v)|| :r} = {(u,v) eP:|ul = %},

lTr:= {(u,V)EPI ||(M,V)|| 5}”} = {(u,V)EP: lu]| < %}

Clearly, for each r > 0, P, is a relatively open and bounded set of P.

4 Main results
In this section, we present the main results of this paper. To do this, first we need to in-
vestigate the properties of mapping 7/ (j € N).

Lemma 4.1 Assume that (H1) and (H2) hold. Then, foranyj € N, T/ : P — P is completely
continuous and T/(P) C P.

Proof For (u,v) € P, by virtue of Lemma 2.1, one can easily get that

. 1 1 .
T () = / / Gu1(67)Gra(e, 9] (5, [us) - W] v0) + pls)] dsd
0 0

81,1 81,2 Cl

_LifLe=l J _ J
Z i CraMis Gy1(t,8) ” T, (u,v) H =o(t) H T, (u,v)

, Vte[0,1],jeN.
Moreover, (H2) together with Lemma 2.1 implies that
. 1 1 . %
| T (u,v)(8)| = ‘f / Go,1(t, T)Goo (T, 9)f (s, [u(s) — w(s)]j ,v(s)) dsdr
o Jo
1,1 4 .
<N [ [ Gaat00Gaate, ] [us) - )] ) ds
o Jo

1,1 ,
§N1N2N3/O /0 Gl,l(t,t)Gl,z(t,s)f{(s, [u(s)—w(s)]f,v(s)) dsdt

J

= N|T}(u,v)(0)

, Vte[01],jeN.

Therefore, T/(u,v) € P, namely 7/(P) C P. In addition, notice that f;, f2, and G;; are con-
tinuous, one can deduce that 77 is completely continuous for each j € N by using normal
methods such as Ascoli—Arzela theorem, etc. O

For convenience of expression, for each R; > ry > Nr,, take

r R
Apr Ryl = ((]T} - rp)o(t)¢ ﬁl + 11| x [-Ry,R1],

where 7, is defined in (3.1).
At the same time, define a functional f : L!(J) — R* by

1 1
Fy) = max/o /0 G11(t,T)Gra(T,8)y(s)dsdr, forye L'()). (4.1)

te[0,1]

Next, let us list the following assumptions which will be used in what follows.

Page 7 of 15
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(H1') For each Ry > r1 > Nr,, there exists W, z, € L'(J) such that
0 S,fl(t; u, V) +P(t) =< \I”rl,Rl (t)’ for V(t) u, V) 6] X A[rl,Rl](t)- (42)

(H3) There exist R > r > Nr, and function ®, such that
(1) Al 1) + p(8) = D8, V(Eu1) €] X Appio
(2) F(Wrp) <5, F(®))> £
Now we are in a position to give the following two lemmas to calculate the fixed point
index of 77 (j € N) in P,.

Lemma 4.2 Assume that (H1') and (H2)-(H3) hold. Then the following conclusions are
valid:

(i) ForanyjeN,i(T/,P,,P)=0;

(ii) ForanyjeN, i(T/,Pg,P) = 1.

Proof (i) For the sake of obtaining the desired result, we firstly prove that

( i)ngp || T (u,v) ” >0 and (u,v) #uT’(u,v), Y(u,v)€dP,pu>1landjeN. (4.3)
u,v)eopP,

In fact, if it is not true, then there exist (o > 1 and (i, Vo) € 0P, such that (i, o) =
o T/ (ug, vo). By (3.1), (3.2), and the definition of cone P, one can obtain that

uo(t>za(t>||uo||:§a<t), w(t) < ro(t), tel01].

That is,

Uo(t) — w(t) > %a(t) 1o (t) = (% - rp>o(t) > 0.

Moreover, by the definition of function [-]7, we have

| =

[10(6) = ()] = 0(6) = () <0+ - = -+,

Z|~

[vo()| < Nuo(t) <r, Vee[0,1],j€N, (4.4)
which means
([0®) = w(®)];, v0(0)) € Apie,  VE€[0,1],j €N,
Hence, applying (o, vo) = 1o T/ (140, vo) and (H3), we obtain immediately that
uo(t) = o T} (o, v0) () = T (tt0, vo)(2)
_ /0 1 /0 1 Gua(6,7)Gra(r, ) [F (1, [wo0) - w(d)]! ol0) + p(0)] ds e @5)

1 1
> / / Gt (6, 7)Gra (7, 5)®, (5) ds d.
0 0

Page 8 of 15
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Taking the maximum for both sides of (4.5) in [0, 1], we get
ro
lluoll = F(P,) > N /€ N.
This is in contradiction with (uo, vo) € P,. Besides, it is clear that inf(,,)csp, || T/ (1, v)|| > 0
by (4.5), and then (4.3) holds.
(ii) Next, we claim that

(u,v) # nT/(u,v), Y(u,v) € dPg, e (0,1],andj e N. (4.6)

Suppose on the contrary that there exist u; € (0,1] and (u;,v,) € 9P such that (u;,v;) =
s, T/ (u;,v;). Using a similar process of the proof as (i), we immediately get that

|vi.(8)] < Nuy.(£) <R,

which indicates
([uo(®) - W(t)]j,vo(t)) € Arpryr, VEiel[0,1],jeN.
In addition, (u;,v;) = ws T/ (uy, v2) together with (4.2), (4.7), and (H3) deduces that
w3.(8) = i T (143, v2) () < T (1, v)(0)
1 1 ) i
= f / GLi(t: 1)Gra(T, ) (5 [1(5) = w(s)], va(5)) + p(s)] ds dr
0o Jo
1 1
< / / G1,1(t, T)Gr2(7,5)Wrr(s) dsdr,
0o Jo
which implies
sl < F(Ure) < =, jeN
ul|l = RR) < ﬁ’ JASEA D

This is in contradiction with (u;,v,) € dPg. Therefore, (4.6) holds. To sum up, the proof is
complete. d

Lemma 4.3 Assume that (H1') and (H2)—(H3) hold. In addition, suppose that:
(H4) There exists an interval [, B] C J such that

. . filt,u,v)

lim min — = +00
[vI<Nu_te[a,p] u
Uu—+0Q

Then there exists a constant R* > R such that i(T/, Pg+, P) = 0 for each j € N.

Page 9 of 15
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Proof First, choose a positive number Y satisfying

B rB -1
T >2( min o (t)- max/ / Gl,l(t,r)GLz(r,s)dsdr> . (4.8)

tela,B] t[0,1]
Then, by (H4), it is easy to see that there exists £ > % such that

filt,u,v)

u

>, Vtelo,Bl,u=>{,|v| < Nu. (4.9)

Let R* be a positive number satisfying R* > —2N¢___ Then
mingc[y g) o(t)

P Yy (4.10)
Next we show
(u,v) # nT(u,v), Y(u,v)€dPg,;u>1,andjeN. (4.11)

In fact, if it is not true, then there exist 1o > 1 and (u, vy) € 0Pz such that (ug,vp) =
wo T/ (uo, vo). Therefore, for any ¢ € [a, B], by (3.1), (3.2), and (4.10), one can easily get that

o®) = (0 2 (e) ~ o () 2 (®) ~ {0 ()

R N R
> uo(t) - N ﬁuo(t) = up(t) - ﬁuo(t) (4.12)
t R*
> 4o(?) > — . min o(¢)>£>0.
2 2N tela,p]

Hence, from (4.9) and (4.12), we have
o(£) = 110 T} (140, vo) () = T (o, vo)(£)
1,1 ]
= ./o /0 Gy1(t, r)GLz(r,s)[f{(t, [uo(s) - w(s)];, vo(s)) +p(s)] dsdt
1 1 1
= / / G11(t 7)G12(7,9) [fl <t, uo(s) — w(s) + —, vo(s)> +p(s)] dsdrt
o Jo J
(4.13)

1 1
> / / Gui(t,1)Gra(T,9) -fi (r,uo(s>—w(s> s 1,,VO<s>) dsdv
0o Jo ]

B B
>7- /a /a G11(t, 1)Gr2(7,8) - (uo(s) —w(s) + ;) dsdrt

TR* borp
> 5 min o) / / Gua(t, T)Gra(z,s) ds .

Consequently, by (4.8) and (4.13), we immediately obtain that

TR* Borp R*
lluoll = min o (¢)- | max / / G11(t, 7)Gro(T,8)dsdt | > —.
2N tela,p] telafl Sy Ja N

Page 10 of 15
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This is in contradiction with (i, vy) € 0Pg+. Moreover, in view of (4.13) we know that
inf(y,)copps |l T/(u,v)| > 0. So, by Lemma 2.2, the conclusion of this lemma follows. a

Now, we are in a position to prove the main theorem of the present paper.

Theorem 4.4 Under assumptions (H1') and (H2)—(H4), SBVPs (1.1) admits at least two
nontrivial solutions.

Proof This proof will be carried out in four steps.
Claim 1 System (3.7) has at least two nontrivial solutions.

In fact, applying Lemmas 4.2—4.3 and the additivity of the fixed point index, one can get
for any j € N that

i(T/, Pre \ Py, P) = i(T/, P, P) — i(T/ — Pg,P) =0~ 1= -1,
i(T/,PR\ P,,P) = i(T/,P,P) —i(T' = P,,P) =1-0=1.

So, there exist (u,vj) € P+ \ Pg and (U}, Vj) € P \ P, satisfying

(uj,v)) = Tj(uj, v) and (U;,V)) = Tj(L[/, Vi), jeN.
Namely, system (3.7) has at least two nontrivial solutions satisfying

r <Nyl < R<NJ||Uj|l < R*. (4.14)
Claim 2 {(u;,v))}jen and {(U}, V})}jen are bounded equicontinuous families on [0,1].

Notice that the boundedness is obvious. To prove the equicontinuity, let us prove that
U;}ien are equicontinuous on [0, 1] first. Since
1) q

ui(t) - wit) > <% - rp)o(t) >0, (4.15)
applying (4.2) and (4.15), we get that, forany 0 <t; <t <landj€N,
|j(02) = wi(8)] = | T} (a4, v))(01) = T (1, v (82)]
1,1
= / / |GL1(t1,7) = Gri(t2, T)| - Gia(T,5)
o Jo
Al [us) - w(s)]j,vj(s)) +p(s)]dsdr
1,1
<Ci2 tIET}Oa}] Gia(t, f)/(; /(; |G11(t1,T) = G (82, T)| (4.16)
W, pe(s)dsdt

1
< Cip max Gipo(t,t) - / W, r+(s) ds
te[0,1] 0

1
- / 1Gua (1, 7) = G (12, 7).
0
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So, by (H1'), (4.16), and the continuity of Gy 1, one can easily see that the equicontinuity of
{#j}jen holds. From a process similar to the above, we get that the equicontinuity of {v;};en
holds by applying condition (H2). Therefore, {(x;,v;)}jen is an equicontinuous family on
t € [0,1]. Very similarly, {(U;, V})};en is also an equicontinuous family on [0, 1].

To sum up, {(),v;)}jen and {(U}, V})}jen are the bounded equicontinuous families on

[0,1]. By the Arzela—Ascoli theorem, there exist subsequences of them such that

(w,,v;,) = (uo,v0) asnm— +ooinkE,

W, v;,) = Uy, Vo) asn— +ooinE. (4.17)
Claim 3 (ug, vo) and (Uy, V) are nontrivial solutions of BVPs (3.4).

Since (u;,,v;,) satisfies the integral equations

1,1 ‘
u;,(t) = /0 /0 Gy(2, r)Gl,g(r,s)[f{(s, [ujn (s) - w(s)];,vjn (s)) +p(s)] dsdr,
(4.18)

1,1 4 .
v/n(t):/o /o Gz,l(t,r)Gz,z(f,s)le(s, [u/n(s)—w(s)]j,vjn(s)) dsdr.

From (H1’) and the well-known Lebesgue dominated convergence theorem, one can get
that

1 1
uo(t) = f / G11(6,T)G12(T,8)[fi (5, [o(s) — w(s)] ", vo(s)) + p(s)] dsd,
00 (4.19)

1,1 i}
vo(t):/0 /0 Go,1(t,T)Gaa (T, 9)fa (s, [uo(s)—w(s)] ,vo(s)) dsdr.

Therefore, (19, Vo) is a nontrivial solution of BVPs (3.4). Similarly, we also get that (U, Vo)
is a nontrivial solution of BVPs (3.4). In addition, it is obvious that u(¢) — w(t) > 0
and Uy(t) — w(t) > 0. Then, from Lemma 3.1, we know that (ug — w(t),vo) and (Uy(t) —
w(t), Vo(2)) are the nontrivial solution of SBVPs (1.1).

Claim 4 (MO) VO) 7! (UO, VO)
Since (0, v) C Pg+ \ P and (Uy, Vo) C Pg \ P,, we only need to prove that BVPs (3.4)

has no solutions on dPg. Suppose on the contrary that there exists (i, V) € 9Py satisfying
BVPs (3.4). Then

1 pl
= f f GL1(t,D)Gua(w, )[fi (& [#(t) - w(O)]', 7)) + p()] ds e
0 1 0 1 (4.20)
S/O /o G11(t T)G12(7,5) WRe(s) dsdr.

Taking the maximum on both sides of (4.20) in [0, 1], one can easily obtain that

il < F (rals) < %
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This is in contradiction with (i, V) € 9Pg. To sum up, the conclusion of this theorem fol-

lows. O

5 Anexample
In this section, an illustrative example is worked out to show the effectiveness of the ob-

tained result.

Example 5.1 Consider the following boundary value problem of fourth-order differential

systems:
(4) (Y _ 72 _ v 2,1y _ t .
u(t) +u’(t) —eul(t) = 7o) (u*+ ) —kcos(%), O0<t<l
(4) 1 72 ) = _veost) (2 sin(t) .
V() + 2‘/,(t) - ﬂz v(t) = NN /t(1-2) (” + u ), 0<t<l; (5.1)

u(0) =u(1) =u"(0) = u"(1) = 0;
v(0) =v(1) =v"(0) =v'(1) =0,

2[C1,1C1212M1,1 M1 9

where « = 100781,161,2C1

,ueR{;,and%gM <1
Conclusion: SBVPs (5.1) has at least two nontrivial solutions.

Proof SBVPs (5.1) can be regarded as the form of SBVPs (1.1), where

a1=ﬂ21 ﬂ1=1, oy =——, ﬂz=§,

Flbouy) = ;@2 . 1) _ e coslt),

N () u
and
hlbuy) = veos(t) (u2 . sin(t))
S NN, t(l —t) u ’
Then
. ~1++1+472 -1-+1+4x72
M=—75" pp2=—7D7T":

2 2

Clearly, o; and B; (i = 1,2) satisfy condition (1.2). Moreover, by careful calculation and

Lemma 2.1 in [9], one can obtain that

sinhwy 1¢sinhwy 1(1-s
S 0st=s<l
G1’1 (t’ S) = sinh wy issinh wl‘l(l—t)
— =, 0<s=<t=<],
wi,1 sinhwy g
sinwy atsinwy 2(1—s
G ( ) ;;fgsinwl{z; )’ 0§t§s§1;
12(58) = . o i
” sinwy pssinwy o (1-¢
1,28 811 1,2( )’ 0O<s<t<l1,
wi,2sinwy o

where wy; = /|61, (i =1,2).
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Take p(t) = « cos(”{), and simple calculation implies that (H1’) holds. Moreover, (H2)

holds by choosing N3 = ﬁ For convenience, let

1 1
Ay 212C1,1C1,2/ G1,1(T,T)df/ G2(s,8)ds,
0 0
1
Az =: 61]1812(31 max Gl,l(t, t)/ Gl,z(S,S) ds.
te(0,1] 0

Obviously, it is easy to get that r, = % from (3.1) and N = 1. Moreover, choose

JI+4A, +1 1 1
=Y SN =—, D) ——————,
4 100 2(r + 1)VE1 -0

and

2(R+1)2

N7

Then careful calculation indicates that (H3) holds. From [e, 8] C (0, 1), it follows that

R> max{(Al)%,Nr}, W r(t) =

v (2, 1)) _ xt
L Abwy) g y)) —Keos(F)
lim min — = lim min = +00,
[v|<Nu_tela,f] u [v|<Nu_tela,B] u

Uu—>+00 Uu—+0Q

which implies that condition (H4) holds. Consequently, SBVPs (5.1) has at least two non-
trivial solutions by Theorem 4.4. O

Acknowledgements
The authors are thankful to the editor and anonymous referees for their valuable comments and suggestions.

Funding

Y. Liu was supported by NNSF of PR. China (62073202) and the Natural Science Foundation of Shandong Province
(ZR2020MA007). D. Zhao was supported by a project of Shandong Province Higher Educational Science and Technology
Program of China under the grant J18KA233.

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors conceived of the study, participated in its design and coordination, drafted the manuscript, participated in the
sequence alignment, and read and approved the final manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 13 April 2021 Accepted: 23 August 2021 Published online: 15 September 2021

References

1. Bishop, S.A, Ayoola, E.O., Oghonyon, G.J.: Existence of mild solution of impulsive quantum stochastic differential
equation with nonlocal conditions. Anal. Math. Phys. 7, 255-265 (2017)

2. Chen, Y, Qin, B.: Solutions for nth-order boundary value problems of impulsive singular nonlinear integro-differential
equations in Banach spaces. Bound. Value Probl. 2013(1), 128 (2013)

3. Cheng, W, Xu, J, O'Regan, D.: Positive solutions for a nonlinear discrete fractional boundary value problem with a
p-Laplacian operator. J. Appl. Anal. Comput. 9(5), 1959-1972 (2019)

4. De, C.C, Fabry, C, Munyamarere, F.: Nonresonance conditions for fourth-order nonlinear boundary value problems.
Int. J. Math. Math. Sci. 17(4), 725-740 (1994)



Lin et al. Boundary Value Problems (2021) 2021:79

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

32.

. Fan, J, Li, L: Existence of positive solutions for p-Laplacian dynamic equations with derivative on time scales. J. Appl.

Math. 2013, 736583 (2013)

. Guo, D., Lakshmikantham, V.: Nonlinear Problems in Abstract Cones. Academic Press, New York (1988)
. Indhumathi, P, Leelamani, A.: Existence and uniqueness results for mild solutions of random impulsive abstract

neutral partial differential equation over real axis. Appl. Math. J. Chin. Univ. 33(1), 71-87 (2018)

. Lakshmikantham, V, Leela, S., Vasundhara Devi, J.: Theory of Fractional Dynamic Systems. Cambridge Scientific

Publishers, Cambridge (2009)

. Li, Y. Positive solutions of fourth-order boundary value problems with two parameters. J. Math. Anal. Appl. 281(2),

477-484 (2003)

. Liu, B, Liu, Y.: Positive solutions of a two-point boundary value problem for singular fractional differential equations in

Banach space. J. Funct. Spaces 2013(3), 721-730 (2013)

. Liu, L, Zhang, X, Wu, Y: On existence of positive solutions of a two-point boundary value problem for a nonlinear

singular semipositone system. Appl. Math. Comput. 192(1), 223-232 (2007)

. Liu, Y Twin solutions to singular semipositone problems. J. Math. Anal. Appl. 286(1), 248-260 (2003)
. Liu, Y, O'Regan, D.: Multiplicity results for a class of fourth order semipositone m-point boundary value problems.

Appl. Anal. 91(5/6), 911-921 (2012)

. Liu, Z, Jia, M, Ume, J.S,, Kang, S.M.: Positive solutions for a higher-order nonlinear neutral delay differential equation.

Abstr. Appl. Anal. 2011, 328956 (2011)

. Mao, J,, Zhao, D.: Multiple positive solutions for nonlinear fractional differential equations with integral boundary

value conditions and a parameter. J. Funct. Spaces 2019, 2787569 (2019)

. Podlubny, |.: Fractional Differential Equations. Mathematics in Science and Engineering. Academic Press, New York

(1999)

. Qi, T, Liu, Y, Cui, Y. Existence of solutions for a class of coupled fractional differential systems with nonlocal boundary

conditions. J. Funct. Spaces 2017, 6703860 (2017)

. Rong, D,, Zhang, Q.: Solutions and nonnegative solutions for a weighted variable exponent impulsive

integro-differential system with multi-point and integral mixed boundary value problems. Bound. Value Probl.
2013(1), 161 (2013)

. Thaiprayoon, C,, Samana, D., Tariboon, J.: Multi-point boundary value problem for first order impulsive

integro-differential equations with multi-point jump conditions. Bound. Value Probl. 2012(1), 38 (2012)

Wang, Q, Lu, Y. Positive solutions for a nonlinear system of fourth-order ordinary differential equations. Electron.
J. Differ. Equ. 2020, 45 (2020)

Wang, W, Shen, J.: Positive periodic solutions for neutral functional differential equations. Appl. Math. Lett. 102,
106154 (2020)

Wang, Y., Liu, Y., Cui, Y.: Infinitely many solutions for impulsive fractional boundary value problem with p-Laplacian.
Bound. Value Probl. 2018(1), 94 (2018)

Xu, J, Jiang, J., O'Regan, D.: Positive solutions for a class of p-Laplacian Hadamard fractional-order three-point
boundary value problems. Mathematics 8(3), 308 (2020)

Xu, J., Wei, Z, O'Regan, D.: Infinitely many solutions for fractional Schrodinger-Maxwell equations. J. Appl. Anal.
Comput. 9(3), 1165-1182 (2019)

Xu, W, Ding, W.: Existence of positive solutions for second-order impulsive differential equations with delay and
three-point boundary value problem. Adv. Differ. Equ. 2016(1), 239 (2016)

Yan, B.: Positive solutions for the singular nonlocal boundary value problems involving nonlinear integral conditions.
Bound. Value Probl. 2014(1), 38 (2014)

Zhang, H,, Liu, L, Wu, Y.: A unique positive solution for nth-order nonlinear impulsive singular integro-differential
equations on unbounded domains in Banach spaces. Appl. Math. Comput. 203(2), 649-659 (2008)

Zhang, S., Sun, J.: Existence of mild solutions for the impulsive semilinear nonlocal problem with random effects. Adv.
Differ. Equ. 2014(1), 194 (2014)

Zhao, D, Liu, Y. Eigenvalues of a class of singular boundary value problems of impulsive differential equations in
Banach spaces. J. Funct. Spaces 2014, 720494 (2014)

Zhao, D, Liu, Y. Positive solutions for a class of fractional differential coupled system with integral boundary value
conditions. J. Nonlinear Sci. Appl. 9, 2922-2942 (2016)

. Zhao, D, Liu, Y. Twin solutions to semipositone boundary value problems for fractional differential equations with

coupled integral boundary conditions. J. Nonlinear Sci. Appl. 10, 3544-3565 (2017)
Zhu, F, Liu, L, Wu, Y:: Positive solutions for systems of a nonlinear fourth-order singular semipositone boundary value
problems. Appl. Math. Comput. 216(2), 448-457 (2010)

Page 15 of 15



	Multiple solutions for singular semipositone boundary value problems of fourth-order differential systems with parameters
	Abstract
	Keywords

	Introduction
	Preliminaries
	Conversion of boundary value problem (1.1)
	Main results
	An example
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Publisher's Note
	References


