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Then, we get the equivalent integral equation of the random impulsive differential
equation. Based on this integral equation, we use Dhage’s fixed point theorem to
prove the existence of solutions to the equation, and the theorem is extended to the
general second order nonlinear random impulsive differential equations. Then we use
the upper and lower solution method to give a monotonic iterative sequence of the
generalized random impulsive Sturm-Liouville differential equations and prove that it
is convergent. Finally, we give two concrete examples to verify the correctness of the
results.
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1 Introduction

Impulsive dynamical systems are an emerging field drawing attention from both theo-
retical and applied disciplines. They are often typically described by ordinary differential
equations with instantaneous state jumps [24, 29]. And the impulsive differential equa-
tions serve as basic models to study the dynamics of processes that are subject to sudden
changes in their states. Since many evolution processes, optimal control models in eco-
nomics, mechanics, electricity, several fields in engineering stimulated neural networks,
frequency modulated systems, and some motions of missiles or aircrafts are characterized
by the impulsive dynamical behavior, the study of impulsive systems, especially the impul-
sive differential, is of great importance, for details, see [12, 17, 24, 27, 34]. But real systems
are often subject to not only impulse effect but also noise perturbations. Taking into ac-
count the stochastic effects, the models are better described as random impulsive differ-
ential equations (RIDEs) rather than impulsive differential equations or stochastic differ-
ential equations. Hence the study of RIDEs has received some attention [2, 30]. Recently,
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a large number of important results about the impulsive differential equation have been
reported in [3, 4, 6, 13-15, 18, 23, 24, 28-31, 35, 36, 41]. For example, in [6], Gowrisankar
et al. investigated the existence and stability of mild solutions of the first order semilinear
differential equation with random impulse (1.1) using the contraction principle.

x(t) = Ax(t) + f(t,x0), t#&t > 1o,
x(&x) = bi(t)x(&r), k=1,2,..., (1.1)

Xtg = ¢»

where A is the infinitesimal generator of a strongly continuous semigroup of bounded
linear operators S(¢) with domain D(A) C X. x.(s) = x(¢ + s) and & is the random pulse
time point. In addition, many scholars have also studied the properties of random impul-
sive differential equations. Radhakrishnan et al. [25] studied the existence of solutions for
quasilinear random impulsive neutral differential evolution equation by using the analytic
semigroup theory and Schauder fixed point theorem. Niu et al. [23] studied the existence
and Hyers—Ulam stability of the random impulsive differential equation with the initial
condition. Zhang et al. [40] studied the existence and exponential stability of random im-
pulsive fractional differential equations using the Leray—Schauder fixed point theorem.
Moreover, Sturm—Liouville differential equations play an important role in the study of
differential equations. For any second order homogeneous linear differential equation

P(x)y" () + Q(x)y (%) + R(x)y(x) = 0,

]
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we can multiply both sides of the equation by the integral factor u(x) = ¥, so that

the equation becomes a Sturm-Liouville differential equation

(LEPEY (@) + LER@)Y(x) = 0.

Therefore, the study of Sturm-Liouville type differential equations is of great significance,
and some scholars have conducted in-depth research [22, 37, 38].

Besides, in recent years, the boundary value problems of different order differential
equations have emerged as an important area of research, since these problems have appli-
cations in various disciplines of science and engineering such as control theory, signal and
image processing, polymer rheology, regular variation in thermodynamics, biophysics,
aerodynamics, and damping [5, 36]. Many researchers studied the existence and stabil-
ity theory for differential equations with a variety of boundary conditions, for instance,
see the papers [1, 9-11, 16, 19-21, 26, 33, 42]. For example, Hua, Cong, and Cheng [8]
studied equation (1.2) in 2012, which is the existence and uniqueness of solutions for the
periodic-integrable boundary value problem of second order differential equations

p(Ox'(2)) +f (&%) =0,
x(0) = x(T), (1.2)
[ x(s)ds =0,

where p(t) € C(R, R) is a given T-periodic functionin t € R, and p(t) > 0. f € C(R x R,R) is
T-periodic in ¢.
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Finally, we found that the current main research results are focused on ordinary impul-
sive differential equations, and few scholars have studied random impulsive differential
equations. Therefore, based on the importance of random impulsive differential equa-
tions, we have carried out research on them. Besides, we found that many researchers
investigated the normal impulsive differential equations and the boundary value problem
of the equations. But there are fewer people who studied the boundary value problem
of Sturm-Liouville type differential equations with random impulses and the upper and
lower solutions of this kind of equation. In this paper, we discuss the Sturm—Liouville type
differential equations with random impulses and boundary value problems, and we derive
the Green function (the researchers gave the Green function of the normal impulsive dif-
ferential equations [4, 7]) of the equations with the random impulses which has never
been studied in the past. At the same time, we use the upper and lower solution method
to construct the monotone iterative sequence converging to the maximum and minimum
solutions of the equation and prove their convergence.

The rest of the paper is organized as follows: in Sect. 2, we introduce some notations and
necessary preliminaries to give an idea of some important definitions and lemmas. And
the Green function of the random impulsive differential equations is derived. In Sect. 3,
we use Dhage’s fixed point theorem to study the existence of the solutions of equation
(2.1), and then the existence of solutions of general second order nonlinear random im-
pulsive differential equations with boundary value problems is given. In Sect. 4, we use the
upper and lower solution method to give the monotonic iterative convergent sequence of
the generalized Sturm-Liouville differential equation with random impulses. Finally, two

practical examples are given in Sect. 5 to verify the correctness of the theorem.

2 Preliminaries

In this article, we investigate the solution of the following equation:

Lx=f(t,x(t), tel,t#&,k=1,23,...,
x(&)) = bi(m)x(§r), k=1,2,3,..., (2.1)

a11%(0) — a12x'(0) = a1 x(1) + axnx'(1) = 0,

where L is the Sturm-Liouville operator defined as Lu(t) = —(p(t)u/(¢)) + q(¢)u(t). Let X
be a Banach space and €2 be a sample space. Assume that 7 is a random variable defined
from  to Dy := (0,dy) for k = 1,2,..., where 0 < dj < 00. Furthermore, assume that 7; and
7; are independent from each other when i #j for i,j = 1,2,... u(t) is a stochastic process
taking values in X. For the sake of simplicity, we denote / = [0,1]. C = C(J,R) is the set
of all the stochastic processes mapping /J into R. f : [J,C] — R is a continuous function.
& =&+t fork=1,2,...,and & = 0. Obviously, 0 =&y < & <& <+ <& < -, le, &
forms a strictly increasing sequence. by : Dy — R for each k = 1,2,... The convergence is
under the meaning of the orbit, u(£;) = limy¢, u(t). p(¢) and g(t) are positive continuous
functions mapping J = [0, 1] into R* = [0, +00]. a;; are positive constants for i,j = 1, 2.
Denote by {W,,t € [0,1]} the simple counting process generated by {&x}ien, it is to
say that {W; > n} = {§, < t} and denote by F the o-algebra generated by {W,,t € J},
then {Q, F, P} is a probability space. Define by L, = L,(£2, F,R) the Hilbert space of all

F-measurable, pth integrable random variables with values in R.
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| - || is any norm of R, and the expectation of the random variable x is defined as
E(x) = fodP < 0o. Then we introduce the space PC = PC(J,L,) := {u(t) : u(t) is strongly
measurable, pth integrable random process from J into L,, and u(t) is continuously differ-
entiable when ¢ € ]\ {&1,&,...} and left continuous when ¢ € J}. It is easy to see that PC is
a Banach space with the norm

0loe = (apElucol’)

We use the following notations: P;(R) = {Y C R: Y is a closed set}, P,y(R) ={Y CR: Y is
a bounded set}, P.,(R) = {Y C R: Y is a compact set}, P, (R) = {Y S R: Y is a convex set}.

Definition 2.1

e The operator A is called upper semi-continuous (u.s.c.) on R if, for each open set V' of
R containing A(xy), there exists an open neighborhood N of x( such that A(N) C V.

e A is closed graph if there exists a sequence x, — x*, ¥, = ¥*, y, = Ax,, then we can
imply y* = Ax*.

e Ais called a completely continuous operator if A is a bounded linear operator and for
every x, — x*, we can get Ax,, — Ax™.

e A is called a compact operator if A is a linear operator and A(V) is compact for every
Ve Pbd(R).

Lemma 2.1 ([32]) Supposethat (X, || -||) is a normed linear space, then the set A is compact

if and only if it is self-column compact.

Lemma 2.2 (Resonance theorem; [39]) Suppose that X is a Banach space, Y is a linear
normed space (B* space), if W is a subset of all bounded linear operators from X to Y
such that sup,_y, ||Ax|| < 00, Vx € X, then there exists a constant M such that |A|| <M,
VAeW.

Theorem 2.1 If A is a compact operator, then A is a completely continuous operator.

Proof Suppose x, — x*, we use proof by contradiction. If Ax, does not converge to y =
Ax*, then there exist g9 > 0 and {#;} such that ||Ax,;, — Ax*|| > &9. From Lemma 2.2, we can
know that {x,} is bounded. Combining that A is compact, we can get a subsequence from
{%4;}, we write it as {xmk} such that Axnik — z, but for every y* € Y* (V* is the conjugate
space of ), (y*,Axnl.k -y) = (A*y*,xnik —x*) — 0, which implies Axy, = 9, then y = z,
which is a contradiction. The proof is completed. g

Definition 2.2 Suppose that T is a linear operator from X" to V. D(T) is the definitional
domain of T, T is called closed if x, € D(T), x, — x, and Tx, — y, then we can imply
x € D(T)and y = Tx.

Remark 2.1 From the closed graph theorem, we can easily know that if A is a completely

continuous operator, then A is u.s.c. if and only if A is a closed graph.

Theorem 2.2 (Dhage’s fixed point theorem) Let X be a Banach space, A : X — Ppgcicv(R),
B: X — Py (R) are two operators satisfying:
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(i) A is contraction,
(i) B is u.s.c. and completely continuous.
Then either
(a) the operator inclusion x € Ax + Bx has a solution for A =1 or
(b) theset U ={uecX:uecAu+IBu,0 <\ <1} is unbounded.

Theorem 2.3 The solution of equation (2.1) is equivalent to the solution of the following

integral equation:

1
u(t) = / G(t, s)(—q(s)u(s) +f(s, u(s))) ds

+ Y (Wt uE) [ 1aE 6o o), (2.2)
k=1

where A is the set of all the sample orbits and 14(x) is the index function defined as

1 teA,
La(0) = (2.3)
0 t¢A,
(t,5) = %(mz +anp(0) fo pl d‘r)(ﬂzzp(ll +dn f: p(z dr) s<t, 24
%(6112 + ﬂllp(o) fO 70 df)(&lzzﬁ +dn J, m d‘[) s>t
W(t k) = %dnp(o )@ ft PG dT +tan,m )(hk(fk) -1) O<&<t<l, 25)
\Q\“ZIP(O (an fo s dr+ ﬂlzp(o V() —1) O<t<& <1,
and
a1 —ain
Q= (2.6)
|:421 an 01 2O g 4 ”22§8;j|

Proof Suppose that &1, &,,... is a sample orbit. Thus, when ¢ € (0,&], we have

(p)u (1) = q@)u(®) —f(t,u(t)),

, 1 1
u'(t) = ()p(O)u(O)+ (t) q(S)u(S)ds p(t)/of(&u(S))ds

t 1 T
u(t) = u(0) + p(0)u’ (0)/ — ds+/ IE/O q(s)u(s)dsdr

- —_ , dsdr.
/Op(l_)/of(s u(s)) sdt

When ¢ € (&1, &], in the same way, we have

t

u'(t) = p(&) &)+ — q(S) (s)ds— (s,u(s)) ds

() () £ p(t) &

Page 5 of 23
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The first derivative of this function has no impulses, so we can know

u(t) = u(El) + pl&nw (&) /E z%d“ fg L[ gouls) dsde

lp(‘L’) &1
_/E 1%‘/5 f(s,u(s))dsdr

&1 &1 t
= u(&)) + |:p(0)u’(0) + /0 q(s)u(s)ds —/0 S (s,uls)) ds] /s 1% ds

t 1 T t 1
’ /El m &1 q(S)u(S) dde - /;1 p(‘E) 51 f(s ) )det

Combining these two equations, we have

ult) = u(0) + (&) - uler) + ()i (0) / s

tq - .
+/m@ ds/ q(s)u(s)ds + /gﬁ | oyt dsde
t 1 &
sl ) dsdr - | [ s [V u)as

"1 51
+/gl p(t) glf(s, S))def‘*/o e )/ S (s u(s)) dsdt:|

Combining with the identity

‘1 | §1
/51 mds/ 6](S)I»t(s)ds:/é1 m./o q(s)u(s) dsdr,

we can get

() = u(0) + p(0)i (0) /0

t 1 t 1 T
—d — dsd
26 S+/0 P(T)/o 4(s)uls) dsdr

_ / 1 / F(s,uls) dsdr + u(&}) - u(€y),

, L[
0= p(t)/ st | S s

Suppose when ¢ € (§, §+1]

u(t) = u(0) +P(0)M’(0)/ % ds +/ ﬁ q(s)u(s)dsdz

/ o) / (s u(s)) dsdr+z ~ ul&)]-

Page 6 of 23
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Then, using the same way, we can get when ¢ € (&x,1, §ks2],

u(t) :u(0)+p(0)u’(0)/0 I%ds+/(; I%/o q(s)u(s)dsdr

k+1

t 1 T .
_ fo o ), o) dsdr+ ;[u(én) —ul&)]
So, using the mathematical induction, we can get
o0 , t 1 t 1 T
u(t) = ;{M(O) +p(0)u (0)/0 mds+/o m/o q(s)u(s)dsdr
t 1 T
_ /0 E A f(S, M(S)) dsdt + ogzt[u(glj) - u(Sk)] }I(gmgml](l')
and
u'(t) = 0)4'(0) + — (s)u(s)ds — L /tf(s u(s)) ds
(t)” (t) E p@® Jo 7"

It is easy to see that

1 T
u(1) = u(0) + p(0) M(O)/ p(s) / I%/o q(s)u(s)dsdr

) /o () /0 flsruls)) dsd + Z[M(Sk*) - u(€)],

W(1) - (1)19() - / qOu) s -~ / s, u(s))d

Plug in the boundary value conditions, we can get
ayu(0) — apu'(0) =0,
p(0)

p( ) 6122@] /(0)

1
:—[am< /0 - /0 g(S)u(s) dsdr

1 1 T 00 )
_/0 E/O S(s,u(s))dsdr + kX:;[u(Sk) —M(Ek)])

1! 1 (!
+a22(m/0 q(s)u(s)ds—mfof(s,u(s))ds):|,

Then we define the matrix Q as

61211/!(0) + |:6121p 0)/

Q- a11 —ﬂlz
- 0
a1 a1 0 p(s dS + ﬂgzﬁglg

Page 7 of 23
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So, the solution of the above equation group is

1
Q

—ai 0 W0) = - 0 an

1
an) fO Il%ds+ﬂ22;% { |Q|

u(0) =

a1

where ¢ is defined as

o[ [ oo

11
_/0 _/ f(su() dsdr+Z M(Sk)])

p(T) Jo

+dn <I% /0 q(s)u(s)ds — Iﬁ /0 S(su(s)) ds):|.
So, we can write u(t) as
1 T
u(t) = |(12| = a12421 (/0 lﬁ /0 q(s)u(s)dsdr

1 : o
_/(; IE/O f(s,u(s))dsdr+k2=1:[u(§,j)_u(gk)])

1 1
_alzﬂzz(%/o Q(S)M(S)ds—ﬁfo S(su(s)) d5>

| 1 T
_/ mﬁp@)[mma([) IH/O q(s)u(s)dsdr

1 1 T
_ /0 el £(s,u(s)) dsdr+z u(gk)]>

+ﬂ116122($f )u()ds—ﬁffs,u(s) )“
t T 1
/ o [amasar [ [ o) asae

(&) - u(€n)]

0<&g<t

1 T
IQI[ 126121/ ]%/; q(s)u(s)dsdr

1
—ﬂlzdzzﬁ/o q(s)u(s)ds

t 1 1 1 T
—ﬂ11ﬂ2117(0)f0 e /p(r)/ q(s)u(s)dsdr

1
_Il%dnan/o q(s)u(s)ds

t 1 T
+|Q|‘/0 IE/O q(s)u(s)dsdr]

Page 8 of 23
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1 1 T
IQI |:6112 21/ m/o f(S,u(s))dsdr
1
+d12ﬂzzl%/0 S(s,u(s))ds
+6l116121p(0)/ p(ls) / / f(s,u(s)) dsdr
0N
+6l110122p(1)/0 p(S)dS_/O f(s,u(s)) ds
t 1 T
—|Q|/0 M/Of(s,u(s))dsdr}

+ ﬁ |:—ﬂ126121 Z[M(é/:) - M(Ek)]

k=1

[e¢]

- auﬂzlp(O)f % ds Z[ (E,:) - M(ék)]

+1Q1 D (&) - ul&) }

0<éy<t

1 1 o]
= —/0 G(t,s)q(s)u(s) ds + /0 G(t,s)f(s, u(s)) ds + Z W (t, k)u(&r).
k=1

And we have completed the proof of Theorem 2.3. O
Remark 2.2 We can see that G(¢,s) is a positive continuous function of £ and s.

Remark 2.3 Using the same way, we can prove that the solution of the equation

_x”(t) =f(t’x(t)’x/(t))r t E] \ {51’52’ .. '}r
x2(&) = b(u)x(&), k=1,2,3,..., (2.7)

a11%(0) — a12x'(0) = a1 x(1) + azx'(1) = 0,

is equivalent to the solution of the following integral equation:

1 o0
x(t) = /(; G(t, s)f(s,x(s),x/(s)) ds + Z[W(t, k)x(ék)]IA(él,Ez, veirElrel ), (2.8)

k=1

where
Glt,s) = %(ﬂns +ap)(an(l-t)+ax) s<t, (2.9)
%(ﬂut +ap)(an(l-s)+axn) s=>1, .
W (e, k) = %ﬂn(ﬂzl(l - +an)bn)-1) O0<&<t<l, (2.10)
‘Q‘QZI (a1t + a12)(bi(te) — 1) 0<t=<&<1,
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and

a1 eV
Q| =

=aids1 + andx + apds. (2.11)
az1 a1 td

Definition 2.3 Define the operator A : PC(J,Ly) — PC(J, L,) such that

1 [e'e}
Au= /0 G(z, s)[f(s, u(s)) - q(s)u(s)] ds + Z[W(t, k)u(Sk)]IA(Sl,Sg, voir bl (212)

k=1

Theorem 2.4 (Operator decomposition theorem) Suppose that X and ) are two Banach
spaces, T is an operator from X to Y. u(t) : Q@ — X is a functional, {Q;} is a division of 2,
it is to say that | J
i #j, where I is an arbitrary set. Then u(t) is the fixed point of T if and only if, for every
i €1, u;(t) is the fixed point of T, where the definition domain of u;(t) is Q; and u;(t) = u(t)
when t € Q;.

it 2 = Q, and Q; and Q; have no element in common for every i,j € I,

3 The existence of solutions
In this section, we list the following basic assumptions of this paper and prove our main
results.

(H1): There exists a constant M such that, for each u1,u, € PC(J, L,),

If (&, 1(8) - £ (£, w2(®)) | < M[[u02(®) - 2®) .
(H5): There exists a constant 7, such that

p 1RO
ko Elbi(ti) = 1] —

(Hs): {E|lbi(tr) — 1||} is a convergent series, and
o0
Zsup“bk(rk) - 1|| <13 < 00,
k=1 ¢

where 73 is a constant.
(Hy): There exists a constant My such that, for each u € PC(J,Ly) and £ € ],

If (& u(®) Hpc < My([Ju(2) ”pc +1).

(Hs): Suppose

1 | 1 |
no = al (ﬂu + ﬂup(o)/o 20 df) (@2@ +dy1 /(; 0 df>,
1
Ci= max{ﬁallp(O) (dm/o 1% dr + anl%)’

1 LS| 1
@dzlp(o) <ﬂ11/0 m dr + ﬂlzm) },
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’

Mg =sup|q(t)
te]
then they should satisfy the following equalities:
417(2)M; + 4n3M} + 2Cfn2n§ <1
and
noM < 1.

Theorem 3.1 If conditions (Hy) ~ (Hs) are met, equation (2.1) has a solution u(t) in
PC(J, Ly) which satisfies

4n3M2 + 200My 1~ 4nZM2 — 2C3non3

1 — (AngMZ + dngM7 + 2Cinan3)

[« =

Proof First of all, we can decompose the operator A into A and B, that is to say Au(t) =
Au(t) + Bu(t) for every u(t) € PC(J, L,). The operators A and B are defined as

1
Au = / G(t,9)f (s, u(s)) ds,
0

1 00
Bu = —/0 G(¢,8)q(s)u(s)ds + Z[W(t, k)x(ék)]IA(él,éz, coirEkrel).

k=1

It is easy to see that B is a linear operator, and we can easily prove that the solution of
equation (2.1) is equivalent to the fixed point of the operator A = A + B. Then we will
prove Theorem 3.1 in six steps.

Step (1):
A is a single-valued operator, so Au € P, (R). Then we prove that, for every u € B, =
{u(®) : |u@)llpc < g}, |Au(®)llpc < m, where 1, is a constant.

1 1
G(t,s) < ﬁ (ﬂlz + 41119(0)/0 I% dT) (4221% +a /0 I% dT) = 1.

Hence,
1 2
e =5 [ 16r(s.u9)] o)
1 ) 1 9
§E[ / |G(t,5)]" ds / [f (s u) | ds]
0 0
1
<o [ WrGouo)|* o]
1
< [ o) s

< ngM7(g+1)* =ni.
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Step (2):
We prove that A is a contraction.

2

1
Auy — Aus | = H/o G(t,5)[f (s, u1(s)) = f (s, ua(s)) ] ds

! 2
Mo /0 1(5) = s() |,

1
Bl ~ Al <2205 [ [ 106 -0 s
0 Q

< M2 supE w1 (6) - us(2)|*.
te]

So, we get

Auy — Aus|lpc < Mng ||t (£) = un(8) | .

and we can easily know that A is a contraction.

Step (3):
It is easy to see that B is a single-valued operator, so for each u(t) € PC(J, L,), Bu € P, (R).
Next, we prove, for every u(t) € By, that Bu is bounded.

Bu(t) = - f Gt a(6yus) ds + 3 W R(E0 Lal6n . 5.,

k=1
1 00 2
1Bul> <2 /0 |6t )a(s)u@)|*ds + 2| 3 Wit Ku(s)
k=1
1 2 0
<203 [ aout)|*ds+2 ZW(t,k>u<sk)
0 k=1

And based on the second mean value theorem of integrals, we know, for each k, that
there exists wy € €2 such that

00 2
E| Y W huE)

k=1

2

du
dp Z W (t, k) () (o)) ‘
k=1
< Clzf Z(bk(l’k) — 1)u(&) Z (br(tr) = 1) u(Ex(wi)) ‘
2| k=1 k=1

sup,,, [1b(Tic(wi)) = 11l
|:Z Jo ”bkkl'k;( Il(lldu /“b" %) -1| dﬂ/”“(%‘k)” dpc:|

x maxu(&(w)) |
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< Chmanmax [ @] defu(eston) |
< Chmnma [ e du
< Chmon3 (&) -

Based on the above equation, we can easily know that Bu is bounded for each u(¢) € B,.
Step (4):
Define B(B,) = {Bu(t) : u(t) € B,}, then we prove that B(3,) is equicontinuous. Based
on Theorem 2.4, we only need to prove for each (&, &x41], K =0,1,2,... and every € > 0
that there exists § > 0 such that, for any £1,¢, € (&, k1], lI£1 — £2]| < 8, we have ||Bu(t;) —
Bu(ty) | pc < € for every u(t) € B,.

| (Bu)(tr) - Bu) ()|

1
= H./o [G(t1,5) = G(t2,9)] (—q(s)u(s)) ds

N Z (t1,1) = W (ta, m)Ju(E,)La ()

1 2
2( f 1G(t1,9) - G(t2,9)] |a(s)uo)| ds)
0

2

Z[W(tl, I’l) - W(tz, n)]u(én)

n=1

+2

’

so we have

|| (Bu)(t) - (Bu)(e) |

1
< 2M3,42/ |G(t1,5) - Glta, )| ds
0

”W(tl, )— W(tz, )
' 2Snw fQ ” W(tlr Vl) W(tz; )” dﬂ || (t) HPC

X (Z E|W (t1,n) — W(tp, 1) ”) (Z stl)p” W(t1,n) — W(ty,n) H),
n=1

n=1

where

S Wit k) - Wit )|

n=1

k
H |Q|6l11612117(0)/ 21: b n(Tn) —

|Q|ﬂ11ﬂ2119(0)/ Xk: b n(Tn) —
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—ﬂuﬂzl}?(o) —dr
t p(

an (%) -

hence

Z E” W(tl, l’l) - W(t2r Vl) ” < N3

ty 1
@6111012119(0)/t1 deH.

So, combining with the above equations, we have
E|Bu)(@) - (Bu)(e)|*

1
<2028 / 1G(t1,5) — Gt s)|* ds
0
1br(Tie) = 11| 2 oq 2
2 |Q|2“““2”” "(O)sup o bt — 1 dpe ””(t)HPCUtI p(@) d’)

(2l -t ee) (Sl -1

k=1

1
<21’ [ 16019 - Gl 9| s
0

1 2
+zn2n§@a§1a;p2(o>( / mdf> @)

It is easy to see that E|(Bu)(t1) — (Bu)(t,)||> — 0 as |t; — ] — 0, so we have proved
that the set is equicontinuous. From step (3) to step (4), combining with the Arzela—Ascoli
theorem, we can easily know that B(3,) is sequentially compact and B(B,) is self-listed.

Using Lemma 2.1, we can know that B(B,) is compact. Combining with Theorem 2.1, we
have proved that B is completely continuous.

Step (5):
We prove that B is u.s.c. Based on Remark 2.1, we only need to prove that for each u, () —
u*(t) we have (Bu,,)(t) — (Bu™*)(t).

| (Bu) (@) - (Bu*) (1) ||*
2

1 e8]
/0 Gt )] ~q($) (un(s) — () ] ds + > W (e, k) [t (&) — " (E0) Ja )

k=1

2
< 2;70]\/12/ Hu,, u*(s) ”2 ds + 2C

D (brlm) = 1) [a(&) — 7 (E0)]
k=1

Hence,

E[| (Buy)(2) - (Bu*)(t) ||2

= 2’70M2 ” Un(s (s HPC

b ) —1
et I

Page 14 of 23
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X m]le”Mn (&rlwi)) — u* (Er(wr)) | Z sup|| bx(ze) — 1
k-1

w

< 22M2 | 1($) = 1 (5) | 3 + 2C20am3 | tn(s) — *(5) | 5

So, we have proved that B is u.s.c.
Step (6):
We prove that the set U = {u(t) : u(t) € A(Au)(t) + A(Bu)(£),0 < X < 1} is bounded. If u(t) €
U, then we have

1 [o¢]
u(t) = )L/(; G(t,5)[~q(s)uls) + £ (s, u(s)) ] ds + A Z[W(t, k)€ [a(Er &2y k),
k=1
2 ! ’
oo =222 [ 1609 a0 6,60 )

00 2
+212 (Z‘ Wt k)u(Er) ||>

k=1

2,272 ! 2 2.2 ! 2
<4\ oM, ||u(s)|| ds + 4A"ng Hf(s,u(s)) H ds
0 0

00 2

Z(bk(fk) - 1)u(&)

k=1

+20°CF

’

hence
1
L) < 42002 o) o 42775 [ L (s09) s
0

+ 22200, w0 |2, 3 / i)~ 1] die' S sup| b (ze()) ~ 1]
k=1 7€ k=1 ¢

< D22 |u(s) [ e + 42032 (| u(s) | pe + 1)

2
+ 2A2C12n2n§ H u(t) ||PC.
By simplifying, we can get

[1- (4x2n§M§ + 4A2n§Mf2 +2)7CEnan3) |l 3c

— 83 g M |lullpc — 42> oM} <.
This is a quadratic function, and
A =160 g M7 (1 - 42> ngM; — 22Cinan3) = 0.

Then we can get

M2 + 2AnOMf\/ 1- 4X293M2 - 2)2Cnam)

1— (4320302 + 4023 M2 + 2)2Cn113)

|4 pc =
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s
sz — (AngM2 + Ang M7 + 2CTn13)

anaM? + 2170Mf\/%2 - 477(2)M021 —-2Cnan3

v
1 — (AngMZ + dngM3 + 2C3nan3)

4n3M2 + 200My 1~ 4n3M2 — 2C3nan3

So, the set U is bounded. As a consequence of Theorem 2.2, we deduce that A + B has a
fixed point u(£) which is a solution of equation (2.1), and we have completed the proof of
Theorem 3.1. O

Using the same way, we can prove the following theorem.
(Hs): There exists a constant M such that, for each x1,x, € PC(J, L,),

If (& 21,%7) = f (£, 22,5 | < Moy = ]

(Hy): There exists a constant M; such that, for each u € PC(J,L,) and ¢ € ],
I (640, )] = My (0] + 1)-

(Hg): Suppose

(@11 + a12)(aa + as)
0 = b
aiidazr t+dizdzl + ana

C max{aii(da1 + dz), do1(an + aiz)}
1= )

aindzl t+dida + ana

then they should satisfy the following equalities:
47;(2)Mj% +2Cinan; < 1,

and
noM < 1.

Theorem 3.2 If conditions (Hy) ~ (H3) and (Hg) ~ (Hg) are met, then equation (2.7) has
a solution x(t) in PC(J, Ly) which satisfies

AngM; + 2n0My /1 = 2Cinan3

1 - (+4n5M; +2CT1om3)

=@ llpc =

4 The upper and lower solutions
In this section, we consider the upper and lower solutions of the following generalized
Sturm-Liouville differential equation with random impulses:

—u'(8) =f(t, u(t),u'(t)), te],
u(E) = bi(nu), k=1,2,3,..., (4.1)

a114(0) — a1/ (0) = ag u(1) + axu'(1) = 0.

Page 16 of 23
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The notation in this equation is the same as the previous definition. First of all, we con-

sider the following linear random impulsive differential equation:

—u"(t) =f(t, h(t), W (t)) - M(u(t) - h(t), te],
uEy) — ulte) = (be(t) - Dhgr), k=1,2,3,..., (4.2)

a11u(0) — a1/ (0) = az u(1) + axu'(1) =0,

where /(t) € PC(J, L,) is a stochastic process. Based on Theorem 2.3, we can get that the

solution of equation (4.2) is equivalent to the solution of the following integral equation:

1 1
u(t) = —M/ G(t,s)u(s)ds +/ G(t, s)[f(s,h(s),h'(s)) +Mh(s)] ds
0 0

Y (W OhE Ao o),

k=1

where G(t,s) and W (¢, k) are defined as (2.9) and (2.10).
Then we define the operator A : PC(J,L;) — PC(J, L;) as

1 1
Ah = —M/ G(t,s)Ah(s)ds + / G(t,s)[f(s,h(s),h’(s)) + Mh(s)] ds
0 0

£ Y (W OhE) ) aEr &y o),

k=1

we can easily prove that /(t) is the solution of the equation if and only if it is the fixed point

of the operator A.

Definition 4.1 wy(t) € PC(/,L,) is called an upper solution of equation (4.1) if wy(t) sat-
isfies the following inequality:

—wy(t) = f(t, wo(t), wy(t)),
wo(&7) = br(ti)wo k),
a11w0(0) — a120(0) > xo,

azwo(1) + apwy(l) > xj.
If the above inequalities are reversed, we call it a lower solution of equation (4.1).

Lemma 4.1 ([32]) Suppose that E is a semi-ordered Banach space. For xy,yy € E, xo < yo,
and D = [x0(t),y0(¢)], A : D — E is an operator. Assume that the following conditions are
satisfied:
(i) A is an increasing operator,
(il) xo is the lower solution of A and yy is the upper solution of A,
(i) A is a continuous operator,

(iv) A(D) is a relatively compact set of columns in E.

Page 17 of 23



Li et al. Boundary Value Problems (2021) 2021:97 Page 18 of 23

Then A has a maximum fixed point and a minimum fixed point in D. Let xy and yy be
the initial conditions. We then have the iteration sequences

X =Ax,_1, Yo =Ayy-1, n=12,....

Xo=X1 = =X, ==Y = =)1 =)o,

* *
X, — %7, Yy —> Y.

(Ho) vp(2) is the lower solution of equation (4.1) and wy (%) is the upper solution of equa-
tion (4.1), and they meet the following inequality:

vo(t) < wo(t)

foranyte/.
(Hho)

ilklf{bk(‘tk) -1:k EN} > 0.

Theorem 4.1 If conditions (Hy) ~ (H3), (Hg) ~ (Hyo) are met, then equation (4.1) has
the maximum solution u*(t) and the minimum solution u,(t) in [vo(t), wo(t)] N PC(J, Ly).
wy(t) = Aw,,_1(t) uniformly converges to u*(t), v, (t) = Av,_1(t) uniformly converges to u.(t),
wheren=1,2,....

Proof First of all, we prove that v, is the lower solution of A. It is to say that we should
prove that vo(t) < Avy(t) = v1(£). We can easily prove this when there is no pulse (for more
details, see [34]). When the equation is equipped with the random impulses, we have

vo(&8) = vo(&) < (br(ti) — 1)vo(&e) = vi(&7) — vi(&),

combining with v (&) > vo(&), we can get vi(§) > vo(§]). So, we have proved vy(f) <
Avy(2).

Then we prove that it is an increasing operator. It is to say that, for any /;(¢) < hy(t),
we have A/ (t) < Ahy(t). When there is no pulse, we can easily prove this conclusion (for
more details, see [13]). When there are random impulses, we have

Ahy(§7) = A& = (brlte) — 1) (&)
< (bil(ti) = 1) ha(&) = Ao () — Aha (&),

so we have proved that Ak (t) < Ahy(¢).

Based on the proof of Theorem 3.1, we can easily prove that A is a continuous operator
and A([vo, wo]) is a relatively compact set of columns. Combining with Lemma 4.1, we
complete the proof of Theorem 4.1. d
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In this section, we give some examples to illustrate our main result.

5 Examples

Example 5.1 Consider the following equation:

~(13 1 (O) + igoult) = gte' sinu(t), te)\{En&.. ),
2E0) = (Ve+ Dx&), k=1,2,..., (5.1)
x(0) — 3/(0) = 2x(1) +#'(1) =0,

where {7;} is a variable sequence, 7; and 7; are independent from each other for each i #;.
7 ~ U(0, 4ik), it is to say that the probability density function of 7 is

4 xe(0,5)
0 others.

px) =

Then it is easy to see that {,/7} is also a variable sequence, and for every i #j, ,/7; and
/T are independent. We can easily get the probability density function of /74

2%+l % e (0, Z—Ik),

px) =
0 others.

Set &y = 0, &k41 = &k + T41, Obviously, {£x} is a process with independent increments, and
the impulsive moments {&;} form a strictly increasing sequence. And we have

1 1 1 1 1
s=grptorEez\rg )<t

In this example, we define the norm |x|| = |x|. Then we have

oo o0 1
ms =) supllbe(m) ~ 1] =D p =1,
k=1 “k k=1
1
ny = sup N -1 5 3
9= = Z
ko Elbe(m) -1~ 1L~ 2
—ai12 13
QI = a )d O ﬁ’
21 421 0 6 s +anta Po)

1 1 1 11 35
=i (o0 [ (s [t 00) 38

and

1
Ci = max{ |Q|6111P(0)<“21/ l% dr+ cm%)

1 11 1 7
|—Q|ﬂ21p(0) ((111/(; m d'L' + dlzm)} = 1—3

Page 19 of 23
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So we have

35
noM = —— ~0.019< 1,
1872

739,855,753
AngM; + dmg M7 + 2Cinan3 ~0.879 < 1.

37 841,928,256

Based on Theorem 3.1, we can know that equation (5.1) has a solution u(¢) which satisfies

AnGME + 2n0My |1~ M2 — 2CEnan;

~0.119.
1 — (AngMZ + 4ngM3 + 2C3na13)

@ ]lpe <

We have completed the proof of the example.

Example 5.2 Now we consider the following second order random impulsive differential

equation with boundary value problems:

-33u/(t) = e ult)sin (0) + 2+ 1t, te]\ (£, 6. ),
x2(&) = (e + Dax(&), k=1,2,..., (5.2)
x(0) —«/'(0) = %x(l) + ix/(l) =0.

Here we define the norm ||u||pc = sup,; E|u(?)|?. {74} is a variable sequence and ; and
7; are independent from each other when i #j. The probability density function of 7 is

4k+2y x €0, 2k1+2 )

plx) = 1283 4k 2y x e [2k1+2’ 2k1+1 )

0 others.

Suppose ki1 = &k + ki1, k= 0,1,2,.... Obviously, we have

=11
i:k<2:2n+1:§<1'
n=1

Then we have

—

_ sup 16k () — 1| _ gt
k,w E”bk(‘[]() - 1” k2

M2

—

And we can easily get My = 5, M = 3,

(@11 +ap)(an +ax) 22

No = = )
ands + apdy +andy 15

_ max{ai1 (a2 + ), a2 (a1 + ai2)} _ 11

1 = .
ainds1 + ands; + aindx 15
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Hence, noM = Z ~ 0.044 < 1 and 47]8M} +2C3n2n3 = 2 ~ 0.556 < 1. So, this equation
satisfies all the conditions of Theorem 3.2, which shows that the equation has a solution

satisfying

AmoMg +2noMy\/1=2CEan3  o(1 + v/26)

= ~ 0.244.,
1- (+4nng2 +2C2nn3) 225

[« =<

We can easily prove that wo(¢) = 0 is an upper solution and vy(¢) = — is a lower

1
1+sint
solution of equation (5.2) and wy(£) > vo(£). So, equation (5.2) satisfies all the conditions
of Theorem 4.1. Hence, we can get the extremal solutions of problem (5.2) between vy and

wo by constructing iterative sequences starting from v and wy:

1 1
v,(t) = —M/ G(t,8)v,(s)ds + / G(t, s)[f(s, V,,_l(s),v;_l(s)) + MV,,_l(s)] ds
0 0

+ Z[W(t» k)vn—l (ék)]IA (glx %_2: oo gk: .. ~);

k=1

w,(t) = —M'/1 G(t,s)wy(s)ds + /1 G(t,s)[f(s, w,,_l(s),w/n_l(s)) + Ma),,_l(s)] ds
0 0

o0

+ [W(t: k)wn—l(Sk)]IA(§1:$Zr'H!%‘k"”)'

k=1

We have completed the proof of the example.
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