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Abstract

In this paper, we study a class of initial value problems for a nonlinear implicit
fractional differential equation with nonlocal conditions involving the
Atangana-Baleanu-Caputo fractional derivative. The applied fractional operator is
based on a nonsingular and nonlocal kernel. Then we derive a formula for the
solution through the equivalent fractional functional integral equations to the
proposed problem. The existence and uniqueness are obtained by means of
Schauder’s and Banach's fixed point theorems. Moreover, two types of the continuous
dependence of solutions to such equations are discussed. Finally, the paper includes
two examples to substantiate the validity of the main results.
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1 Introduction

Fractional calculus [1, 2] has persistently magnetized the attention of many researchers
in the few past decades. Recently, novel fractional derivatives which mix the Riemann-—
Liouville, Caputo, Hadamard, Hilfer, and generalized fractional derivatives have emerged
(see [3—8]). Some interested authors and researchers have realized that innovation for
novel fractional derivatives with nonsingular (nonlocal) or singular (local) kernels is an
urgent necessity to satisfy the need to model more realistic problems in different fields of
applied science.

Caputo and Fabrizio in [9] suggested a novel kind of fractional derivatives where the ker-
nel relies on the exponential function. Some properties of this novel operator were studied
by Losada and Nieto in [10]. In [11] the authors proposed interesting new fractional oper-
ators called Atangana—Baleanu (AB) fractional operators. One of these operators is called
Atangana—Baleanu—Caputo (ABC) fractional derivative, and it is basically a generalization
of the Caputo operator. Then, in [12, 13], the authors discussed the discrete versions of
those novel operators. Some recent and interesting contributions on fractional differential
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equations (FDEs) and mathematical modeling that incorporate ABC fractional derivatives
can be found in the following series of articles [14—26].

The recent investigations of the qualitative analysis of FDEs, e.g., the evolution, impul-
sive, and functional problems with initial (or boundary) nonlocal conditions, can be found
in [27-35] and the references therein.

On the other hand, in the case where a physical procedure is described by IVPs for FDEs,
at that point it is desirable that any mistakes made in the estimation of initial data do not
impact the solution so much. Mathematically, this is known as continuous dependence
of solution of an IVP on the data introduced in the proposed problem. Actually, nonlocal
conditions come up when estimations of the function on the limit are associated with val-
ues in the domain. It is seen as more reasonable than the classical initial conditions for the
forming of some physical phenomena in specific problems of wave spread and thermody-
namics. In crossing, we saw that the nonlocal condition ) ;" | Bi<(tx) = >0 that may be
applied in physical models yields preferred impact over the initial conditions >(0) = 3.

In this regard, many interested authors have presented excellent results on the existence
and continuous dependence of solution of FDEs with the nonlocal conditions and classical
fractional operators. For the recent review of these studies, we refer to [36—44].

Recently, ABC-fractional IVP is one of the studied problems by Thabet et al. [14] which
is of type

ABCD? ) 52(0) = f(0,(0)), 6 €la, x],0<0 =<1,

»(a) = .

Through the above discussions, and motivated by [14, 40], in this work, we will prove
some new results based on a novel version of fractional operators. More precisely, we
consider the following ABC-type nonlocal fractional problem:

ABCDE 54(0) = £(0, 52(0), P DG 4 52(0)), 6 € [0, x], (1.1)
Z ,3](%(1']() =x0 Tk € (O: X)r (12)
k=1

where 0 < o < 1,48D?, is the ABC fractional derivative of order o, f : [0, x] x Rx R — R
is a continuous function with £(0, 52(0), ¢ID§ ,¢(0)) =0, 0 < 71 < Ty <+ -+ < Ty < X, P are
real numbers (k = 1,2,...,m), and s € C[0, x] such that the operator 45¢DJ
ABCDS@% € C[0, x].

The main aim of this work is to study the existence, uniqueness of solutions and their

o exists and

continuous dependence on the nonlinear nonlocal problem (1.1)—(1.2) in the frame of
ABC fractional derivative by means of Schauder’s and Banach’s fixed point theorems. To
the best of our knowledge in the subject, no one considered the existence and data de-
pendence of the ABC-type fractional problem with nonlocal conditions. Therefore, the
acquired results are recent studies and an extension of the development of FDEs involv-
ing an ABC fractional derivative. Furthermore, the analysis of the results is restricted to a
minimum of hypotheses.

The rest of the paper is arranged as follows. In Sect. 2, we recall some useful prelimi-
naries related to the main outcomes. Section 3 is dedicated to obtaining the solution rep-
resentation to a given problem. Then the existence and uniqueness results are proved via
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functional integral equation with the aid of some fixed point approaches. Moreover, we
discuss the continuous dependence of solutions for the problem at hand. Illustrative ex-
amples are given in Sect. 4. Finally, concluding remarks are mentioned in Sect. 5.

2 Background materials and preliminaries
Here, we recall some essential definitions and preliminary facts related to AB fractional
operators.

Let C([0, x],R) = C[0, x] be the space of continuous functions v : [0, x] — R with the

norm
vl = max{|v(®)] : 6 € [0, x]}.
Clearly, CI0, x] is a Banach space with the norm | - |.

Definition 2.1 ([11]) Let ¢ € [0,1] and v € H'(0, x). Then the AB-Riemann—Liouville
and AB-Caputo fractional derivatives are given by

No) d (° -0
ABRD;’QU(@):EEA E, E(@—U)Q v(o)do, 6>a,

and

0 —
ABCD;QU(G):&Q)/ EQ<—Q(9—G)Q>U’(a)dU, 0>a,
’ 1-0Ja I-o

respectively, where [E, is called the MLF defined by
E,(0) = _, R 0, 6eC.
o©) kz(;r'(kg+1) ele)> c

The AB fractional integral is described by

—200) + 2—1%00), 0>a,

1
ABHQ+ 0) =
V0= 3" O Fg)

where 91(p) > 0 is a normalization function satisfying 91(0) = 9¥(1) = 1 and

9
I2v() = %Q)./ 0 -0) ' u(o)do.

Lemma 2.2 ([11,45]) Leto € (0,1] and v € H'(0, x), ifan ABC fractional derivative exists,
then we have

ABCDZ)Jr,gABHng,g U(Q) = U(e)

and

AB]I;’HABC]D);GU(@) =v(0) - v(a).
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Definition 2.3 ([11]) The relation between the AB-Caputo and AB-Riemann-Liouville
operator is

ABCDE, ,u(6) = *BRDE, 4u(9) - %U(ﬂ)Eg (%(9 - a)@).

Lemma 2.4 ([15]) Forn< o <n+ 1, for some n € Ny and v(0) defined on [0, x], we have
(i) ABCD;'QABH;'QU(@) =v(9);
.. o®) (4
(ii) API2, , ABCDE, ,u(0) = v(0) - Y i 520 - a);

n— u(k) a
(iii) 4212, JAPRDY, ,u(0) = v(0) - Y_1op L1 (6 - a).

Lemma 2.5 ([15]) For n < ¢ < n + 1, *5°DY, , (§ — a)* = 0, k = 0,1,...,n. Moreover,
ABCDE, Ju(0) = 0 if v(0) is a constant function.

Lemma 2.6 ([11, 15]) Let ¢ € (0,1] and @ € C|[0, 1] with @w (0) = 0. Then the solution of

ABC]D)8+ U(Q) = w(@), 0e [O’ 1];

v(0)=c
is given by
v(0) = c + P15, (9).

Theorem 2.7 ([46]) Let X be a Banach space and 8 be a nonempty closed subset of X. If
B : R — R is a contraction, then there exists a unique fixed point of 5.

Theorem 2.8 ([46]) Let X be a Banach space and £ be a convex subset of X and Q: R — R
be a compact and continuous map. Then Q has at least one fixed point in R.

3 Main results

This section is devoted to obtaining formula of the solution to ABC-type nonlocal problem
(1.1)—(1.2). Then we prove the existence and uniqueness of solution for problem (1.1)-
(1.2) by means of Schauder’s fixed point theorem (Theorem 2.8)and Banach’s fixed point
theorem (Theorem 2.7). Moreover, we also discuss the continuous dependence of solu-
tions to such equations on arbitrary data.

3.1 Solution representation
Lemma3.1 Let0< o <1land ) )., Bx #0. Then the solution of ABC-type nonlocal prob-
lem (1.1)—(1.2) can be indicated by the fractional integral equation

#(6) = »A<%o -3 ﬂkABHS,,ks%(rk)) + P15, 3.(6), (3.1)
k=1
where § . is the solution of the functional integral equation
8%(9) =f<6¢ A%O - A Z ﬁkAB]Ig,-L—kS'%(Tk) + ABHS,QS%(9)¢ 8"%(9)> (32)

k=1

and A= ("0 Bt
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Proof Set AB€ID§ ,5¢(0) = §..(0) in (1.1). Then we get

§5(0) :f(ef #(0), g%(e))

Applying ##T§ , on both sides of (1.1) and using Lemma 2.2, we have
(0) = 5(0) + 715 15, (6). (3.3)

Putting 6 = 7 into (3.3), we get
s(i) = 2(0) +4PI5 , Foe(m). (3.4)

Multiplying B and taking the sum to both sides of (3.4), we can write
> Brodw) = Z Bi>(0) + Z BPIG L oe(Ti).
k=1

By nonlocal condition (1.2), we obtain

m

0= BuHm)

k=1

3

=) Bi(0) + Z BAPIS T (i),
k=1

k=1

which implies

= (Z ,31() [%o - ZﬂkABHS o0 (Tk i|
k=1
Since A= (312, Br)!, we get

<%0 - Z ,BkABHg Tk%% Tk ) + ABHS,QS%(G)'
Here, §,. is the solution of equation F,.(0) = f(0, #(0), §..(0)), i.e.,

F.(0) =f<9, Astg =AY BPIG L Focli) + ABHS,QSK(G),S%(G)).

k=1

The proof is completed.
Now, we consider the following hypotheses: O

(Hy) There exists a constant L; > 0 such that

f(O,%,9) ~f(0,4%y")| < La(|x "] + [y~ "))

for all 6 € [0, x] and x,x*,y,y* € R.

Page 5of 18
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(H,) There exists a constant « > 0 such that
V(@,x,y)| < K(l + x| + |y|), V(0,x,5) €0, x] x RxR.

3.2 Existence results
In this subsection, we prove the existence and uniqueness of solution to ABC-type non-
local problem (1.1)—(1.2).

The following result is based on Theorem 2.8.

Theorem 3.2 Assume that f : [0, x] x R? — R is continuous. If (H,) holds with « # 1,
and

N [(|A|Z/Cil|ﬂk|+1)<1—e> |A|Z/Z1|ﬂk|ff+xgj|<1, 35)

+
1-« N(o) N(e)I (o)
then ABC-type nonlocal problem (1.1)—(1.2) has at least one solution » € C[0, x].

Proof Define the operator 7 C[0, x] — C[0, x] by
(T»)(0)=Asp- A i BTG 1 B (1) + 4710, 3.(6), (3.6)
k=1
where
3.(0) =f<0, Asgy - A i BTG Boe(mi) + P15, F(6), S%(9)>. (37)
k=1

The operator T is well defined. Indeed, we consider a function s € C[0, x]. It is clear that
T s € C[0, x]. Also, by equation (3.6), Lemmas 2.4 and 2.5, we have

(PCDG, T 32)(0) = Aseo (DG ,1)(0) = A Y~ B*PIS . e (1) (PG, 1) (0)
k=1

+ ABCDSQABHS,G S%(e)

= 3%(6)
Since s € C[0, x] and AB€Ig , 5¢(6) = §..(F) in equation (1.1), it follows that
(AECDE T ) (0) = £ (0, 5(6), "2 DG 4 4(9)).

As f(0, (0),5°Dy 5 (9)) is continuous on [0, x], then 45§ , T5(0) € C[0, x].
Let r > % and B, = {>c € C[0, x] : |||l < r}, where B, is a nonempty, closed, convex,

and bounded subset of C[0, x] and
n2 = | Aol +n1. (3.8)

Now, we show that 7 fulfills the hypotheses of Theorem 2.8. The proof is presented in
numerous steps as follows.

Page 6 of 18
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Step 1. TB, C B,.
For 0 € [0, x], we get

| T3(0)| < | As| + | Al Z B *PT5 1, |8 (ri)| + 4215 [ 3(0)

k=1

< [ Aso + 14| Z |ﬁk|[ 2130w

RI()

I S P
" M) F(Q)/o (o =o) ’S%(GWU]

1-0 o 1 0 -1
g0+ g /0 (6 -0)[§..(0)| do

and

<k (1+[0)]+|3.0)]).
Thus

13.0)] < K(l%};(m (3.9)

It follows from (3.5) and (3.8) that, for each s € 53,,

K( +7r Q Tk )
’T%(0‘<|A%o| | Al Z"B|(m(g) N(e)I (o)

.\ k(1 +7) < .\ 0@ )
1-«x \ o) M) ()

1-0) IAIZk1|ﬁkITk+99
[('A'Z'ﬂk'> @ More }

(1-0) |A|ZZ11|ﬁk|r£+9@
[(IAIZIﬂkI ) © N(o) (o) ]r

= | Aspl +
|%0|1

<na+mr

<r.

Step 2. T is continuous.

Let s¢, be a sequence such that s, — s as 1 — 0o. Then
|T56,(0) — T 5(6)|
<TADY BTG L [ oa (Th) = Foc(T)|

+ 4818 | Foen (0) = F2(0)
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<A Iﬂkl[—IS%n(rk) -3 (@)
kX:I: (o)

o 1 Tk o
+ WQ)TQ)/O (tx —0)° |Sz,,(a)—g%(g)|dg:|

0
Q15 (0)=-3.0)] + 21 /0 (0 - 0) 3.0, (0) ~ Foulo)| do

m( ) N(e) I'(0)
1)(1 -
- (14| Zkljjf(k;; (1 -0) “3%”() ~3..0) “
m 4 4
|AID K Bl + x 1320 () = 3.0

N(e)T (o)

Since §,.(-) = f(-, 5(-),§>.(-)) € C[0, x], it follows that ||T »,(-) = T ()|l = 0 as n — oo,
which proves the required result.

Step 3. T is compact.

We shall show that 7B, is relatively compact. Clearly, 7 B, is uniformly bounded due
to Step 1. It remains to show that 7 13, is equicontinuous. Let 61,6, € [0, x] such that 0 <
01 <65 < x. Then

| T 2(62) - T (61)]
= P15, 3.(6) - ABHOGIS%(Gl)I

-1
}m( 1560 + i | % 02— o) 300 do
(‘;m( N m(ml) (01— 0) 15 ,.(0) | do|
%ig%(OZ) 3’%(91)|
0
)F(Q)f 161 = 0)0" = (63— )| |§n(0)| do
+ LL ( ) — )8 1|3 )|da.

N(o) T'(e) Jo,

It follows from (3.9) that, for each s € ,,

| T 5(62) - Txel)!_ m (62) = F(6)]

/c(1+r) 0 1
1-«k Ne)T(e) Jo
. k(l+r) o 1
1-« o) T'(e) Jo,

01
|((91 - O')'Q_1 — (92 — O’)Q_1 | do

(92 o) do

m( ) |g%(92) 3%(91)|

k(1 1
S w0 ot)
k(1+7r) 1

(6, - 61)°

"1k M)
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k(1+7)2(0; —91)

_‘ﬁ()

Since §,.(-) =f(-, (-), §.(+)) € C[61,0,], it follows that |T s¢(0;) — T 5(61)| — 0 as 6, — 6.
As aresult of Steps 1 to 3 together with the Arzela—Ascoli theorem, we arrive at 7 being
continuous and compact. According to Theorem 2.8, ABC-type nonlocal problem (1.1)—

(1.2) has at least one solution in ;. (N
The following result is based on Theorem 2.7.
Theorem 3.3 Assume that f : [0, x] x R? — R is continuous. If (H1) holds with L, # 1,

then ABC-type nonlocal problem (1.1)—(1.2) has a unique solution » € C|0, x] provided
that

(3.10)

.o b [(|A| Y B+ DA -0) LAY, BT’ +x9} 1
T1-L MNo) NI (0) '

Proof We shall use Theorem 2.7 to prove that 7 defined by (3.6) has a fixed point.
Let ¢, »* € C[0, x] and 6 € [0, x]. Then

[(T5)(0) - (T5)©0)| < Al Z IBRIAPTG [ B oe(Th) = T (w0
k=1
+ 488 | F2(0) — T 0). (3.11)

On the other hand, we have, for each 6 € [0, x],

|3"%(0) _8’%*(9” = V(Q,%(Q),&;{(e)) _f(e’%*(e);gx*(e)ﬂ
< Li(|500) = 5" (O)] + [§:(0) = T 0)]).

Thus

|3%(9) - g%* (9)| =

#*(0)]. (3.12)

By replacing (3.12) in (3.11), we get

(T60) - (T)0)] < 2 1Z|ﬂk|ABH8,k|%(rk)—%*(rk>|

Ly N
+ 1_—LlABHS’9 |%(9) - (9)|

e Zwm[m( o) - ' (5)

LL * _ yo-1 o :|
+‘ﬂ(9)F(Q)/ (7 =) |(0) = (o) do
L1

s l0) - 0)
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—0) (o) -
m(g)F(g)/ 0 =) |odlo) -5 ")"’IG]

L [(|A| Y 1B+ D - 0)
- 1-1, N(o)

|A|Zz"1|ﬁk|rk@+xg} .
N T) =1

Consequently, by (3.10), 7 is a contraction. As a consequence of Theorem 2.7, we con-
clude that 7 has a fixed point which is a solution of problem (1.1)—(1.2). a

3.3 Continuous dependence
This portion is devoted to discussing the continuous dependence of the solution for ABC-
type nonlocal problem (1.1)—(1.2).

Definition 3.4 The solution > € C[0, x] of ABC-type nonlocal problem (1.1)-(1.2) is
called continuously dependent on s if, for every € > 0, there exists 8(¢) > 0 such that
|3¢9 — 320| < 8 implies || 7 — 3| < €, where  is the solution of equation (1.1) with the non-

local condition
> Bit) =5, k€0 X). (3.13)

Theorem 3.5 Assume that the hypotheses of Theorem 3.3 are fulfilled. Then the solution
of ABC-type nonlocal problem (1.1)—(1.2) depends continuously on .

Proof In view of Lemma 3.1, the solution of ABC-type nonlocal problem (1.1)—(1.2) is
(6) = »A<%o -3 ﬂkABﬂg,,ks%(rk)) AL 3,0(0), (3.14)
k=1
and the solution of ABC-type nonlocal problem (1.1)—(3.13) is

5(6) = A(%o =Y BT, rks%(rk)) 104 35(0), (3.15)

where §,, and §5 are the solutions of

3.(0) =f<6, Astg = A BAPIS L Focli) + 4715, 5,2(6), &(9))

k=1

=f(6,(6),5.(9))

and

F(0) =f<9, Ast = A BTG ) + 4015, §2(0), &(9))

k=1

= £(6,540),5(0)).
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Hence,

|5(0) - 5(0)| < |A|<|%o = Zol + ) IBI*PIS 4 [ §oe(ni) —S;f(rk)!)
k=1
+ 4818 6] 8:.(0) — §(0)). (3.16)

However, we have from (H;) that

|3::(0) = F=(0)| < |f(0,(0),F(0)) —f(6,5(6), F=(0))|
< L1]3(0) - 3(0)| + L1]F.(6) - §(0)|.

Thus
§.0) - 52(0)] =~ |0) - 70)|. (3.17)
— L1

By replacing (3.17) in (3.16), we get

N - L < -
|540) - 520)| < | Al <|%0 ~ %ol + 1 —lLl ; |Bl*PIE,, | 54(6) — %(9)|>

Ly
1-1,

APIS 5| 5(0) - 5(0) |

~ Ly “ 1-o0 ~
< |Allse - %] + TAIDY 1Bkl == ll22 = =l
1-1; kXﬂ: N(o)

L1 " 'L'If ~
ALY Bl ke3¢
1 —L1| | 2 Iﬂklm(g)r(g) [| ¢ = ||

+

b 1-e . D 13— 3|
——— |2 — 3¢ —_— |2t —
1-L; o) 1-L; M) (e)
~ L (1-(AIY B+
< | Al|55 — 5ol + —> QAL oy 1Bl + 1) o)

1-L N(e)
Ly A Bl +6°
1-1, N(e) (o)
Ly [(IAIZ& 1Bl + 1)(1 - 0)
-1 N(o)

LAY el + 1@ .
T () ]””' |-

lI2¢ = Il

< |Allse - 5| +

Since T < 1, we get

A ~ A
| |%0—%0|<u6=€. ([l

ll2e =32l < —
1-71 1-7

Definition 3.6 The solution » € C[0, x] of ABC-type nonlocal problem (1.1)—(1.2) is
called continuously dependent on the coefficients ) -, B if, for every € > 0, there ex-
ists 8(€) > 0 such that ) ;. [Bx — Brl <8 implies || s« — || < €, where 7 is the solution of

Page 11 0f 18
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equation (1.1) with the nonlocal condition
Z E(%(Tk) =xy Tk€ (07 X)' (3.18)

Theorem 3.7 Assume that the hypotheses of Theorem 3.3 hold. Then the solution of ABC-
type nonlocal problem (1.1)—(1.2) depends continuously on the coefficients y ;- Br, pro-
vided that

(3.19)

I ﬁ < ]_,
Zk:l Br Zk:l B

Q
©, -L1<1+|A|Z|ﬁk|m( o ))<1,

and

1-¢ |A|ZZ”=1|ﬂk|rf+x@> L
<'A'Z'ﬁk' )(fﬁ() nore )i <"

“”d e 1,8k #0.

where A =

Proof In view of Lemma 3.1, the solution of ABC-type nonlocal problem (1.1)—(1.2) is

<%0 - Z BrPI0 1, B (T ) + 4815, 3..(0),
and the solution of ABC-type nonlocal problem (1.1)—(3.18) is
2(0)= A <%0 = BT, fks%(m) APT0,435(6),
k=1

where §,. and §3 are the solutions of

S;«r(e) =f<9! A%O -A Z,BkABHg IkS%(Tk) +ABH8,93%(9)’ g%(e))r

k=1

Fx(0) =f<e,ﬁzo ~ A" B B () + ABﬂﬁ,es;(e),s;<e)>.

k=1

Hence,

s(0) - 3(0) = s20(A - A) = A" BTG Focli)

k=1
+ AZ BAPIS , F(ni) + P15, (3..(0) - §2(0))

= (A= A) = T + T + 81, (5..(0) - §(0)). (3.20)

Page 12 0f 18
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Since

T =T =AY B, Folr) - A BAPIS (o)

k=1 k=1

= AZﬂ APIG o Boclmi) = A D BTG e

+AZﬁkABHSTkm(rk> AD B Fx ()
k=1

k=1

+A2ﬂk“‘311§rksz 7) =AY BTG Bx(n)
k=1
= AZﬁkABﬂg o (Boe(T) = F2(n))

+ AZ(ﬁk = BOMPIG B () + (A-A) Y BTG Fx (). (3.21)

k=1 k=1

Substituting from (3.21) in (3.20), we get

(0) - 52(0) = s20(A - A) - AZﬁkABﬂsfk (Boe(t) - F(0)

k=1
m
A ABp0
—AZ PTG 83ae) = (A=A D BT B(e0)

+ 2815, (§:(0) - §2(0)).

Then
12 = 5|
< |5l A - A|+|A| (m( 15~ S
+%@)%@) k(tk—o)g'lllS%—E;tllda>
1
|4 Z(ﬁk—ﬁk) <%”3"” R T@ / (tk—0)°" ||s%||da)
o1~
+|A- A| (m( 1551 + m(g)rg)/ (tx—0) ||3%||do)
PR > P4 - e » 4 d
Sl 5+ s /( 05,0 - Fxll do
~ 1-90 |A| Zk:l |,3k|771< +6¢
§|%||A—A|+(|A| |ﬁk|+1)( + )n&f—s;n
’ kZ N(e) N(e)T (o)
<|A| > (Be-Bo)| + 1A= A|Zﬁ )(1 0, )nszn (3.22)
— — Ne) * NI (e)
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Now, we have from (3.19) that

e 1 1 ZT—IB\}(—ﬁk " ~
A=Al = - ~|= = ~ < 1B - Bl <.
SR A RSy AR
By (H;), we obtain
Ly
IS5 = 3xll_ﬁ||% ||
and
Lyll321) + 1ol
~ < _—
181 = =
_ Ll + 15l LAY B Q)|”3 ”
- 1-1, 1-1,; x i
which gives
LiJ All540] + 1Bl
1§z < 0 D000
1-0;

(3.23)

(3.24)

(3.25)

where [|§oll = maxgeo,] [f(6,0,0)]. By replacing (3.23), (3.24), and (3.25) in (3.22), we ob-

tain

+ IA—JZ(I

D (B - Bo)

<1—Q+ o )(L1|A||%0|+||So||)
M) MNe)T(e) (1-©y)

= |5%18 + Ozl 52 = 5| + O3,

S A
k=1

)

ll2¢ = 52I| < |52018 + Ol 3¢ = 52| + (IAI

which implies

+ |A- AI

Z,Bk

k=1

(IAI ki: B - Br) )

(1—9+ ? )(L1|¢Z||%o|+||30||)
M) Ne)T'(e) (1-0,)

4 Examples
Example 4.1 Let us consider the following ABC-type nonlocal problem:

1
92 ] ABCD§+ 0 1
ABCS, %(9)——< y O+ T Do 0) ) ee[o,i]
8N 14 15(0)] + 14BCD3, (0))

(4.1)
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with nonlocal conditions

1 1 3 1 1 1
—%(—) + —%(—) + —%(—) =1, (4.2)
8 \6 8 \4 2 \3

where 0 < (11 = %,Tg = %,rg 1) < , (B1 = 8,/32 = %,;33 = %) >0(k=1,23)(m=3),0= %
Notice that (4. 1) (4.2)isa partlcular case of (1.1)—(1.2).
Set f(0, ,v) = (1 + 1+J4+v) 1+%+v —~—) for (0, »,v) € [0, —] x R2, Clearly, the function
£(0,(0),v(0)) = 0. Let s, 7%, v,v* € Rand 6 € [0, 1]. Then we have

+

92 |%| |V|
091 = 5 (1 e i)

< S (L1l + o).
—(1+ |2 + |v
8
Hence condition (H>) is satisfied with « = %. By choosing m(%) =1, we can find that
m ~ 0.23 < 1. It follows from Theorem 3.2 that ABC-type nonlocal problem (4.3)—(4.4)

has a solution on [0, %].

Example 4.2 Consider the ABC-type nonlocal problem

1 0
ABCD2, 5(0) = , 0¢€[0,1] (4.3)

(8+e?)(1 +|5(0) + |ABC]D>O%+%(9)|)

with nonlocal conditions

1 /1 3 /1
—%(—) + —%(—) = € R, (4.4)
4 3 4 2

where 0 < (71 = %,l’g: %)<1, (B = %L,,BZ: %)>0(k:1,2;m:2),and@: 3

Notice that (4.3)—(4.4) is a particular case of (1.1)—(1.2).

Set f(0,,v) = 8589 (1+%+v for (9,,v) € [0,1] x R2. Clearly, the function f£(0, 5(0),
v(0)) = 0. Let sz, 2%, v,v* € Rand 6 € [0, 1]. Then we have

0
8+e

1 1
M+x+v)  (1+2*+v%)

V(Q, 2,V) —f(@, ", v*) | =

- 0 |2¢ = 3| + |v —v¥|
T8+ \ (1 42+ v)(1 + 2% +v%)

< Sl =[]

Hence condition (H) is satisfied with L; = %. By choosing ‘ﬂ(%) =1, we can find that
T ~ 0.28. Also, we have i =1 #0. It follows from Theorem 3.3 that problem (4.3)—(4.4)
has a unique solution on [0, 1].

By Theorems 3.5 and 3.7, the solution of problem (4.3)—(4.4) depends continuously on
the coefficients s and Y ;- ; B.
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5 Concluding remarks
We can conclude that the main outcomes of this manuscript have been effectively accom-
plished. The existence and uniqueness of solutions for the nonlocal Cauchy problem for a
nonlinear implicit FDE involving the ABC fractional derivative have been proved through
some fixed point techniques (Theorems 2.8, 2.7) and some outcomes related to AB opera-
tors. Then, as an application, the continuous dependence of solution to such equations on
arbitrary data involved therein was discussed. This paper adds and contributes to growth
EDEs, particularly in the case of nonlocal implicit FDEs involving a novel fractional deriva-
tive presented recently by Atangana and Baleanu [11]. There are some works that carried
out reported studies on the existence and continuous dependence of solutions of classi-
cal FDEs, and one of the destinations of this paper is to contribute with the goal that it
can have a more prominent degree of studies identified with FDEs involving generalized
fractional operators.

As a future direction, the studied problem would be interesting if it were studied on gen-
eralized fractional operators of variable order recently introduced by Yang and Machado
[8] and its generalization by Sousa and Oliveira [47].

Acknowledgements

The authors extend their appreciation to the Deanship of Scientific Research at Imam Mohammad Ibn Saud Islamic
University for funding this work through Research group no: RG-21-09-07. Also, the authors are grateful to the
anonymous referees for the suggestions that improved the manuscript.

Funding
This research was supported by the Deanship of Scientific Research at Imam Mohammad Ibn Saud Islamic University,
Grant No. RG-21-09-07.

Availability of data and materials
Not applicable.

Declarations

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors declare that the work was realized with equal contribution. All authors read and approved the final
manuscript.

Author details

'Department of Mathematics and Statistics, Imam Mohammad Ibn Saud Islamic University, Riyadh, Saudi Arabia.
?Department of Mathematics, Hodeidah University, Al-Hudaydah, Yemen. Department of Basic Engineering Sciences,
College of Engineering, Imam Abdulrahman Bin Faisal University, PO. Box 1982, Dammam 34151, Saudi Arabia.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 10 June 2021 Accepted: 27 November 2021 Published online: 17 December 2021

References

1. Kilbas, A.A, Srivastava, HM,, Trujillo, J.J.: Theory and Applications of Fractional Differential Equations. North-Holland
Math. Stud, vol. 204. Elsevier, Amsterdam (2006)

2. Podlubny, I.: Fractional Differential Equations. Academic Press, San Diego (1999)

3. Almeida, R.: A Caputo fractional derivative of a function with respect to another function. Commun. Nonlinear Sci.
Numer. Simul. 44, 460-481 (2017)

4. Baleanu, D, Diethelm, K, Scalas, E., Trujillo, J.J.: Fractional Calculus Models and Numerical Methods. World Scientific,
New York (2012)

5. Gambo, .Y, Jarad, F, Baleanu, D., Abdeljawad, T.: On Caputo modification of the Hadamard fractional derivatives. Adv.
Differ. Equ. 2014, 10 (2014)

6. Sousa, J.V, de Oliveira, E.C.: On the ¥-Hilfer fractional derivative. Commun. Nonlinear Sci. Numer. Simul. 60, 72-91
(2018)



Alnahdi et al. Boundary Value Problems (2021) 2021:104
7. Katugampola, U.: A new approach to a generalized fractional integral. Appl. Math. Comput. 218, 860-865 (2011)
8. Yang, X.J, Machado, J.T:: A new fractional operator of variable order: application in the description of anomalous
diffusion. Phys. A, Stat. Mech. Appl. 481, 276-283 (2017)
9. Caputo, M, Fabrizio, M.: A new definition of fractional derivative without singular kernel. Prog. Fract. Differ. Appl. 1(2),
73-85(2015)

10. Losada, J, Nieto, JJ.: Properties of a new fractional derivative without singular kernel. Prog. Fract. Differ. Appl. 1(2),
87-92 (2015)

11. Atangana, A, Baleanu, D.: New fractional derivative with non-local and non-singular kernel. Therm. Sci. 20(2),
757-763 (2016)

12. Abdeljawad, T, Baleanu, D.: Integration by parts and its applications of a new nonlocal fractional derivative with
Mittag-Leffler nonsingular kernel. J. Nonlinear Sci. Appl. 9, 1098-1107 (2017)

13. Abdeljawad, T, Baleanu, D.: On fractional derivatives with exponential kernel and their discrete versions. Rep. Math.
Phys. 80(1), 11-27 (2017)

14. Jarad, F, Abdeljawad, T, Hammouch, Z.: On a class of ordinary differential equations in the frame of
Atangana-Baleanu fractional derivative. Chaos Solitons Fractals 117, 16-20 (2018)

15. Abdeljawad, T: A Lyapunov type inequality for fractional operators with nonsingular Mittag-Leffler kernel. J. Inequal.
Appl. 2017(1), 1 (2017)

16. Abdo, M.S,, Panchal, SK, Shah, K, Abdeljawad, T. Existence theory and numerical analysis of three species
prey-predator model under Mittag-Leffler power law. Adv. Differ. Equ. 2020(1), 249 (2020).
https://doi.org/10.1186/513662-020-02709-7

17. Abdo, M.S,, Shah, K, Wahash, H.A., Panchal, SK.: On a comprehensive model of the novel coronavirus (COVID-19)
under Mittag-Leffler derivative. Chaos Solitons Fractals 135, 109867 (2020).
https://doi.org/10.1016/j.chaos.2020.109867

18. Abdo, M.S,, Abdeljawad, T, Ali, S.M., Shah, K.: On fractional boundary value problems involving fractional derivatives
with Mittag-Leffler kernel and nonlinear integral conditions. Adv. Differ. Equ. 2021, 37 (2021).
https://doi.org/10.1186/513662-020-03196-6

19. Abdo, M.S,, Abdeljawad, T, Kucche, K.D.,, Alqudah, M.A,, Ali, S.M,, Jeelani, M.B.: On nonlinear pantograph fractional
differential equations with Atangana-Baleanu-Caputo derivative. Adv. Differ. Equ. 2021, 65 (2021).
https://doi.org/10.1186/513662-021-03229-8

20. Abdo, M.S, Abdeljawad, T, Shah, K, Jarad, F.: Study of impulsive problems under Mittag-Leffler power law. Heliyon
6(10), e05109 (2020). https://doi.org/10.1016/j.heliyon.2020.e05109

21. Algahtani, O.JJ.: Comparing the Atangana-Baleanu and Caputo-Fabrizio derivative with fractional order: Allen Cahn
model. Chaos Solitons Fractals 89, 552-559 (2016)

22. Atangana, A, Koca, I.: Chaos in a simple nonlinear system with Atangana-Baleanu derivatives with fractional order.
Chaos Solitons Fractals 89, 447-454 (2016)

23. Jajarmi, A, Baleanu, D.: A new fractional analysis on the interaction of HIV with CD4+ T-cells. Chaos Solitons Fractals
113,221-229 (2018)

24. Shabbir, S, Shah, K., Abdeljawad, T.: Stability analysis for a class of implicit fractional differential equations involving
Atangana-Baleanu fractional derivative. Adv. Differ. Equ. 2021, 395 (2021).
https://doi.org/10.1186/513662-021-03551-1

25. Khan, H., Gomez-Aguilar, J.F, Abdeljawad, T, Khan, A.: Existence results and stability criteria for ABC-fuzzy-Volterra
integro-differential equation. Fractals 28(08), 2040048 (2020)

26. Khan, A, Khan, H,, Gomez-Aguilar, J.F, Abdeljawad, T.: Existence and Hyers-Ulam stability for a nonlinear singular
fractional differential equations with Mittag-Leffler kernel. Chaos Solitons Fractals 127, 422-427 (2019)

27. Abdeljawad, T, Baleanu, D.: On fractional derivatives with generalized Mittag-Leffler kernels. Adv. Differ. Equ. 2018(1),
468 (2018)

28. Abdo, M.S,, Abdeljawad, T, Shah, K., Ali, S.M.: On nonlinear coupled evolution system with nonlocal subsidiary
conditions under fractal-fractional order derivative. Math. Methods Appl. Sci. 44(8), 658 1-6600 (2021).
https://doi.org/10.1002/mma.7210

29. Almeida, R, Malinowska, A.B., Monteiro, M.T.. Fractional differential equations with a Caputo derivative with respect to
a kernel function and their applications. Math. Methods Appl. Sci. 41(1), 336-352 (2018)

30. Benchohra, M., Berhoun, F: Impulsive fractional differential equations with variable times. Comput. Math. Appl. 59,
1245-1252 (2010)

31. Gu, H, Trujillo, JJ: Existence of mild solution for evolution equation with Hilfer fractional derivative. Appl. Math.
Comput. 257, 344-354 (2015)

32. Benchohra, M, Bouriah, S., Nieto, J.J.: Terminal value problem for differential equations with Hilfer-Katugampola
fractional derivative. Symmetry 11(5), 672 (2019)

33. Mei, Z.D, Peng, J.G, Gao, JH. Existence and uniqueness of solutions for nonlinear general fractional differential
equations in Banach spaces. Indag. Math. 26, 669-678 (2015)

34. Benchohra, M., Henderson, J,, Ntouyas, SK., Ouahab, A.: Existence results for functional differential equations of
fractional order. J. Math. Anal. Appl. 338, 1340-1350 (2008)

35. Wahash, HA, Abdo, M.S,, Panchal, S.K.: Fractional integrodifferential equations with nonlocal conditions and
generalized Hilfer fractional derivative. Ufa Math. J. 11(4), 151-171 (2019)

36. Abdo, M.S,, Panchal, SK: Some new uniqueness results of solutions to nonlinear fractional integro-differential
equations. Ann. Pure Appl. Math. 16, 345-352 (2018)

37. Abdo, M.S,, Panchal, S.K.: Weighted fractional neutral functional differential equations. J. Sib. Fed. Univ. Math. Phys. 11,
535-549 (2018)

38. Cao, J, Chen, H, Yang, W.: Existence and continuous dependence of mild solutions for fractional neutral abstract
evolution equations. Adv. Differ. Equ. 2015(1), 1 (2015)

39. Haoues, M., Ardjouni, A, Djoudi, A.: Existence, interval of existence and uniqueness of solutions for nonlinear implicit
Caputo fractional differential equations. TIMM 10(1), 9-13 (2018)

40. Hamd-Allah, EEIM.A.: On the existence of solutions of two differential equations with a nonlocal condition. J. Egypt.

Math. Soc. 24(3), 367-372 (2016)

Page 17 of 18


https://doi.org/10.1186/s13662-020-02709-7
https://doi.org/10.1016/j.chaos.2020.109867
https://doi.org/10.1186/s13662-020-03196-6
https://doi.org/10.1186/s13662-021-03229-8
https://doi.org/10.1016/j.heliyon.2020.e05109
https://doi.org/10.1186/s13662-021-03551-1
https://doi.org/10.1002/mma.7210

Alnahdi et al. Boundary Value Problems (2021) 2021:104 Page 18 of 18

41.

42.

43.

44,

45.

46.
47.

Kucche, K.D,, Nieto, J.J, Venktesh, V.: Theory of nonlinear implicit fractional differential equations. Differ. Equ. Dyn. Syst.
28, 1-17 (2016)

El-Sayed, AM.A, Bin-Taher, EQ.: A nonlocal problem for a multiterm fractional-order differential equation. Int. J. Math.
Anal. 5(29), 1445-1451 (2011)

El-Sayed, AM.A, Gaafar, F, El-Gendy, M.: Continuous dependence of the solution of random fractional-order
differential equation with nonlocal conditions. Fract. Differ. Calc. 7(1), 135-149 (2017)

El-Sayed, AM.A, Alrashdi, M.A.: On the continuous dependence of a functional integral equation with parameter. Int.
J. Math. Trends Technol. 65(3), 183-189 (2019)

Abdeljawad, T, Baleanu, D.: Discrete fractional differences with nonsingular discrete Mittag-Leffler kernels. Adv. Differ.
Equ. 2016, 232 (2016). https://doi.org/10.1186/513662-016-0949-5

Deimling, K.: Nonlinear Functional Analysis. Springer, Berlin (1985)

Sousa, J.V, de Oliveira, E.C.: Two new fractional derivatives of variable order with non-singular kernel and fractional
differential equation. Comput. Appl. Math. 37(4), 5375-5394 (2018)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://doi.org/10.1186/s13662-016-0949-5

	On a nonlocal implicit problem under Atangana-Baleanu-Caputo fractional derivative
	Abstract
	MSC
	Keywords

	Introduction
	Background materials and preliminaries
	Main results
	Solution representation
	Existence results
	Continuous dependence

	Examples
	Concluding remarks
	Acknowledgements
	Funding
	Availability of data and materials
	Declarations
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


