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1 Introduction
This paper is mainly concerned with the existence of positive solutions of a second-order
two-delay differential system with

() + @A (E—11),x%(t - 1)) =0, O0<t<],
x5 (8) + ()1 (£ — 11), %2(t — 12)) =0, O<t<]1,
x1() =0, —-11<t<0, and x(1)=0,
x() =0, -179<t<0, and x(1)=0,

(1.1)

where 0 <73 < 7p < % are constants, and the weight functions /;(¢) may change sign (see
(Hy)).

Many researchers have been attracted to study the theory, methodology and applica-
tion of functional differential equations with delays, which have often been put forward as
mathematical model to describe various natural phenomena [6, 9]. One of the important
aspects of research is that there are many papers devoted to studying nontrivial solutions
of boundary-value problems for functional differential equations with delays. For exam-
ple, ].W. Lee and D. O’Regan established the general existence principle of differential-
difference equations with delay type based on the nonlinear alternative (see [10, 11]). Since
then, T. Candan [4, 5] applied Krasnosel’skii’s fixed point theorem for the sum of a com-
pletely continuous and a contraction mapping to prove the existence of positive periodic
solutions for the first- (second-) order neutral differential equation. Y. Liu [12] applied
the Monch fixed point theorem to study the existence and uniqueness of solutions for
the nonlinear functional differential equations on infinite interval. D. Bai and Y. Xu [1, 2]
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employed fixed-point theory to show how the parameters effect the number of positive
solution for a two-delay singular differential system (1.1). In addition, to the best of our
knowledge, many papers are concerned with the existence of positive solutions of differ-
ential equations with indefinite weight functions by using various methods, such as the
fixed point theorems, the Leray—Schauder degree theory, bifurcation and so on. We refer
the reader to [3, 7, 13, 14, 16—18].

Motivated by the related references, in this paper we mainly apply the Krasnosel’skii
fixed point theorems in cones to discuss the existence of positive solutions of problem
(1.1), if the functions /;(¢) and fi(x1, x,) satisfy the following assumptions:

(Hy) h;:[0,1] = (—00, +00) are continuous, and there exists a € € (0,1 — 1) such that

hi(t) >0, iftel0,&],
hi(t)=0, iftel&, &+ 1o,
hi(t) <0, iftelé+1,1].

Furthermore, /; do not vanish identically on any subinterval of [0,£] and [§ + 1o, 1].
(Hy) fi: R*2 — R* are continuous and there exists a 6 € (0,1] such that

ﬁ(M; V) > 9¢i(”1 V);

¢i(u,v) = max{fi(x1,%2) : 0 <y < 1,0 <xp <V}

(Hs) There exist positive constants k;, «; and continuous functions
Fi(x1,%;) : R*? > R*

satisfying
(i) Fi(x1,%2) are strictly increasing functions with respective to (x1,xz),
(ii) Fi(Ax1, Axz) = A% Fi(x1,%2),

such that

KiFi(x1, %) < fi(x1, %) < Filx1, %), (x1,%) € R

(Ha) There exist o; satisfying 7, < 0; < § such that

& 1
0%k;(0; — )% / G(t,s)h] (s)ds > &% / G(t,s)h; (s) ds.
o, 3

i +72

2 Preliminaries
Let

E;={x;€ Cl-7;,1] : ;) = 0,V¢ € [-7;,0] and x;(1) =0}  (i=1,2)
be a Banach space with norm |x;(£)|; = max_, <;<1 %;(£) = maxo<;<1 x;(t). Then we can define
a Banach space E by E; x E; with norm ||x|| = max{|x1]|1, |x2]2}, for x = (x1,%,) € E. Also,

define a subcone K C E by

K= {x € E : x(t) > 0,x; is concave on [0, £] and convex on [£, 1]}.



Wang and Ding Boundary Value Problems (2021) 2021:96

For Vx(t) € K, it is obvious that
x;|; = (max x;(2).

For any y > 0, in the following paragraphs, we set
K, = {x eK: x| < 7/}

and
K, ={xeK: x| =y}

Define an operator T by Tx(t) = (T1x(t), Tox(t)), where

[ G, )h(s)fi(xi(s — 1), xa(s — 1)) ds, 0<£<1,

Tix(t) =
O; =T; E t S 01
where
1-ts, 0<s<t<l,
G(t,s) =

t(l-s), 0<t<s<l.

Now solutions of (1.1) can be rewritten as fixed points of T in Banach space E.

Lemma 2.1 Assume that (H1)—(Hy) hold. Then the operator T is positive and T : K — K

is completely continuous.

Proof First of all, we show that the operator T; is positive, namely, for any x(¢) € K, we

have

1 (o}
/ Gt sV a5~ hals - ) ds = [ G(esh] Mol - )l - ) s
0

0

For any x(¢) € K, we can obtain

xi(t) = qt)xi(5), te[0,€] and xi(2) <q(O)x:(§), tel[§,1],

where ¢(¢) : [0, 1] — [0, 1] defined by ¢(¢) = min{é, 117_;}. Hence, we have

. ( ) o1 —T; ( ) 1—.‘;:—1'2+Ti
min g(s—1;) = , max ¢g(s-t1)= —"——
se[ol,E]q ! %‘ SE[E+12,1]q ! 1 —E

Then, from (H;)—(Hy), it follows that
1 o1
/ Gl Y (5)f (15 = 70), (s — 7)) s — / Gty WL (5)fs (11(5 = 71), a5 = 72)) ds
0 0

3
= / G(&,s)h{ ()i (%1(s — 1), %2(s — 7)) s

1

Page 3 of 17



Wang and Ding Boundary Value Problems (2021) 2021:96

1
- /E G(t,s)hi (s)fs (xl(s —11),%(s — rz)) ds

3
>0 / Glt, )} ()1 (1 (5 — 72), s — 12)) ds

1

1
- / G(t,$)h7 (s)1 (x1(s — 71),%2(s — 72)) dis

§+12

&
>0 / Gt, ()b (als — 1)1 (6), (s — T2)wa(8)) s

1

1
- /E Glt, )y (5) (q(s - 7)1 (), (5 - T)a(8)) ds

3
>0 / Gt, O () (qls — 1)1 (6), (s — T2)alE)) ds

1
_ % /E G(t, )y (s)fi (q(s — T)x1(§), q(s — T2)x () ds

&
- é |:92 / G(&, )l (9)f1 (gq(s — T)x1(8), (s — T2)x2(8)) ds

1

1
- / G(t, 9)h1 (s)f1 (q(s — T)x1(8), (s — T2)x2(8)) ds]

§+12

H
> % [92 / G(t, )} ()kiF1 (g(s — 11)x1(5), g(s — T2)x2(8)) ds

o1

1
- fg G(t,s)h7 (s)F1(q(s — T1)x1(8), g(s — T2)x2(8)) d5:|

+12

> gt [ Gy s (min ats - (69, min g5 - roal®))
_5|: / ,8)h7 (s)ky 1({1{21;1]qs—r1x1é,[rglél]qs—rzxzé) s

o1

1
- / G(t,s)hf(s)F1< max _g(s — t1)x1(§), : ggxl : q(s — To)x2(€ )) dS]

E+7y [+12,1]

3 K
- 5[92/(, G(t,s)hT(s)g(Tllpl((Gl =), (01 =~ )xa(E)) ds

1

1
[ GO (1 ) €, 0 - o) ds}
E+1y (1 _E) 1
&
> %[92/ G(t,S)hI(S)k—;Fl((Ul - 1)x1(§), (01 — T2)%2()) dis
o1 g 1
1
- [ GO g (- m (€, - () ds}
E+1y (1 _E) L

1 § ok N
= 5[92 /(, 1 G(t,s)hl(s)é_Tll(crl — 1) ds

! 1
_ /,,;”2 G(t,s)hI(S)m(l _g)n ds:| Fy (%1(8), %(6))

>0,

which implies that the operator T is positive.

Page 4 of 17
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In the similar way, we also get

1 o
/o G(t,s)hy(s)f> (xl(s —11),%2(s — l'g)) ds > /0 G(t,8)h3 (s)f2 (xl(s —11),%2(8 — l'g)) ds,

which implies that the operator T is positive.

Secondly, from the conditions (H;)-(H3), we can obtain
(Tw)"(t) <0, tel0,E] and (Twx)'(t)>0, tel&,1].

Ultimately, from the standard process, we can prove that T : K — K is completely con-

tinuous. O

The proofs of this paper are mainly based on the Krasnosel’skii fixed point theorems in

cones such as the following.

Lemma 2.2 ([8]) Let E be a Banach space, and K C E be a cone in E. Assume that Q1, Q2
are open subsets of E with 0 € Q1, Q1 C Q, and let T : K N (Q \ Q1) — K be a completely
continuous operator such that either

i) 1 Tull < lull, u e KNy and || Tull > |ull, u € K N 3R2y; or

(i) | Tull = |lull, u € KNOKQy and | Tu|| < ||ul|l, u € KN IQ,.
Then T has a fixed point in K N (Q \ 21).

Lemma 2.3 ([15]) Let (X, |- |) be a normal linear space; K1, Ky C X two cones; K : K1 X Ky;
nReR withO<r; <R fori=1,2,Kp:={u=(u,u) €K:ri <|u| <R;i=1,2}, and
let T = (T1,Ty) be a compact map. Assume that, for each i € {1,2}, one of the following
conditions is satisfied in K, g:

(@) Ti(u) £ (2w if lui| = 1y, and Ti(u) # (S)u; if |ui| = Ri;

(b) Ti(u) # (Sui if lui| = ri, and Ti(u) £ (>)u; if lui| = R;.
Then T has a fixed point u in K with r; < |u;| <R,;.

3 Mainresults|
Define a function §(¢) by

6(t)=min{§,%}, £ [0,8].

Then, fori=1,2, let

y,-:min{ min  §(s—17)

0j+T;
itT2 .
o= <5<0;

) (ri+£nln 8(S - tz)})

2
—y - =s=0;

A; = k! max G(t,¢) - / G(s, )k (s) ds,
tel0] )

19 &
Bi:‘/ G(s,s)h:f(s)ds,Ci:/ G(s,s)h] (s) ds.

1 2
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Theorem 3.1 Assume that (H1)—(Ha) hold. If there exist two positive constants r, R with
r < R, satisfying

min{AlFl(rrO)’A2F2(Or r)} >,

max{B1Fi(R,0) + CiF1 (R, R), ByF>(R,0) + C:F>(R,R)} <R,
then problem (1.1) at least has a positive solution.

Proof On one hand, for any x € 9K, we have 0 < x1, x, < R. Then, by the assumptions,

we have

1
| T1xl; < / G(s,9)h1(s)fy (x1(s — T1), x2(s — 72)) dis
0

&
= f G(s,s)h{ ()1 (%1(s — 1), %2(s — 72)) dds

0

1
- /E Gls, )y (5)f (315 — 1), %25 = 72)) s
3
< / Gls, 5V () (1 (5 — 70), s — 12)) ds
0

23 £
= (/ +/ )G(s,s)h{(s)fl(xl(s—rl),xz(s_ 7)) ds

< / ’ G(s,s)h7 (s) 1(x1(s - rl),O) ds

1

&
+/ G(s,s)hi’(s)fl(xl(s— tl),xz(s—rz)) ds

2

< /12 G(s, )k} (s)F1 (xl(s - 11),0) ds

1

&
+/ G(s, )l (8)F1 (x1(s — T1), %2(s — 72)) ds

2

< frz G(s,s)hy (s)F1(R,0)ds

1

&
+f G(s,s)h] (s)F1(R,R) ds

2

<R

In the similar way, we also have

1
| Tyxly < / Gls, Ma(s)fa (1 (5 — 72), a5 — 7)) dls
0

15 &
5/ G(s,s)hg(s)Fz(R,O)ds+/ G(s,8)h; (s)F2(R,R) ds

)

<R
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So, from the above discussions, we get
| x|l = max{| Tyx[1,| Toxlo} <R =|xll, forx € 0Kg. (3.1)
On the other hand, for any x(¢) € K, from the concave property of x;(t) it follows that
xi(6) = 8(t)|xi(t)|, te(0,€]

Then, for any x(¢) € 3K, we have the following.
Case I: if |x1(2)|1 = r, then 8(t)r < x;1(t) <rand 0 <x,(t) <r. By (Hy), we have

1
max T1x(t) = max / G(t, )h1(s)fi (xl(s —11),%2(s — rg)) ds
te[0,£] te[0] Jo

tel0¢

> max] /Ul G(t,s)h{ ()i (xl(s —11),%(s — ‘Cz)) ds
0

> max G(t,¢) - " G(s, ) ()i (xl(s —11),%2(s — 12)) ds
0

tel[0,£]
o1
>y m[(a)lx G(t, 1) - G(s, )l (8)F1 (x1(s — 71), %2(s — 7)) ds
te +T
2
o1
=k max Gt.0)- | Gls, )} ($)Fy (8(s — 71111, 8(s — 7o) |%22) dis
2
o1

=k max G.0)- | Gls O (nlxlyilxl) ds
2
o1
- k™ max G(t,0) - / Gls, ) (VF (121, ol i
te[0,€] w
o1
> kiyy! max G(t,t) - / G(s,s)h] (s)F1(r,0) ds
te[0,€] %

o1
= kiy;! max G(t,t) / G(s,s)hi(s)ds - Fi(r,0)
te(0,£] %

>r.

Case II: if |x1 ()1 < r, then 0 < x1(£) < r and §(£)r < x5(¢) < r. By (H;), we have

1
max Tox(t) = max / G(t,s)hz(s)fz(xl(s— 71),%2(s — 12)) ds
te[0,€] te[0.£] Jo

> max / ’ G(t,s)h; (s)fa (xl(s —11),%(8 — rz)) ds

te[0£] Jo

02
> max G(t,¢) - G(s, )3 (s)fa (%1 (s — 1), x2(s — 72)) s
te[0£] 0

&)
>k II}(E)IX G(t,t) - G(s,s)hg(s)Fz(xl(s —11),%(s — 1:2)) ds
te 02+7)
2

te[0,€]

02
> ko max G(t,1) - /02”2 G(s, )l ()F2(8(s — T1) %111, 8(s — 72)|%212) dis
22

o2
> ky max G(t, 1) - /02”2 G(s,)hi (S)F2(y2lx111, valxal2) ds
2

te[0,€]
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o
oy max G(6)- [ GO (o) s
te[0,€] %
o
> kyy,? max G(t,t) - / G(s,8)h3(s)F»(0,7) ds
te[0,€] %

o
= kyy, > max G(t,£) - / G(s,8)h3(s) ds - F5(0,7)
rel0,€] o241

>r.
So, from the above discussions, we get
| Tx|| = max{|T1x|1, |T2x|2} >r=|x|, forxedk,. (3.2)

Therefore, from (3.1) and (3.2) and Lemma 2.2, the operator T has a fixed point in K N
(§R \ Qr)- O

As by a similar proof to Theorem 3.1, we also get the following.

Theorem 3.2 Assume that (H1)—(Ha) hold. If there exist two positive constants r, R with
r < R, satisfying

min{A4,;Fy(R,0), A2F>(0,R)} > R,
max{B1Fi(r,0) + C1Fy(r,r), BoyFa(r,0) + CoFa(r,r)} <1,
then problem (1.1) at least has a positive solution.
4 Mainresults Il
Theorem 4.1 Assume that (Hy)—-(Hy) hold. If there exist four positive constants ry, ra, Ry,

Ry with 11 < Ry, ry < Ry, satisfying

AFi(r1,13) > 11, AsFy(r1,13) > 1o,
B1Fi(R1,0) + CiFi(R1,Ry) < Ry,

ByF5(R1,0) + CoF2 (R, Ry) < Ry,
then problem (1.1) at least has a positive solution.
Proof of Theorem 4.1 Let

Kogi={x=@nx) eKir < |xli <R} (i=1,2).
Then, for any x(¢) € K.z, we have

() = 50)|w0)], telog),

where §(¢t) = min{é, %}, te[0,&].
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On the one hand, for any x(¢) € K, g, we show that 77 (x) £ x7 if [x1]; = r1 and ry < |x3]p <
R;. On the contrary, if T1(x) < x1, then we have

r1 > max x1(¢) > max T1x(t)
te[0,£] te[0£]

1
= max / G(t,)h1(s)fr (xl(s —71),%2(s — tz)) ds
0

te[0,8]
o1
= max [ G0 (- )= ) s
te
= max Gle.)- [ Gls. A6V (s - )l - )
te
>k m[(a)ué( G(t,t) - f s)Fl(xl(s —11),%2(s — rz)) ds
te
> ky max G(t,¢t) - G(s,8)hy ()F1 (8(s — 1) 1%111,8(s — T2)lx2]2) dis
te(0,€] ”1”’2
>y ren[(a)lx G(¢,t) - f T)F1(r11%111, 71 l%22) ds

- " max Ge,0) [ Gls, Vi (9)F: (1111, [212)

01+7y
2

a1
> kyy;! max G(t,¢) - /; G(s,8)h] (s)Fy(r1,72) ds

te[0,8] %

o1

= k! tmgx G(t,¢t) - / G(s,s)hi(s)ds - F1(r1,72)

{71+‘[2
2
> Iy
which implies a contradiction. In the similar way, for any x(¢) € K, z, we also can obtain
To(x) £ %2 if [x2]2 = rp and 1y < |x1]1 < Ry

On the one hand, for any x(¢) € K, g, we show that 71 (x) % x1 if |x1]; = Ry and ry < |x3]p <
R;. On the contrary, if T1(x) > x1, then we have

1
xt) < Tyx(t) = f Glt, ) (S)f (x5 — 70) xals — ) di
0
§
= / G(t, )i (s)fy (%1(s — 1), %2(s — 72)) ds
0
1
- /s G(t, )i () (x1 (s —11),%2(s — 1:2)) ds
§
< / G(s,8)h7 ()i (xl(s —11),%2(s — '62)) ds

(/ / / ) 5,8y ()f (01.(s = 1), %2(s — 7)) dls

:/ G(s, )l (s)fi (0, O)ds+/ 2G(s,s)h{(s)fl(xl(s—rl),O)dS
0

1

&
+ / G(s, )l (s)fy (%1(s — 71),%2(s — T2)) s

2
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< /Q G(s, )k} (s)F1 (x1 (s—11), O) ds

1

3
+ / G(s, )l (8)F1 (x1(s — T1), %2(s — 7)) ds

2

T2 3
5/ G(s,s)h{(s)Fl(Rl,O)ds+/ G(s,8)h] (s)F1(Ry1,Ry) ds

1 2

< Ry,

which implies a contradiction. In the similar way, for any x(¢) € Kz, we also can obtain
To(x) # %y if |w2|o = Ry and 11 < |x1]1 < R;.

Therefore, from (a) of Lemma 2.3, the operator T has a fixed point x in K with 7; < |x;| <
R;. O

As in a similar proof to Theorem 4.1, we also get the following.

Theorem 4.2 Assume that (H1)—(Ha) hold. If there exist four positive constants ry, ra, Ry,
R, with r1 < Ry, ry < Ry, satisfying

A1Fi(R1,12) > Ry, AyFy(r1,Ry) > Ry,
B Fy(r1,0) + C1F1(r1,Ro) < 11,

ByF>(R1,0) + CoFa(Ry,72) <12,
then problem (1.1) at least has a positive solution.

5 Examples

Example 5.1 Now we consider the following problem:

X1 () + (i1t — 1), %0(t = 12)),  £>0,
x5 (t) + ha(O)fa(x1 (£ — 1), %0(E — 72)),  £>0,
x1(6)=0, -11<t<0, and x:(1)=0,

(5.1)

xZ(t) = O: —Tp << 07 and x2(1) = 01

’

[0

where 17 = %, Ty =

400(3 1), te(0,3],
h(t) = ha(f) = § 0, tel3 15h
5 7 7
—§t+ e’ te[l—o,l],
fi= (%1 +x2)%

21 . 2,
2+ 1sin’(xy +x2)

1
(%1 +%2)3

1, 1 2.4y
3 + 5, arctan(xyx;)

Page 10 of 17
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It is obvious that (H;) and (H,) hold. Furthermore, we also have

1 1 1
—Fi(x1,%2) = —(%1 +%2)2 <fi < (%1 +%2)2 = F1(%1,%2),

2

1 1
(%1 +%2)3 <fo < (%1 +%x2)3 = Fyw1,%2),

N = N =

1
_FE , —
5 2 (%1, %2)

which shows that (H3) holds. Now, we prove that (Hy) holds.
Firstly, we show that there exist o; satisfying % <0; < % such that

5 1
0%ky (o7 — Tz)% / G(t,s)hi(s)ds > 5% G(t,s)hy(s)ds (5.2)
o1 E+1y
and
1 [ 1 1
0%ky(0n — T5) 3 / G(t,s)hy(s)ds > &3 / G(t,s)h;, (s) ds. (5.3)
oy E+1y

For fixed 0 = %, 01=09= %, we set

L[t 2
M(t):@zé(dl—h)?/ G(t,s)h{(s)ds:j—ogé G(t,s)(%—s)ds,

o1

1

1
N(t):g%/E G(t, s)hy(s) ds = %/1 G(t,s)(gs—g) ds, telo,1].

For t € [0, %], we have

50 (3 1 17
=7 [ 0= (G ) - e

¢ ! 5 7 3
N(t)zﬁv/;%(l—S)(gs—g>dS=400\/515.

It is obvious that M(t) > N(¢t), Vt € [0, %].
Fort e [%, %], we have

M(t) = %[/ﬁ%l—t)s(% —s) ds+/t2t(1—s)<% —s> ds}

50(13 1, 737 7)
= (=--2+ ,
V5

_t PR —
6 4 6000 375
t (! 5 7 3
N(t):—/ (1—s)(—s——>ds= t.
V203 37 6 40042
Via some computations, we have

M(t)mi —M(1> B, 3 —N(l> = N(t)
min — 2 - 240\/5 800\/5 - 2 - max»

which implies that M(£) > N(¢), Vt € [%, %].
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1 7

For t € [3, {5], we have

_50(1-1) (2 1 13
M(t)_iﬁ /§S<2 S)dS——lZOﬁ(l t),

t (! 5 7 3
N(t):E\/fO(l_S)(gs_g)dS:400ﬁt.

Via some computations, we have

Mit) M(7> 13 21 N(7) N
min =~ A~ > = A~ max»
10/ 40045  4000+/2 10

which implies that M(z) > N(¢), Vt € (3, &].

Forte [%,l],we have

50— f2 (1 N, 13
M(t)_—ﬁ /§S<2 S)ds_120\/§(1 1),

L1 5 7 ! 5 7
N(t)=E[/Ko(l—t)s(gs—g)ds+/t t(l—s)(gs—g>ds}

1 5., 7, 481 343
= -+ = ——t+——|.
J2\ 18 12 1200 3600

Denote g(£) = M(¢) — N(¢) and g(1) = 0. Since

5 P 7 ; 481 13 0 t€[7 1}
- + - < ) PNl )
62 642 120042 12045 10

g =

g(2) is strictly decreasing on [, 1]. Then g(t) > 0, V¢ € [, 1], which implies that M(t) >

10’ 10’
N(), Vt € [, 1].

So from these discussions, we have M(t) > N (¢), Vt € [0, 1], which means that (5.2) holds.
Hence, in the similar way, we also see that the inequality (5.3) is true.
Secondly, let
. . 1 1
I'(p) = min{AF1(p,0),A2F>(0, p)} = min{A;p2, 403},
A(p) = max{BiFi(p,0) + C1Fi(p, p), BaFa(p, 0) + CoFa(p, p) }
=max{Bip? + C1(2p)2,Bap? + Cy(2p) 1 }.
It is obvious that there exist a sufficiently small constant r > 0 and a sufficiently large con-
stant R > 0 such that
. 1 1
mln{Aer ,Aor3 } >7,

max{B;R? + C;(2R)?, B,R3 + Cy(2R)3} < R.

Then, by Theorem 3.1, problem (5.1) has a positive solution.
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Example 5.2 Now we consider the following problem:

2 (@) + h@Ofila - 11),%2(t - 12)), £>0,
x5 (8) + i (O)fa(x1(E - 11), %2t — 12)),  £>0,
x1(6)=0, -11<t<0, and x:(1)=0,
x()=0, -1,<t<0, and x(1)=0,

where 7; = %, Ty = é,
1 1
2~ t: te [Oy 5];
() =hs(0) = { o, tell, 1],
1074(=3t+ 1), tel1l,
(%1 + %)?
ﬁ = 1.4Y
1+ | sin(x1)|
5 (%1 +x2)°

T 1+ [sin(xy)|

It is obvious that (H;) and (H,) hold. Moreover, we have

1 1
EFl(xl:xZ) = E(xl +2)2 <fi < (w01 +%2)% = Fi(w1, %), ki >0,

1 1
EFz(xl»xz) = E(xl +x2)° <fo < (%1 +1)° = Fa(x1, %), k2 >0,
which shows that (H3z) holds. Now, we prove that (Hy) holds.

Firstly, we show that there exist o; satisfying % <0< é such that

& 1
0%k, (oy — 12)2/ G(t,s)hi(s) ds > &> G(t,s)hy(s)ds

o1 s+
and
& 1
0%ky(0y — 15)3 / G(t,s)hy(s)ds > g3 G(t,s)h; (s) ds.
[} E+1y

For fixed 6 = %, 01 =09 = %, we set

3 3
m(t) = 92%(01 - 72)2/ G(t,s)h](s)ds = ﬁ /§ G(t,s)(% —S> ds,

o1

1

1
n(t) = £2 G(t,s)hi(s)ds = ﬁ/ G(t,s)(és - %) ds, tel0,1].

E+1y %

For t € [0, %], we have

1
¢ [} 1 17
)=— | Q-s)(=-s)ds=———¢,
m(t) zoofé( S)<2 S) ST lax 10

(5.4)

(5.5)

(5.6)

Page 13 of 17
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t ! 5 7 3
)=— | 1-95)2s-2)ds=———t.
) 4x104/( S)<3S 6) = 16 x 10°

7
10

It is obvious that m(¢) > n(t), Vt € [0, %].
Fort e [%, %], we have

1 [t 1 2 1
m(t) = — A-ts|=—s)ds+ t(1—s)| = —s)ds
200> 2 \ 2
1 (1, 1, 737 7
=— (=P -+ - — |,
200\ 6 4 6000 375

t ! 5 7 3
f)= — 1- —s——)ds= —¢t.
0= 104/ ( S)<3S 6) = 16 x 106

A
10

Via some computations, we have

© 1 13 3 N o
min = o > = o max»
" " 2) T 2ax105 32x106  \g) T Mma

which implies that m(¢) > n(t), Vt € [%, %].

Forte [%,17—0

1
1-¢ [ /1 13
m(t):—/ s|==s)ds=——(1-10),
200 J; *\2 12 x 10°
t ! 5 7 3
t) = 1- —s——)ds=——t.
(o) 4x104_/%( s)<3s 6) 57 16 x 106

Via some computations, we have

® 7 13 21 7 ®
m in=m| — | = > =n|\ —|=n b'e)
min 10)  4x10°" 16 x 107 10 ma

1 7
IR

], we have

which implies that m(¢) > n(t), Vt € [

Forte [%,

1
1-¢ (3 (1 13
£)=— S s)ds=———(1-9),
m(t) 200/§S<2 S) RETISTCL

1 ! 5 7 ! 5 7
”(t):m[/f_o(l—t)5<55—g)ds+/t t(l—s)<§s—g>ds]

1 5, 7, 481 343
SE £y —2- t .
4 x 10*

1], we have

180 T12° T 1200° " 3600

Let w(t) = m(t) — n(t) satisfying w(1) = 0. Since

5 7 13 7
40 2 0, te|: 1],

= - t— < -,
24 x 10* 24 x10* 16 x 10° 10

it means that w(¢) is strictly decreasing on [5,1]. Then w(t) > 0, V¢ € |

ﬁ;
m(t) > n(t), ¥t € [15, 1.

Z
10’

1], namely,

Page 14 of 17
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So from these discussions, we have m(t) > n(t), Vt € [0, 1], which means that (5.5) holds.
Hence, by a similar method, we also can see that the inequality (5.6) is true.
Secondly, let

I'(p) = min{AlFl(p,O),A2F2(0, ,0)} = min{AIpz,A2p3},

A(p) = max{B1Fy(p,0) + C1F1(p, p), BaF2(p,0) + CyF(p, p) }

=max{B1p” + C1(2p)%, B2p> + C2(2p)?}.

It is obvious that there exist a sufficiently small constant » > 0 and a sufficiently large con-
stant R > 0 such that

min{4;R* AR’} > R,
max{Blr2 +C (2P, Byr® + C2(2r)3} <r.
Then, by Theorem 3.2, problem (5.4) has a positive solution.

Example 5.3 Now we consider the following problem:

X))+ m@Ofilx1(t - 1), %2t - 1)), t>0,
X (t) + (a1t — 1), %2(E — 12)), £>0,
x1() =0, —-11<t<0, and x:(1)=0,

(5.7)

%#)=0, -1,<t<0, and x,(1)=0,

’

U=

where 11 = %, Ty =

4'00(% - t)v te [07 %]r

h(6) = ha(2) = § 0, tels %l
_ét"’%, te [1_70)1])
1 1
fi=@i+mx)2, o= (x1 +a2)3.

Choosing 0 = %, ki=ky = %, 01 =09 = % Then, from Example 5.1, it is obvious that (H;)—
(Hy) hold.
Now, we show that there exist 0 < r; < R; such that

1 1
kiy” max G(t,¢) - / 1 G(s,8)hi(s)ds - (r1 + rz)% >, (5.8)
t€l0,3] s
1 02
kyy, max G(t,t) - / 1 G(s,8)hy(s)ds - (r1 + rz)% > 19, (5.9)
t€l0,3] s
: Lo
/1 G(s,8)h;(s)ds- R} +/1 G(s,s)hi(s)ds - (R +R2)% <Ry, (5.10)
0 B
3 L[
/1 G(s,s)h}(s)ds - R} +/1 G(s,s)h;(s)ds - (R +R2)’ir <R,. (5.11)

1 5

Page 15 of 17
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Choosing r; = 0.001, r, = 0.01, R; = 70, R, = 140, we obtain

2
50 5 1 0.16875
— s(1 - s)(— - s) ds - (0.001 + 0.01)% =—4/0.011 > 0.001,
NGRS 2 V5

2
5

50 1 0.16875
— | s(1- s)<— - s> ds - (0.001 +0.01)3 = ~———+0.011 > 0.01,
V53 2 J5

400[/155(1—s)<% —s) ds - 702 +/12$(1—s)(% —s)ds~(70+140)%:|

10

=1.754/70 + 3.69+/210 < 70,

400[/1§s(1—s)(% —s) ds 703 +/;75(1—s)<% —s)ds-(70+140)§]
5

10

= 1.75v/70 + 3.694/210 < 140,

which implies that the inequalities (5.8)—(5.11) are true.
Therefore, from Theorem 4.1, one concludes that problem (5.7) has a positive solution.
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