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1 Introduction
In this paper, we consider the following semi-linear system involving the fractional Lapla-

cian:

(-A)Zu(x) = (77 * W)W (x), x€eR”,
(=A)2v(x) = (7 * ut)u®(x), x€R”, (1.1)
u(x) > 0, v(x) >0, xeR”
where 0<a <2, n>2,0<0 <n,and 0< py,q; < 2:_‘;’,0<p2,q2§ e,
We assume u,v € C' N L (R") if 0 < < 2 and u,v € C2(R") if o = 2, where

loc

U |u(y)]
Ea(R ).— {u.R %R‘andy<oo}. (1.2)
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The nonlocal fractional Laplacians (=A)% with 0 < « < 2 are defined by (see [9, 15, 19, 43,
47])

(=A)2u(x) = CynP.V. / ) — uly) y := Cy lim Mdy, (1.3)

rr X =yl =0y yse lx—ylme

for functions u,v € Cllo’i N Ly (R"), where C, ,, = ( fR” % d¢)~! is the normalization
constant. The fractional Laplacians (=A)? can also be defined equivalently (see [18]) by
Caffarelli and Silvestre’s extension method (see [5]) for u,v € Cllo'é N Lo (R™).

The fractional Laplacian can be seen as the infinitesimal generator of a stable Lévy pro-
cess and has several applications in probability, optimization, and finance (see [1, 3]). It has
also been widely used to model diverse physical phenomena, such as anomalous diffusion
and quasi-geostrophic flows, turbulence and water waves, molecular dynamics and rela-
tivistic quantum mechanics of stars. However, the nonlocal feature of the fractional Lapla-
cians makes them difficult to study. In order to overcome this difficulty, Chen, Li, and Ou
[17] developed the method of moving planes in integral forms. Subsequently, Caftarelli
and Silvestre [5] introduced an extension method to overcome this difficulty, which re-
duced this nonlocal problem into a local one in higher dimensions. This extension method
provides a powerful tool and leads to very active studies in equations involving the frac-
tional Laplacians, and a series of fruitful results have been obtained (see [2, 20] and the
references therein).

In [15], Chen, Li, and Li developed a direct method of moving planes for the fractional
Laplacians (see also [22]). Instead of using the extension method of Caffarelli and Silvestre
[5], they worked directly on the nonlocal operator to establish strong maximum principles
for anti-symmetric functions and narrow region principles, and then obtained classifica-
tion and Liouville type results for nonnegative solutions. The direct method of moving
planes introduced in [15] has been applied to study more general nonlocal operators with
general nonlinearities (see [14, 22]). The method of moving planes was initially invented
by Alexanderoff in the early 1950s. Later, it was further developed by Serrin [43], Gidas,
Ni, and Nirenberg [28, 30], Caffarelli, Gidas, and Spruck [4], Chen and Li [10], Li and Zhu
[33], Lin [34], Chen, Li, and Ou [17], Chen, Li, and Li [15], and many others. For more
literature works on the classification of solutions and Liouville type theorems for vari-
ous PDE and IE problems via the methods of moving planes or spheres, please refer to
[6,8,9,13, 19,21, 24, 26, 27, 29, 35—40, 45] and the references therein.

Chen, Li, and Zhang introduced in [19] another direct method i.e. the method of moving
spheres on the fractional Laplacians, which is more convenient than the method of moving
planes. The method of moving spheres was initially used by Padilla [42], Chen and Li [11],
and Li and Zhu [33]. It can be applied to capture the explicit form of solutions directly
rather than going through the procedure of deriving radial symmetry of solutions and
then classifying radial solutions.

There are lots of literature works on the qualitative properties of solutions to Hartree and
Choquard equations of fractional or higher order, please see e.g. Cao and Dai [6], Chen and
Li[12], Dai, Fangetal. [21], Dai and Qin [26], Dai and Liu [23], Lei [31], Liu [36], Moroz and
Schaftingen [41], Ma and Zhao [40], Xu and Lei [46], and the references therein. Liu proved
in [36] the classification results for positive solutions to (1.1) with ¢ =2, 0 =4 € (0,n),

P1=q1 =2, p2 =q2 =1, u=v by using the idea of considering the equivalent systems
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of integral equations instead, which was initially used by Ma and Zhao [40]. In [6], Cao
and Dai considered the differential equations directly and classified all the positive C*
solutions to the H2-critical bi-harmonic equation (1.1) with o =4, 0 =8 € (0,n), p1 = q1 =
2,0< py,q2 <1, u =v. They also derived Liouville theorem in the subcritical cases. One
should observe that system (1.1) can be written as the integral system

1) = [ et (fen 1 lz_w ) de )2 (z) dz,

Ron ul (¢ (14')
V()/) = fR" [y—z|"— (fRn == ;‘(r dé‘)u% (Z) dZ,

n-o
where the Riesz potential’s constants R, ,, := G (see [44]).
73201 ()

When o =2a, @ € (0,%), p1 =q1 =2, p» = g2 = 1, u = v, Dai, Fang et al. [21] classified
all the positive H 3 (R") weak solutions to (1.1) by using the method of moving planes in
integral forms for the equivalent integral equation system (1.4) due to Chen, Li, and Ou
[16, 17], in which they established the equivalence between a PDE system and an integral
system, and also classified all the Lis (R™) integrable solutions to the equivalent integral
equation. For 0 < o < min{2, 7}, Dai, Fang, and Qin [22] classified all the Clloi N L, solutions
to (1.1) with o = 20, p1 =q1 =2, p2 = ¢2 = 1, u = v by applying a variant (for nonlocal non-
linearity) of the direct method of moving planes for fractional Laplacians. The qualitative
properties of solutions to general fractional order or higher order elliptic equations have
also been extensively studied, for instance, see Chen, Fang, and Yang [9], Chen, Li, and Li
[15], Chen, Li, and Ou [17], Caffarelli and Silvestre [5], Chang and Yang [8], Dai and Qin
[26], Cao, Dai, and Qin [7], Dai, Liu, and Qin [25], Fang and Chen [27], Lin [34], Wei and
Xu [45] and the references therein.

Our main theorem is the following complete classification theorem for PDE system (1.1).

Theorem 1.1 Letn>2,0<0 <n,0<a<2,and0<p; <

2n—o
n-o

2
Ifpr = ,f_;’,p = ";“a", Qo
assume the following form:

M = w e
ux)=C| ———— , vx) = G| ———
) 1<1+u2|x—x0|2) (<) 2(1+/JL2|x—x0|2)

forsome p > 0 and xy € R”, where the constants Cy, C, depend onn,a,0.Ifc; > 0, Zil ¢ >

—p2) + 3(BEZ — ) + ca(EEST — qy) > 0, then (u,v) = (0,0) in

n+o—o

,0<qy < . Suppose that (u,v) is a pair ofnonnegatlve classzcal solutlons of (1 1

2n o n+a—o

,and q; = , then either (u,v) = (0,0) or u, v must

n+o—o

0, c1(22 — p1) + ("
R”.

Remark 1.2 We apply a variant (for nonlocal nonlinearity) of the direct method of moving
spheres for fractional Laplacians developed by Chen, Li, and Zhang [19] to prove Theo-
rem 1.1, in which we extended the classification results by Dai and Liu [23], and Dai, Liu,
and Qin [25] for a single equation. However, since the nonlinearities in our PDE system
(1.1) are nonlocal, the difference between two nonlinearities will become much more com-
plicated and subtle.

The rest of our paper is organized as follows. In Sect. 2, we carry out our proof of Theo-
rem 1.1. In the following, we use C to denote a general positive constant that may depend
onn, o, p1, P2, 41, 42, 0, 4, and v, and whose value may differ from line to line.
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2 Proof of Theorem 1.1

In this section, we use a direct method of moving spheres for nonlocal nonlinearity with
the help of the narrow region principle to classify the nonnegative solutions of PDE system
(1.1).

2.1 The direct method of moving spheres for nonlocal nonlinearity
Letn>2,0<0<n 0<a<2withO<p; < 2”“’,0<p2§ ”:'10"”,0<q1§ 21=0 and

n-o - n-o

0 < gy < 2% Suppose that (, v) is a pair of nonnegative classical solutions of (1.1) which

is not identically zero.
If there exists some point x° € R” such that #(x°) = 0, then we have

(—A) 3 u(x%) = Cyu P.V. / —u()

0 e dy <O0. (21)
rr (X0 -y

On the other hand, we can deduce from system (1.1) that

/1MS@WMza 22)
Sy

then we can derive a contradiction from (2.1), (2.2) for u,v > 0, u,v # 0. Thus, one can
ull (x) V1 (x)
x| R" |x|”

now onwards we shall assume that (i, v) is a positive solution.

dx < +00. From

deduce immediately that u,v > 0 in R” and fR,, dx < +00,

For any x € R” and A > 0, denote

11, (5) :=< * ) _ u(y*), VyeR"\({x},
ly — |
Ve () ::< )L > ) v(y™), Yy eR™\ {x},
ly — x|
where
2
Yo = Mo-x) + .
ly — x[?

Then, since (u,v) is a pair of positive classical solutions of (1.1), one can verify that
Ui Vi € Lo(R") N CULR\ {x}) if 0 < & < 2 (sy3, vy € C2(R™\ {x}) if o = 2) and sat-
isfies the integrability property

7 @
/ 4s2 ) dy = / ul (x) dx < +00,
R R

20 x|
WL P1
f 20 dy= / @) dx < +00,
ri A° re |x]7

and a similar equation as u, v for any x € R” and A > 0. In fact, without loss of generality,
we may assume x = 0 for simplicity and get, for 0 < @ < 2 (« = 2 is similar),

(=) 2 g, (y)

Iy?
|y_z|n+a

= Con P.V./ ()= = (Y =u() + (= (u(ih) - u((5) .

Page 4 of 23
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Azy
A2 A\ u(3) —u(z) e
:u(—Z>(—A) [(—) }+CWP.V./ b dz (2.3)
[yl |yl Rn |y—rz—‘§|”+“ |z|7+

pra o )L2
()
|y["+e 1yl
e Y1 (z )\2
I ()
11 "p Al 1y
Ao )LG —2n )\_2
7 |/ e "m(é) %
Y R” oE W'U

Vi (2) (A \™ A\™?
Y R ACN R RN S R
/Rn |y—z|0<|z|) Z(m) 0.0)

(-A)2 v, (y)

(S

A2y)
w2 (22
(lyl2

= CunP.V. / () = (Y= + (G ) - w5 )
R”

|y_Z|n+oz

Azy
A2y 2\ v(i3) —v(z) pnve
—v( 2)(— )% [(—) ]+ca,np.v/ bE —dz (2.4)
Iyl Iyl R |y — “|n+a |z|"+e
e o )\2y
()
|y[+e |y[?
Ao q1 )LZ
_ / 124(z) dz-u’”(—);>
Iy Jrn |22 _ g0 1y
lyl?
e )\2;4 —2n )\2 )\2
e (e ()
[yl Jgn ‘*_‘g_"\_qa |z Iyl

[ O () ()
rr [y —2|7 \ 2] 1!

This means that the conformal transforms u,;,v,; € L,(R") N Clloi(R” \{x})if0<a<2
(U s Vi € CP(R"\ {x}) if o = 2) satisfy

( A)Zuxk()’) fR”
(_A) % Vx,)»(y f]R”

\y Z'I‘7 lz— x\) dz( by— x\) Ver ) (2.5)

)8 dz( y x‘ T4u ()/)

ly- Z’I‘7 2= xl

for every y e R" \ {x}, where 11 :=2n—-0 —p1(n—a) >0, s :=n+a -0 —ps(n — ) > 0,

3:=2n-oc-qi(n—-a)>0and u:=n+a -0 —qa(n—a) > 0. For any A > 0, we define

By(x):={y e R"|ly—x| <A},

1-1
N ) -

Dy (y) = / — dz,
B 1y =2
uql_l(z)

L@ 1y =27

Qo= (v )on  But= |

Page 5 of 23
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Define Uy (y) = ttxp.(¥) — u(¥), Vi (y) = v (y) — v(y) for any y € By (x) \ {x}. By the defi-
nition of u,,, vy, and U, V., we have

Uy (y) =t (y) — u(y) = <| ) _ u(y"*) - u(y) (2.6)
y -«

(5a) (0-(5) )

= _( * ) ) ux,)u()/@}\) = _(ux,k)x,k(y)¢
ly =l

Va0 =10 -0 = (2 ) -0 @7

(5) (0= () o)

=_( * >'vx,l(yxﬂ)=—<vx,k>x,x<y>
ly — x|

for every y € B, (x) \ {«}.

We will first show that there exists €y > 0 (depending on x) sufficiently small such that,
for any 0 < A < €, it holds that U, (y) >0, V;,(y) > 0 for every y € B, (x) \ {«x}.

We first need to show that the nonnegative solution (u, v) to PDE system (1.1) also sat-

isfies the equivalent integral system (1.4).

Lemma 2.1 Assume that (u,v) is a pair of nonnegative solutions to PDE system (1.1), then
(u,v) also satisfies the equivalent integral system (1.4), and vice versa.

Proof Recall that G(y,z) = Rua _ is the fundamental solution for (=A)% on R™. If (u,v) is

=2l
a pair of positive solutions of (1.4), then

a o Rn,ot 1 1 0
O RS = (R I Or

- / ay(z)(| 1|a *vm)(z)vm(z)dz
R :

(7 = Jowon

(—A)5v(y) = / (—A>%R"7’“( L *uq‘>(z)u‘72(z)dz

R” ly =z« \[-[°

:/ (Sy(z)<L * uql)(z)uqz(z) dz
R [-17

_ (I '1|U " MQI)(y)MQZ(y),

this is, (i, v) satisfies system (1.1).
Conversely, assume that (i, v) is a pair of positive solutions of (1.1). For any R > 0, let

uLR(y):/B G%(y,z)(ﬁ*v’“)(z)v”z(z)dz,
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v1,R(Y) =/B G%(y,z)(ﬁ *uq1>(z)uq2(z) dz,

where G§ is Green’s function for (=A)% on Bg(0) which is given by

R o
Cra (R b2 gp forally,z € Ba(0
Gily,2) = | D0 pE O TP <O
0, ify or z € R" \ Br(0),

with s = ‘y;élz and tz = (1 - l%—lzz)(l - \Ize_|22).

Using the properties of Green’s function, we can deduce

(A2 ur(y) = (77 * D), ¥ € Br(0), 2.8)
urr(y) =0, yeR"\ Br(0),

(=A)2v1R() = (7 *u)P)u?(), y € Br(0), 29)
VI,R()/) = 0, VAS R” \BR(O)

Let Ug = u— urr, Vg = v —vir, by (1.1), (2.8), and (2.9), we have
(-A)2Ur(y) =0, y e Bg(0),
Ur(y) =0, yeR"\Bg(0),

(-A)2Vr(») =0, yeBrl0),
Ve(¥) >0, yeR"\ Bg0),

for any R > 0, it follows from the maximum principle that
Ur(y) = u(y) — urr(y) = 0, Vr®) =v(y) —vir(y) >0 forally e R".

Now, for each fixed y € R”, letting R — oo, we have

u) 2 1) = [R n nyT(ﬁ *vm)(z)vm(z) dz,
W)z ) [ wa (| o ufﬂ)<z)uq2<z) dz.

On the other hand, (u1,v;) is a pair of solutions of the following system:

(=A)2m () = (7 *¥HOW2(), yeR”,
(=A) 20 () = (f *u™))u®(y), yeR”,

define U(y) = u(y) — u1(y), V(y) = v(y) — v1(y), then

(-A)2U@p) =0, yeR”,
Uly)=0, yeR"

Page 7 of 23
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(-A)IV() =0, yeR?,
V() >0, yeR™

By the Liouville theorem, we deduce U(y) = u(y) — u1(y) = C3 > 0, V(y) = v(y) — v1i(y) =
Cy>0.
Thus, we have proved that

Ry 1
u(y)zf 7’< *vp1>(z)v”2(z)dz+C32C3,
re |y =2\ ||

V(y)z/R Rni"‘< 1 *uql)(z)uq2(z)dz+C4ZC4~

wly—z["*\|-1°

Then we have

00 > 1(0) = 13(0) = / Roa ( / 1) d%‘)v”z(z)dz
R

rr |2 n|z—§|°

> P12 / R”_"‘ / 1 dE dz,
= Szl S lz-E°

oo>v(0)zv1(0):/ Ry (/ un(¢) d{)uq2(2)dz
1

re 2] \Jrn 2= C1°
1442 Ryo
>Cy dt dz,
re 2] Jrn |2 =20

from which we can infer immediately that C; = 0, C4 = 0, therefore, we arrive at

u(y) = e R“—v“(# * )@V (2) dz,

ly—z|"~%
R
fRn ly— an;z.(—ot W *uql)( )uqz( )dZ

Therefore, (i, v) satisfies integral system (1.4). O

Based on Lemma 2.1, we can prove that U, ,, V,, have a strictly positive lower bound

in a small neighborhood of x.

Lemma 2.2 For every fixed x € R”, there exists 1o > 0 (depending on x) sufficiently small
such that, if 0 < A < ny, then

Ux,k(y) = 1: Vx,A()’) = 1: VAS Bﬂ (x) \ {x}

Proof Using a similar argument as that in [19], one can denote

P1
7o) =) [ e,

u?(¢)
ly—¢l°

g(40) = w2 (y) / dc.

Page 8 of 23
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For any |y| > 1, since u, v > 0 also satisfy integral system (1.4), we can deduce that

. £0(2)
M(y) —Ra,n v/]Rn Wdz

sz/ Jo@)
B

L0 ly—zI"
2

. 2(u(2)
Y0) = R /R ly — 2" @

g(u(2))
R, ., - d
= fa /B ©) ‘

It follows immediately that

A n-o N ( A )n—a bl b1
uxy = u » 2 — ,
0 (Iy—xl) ) ly—xl)  lywtprme are

) A n-o N A n-o b2 B b2
vaa0) = <|y—x|) R (Iy—x|> e

for all y € B;2(x) \ {x}. Therefore, we have if 0 < A < n¢ for some 7y(x) > 0 small enough,
then

Uns () = s ) — u03) > — — max_u(y) = 1,

- )\'nfol \y—x\ikz

Vir () = v () = v(y) = b _ max v(y)>1

i kn—ﬁl \y—x\skz

for any y € B,2(x) \ {«x}.
This completes the proof of Lemma 2.2. O

For every fixed x € R”, define

B; = {y € Bi(x) \ {x}| U1 (») < 0, Vi (3) < O}.

Now we need the following theorem, which is a variant (for nonlocal nonlinearity) of
the narrow region principle (Theorem 2.2 in [19]).

Theorem 2.3 (Narrow region principle) Assume that x € R" is arbitrarily fixed. Let Q be
a narrow region in B) (x) \ {x} with small thickness 0 < [ < X such that Q C A; j(x) :={y €
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R*|A =< |y—x| < A}. Suppose Uy, Vi € Lo(R") N Cllo’i(SZ) if0<a <2 (U, Vir € CHRQ)
if o = 2) and satisfies

4 -1 z z . —
(=) Ui (9) = LiO)Var) ~ 1[5 T2 d2v2 () 20 in QN B,

ly-z|”
a ud1-1 x, . _
(=) Vi) = L20) s 0) — 1 ([ gD d2u() =0 in 2N B;,
negative minimum of U, ,, V., is attained in the interior of B; (x) \ {x} (2.10)
ifB; 79,

negative minimum of U, ,, V., cannot be attained in (B, (x) \ {x}) \ 2,

where L1(y) ::pgviz;l(y)P(y), Lo(y) := qzuZi\_l(y)Q(y). Then we have:
(i) There exists a sufficiently small constant yy(x) > 0 such that, for all 0 < 1 < yy,

U () 20, Vin(y) 20, Yy e (211)

(ii) There exists sufficiently small ly(x, ) > O depending on A continuously such that, for
all0 <<y,

ux,x()/) = 0, Vx,k()’) = 0, V}’ € Q. (2'12)

Proof Without loss of generality, we may assume x = 0 here for simplicity. Suppose on
the contrary that (2.11) and (2.12) do not hold, we will obtain a contradiction for any 0 <
A < yo with constant y, small enough and any 0 </ < [y(A) with [y(%) sufficiently small
respectively. By (2.10) and our hypothesis, there exists y € (2 N B;) € A,(0) := {y € R"|A -
[ < |y| < A} such that

Uy, (¥) = min U <0. 2.13
02() =, min. 11,0) 213)

We first consider the cases 0 < « < 2. Let U, (y) = Up(y) — Uy, (9), then I:[MG/) =0and
(=AY U () = (=A)"* Uy (9).

By the anti-symmetry property U, ; () = —(Uy,;)x2(y), it holds

)\' Vl—D(~ )\’ n-o )\’ n-o
=) U (™) =(=) Uos(™)-(—=) Uos
<|y|) 0™ (|y|> 020 (|y|) 0

=—Up,(y) + Upp(9) - <1 + (S_|> _ )Uo,x@)

o+ (3) o

Page 10 of 23
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As a consequence, it follows that

(AT ) = Cra P.V./ Uo,x(:)/) - Uy,(2) ,
R |y _ Z|n+oz

-1 -1
=CuqP.V. f —_— 0:(2) dz + / —_— 0:(2) dz
B,(0) |y —z|"™ R1\B, (0) 1Y — 2["*
- ()T, (2%)
=Cpy P.V.< / — 0(2) dz + / AL A
B,(0) 1y — 2"« rRI\B(0) Y — 2"
/ 1+ (‘)‘7‘)"701)1«10,1@) )
+ - dz
R\B; (0) [y — z|"+
~ U
=CMP.V.(f ~07’X(Z)dz+‘/ ﬂdz
B, (0) [y — 2" B0 | E2 — %V’W

%
/ (1+(ﬁ)"_a)uo,x@) )
+ = dz ).
R™\B, (0) ly — z|"*

Notice that, for any z € B, (0) \ {0},

lzly Az

2
-1
Aoz

2 (5P =21z - 22)
= >

A2 0,

y - 2|

together with Uj, () < 0, we have

- - 1
(_A)Q/ZUO,A()’) =< Cn,an,A(y) = aa
R1\B, (0) |V — Z|

1
=< C}’I,Ot UO,A (5’) / ——dz (214-)

(RM\B, ()N By G)\BG) 1V — 2"
C -
< l—auo,x @ <.

For « = 2, we can also obtain the same estimate as (2.14) at some point yy € 2N B;. To

this end, we define

p(y) = cos Gl (2.15)

then it follows that ¢(y) € [cos1,1] for any y € A, ;(0) = {y € R*|A -] < |y| < A} and
440) > llz Define

)
— Uo,. ()
Uy (y) 1= —> (2.16)
0r(y 50)
for y € A;,1(0). Then there exists yy € 2 N B; such that
U, (90) = min Uy, (y) <O0. (2.17)

A,1(0)

Page 11 of 23
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Since
(2.18)

— AUy, (y0) = —AUo, (y0) (o) — 2V U0, (v0) - Vo(30) — Uo,. (%0) A (%),

it follows immediately that
(2.19)

1
=AUy, (yo) < I—ZUO,A()/O)~
In conclusion, we have proved that, for both 0 < & < 2 and « = 2, there exists some J €

€2 N B; such that
(2.20)

Since y € Q N B;, we have V;,(9) < 0, then we know that there exists ¥ such that

Vor(¥) = min V <0.
0.0) = Mty V)
Similar to (2.14), we can derive that
(2.21)

@ C
(=A)2 Vo, () < o Vo () <O0.

On the other hand, by (2.10), we have at the point y
(2.22)

1 H(2) Vo (2) ) -
v @Veas) oo\ e
-2l z |V ()

0= (-A)¢ Uos )~ £1G)Vos &) - 11 ( /B ]
-1
witl(z) dz) #25) Vo1 6)

[y —z|”

< (-8)F U0, 6) - £16)Vos §) - 1 ( | %

< (-A)2 U () - 0, Vo (9),

where

) = L10) + p1Pos ()2 (9)
= pPOWVET () + PPy ()2 () > 0.

Since A — [ < |y| < A, we derive
WP

P(y)f{/ of } @ 4

p-el< Sz ) ly—zl°

Wi(z)

< [max v(y)]p]/ + 2"/ dz
ly—zl<i 1Y — 217 re 2|7

~ Liyl=2a
p P1
] 1+2"/ ) dx=:Cy,,
R

<CA"? [max v
- lyl<2x 0) n |x|°

(2.23)
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and
(2.24)

~ 1
Bos) < [ 17 () de
y—z|<2) |J’ _ZIO

< CA"° [max v(y)]lgr1 = CY,.
- lyl<4A LA

It is obvious that C} ; and CY, depend on A continuously and monotone increase with

respect to A > 0.
As a consequence, we can deduce from (2.23) and (2.24) that, forany A — [ < |y| < A,
(2.25)

0 < ¢, () = PaPOIVRE () + prPos )V ()
< paC; [min Vo,\(y)]pr1 +p1CY [max v(y)]p2 = Cy,
I TE M Lyi<a »

where C;; depends continuously on A and monotone increases with respect to A > 0.

From (2.14) and (2.22), we have
(2.26)

Uo,y () = ¢4, ) Vo,.(9)-

By (2.10), we also have at the point y

a a1-1 U
0= (50,0~ L0 0)- ar [ D ey 2.27)

« _ _ . u?-1(z) _ .
< (=2)2Vo,(9) = L2 U, () — @1 (/B_ T dZ)qu(y)Uo,x(y)
< (=8)FV0,) - ¢, ) Uos 5),

where

a0) = L20) + 01 Qun 0)u™ ()

= £ ) + 01 Qs )™ () > 0.

Since A — [ < |y| < A, we have
u? (z)
2.28
QW) = {/,y_z<;|+/y_zl>'§}'y‘z'“ (228)
a . u(z)
= [y wr] /yzm oo P / Tl
o @ ul (x) o
< Cx [\ﬁlsazxx u(y)] +2 /]1;;« G dx =:Cy,,
and
Qo,(y) < f uli~\(z) dz (2.29)
y—z|<2) |J’ - Zl‘rr
q1-1
< CA"? [max u(y)] = Cy,.

lyl<4x
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It is obvious that C), and C;, depend on A continuously and monotone increase with
respect to A > 0.
Thus, we infer from (2.28) and (2.29) that, for any A =/ < |y| <A,

0 < ¢, ) = QYUE" ) + 41 Qo )u™ (y) (2.30)

. q2-1 q2
<0Gy, [g‘lgg uo,x(y)] +01Cy, [g}-’g u(y)] = Cop

where C,; depends continuously on A and monotone increases with respect to A > 0.
As a consequence, it follows from (2.21), (2.26), and (2.27) that

0= (-A)? Vo () = ¢o, @) U, () (2.31)
C
< 72 V020 = €0, 0)co, ) Vo, ()
C

Vo) — C1,,Cop 1% Vo, (9)

la
C _
(l_"‘ - C,\la) Vo),

=

that is,
C C
— < — <Gl 2.32
)\01 - lot =~ ( )

We can derive a contradiction from (2.32) directly if 0 < 1 < y, for some constant yy
small enough, or if 0 </ < [ for some sufficiently small /; depending on A continuously.
This implies that (2.11) and (2.12) must hold. Furthermore, by (2.10), we can actually de-
duce from U, (y) >0, V;, > 0in Q that

U,y >0, Vir() >0, VyeB(x)\ {x}. (2.33)
This completes the proof of Theorem 2.3. O

The following lemma provides a starting point for us to move the spheres.

Lemma 2.4 For every x € R”, there exists €y(x) > 0 such that u,;(y) > u(y) and v,;(y) >
v(y) for all . € (0,€0(x)] and y € B, (x) \ {x}.

Proof For every x € R", define
B; = {y € Bi(x) \ {x}|Uy1(y) < 0, Vi, (y) < 0}.
Choose €p(x) := min{no(x), yo(x)}, where no(x) and yy(x) are defined the same as in
Lemma 2.2 and Theorem 2.3. We will show via contradiction arguments that, for any

0< A <e¢y,

B; = 0. (2.34)
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Suppose that (2.34) does not hold, that is, B; # ¥ and hence U, Vy, is negative some-
where in B, (x) \ {x}. For arbitrary y € B}, one can infer from (1.1) and (2.5) that

(~A)2 Uy, (y)

VL (2) A \1 A\7 Wi(z)
- = dz( —2—) V20) - dzv
/W |y—z|”(|z—x|> Z<|y—x|) WO = [ g 40)

re |y —2z|° ’ re |y 2|7

- / vpl(z)a )V () + / wdﬁg@)
re |y -zl e |y—7

WFl(z) = y1
-Vt + [ 220 )

1 1
> L10)Vir ) + 2 )/ ( -
1()’ xk(y x,x(.)/ B, () |(y—xi]z—x\_A(z—x)|g Iy—zl"

|z

)( {9 = () de

1
y ly—zl°

p1-1
> L0V o ([ 7D e,

> £10)Vir () + 720) / (V1,2 -1 () dz

(=A)2 Vi (9)
q1 A 3 A T4 q1
= / ux”\(z)( ) dz( ) u®? (y) - / w @) dzu®(y)
re [y =27 \ |z — x| ly — x| ’ re [y —z|7
g1 q
> / 25i®) i) / G 4 miy)
re |y —2|° ’ re |y —2z|°

. R
EqZ/ a (Z) up; l(y)lex(y)+/ Mdzu )

RnW—ZP ly —z|

ull (2) — u? (2)

dzul’, (y)
ly —z|° ’

= L)) + /

1 1
> Lo U () + ul3 (y) / ( - ) u (z) — ul', (2)) dz
2()’ A(y ,A(y B, () |(y_x))Jz_x| _ Mzw) |0 |y_z|o' ( WA )

lz—x]

1
) [y —zl?

q1-1
> Lo U () + @1 (/B_ : |y(i)i|[?_(2) dZ)u‘”(J/).

> Lo(y) Uy, (y) + u®? (y)/B (12 (2) — u(2)) dz

That is, for all y € B},

1-1
(A U ) = L10)Vir 0) 1 ( f 2 @)Verle) dz) w2(5) > 0, (2.35)

By ly —z|°
ul "N (z)U, 5 (2)

(_A)%Vx,)»(y EZ(y xl(y </_ |y_Z|a

B;

¢k)u@@)zo. (2.36)
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Since €p(x) := min{no(x), yo(x)}, by Lemma 2.2, we can deduce that, for any 0 < A < ¢,
U () > 1, Vir(y) =1, VyeB(x)\ {x}. (2.37)

Therefore, by taking [ = A — A% and Q = A, ;(x), then it follows from (2.35), (2.36), and
(2.37) that all the conditions in (2.10) in Theorem 2.3 are fulfilled. We can deduce from (i)
in Theorem 2.3 that U,; > 0, V,, > 0in Q = A, (x) for any 0 < A < €y(x). That is, there
exists €p(x) > 0 such that, for all A € (0, €y(x)],

Uy (9) 20, Vir(0) 20, VyeB(x)\ {x}.
This completes the proof of Lemma 2.4. g
For each fixed x € R”, we define

x(x) = sup{k > O0ttgy > u, vy, = vin By (x) \ {x},VO< u < A}, (2.38)

by Lemma 2.4, A(x) is well defined and 0 < A(x) < +o0 for any x € R”.
We need the following lemma, which is crucial in our proof.

Lemma 2.5 If (%) < +00 for some % € R", then
Uz im0 = uy), Viiw ) =v(), VYyeB;x)\ {x}.

Proof Without loss of generality, let x = 0. Since (u,v) is a pair of positive solutions to
integral system (1.4), one can verify that ug,, vo, also satisfy a similar integral system as
(1.4) in R"\ {0}. In fact, by (1.4) and direct calculations, we have, for any y € R” \ {0},

~ i n—-o )\'_2}/
0,0) = (|y|) ”<|y2|>

n-a /nl R /R wi(E) dEv2(2) dz

e S | 22y e S 2 €1
IyI?
A2
~ A Ra,n VPI(W) )\'2}'1 , }\.ZZ )LZVI
- Iy Jgn 22y 222 in-a - A2z A2 o |s|2n &V |Z|2 |Z|2n dz
o el i~ e

o [ e () wse(s)
= A2 (L) devi ) =) dz
/Rn |)’—Z|”"“./Rn z—er g ) “rel\y)

n-o 2

o (32
[yl Val

p Ry, q1
e L [ e s
|y Jge |op — 2l Jre lz-¢]

IRls
ae Ran ut(p) a2 Az\ A%
_ deu?? d
Ty 22 2 2 22 2n Su 2 m
17 Je |2 2 e Sy (222 2210 ] 2 )

2 lzl? lz2 ¢

Rop ugh (¢) ( A )f3 . <)» >
= 4 - — d 2 T d )
An Y-z /R o \jgp) “a@\ ) 4
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where 1y :=2n-o0-pi(n—-a) >0, 15 :=n+a—0—pr(n—a) > 0and 3 :=2n—-o0 —q1(n—a) >
0, g:=n+a—0—q(n—a) >0.

Suppose on the contrary that Ui, ; > 0 but U, ; is not identically zero in B;(0) \ {0}, then
we will get a contradiction with the definition (2.38) of A. We first prove that

Uy (y) >0, Vo, (0) >0, VyeB;(0)\ {0} (2.39)

Indeed, if there exists a point y° € B;(0) \ {0} such that U,;(y°) > 0, by continuity, there
exists small y > 0 and constant ¢y > 0 such that

B,(y°) € B;(0)\ {0} and Uy;(») >co>0, VyeB,()°).
For any y € B;(0) \ {0}, one can derive that
Ry
u(y) = / ——P(2)V*(z)dz
ly - ZI” «

:/ L”_P(z)v”z(z)dz+/ R—P(z)vpz(z)dz
B0 [y — 2"

R\Bs ( | _ |n vt
R R _ X o+T)
S () g
B0 by =2 B;(0) |% - %Vq"’ |z| :

and

R A ’
() = ’ — ) d&v d.
MO,A(y) -/]R” |y_Z|n—a V/R" |z %'l" ( E > (|Z|> ‘
:/ Lﬂ_(i) Pos @V (2) dz
B;0) 1y — 2" \Iz| e

Ruw = v f *
+/ By (e A)( > W2 (2) dz,
B;(0) |22 — i |z]

% x
where
- VL&) Ao\™
p, = : dt.
Sl S (|s—x|> :

Let us define

1 1
Ki3(,2) =R“’”(|y—z|"-“ T Rz )
A

\ZI

1 1
A \ZI

It is easy to derive that K 5(y, z) >0, K,;(y,2) >0,and

P@-p@) () =R (2)

|z]
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and furthermore,

Py -P@) = [ Kysm) (7€) -1 de >0,

B;(0)

As a consequence, it follows immediately that, for any y € B;(0) \ {0},

o= [ K 2P(0 () m@-ve)e

|z|

i N,
of K02 Py Pe) (—) V2 (2)dz

lz]
AN\? ,
> /B ;(O)I(I,X@,Z)P(Z)<<E> vos () =P (Z)> dz

ZPz/
By (f

Y

(2.40)

0 K ;(y,2)P (Z)V§§_1(Z)(vo,; (z) - v(z)) dz > 0,

thus we arrive at (2.39). Furthermore, (2.40) also implies that there exists 0 < < A small
enough such that, for any y € B, (0) \ {0},

Uy; () zpzf 09080’;2_100 dz =:Ty > 0. (2.41)
B%O’O)

Now we define

lo:= min_£(0,2) >0, (2.42)
r€[,21]

where [y(0, A) is given by Theorem 2.3. For fixed small 0 < ry < %min{zo, 1}, by (2.39) and
(2.41), we can define

mg = inf Uy;(y) > 0. (2.43)
0}

y€B;_ (O\

Similarly, we can also define

ng = inf Vg5 >0. (2.44)
yeB;_, O\(0)

Then, by the uniform continuity of # on an arbitrary compact set K C R” (say, K =
B,;(0)), one can infer from (2.43) that there exists 0 < gy < %min{zo,)_u} sufficiently small
such that, for any A € A A+ &),

Uoy () = ? >0, VyeB,_, (0)\{0}. (2.45)

In order to prove (2.45), one should observe that (2.43) is equivalent to

] N S
" u) =2 u(00) Z oA, Vil z = (246)
- 1o
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Since u is uniformly continuous on B,;(0), we infer from (2.46) that there exists 0 < &g <
% min{zo, 1} sufficiently small such that, for any A € % & + o],

2
0

" u) - (%) = DO, vy = (2.47)
2 A— ro
which is equivalent to (2.45), hence we have proved (2.45).
Similar to (2.45),we can also derive that
n -
Vo:0)= 5 >0, VyeBi ,(0)\(0). (2.48)

For any A € (A +eol, letl:=A — X +ry€(0,]p) and Q2 := A, 1(0), then it follows from
(2.35), (2.36), and (2.45) that all conditions (2.10) in Theorem 2.3 are fulfilled, hence we
can deduce from (ii) in Theorem 2.3 that

Uo, () = 0, Vo, () =0, VyeQ=A4,,0). (2.49)

Therefore, one can infer from (2.45) and (2.49) that B; =@ forall A € [A, A + ], that s,

Uy, (y) = 0, Voa(9) =20, VyeB,(0)\ {0}, (2.50)

which contradicts definition (2.38) of A(0). As a consequence, in the case 0 < A(0) < +00,
we must have Uj; =0, Vj,; =0in B;(0) \ {0}, that is,

U i) ) = u(y), Voi@) =v(y), VyeB;(0)\{0}. (2.51)
This finishes our proof of Lemma 2.5. O
We also need the following property about the limiting radius A(x).

Lemma 2.6 If A(X) = +00 for some X € R", then A(x) = +00 for all x € R".
Proof Since A(x) = +00, recalling the definition of A, we can derive
uz () > u(y), v () > v(y), VyeB,(x)\ {x},YO< X< +o00.
That is,
u(y) = uz, (y), v(y) > via(y), V]y—-x| >, V0< A< +00.
It follows immediately that

lim |y|"u(y) = +o0, lim |y|"™v(y) = +o0. (2.52)
[yl—00 [yl—00

On the other hand, if we assume A(x) < +00 for some x € R”, then by Lemma 2.5, one

arrives at

lim [y u(y) = lim |y|" w50 0) = (A(x)" " ux) < +oo,
[yl—=00 [yl—=00
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lim |y|"®v(y) = lim |y|"_an,5L(x)()/) = (X(x))n_av(x) < 400,
[yl—o00 [y|—>o00

which contradicts (2.52).
This finishes the proof of Lemma 2.6. d

In the following two subsections, we carry out the proof of Theorem 1.1 by discussing

the critical cases and subcritical cases separately.

2.2 Classification of positive solutions in the critical case
(T - ) + (LT —po) + 63(22 - qq) + c4(MET —q,) =0
Without loss of generality, we may assume that ¢; >, ¢; >0, ¢c3 > 0, ¢4 > 0, that s, p; =

2n—o

n-o ’
_ n+a—o _ 2n-o _ n+a—o

2= d =50 ’andq2_ n-o °

We carry out the proof by discussing two different possible cases.

Case (i). M(x) = +o0 for all x € R”. Therefore, for all x € R” and 0 < A < +00, we have

Uy, (y) > u(y), Vs () = v(y), VyeB;(x)\ {x},V0 <A < +o0.

By a calculus lemma (Lemma 11.2 in [32]), we must have u = d; > 0, v=d, > 0, which
contradicts system (1.1).

Case (ii). By Case (i) and Lemma 2.6, we only need to consider the cases that
A(x) <oo forallx e R".

From Lemma 2.5, we infer that

U3 () = u(y), Veiw @) =v(),  Vy € Bs,(x)\ {x}. (2.53)

Since equation (1.1) is conformally invariant, from a calculus lemma (Lemma 11.1 in [32])
and (2.53), we deduce that there exist some & > 0 and xg € R” such that

n e
u(x) = C (*) , v(x) = Cz(é) , VxeR"

1+ 2l — x| 1+ p2lo — x|

where the constants C;, C, depend on n, o, 0.

2.3 Nonexistence of positive solutions in the subcritical case
(22 — pg) + (LT — py) + ¢3(2E2 — gp) + 4 (LT - g5) > 0

Without loss of generality, we may assume that o (=2 _ p1) >0, cy(E=2 — q1) > 0 and

n-o n-o

(2 — py) > 0, ca(™ET — qp) > 0, that s, c1,¢3 > 0, ¢2,¢4 >0, 0< p1 < 252, 0< py <
2, 0<q) < 2}%‘[’, and 0 < q» < ===%. PDE system (1.1) involves at least one subcritical

nonlinearity in such cases.
We will obtain a contradiction in both the following two different possible cases.

Case (i). A(x) = +00 for all x € R”. Therefore, for all x € R” and 0 < A < +00, we have

Uy, () > u(y), ver(y) = v(y), VyeB;(x)\ {x},YO< A < +00.
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By a calculus lemma (Lemma 11.2 in [32]), we must have u = d; > 0, v=d, > 0, which

contradicts equation (1.1).
Case (ii). By Case (i) and Lemma 2.6, we only need to consider the case that

x(x)<oo forallx eR"
From Lemma 2.5, we infer that
ux,X(x) (y) = M()/), Vx,X(x) (y) = VO/)’ V_)/ € Bi(x) (x) \ {x}

Consider x = 0, one can derive from (2.40) and (2.54) that

0-th; - [ Kt ()

. f Ky:0,2)(Bos () —P(z))(i)
B;(0)

_ / K, A(y,z)P(z)<(£>T2 —1)v”2(z)dz,
B:(0) |z|

A

V% (2) — w2 (z)) dz

where

Bos@) =P = [ Ko@) (36) - ) de =0,

B;(0

and 7, = n + o — po(n — ) > 0. As a consequence, it follows immediately that

Ozf I(L)\(y,z)P(z)<(i>T2 —1>v”2(z)dz>0,
B;(0) |z

which is absurd.

(2.54)

(2.55)

Thus we have ruled out both Case (i) and Case (ii), and hence system (1.1) does not admit

any positive solutions. Therefore, the unique nonnegative solution to (1.1) is (&, v) = (0, 0).

This concludes our proof of Theorem 1.1.
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