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1 Introduction
Control theory has received considerable attention due to its extensive applications in
various areas of science, e.g., ecology, economics, and engineering, particularly in systems
with controllability, feedback control, and optimal control [1-5]. Control systems are most
often based on the principle of feedback, whereby the signal to be controlled is compared
to a desired reference signal and the discrepancy is used to compute a corrective control
action.

Itis wonderful that the study of fractional control systems has attracted research recently
[6-12]. In [7], Wang et al. considered the optimal feedback control of a nonlinear system,

given by fractional evolution equations, that has the form

CD(t) = A u(t) + f(t,u(t),v(t)), 0<t<T,
u(0) = uo,

where D is Caputo fractional derivative of order « € (0,1), uy € E,and .«7 : D(«/) — E is

the infinitesimal generator of a compact analytic semigroup of uniformly bounded linear

© The Author(s) 2022. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13661-022-01604-2
https://crossmark.crossref.org/dialog/?doi=10.1186/s13661-022-01604-2&domain=pdf
https://orcid.org/0000-0002-8129-0534
mailto:parinya.san@kmutt.ac.th

Suechoei and Sa Ngiamsunthorn Boundary Value Problems (2022) 2022:21 Page 2 of 26

operators {T(£)};>0 in a reflexive Banach space E. The control function v(-) takes values
in the Polish space V and f : [0, T] x E x V — E is a given function satisfying suitable
assumptions.

Motivated by the previous work, we are concerned with the optimal feedback control of
the semilinear fractional evolution equations with a nonlinear perturbation of the time-
fractional derivative term as follows:

DG (ult) - g(t, u(t)) = S u(t) +f (&, u(®), (1), 0<t<T,
u(0) = uy,

1)

where “Dj* is the Caputo fractional derivative with arbitrary kernel w of order « € (0, 1),
o/ : D(o/) C E — E is the infinitesimal generator of a compact analytic semigroup of uni-
formly bounded linear operators {T(¢), t > 0} in a reflexive Banach space E, and ug € E. The
control v has a value in a control set V[0, T] andf : [0, T] x ExV — Eand g: [0, T] X E —
E will be specified in what follows. It should be noted that the nonlinear perturbation term
g in (1) contributes to a more complicated derivation of a mild solution, which requires
certain assumptions on the semigroup and operator .27 Furthermore, when the evolution
operator ¢/ is defined to be the zero operator on the Banach space E = R, our problem (1)
can be modified and rewritten as hybrid fractional differential equations. The fractional
derivative of an unknown function is hybrid nonlinear, as a dependent variable is used in
this class of equations. Moreover, this problem can be reduced to that considered in [7]
where the function g is taken to be zero.

The aim of this paper is to derive a representation of the solution for the problem (1)
that depends on fractional derivatives with arbitrary kernels. Furthermore, Krasnoselskii’s
fixed point theorem is used to investigate the existence results for the nonlinear system (1)
under the compactness assumption of the operator semigroup {T(£)};>0. We further in-
vestigate the existence of optimal feedback controls for the Lagrange problem. Moreover,
our results obtained in this work can be applied for further investigation in many practical
problems.

The paper is structured as follows. First, we will outline some definitions and lemmas
that will be needed later in Sect. 2. In Sect. 3, we provide a mild solution to the nonlinear
system (1) employing the semigroup operator with a function w that prescribes the gener-
alized Caputo derivative. Next, the Krasnoselskii’s fixed point theorem is applied to prove
the existence and uniqueness results of mild solutions for the problem (1) in Sect. 4. In
Sect. 5, the existence of feasible pairs for the system (1) is also demonstrated. Finally, we
will investigate the existence result of the optimal control pairs of the system (1).

2 Preliminaries

Throughout this paper, E is a reflexive Banach space and ||f||z» is used to denote the
L?([0, T],E)-norm of f when f € LP([0, T],E) for some p, with 1 < p < co. Let O,(x) be
the ball of radius r > 0 centered at x, i.e.,

O,(x)={yeEllly-xl <r}.

Consider C([0, T, E) as the Banach space of continuous functions from [0, 7] to E with
the usual supremum norm.
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We denote by V a Polish space; that is, a separable completely metrizable topological
space. Let V[0, T] = {v:[0,T] — V| v(-) is measurable}. Then, any element v € V[0, T] is
said to be a control on [0, T].

Suppose H and F are two metric spaces.

Definition 2.1 ([3]) A multifunction I' : H — 2F is called pseudocontinuous at ¢ € H if

(T (0c(8)) =T ().

>0

If T is pseudocontinuous at each point ¢ € H, then it is called pseudocontinuous on H.

Proposition 2.2 ([3]) Let " : H — 2F be a multifunction taking closed set values. Then T
is pseudocontinuous if and only if the graph

G ={(t,u)e Hx Fluel ()}
is closed in H x F.

Lemma 2.3 (Mazur’s lemma, [3, 13]) Let 1 < p < 00. Assume that {f,},cn is a sequence in
L? that converges weakly to some f in LP. Then, for each n € N, there exist «,; > 0 and
> i=1 i = 1 such that

Jim > onfin=f inl?.

i>1

Lemma 2.4 ([3]) Let H be a Lebesgue measurable set in R" and G and F be Polish spaces.
Let V:H x F — 25 be Souslin measurable and & : H — F be measurable. Then, T'(-) =
V(- &(")) : H — 26 is measurable. Moreover, if V is pseudocontinuous and & is continuous,

then T is Souslin measurable.

Lemma 2.5 (Filippov’s theorem, [14]) Let I' : H — 2F be a measurable closed set valued
function and f : H x F — G be Souslin measurable. Assume that

(1) foreach u € F, f(-,u) is measurable;

(2) foralmostallt € H,f(t,") is continuous;

(3) y:H — G is a Lebesgue measurable such that

y()ef(t,T(t) aeteH.
Then, there exists a measurable function h: H — G, satisfying

h(t)e'(t), aeteH,
y(t) =f (¢, h(t), ae.teH.

Definition 2.6 (w-Riemann-Liouville fractional integral, [15]) Let u € L([a,b]), a > 0,
and w € C"([a,b]) be a function such that /() > 0 for all ¢ € [a,b]. The w-Riemann—
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Liouville fractional integral operator of order « of a function « is defined by

(Ze u)(t) = ﬁ /at(w(t) - o(0))" o' (Du(r)dr, @

where I' is the gamma function.

Definition 2.7 (w-Riemann-Liouville fractional derivative, [15]) Let o € (n — 1,n),
u € LY([a,b]), and w € C!([a,b]) be a function such that '(¢) > 0 for all ¢ € [a,b].
The w-Riemann-Liouville fractional derivative of order « of a function u is defined
by

B3] _ 1 i ! T
@0 - () @0

d\" 1* n—-o—
B F(nl— o) (a)/l(t) a) / (0(®) - w(2)) '/ (t)u(r)dr, 3)

where n =1 + [«].

Definition 2.8 (w-Caputo fractional derivative, [15, 16]) Let @ € (n — 1,n), u € C*([a, b)),
and o € C!([a, b)) be a function such that «'(¢) > 0 for all ¢ € [a, b]. The w-Caputo frac-

tional derivative of a function u of order « is defined by
(CD‘;‘;‘”M) (t) = (I:’“;“’u[”])(t)

1 ! n-o— 1 "
- m/a (w(t)—a)(t)) 1 (r)u ](‘E)dt, @

where ul"l(¢) := (w}(t) %)”u(t) on [a,b] and n = [o] + 1.

Lemma 2.9 ([16]) Let u € C"'([a, b]) and a > 0. Then, we have

nol K g
oy C oz;w u (a )
T4 CDYOy(t) = u(t) — kX; .

£) - w(@).

Furthermore, we also have
e CDZ;“’u(t) =u(t)—u(a) forae(0,1).

Lemma 2.10 (Gronwall’s inequality, [17, 18]) Let a > 0 and w € C'([a, b]) be a function
such that o'(t) > 0 for all t € [a, b]. Suppose that
(1) u and v are nonnegative functions, locally integrable on |[a, b];

(2) h(t) = 0 is nondecreasing continuous function on [a, b].

if

u(t) < v(t) + h(t) /t(a)(t) - a)(r))a_la/(t)u(r) dr,
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then

‘o [HOT (@)

oy (@0 - 0@) e @u)de

u(t) <v(t) + f

4 k=1
forallte [a,b].
Moreover, if v is a nondecreasing function on [a, b then
u(t) < v(t)E, (h(t)l"(a)[a)(t) - a)(a)]a), forallt e [a,b],
where E, is the Mittag-Leffler function.

Definition 2.11 ([15]) Let u,w : [a,00) — R and w(¢) be a nonnegative increasing func-
tion. Then, the Laplace transform of u with respect to w is given by

Ew{u(t)}(s) — /we—s(w(t)—w(a))w/(t)u(t) dt

a

for all s such that this integral converges.

Lemma 2.12 ([15]) Let o > 0, and u be a piecewise continuous function on [a,t], and of
w(t)-exponential order. Then

L, {IZ“‘”u(t) } () =s%L, { u(t) }

Definition 2.13 ([15]) Let u and v be two functions which are piecewise continuous at
each interval [a, T] and of exponential order. The convolution of # and v with respect to
o is defined by

t
(54 v)(2) = / u()v(0™ (0(t) + 0(a) - (7))o () dr.
Definition 2.14 ([19, 20]) The Wright-type function ¢, is given by

- (-2)f
Pul2) = Z KT (—ak+1—a)

k=0

forzeCandO<a < 1.

Proposition 2.15 ([19, 20]) The Wright function ¢, is an entire function with the following
properties:
(i) ¢a(0)>0for0>0and [;° $o(0)do = 1;
i r I'(1+r .
(i) f5° ¢u(0)07dO = F((ll-e-a:) forr>-1;

(iii) f0°° ¢o(0)e?? dO = E,(-z), z € C;
(iv) o [y 0¢a(0)e ™ d6 = Eqo(-2), z€ C.

Theorem 2.16 (Bochner’s theorem) A measurable function Q : [0, T] — E is Bochner in-
tegrable if | Q| is Lebesgue integrable.
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Theorem 2.17 (Krasnoselskii’s fixed point theorem) Let B is a nonempty convex, closed,
and bounded subset of a Banach space E. Assume that F, and F, are operators from B to
E such that
(i) Fix+ Foy € B for every pair x,y € B;
(ii) JF7 is a contraction map;
(ili) JF; is completely continuous.
Then, x = F1x + Fox has a solution on B.

Now, we outline some facts about the semigroups of linear operators which can be found
in [21, 22].

The infinitesimal generator of {T()};>o of a strongly continuous semigroup (i.e., Co-
semigroup) {T(¢)}:o is given by

T(#)u -
“/u= lim 7(”{ u’ uekE.
t—0% u

We denote the domain of &7 by D(), that is,

D(%):{ueE:limW

exists 7.
t—0*t u

Lemma 2.18 ([21, 22]) Let {T(t)};>0 be a Cy-semigroup and let <7 be its infinitesimal gen-
erator. Then

d
ET(’:)“ =dT)u=TE) A u
foru e D(o/) and T(t)u € D().
Throughout this work, we assume that the analytic semigroup {T(¢)};>0 has the follow-
ing properties:

(i) There is a constant M > 1 satisfying

M= suwp [T (5)

te[0,00)

(ii) Forany 0 < n <1, there exists a positive constant C, such that
C
n n
|« T@] = (6)
forall t € [0, T].

3 Representation formula of mild solutions based on semigroup theory
Lemma 3.1 Any solution of the problem (1) satisfies the following integral equation:

u(t) = /(; $a (0)T((w(2) — w(O))UQ) (10 — g(0,u0)) d6 + (£, u(?))

t poo -l
+a/0/0 9¢a(9)(w(t)—w(f)) ' (1)
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X %T((w(t) - w(t))ae)g(s, u(t)) dodr

t poo w1
+a/0/0 0¢a(9)(w(t)—a)(r)) o' (1)

x T((o(t) — (1)) 0)f (s, u(z),v(r)) do dr.

Proof Applying Definition 2.8 and Lemma 2.9 to the problem (1), it can be rewritten in
the form of the integral representation as follows:

u(t) = uo — g(0,up) + g(t, u)

1 ‘ a-1
+ m/o (@) =) ' () (Fu) +£(n, uln), v(n))) dn. @)

Taking the generalized Laplace transform on both sides of equation (7), we have that for
$>0,

() = (10~ g0, 0)) + G(9) + — (U + F(5),
where

U= [ e o ) d

Fo- | eSO (1, (), v(n)) )
and

6= [ g u)os o) .
It follows that

U(s) = s*7! (s°1 - ,52%)_1 (0 — g(0,u)) + s*(s*I - ,Qf)_lG(s)

+ (s"’] - szi)_lF(s)
o0 o o0 o
= s"“lf e’ I']I‘(r)(uo —-g(0, uo)) dr +S°‘/ e "T(r)G(s)dt
0 0
o0 o
+ / e "T(t)F(s)dr.
0
Now, we consider the change of variable
T = (a)(t) - a)(O))a and dr = a(a)(t) - a)(O))a_lw/(t) dt.
It follows that
o0 1 o
U(s) = asat—lf (a)(t) _ w(o))"‘* w/(t)e—(s(w(t)—w(o)))
0

x T((o(t) — (0))*) (0 — £(0, uo)) dt

Page 7 of 26
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t s /oo(a)(t)_w(o))“ 1 (1)~ SO-000)F
0

X T((w t) — a)(O)) )G(s)
o 0)* o —(s(@(B)-(0)))

+(x/0 a)(t) w(0) a)(t)e

x T((o(t) — w(0))*)F(s) dt

Loy d o o
_ /0 _%E( O-0ON )T ((eo(t) — 0(0))*) (tto — g(0, 10)) dt.

+as® / / (a)(t)_w(o))"“la)/(t)ef(S(w(t)—w(O)))“
0o Jo

T((w(t) — w(0))*) e M=oy (n)g(s, u(s)) dn dt

f / (0() - (0)" o (e cte-00N"

x T((e(t) = @(0))“ )@= ON ey ()£ (n, u(n), v(n)) dn dt

o0 d o o
= /0 _%d_t( ~@O-eOINT((w(£) - 0(0))*) (uo — g(0, o)) dt

+ f e @=O)gy (n)g(n, u(n)) dn
0

F T stwn-oon) (O Ly
+/ / e a(w(t) w(O)) ' (t)

x A T((w(t) - (0)*)e* D=0 (n)g (n, u(n)) dn dt

+ /OO /Ooa(a)(t) —a)(o))a’Iw’(t)e*(s(w(t)fw(o)))"‘

x T((w(t) - 0(0))*)e D= ONg (n)f (1, u(n), v(n)) dn dt.

The following one-sided stable probability density in [23] is considered:
k 1
pa(0) = Z( 1)k-1g-ak-t ( Mak+1) sin(kra), 6 € (0,00),
whose standard Laplace transform is provided by

/ e py(0)do =  wherea € (0,1). (8)
0

Using (8), we obtain

/0‘00 _% % (e—(s(w(t)—w(O)))")T((w(t) _ w(O))a) (140 - (0, uo)) dt

/ / 0pq(0)e )GT((a)(t) @(0))“) (uo — (0, u0)) ' (£) dO dt
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= /Oo e_s(a)(t)—w(o)) </OO pa(Q)T<M) (MO _g(o’ MO)) d@)a)'(t) dt,
0 0 0«
/OO /oo e—(s(w(t)—w(())))"a(w(t) _ a)(O))aila)’(t)
o Jo

x ' T(((t) - (0)) )@=/ (g (n, u(n)) dn dt

—a / / / OO 5 (6) (w(0) — (0)"

X d’]I‘((a)(t) w(O)) ) @)~ (O (s,u(n))w (n) dO dsw'(t) dt

_a/ / / w(t)+o(n)-2(0 )9100[(9)%

x mr(%%) (s, 1(n) ' () d6 dso (1)t

o0 o0 o0 ~ 0 Ol_l i 0 )
=./0 / /0 e -0, )0 ;:( ) %T<(a)(t) 5 ( )))

X g(a)_1 (w(n) - w(t) + a)(O))), u(a)_l (a)(n) - (t) + 0(0))))e' (N (£) do dn dt

_ / *© ] 7 / °°a efsw(n)fw(o))pa(é’)(w(t)_L:(O))a_l %T<(w(t) _:0 (0))“)
0 0 0 9 9

X g(af1 (a)(n) —o(t) + a)(O))), u(afl (a)(n) —o(t) + a)(O)))))a)/(n)a)/(t) df dedn

7 swm-oon( " [T (0(t) - w(n)*
—/0 et (/0/0 apa(0) X0~

dT(W)g(S' u(n))e' (n) do dn)tz/(n) dn,

and

/ i / " a(wlt) - 0(0)" o (e e-o0)

T((w@) - w(0)*)e”CD=ODe) (n)f (n, u(n), v(n)) dn de

X
/ / / a(@(t) — (0))" " w (t)e @O0 5 (g)

X 'JI‘((w(t) - w(O)) )e‘ (-0 (r])f(n, u(n), v(n)) do dn dt

_ /oo /OO /00ae—s(w(t)+w(77)—2w(0))W)_Q%pa(e)'ﬂ‘((a)(t);ﬂ)

x f (n, u(n), v(n)) o' (n)e'(£) d6 dn dt

/ / / ((£) — (0))*! ((w(t) - w(0))* )
ae”® Pa(0) T
o« [

x f(0™ (o) = o(t) + w(0))), u(0™ (o) - o(t) + w(0)))))e'(n)e'(£) d6 dn dt

/ f f s 5) )= O 1T((w(t)g:}(o))a>

Xf(a)’ (w(n) - w(t) + a)(O))), u(a)’l (a)(r]) —o(t) + a)(O)))))a)’(n)a)/(t) df dedn
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[ ([ oo B
0

T(W)/(L u(t), v(r))w'(r) do dT) dr

Then, we have

U(s)

_ / % slod-0(0) ( / * pa(Q)T<M)uo dg) o/ (t)dt
0 0 0

/ e@=Og (s, () o (1) ds
0

o () — ()t
s(w(n)-w(0))
i (fo fo apa(@) PO

(O s t)os) 6 d o  d

RIS A B (o(t) - w(n)**
+/0 e (fofo pa(0) ————

0OVt o) )00 i o ) i

+
+

Now, we take the inverse Laplace transform to obtain

u(t)
- / a(e)ﬂr((‘”"“);ﬂ)( o £(0,u0)) 6 + g (¢, u(t))
+°‘f / a)(t) w r))“ lﬂm((w(t) ;:o(r))“)g(t u(2)) o (2) do dr

(w(t) — o r))‘)“1
+a/0/0 pul) 2=

(O ko) o) d0 e

= /0 $o ()T ((w(t) — (0))“0) (1o — g(0, u0)) dO + g (2, u(t))

+ O[fo /0 9¢a(9)(a)(t) - w(f))“—lﬁT((w(t) — w(f))QQ)g(r,u(r))a)/(t) do dr

+oz‘/0t/0OO 0 (6) ((2) —a)(r))w1

x T((o(t) - (1)) “0)f (1, u(r), v(1)) o' (r) dO dr,

where ¢, (0) = é@’l’épa(Q’é) is the probability density function defined on (0, 00).

Page 10 of 26
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Definition 3.2 A function u € C([0, T],E) is called a mild solution of the problem (1) if
satisfies the following integral equation:

u(t) = Q¥“(¢,0) (uo -g(0o, uo)) +g(t, u(t))

+ /Ot (w(t) - a)(r))a_lw’(r)%R"““’(t, T)g(s,u(v)) dr
+ /0 (o(2) - w(r))aila)’(r)R“;‘”(t, T)f (s, u(), v(r)) dr, 9)

where the operators Q%*(¢, 7) and R**(¢, t) are defined by

Q" (¢, T)u = /ooo $o(O)T ((w(t) — (1)) *0)udd
and

RE(t,T)u = o /Ooo 09 (O)T ((w(t) - (1)) *0)udd
forO0<t<t<T.

Lemma 3.3 ([6, 24]) The operators Q% and R“® satisfy the following properties:
(i) The operators Q%®(t,s) and R*“(t,s) are bounded, linear and such that

|0 te, oyl < Mbal - and - [Re6, ] < s
forallue Eand 0 <t <t.

(i) Forany 0 <t <t, Q%“(t, 1) and R*“(t, t) are strongly continuous on E.

(i) Q%“(t, ) and R¥“(t,t) are compact for all 0 < T < t if T(t) is a compact operator

forevery t > 0.

(iv) If Q%(t, T) and R“(t, ) are compact strongly continuous semigroups of bounded
linear operators for 0 < T < t, then Q¥“(t, ) and R*“(t,t) are continuous in the
uniform operator topology.

(v) Foranyu€E, B €(0,1) and n € (0,1], we have

AR (t,T)u = dl’ﬂRa;w(t,I)%ﬂu, 0<t<t<T,

and

aC’? F(Z—n)
) — () T(1+a(l-7) 0<t<t<T.

n o
”d R (t’T)“ = (a)(t

4 Existence and uniqueness of a mild solution
In order to demonstrate the main results, we outline the following assumptions:
(A1) The operator T(¢) is a compact for all £ > 0,
(A2) The function f: [0, T] x E x V — E is a Carathéodory function, that is,
(F1) Foreacht e [0, T], the function f(¢,-,-) : E — E is continuous,
(F,) For each u € E, the function f(-,u,v) : [0, T] — E is measurable.
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(A3) For any k > 0, there exist ap > 1 and function my € LP([0, T], E) such that for any
u € Eand v € V satistying |lu| <k,

|Lf(t, u, V)H <my(t), aetel0,T],

and there exists L > 0 such that

. lmgle
lim inf

k—00

=L

(A4) The function g: [0, T] x E — E is continuous and there exist a positive constant
B €(0,1) and M, M, > 0 such that

| Pg(t,u) — o/ Pg(t,w)| < Millu—wl|
and
| Pgt,u)| < Ma(llull +1).

(As) The function f is a locally Lipschitz continuous with respect to V), i.e., for all ¢ €
[0, T] and u1, u; € E, there exists constant Ly > 0 such that

If (& ur(2),v) = f (£ ua(6),v) || < Lyllur — s .

The following existence of mild solutions for the problem (1) will be proved by using
Krasnoselskii’s fixed point theorem.

Theorem 4.1 Assume (A1)—(Ay4) are true. Then, the problem (1) has at least one mild

solution provided that
(M + )My || .7~ + %Mz ((T) - w(0))*
¥ % 02?5T|w/(t)|§{—(‘”m ;;go»?p——? }%1 <1 (10)
and
((M || + %(a)m —a)(o))"‘/’>z\/11 <1. (11)

Proof Foranyk >0,welet By = {u € C([0, T],E) : |\u(?)|| <k forall £ € [0, T]}. Then, By is a
bounded closed convex subset of C([0, T'], E). For each positive k, we define two operators
JF1 and F;, on By as follows:

(Fru)(8) = Q¥(t,0)(uo — g(0, uo)) + g (£, u(t))

+ /t (w(t) - w(r))a_lw/(r)dR“‘w(t, 0)g(7, u(r))dr
0
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and
(Fou)(t) = /0 (w(®) - w(t))u_lw/(r)R"““’(t, T)f (7, u(r),v(r)) d,

fort € [0, T].
From Lemma 3.3(v), for ¢ € [0, T], we obtain

H /t (w(®) - w(r))a_la)/(r),efR"””(t, T)g(7, u(r))dr
0

< /0 (a)(t) - w(t))ailw’(r) H%R‘W(t, r)g(t, u(r)) H dr

_ / ' (00) - 0(0) (O IR, 1) g (o, u(x)) | de
0

aCipl'(1+B)
(1 +aB)(@(t) — w(z))*1-A)

< /O ' (0(0) - 0(@) (@)

< OlCl_Igr(l + ,3)
r'(l+aB)

_aCgl'(1+B) (o(t) — »(0))*

T T'(1+apB) ap

- aCy_gI'(1 + B) (o(T) — w(0))*F '

'l +apB) Ma(L+h) 1753

Mo (1 + [lul)) /0 (0(8) - (1)) ' (x) dx

My (1 + ull)

Thus, |[(o(t) — o(z))* ' (7)) R*“(t, T)g(r,u(r))| is Lebesgue integrable with respect
to T € [0,¢] for all £ € [0, T]. From Theorem 2.16 (Bochner’s theorem), we obtain that
[(w(t) — w(z))* ' (t) R%* (¢, )g(z, u(t)) dt|| is Bochner integrable with respect to 7 €

[0,¢] forall £ € [0, T].

Similarly, by Lemma 3.3(i), we also obtain

H /Ot (a)(t) - w(t))a_la)/(r)R"““’(t, o)f (t,u(r), v(t)) dr

< /(; (w(®) - w(t))a_lw’(r) [R““ (&, )f (z,u(r),v(z))| de

M ! a-1
<t /0 (0(6) - ()" & ()| f (£ u(2), () | de

t

a-1
< m | (Cl)(t) - CU(‘L')) D) (‘L’)“f(‘[,u(f), V(‘L')) ” dr

M t a-1 4
§m/(; (a)(t)—w(r)) o' (t)my(r)de

M| mg || ! a-1 K
< FT;)M{/[(a)(t)—w(r)) ' (0)]P d‘r}

0

- M||Wlk||LP{ sup ’a)'(t)‘lﬁ /“ (a)(t) —a)(t)) (D;;_ll)pw/(‘[)df}P
0<t<T 0

')

| e (z.u(@)] d=

Page 13 of 26
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« 1
= Minmk”l}; sup |w/(t)|ll’{M}T
IMa) 0<t<T 1+ (‘;%”’
ap-1 p-1
M||lmyc|| Lol [(@(T)—w(0) 7T ) 7
<T@ SO -
() 0<t<T 1+ Tlp

Thus, [|[(w(t) — o(1))* o' (T)R¥ (¢, T)f (z, u(t), v(1))|| is Lebesgue integrable with respect
to T € [0,¢] for all £ € [0, T]. From Theorem 2.16 (Bochner’s theorem), it follows that
[(w(t) = w(z))* ' (T)R%* (¢, T)f (z, u(z), v(t))| is Bochner integrable with respect to 7 €
[0,¢] for all £ € [0, T1].

The proof will be separated into three parts.

Step 1: Fiu + Fow € By whenever u, w € By.

We assume that for each k > 0, there exist u, wy € By such that
||(]-"1uk)(t) + (Fowi)(8) || >k, fortel0,T].
According to (A3) and Lemma 3.3(i), it follows that

< [(Fu)@) + (Fawi) @)
< ]| Q¥(£,0) (o - g(0, wo)) || + (£ ux(®) |

+

/t (w(t) - a)(r))w_lw/(t)%R“;w(t, 0)g(7, ui(7)) dr
0

+

/0 (w(t) - a)(t))a_lw/(t)Ra;w(t, t)f(r, wi (), V(l')) dr

<M(lluoll + || & 7Pg(0,u0)|) + | 7P P gt,ui) |

+

‘/Ot (w(2) - w(r))a_la)/(r)ssz"““’(t, 7)g (7, ur(r)) dr

+

/0 (a)(t)—a)(r))a Lol (1)R¥(¢, T)f (v, wi(7), v(1)) dt

5M(||u0|| + ”,sa/_ﬁ HMg(k+ 1)) + ||,Q{_’3 ”Mz(k+ 1)

aCpl'(1+ ﬁ)M (14 K) ((T) — 0(0))*f
'd+ap) > off

M'e) o<t %

+ M—”}’VI/(HL}? sup ’a) (t)}I%{M}p

Multiplying to both sides by % and taking the limit inferior as k — oo, we get

ISM(lkml g1l |y ﬁ||M>+||£{‘5||M2

aCipT(1+B) ((T) - (0))*

T(l+af) = ° op
— (o[ @D =0T )5
R i =

p-1



Suechoei and Sa Ngiamsunthorn Boundary Value Problems (2022) 2022:21

= (M +1)M, ||
aCipl(1+p),  (o(T) - 0(0)*”
r+apB) 2 af
ML [ @) = w(0) 7T |7
T 2 ool el |

which is contradiction.
Step 2: F is a contraction on By.

For arbitrary u, w € By, we have
|(Fru)(&) = (Fiw) (@)
=< || (£,0)(¢(0,u(0)) — (0, w(0)) || + [l¢(£, u(®)) - g (& w(®)) |
+ /0 (w(2) - a)(r))a_la)/(t) |7 R (t,T)g(v, u(r)) - ZR¥(t,7)g(r, w(z)) | dr
< M| (/7g(0,u(0)) - /¢ (0,w(0))) |
o (o) el wt0)|
+ /0 (@(t) - 0(2)) " o (0) | 7 FRE (1, 1) P (g7, u(7)) - (7, w(1))) | de

< M| P | Myllu—wil + | 7P | My flu~wl
aCigl(1+B) . (o(T) - (0))*

Taaen M v llu —w
1 Cipl(1+B) o
- ((M+ 1| + H(mn - (0)) ﬂ)Mlnu—wH

for t € [0, T]. According to (11) of Theorem 4.1, we obtain that F; is a contraction.
Step 3: F, is a completely continuous operator.
Firstly, we claim that F; is continuous on By. Let {u,} C By be such that u,, — u € By as

n — oo. For t € [0, T], by Assumptions (A;) and (A3), we have

f(t, u,(t), v(t)) —>f(t,u(t),v(t)) as 1 — 00
and
If (& wa(0), v(0)) = £ (&, ue), v(8)) | < 2my () forallmeN.
Using the Lebesgue dominated convergence theorem, for any ¢ € [0, 7], we obtain

| (Foun)(@) = (Fu)(@)

< /0 (w(t) - w(t))a_lw’(r) ||R°”‘“(t, t)[f(t, 1n(7), (1)) —f (£ u(z), v(r))] || dr

t

< — [ (o) - ())& (@) |[f (£, (), (7)) = f (£, u(x), ¥(2)) | dT — O
') Jo

Page 15 of 26
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as n — o0o. This implies that ||(Fu,)(t) — (Fou)(t)]|c — 0 as 1 — co. Hence F; is contin-

uous.

Next, we prove the equicontinuity of F,(By). For any u € By, we havefor0 <t <, < T,

| (Fau)(t2) = (Fau)(t1)

=

/02 (a)(tg)—a)(t))a ! @' (T)RY(ty, r)f(t,u(t),v(t)) dr

- / 1 ((t1) - o(0)) " o (D)YR¥ (11, T)f (£, u(x), v(T)) dT
0

= H/ 1 (w(tg) —w(t))a_lw/(t)Ra;w(tg,r)f(t,u(t), V(‘L')) dr
+/ co(tz) a)(r) ot ’(T)R"“"(tz,t)f(t u(t), v(r))
+

w(tl) w(r) “ lw/(T)Ruw(tz,T)f(t u(t), v(r))

w(t1) o(1))" @ (TYRY (1, T)f (£, (), (7)) de

\hc\

a)(t a-1 /( )Rdw(tl r)f(t,u(T),V(f)) de

w(ty) - o(1))” W (TYRY (2, T)f (6 u(x),v(r)) dr

+

/0 [(@(t2) - 0(2)) " = (@(tr) — (2)) " ] ()R (8, T)f (£, u(x), v(2)) AT

+

/ 1 ((t1) - (1) & ()[R (2, 7) = R (81, 7) [f (& u(x), v(x)) d7
0

=111 +12 +13.

By Lemma 3.3, we obtain that

l)p p-1
]MHWII(”U7 | (t)|p ((,() t2) a)(tl)) P
"STT@  onrer 14+ e
p-1
and
1, < Ml
(o)
(a—1) (o=1), -1
(@) — (&)t T - (k) - ot) )
X sup ‘a)( ’ =y
0<t<T 1+%1p

and hencel; - 0and I, - Oast, — t;.Fort; =0and 0 < t, < T, it easy to see that I, = 0.

Thus, for any ¢ € (0,#), we have

I3 <

/0 (0(t) ~ (0)" o (D[R (62, 1) = R (61, 1) (8 u(x), (1)) dx

+

/ 1 (w(tl) - w(r))a_lw’(t)[R"”’”(tz, 7) - RY(t1, ‘L’)lf(t, u(t), V(‘L’)) dr

Page 16 of 26
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M| my| 1
()
(a-1), (e=1), p-1
b [ @) —0(0) 7 — ((t) — ot —e)" T |7
X sup ‘w(t)’” =y
0<t<T 14222
p-1
X sup ||R°“"’(t2, 7) — R¥(t1, T) H
0<s<ty—¢
14e=p - p-1
2M|Imllze [ (0(f1) —w(tr —€)) 771 1 7
() 14 l=bp )

p-1

Therefore I; — 0 as t; — t; and ¢ — 0 by Lemma 3.3, (iii) and (iv). It follows that
” (Fou)(ty) — (Fou)(ty) H — 0 independently of u € By as t, — t,

which means that F,(By) is equicontinuous.
Now, we will prove that N(t) = {(Fou)(t) : u € By} is relatively compact in E for all ¢ €
[0, T]. Notice that N(0) is relatively compact in E. Fix ¢ € (0, T, then, for every ¢ > 0 and

8 >0, we define an operator F5* on By as

(3 ) (®)
~ t-¢ 00 ~ a1
—a [ [ 00,0) (000 - o(r)
(a) t —a)(O))aé)f(r,u(t),v(r))a)/(t)de dr

X T((w()
_ t—e 009 ae ~ a1
« /0 /S $e(0)(0(0) - (1))

X ']I‘((w(t) - w(O))aQ +&%8 — e"‘é)f(t, u(t), v(t))a)'(r) dodz

t—¢ o0 w1l
—o [ [ 00000 - 0t)
x [T(s*8) T ((w(t) — (0))“0 — %8)]f (v, u(r), v(r)) o' (r) dO dz
= aT(s"(S) /Ot—g /;Oqua(G)(a)(t) - a)(r))w1
x T((o(t) — 0(0))0 — £*8)f (1, u(r), v(1)) o' (r) d0 dz,
where u € By.
By the compactness of T(e“8) for €*§ > 0, it follows that the set N, ;(¢) = { (]-"f"su)(t) :

u € By} is relatively compact in E for all ¢ > 0 and § > 0. Furthermore, for any u € By, we

have

|(Fam)(8) — (F5Pu) 0|

=

t ps
/0 /0 0y (9)(a)(t) - w(r))a_lw’(T)’]T((w(t) - w(O))ae)f(T, u(t), V(‘L’)) dodr
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+/ / 9¢a(9)(w(t) —w(r))a_la)/(r)'ﬂ‘((w(t) —w(O))ae)f(T,I/l(‘L'),V(‘L')) do dr

/ [ 08000 o)

x T((w(t) - ©(0))*0)f (t, u(t), v(v))w'(z) d6 dr

t s
; 9¢a(6)(a)(t)—a)(t))ailw/(t)T((w(t)—w(O))ae)f(r u(t), (t))der

t oo wl
« / /5 06 (6) ((8) - (1)) "o (7)

x T((o(t) - 0(0))“0)f (v, u(z),v(r)) do dr

a1t (a=1)p G
<aimlinf sup [o©) [ (00 -o(0) T oirae| ([ aa,00a0)
0<s<t 0 0

a1 [t (a=1)p &
+aM||mk||Lp{t_sgpq‘w/(t)‘p1/ (a)(t)—a)(r)) ! a)/(f)df}

5
x (/0 9¢a(9)d9)

_ (N NG
= aM|myp sup |w(r>|p{ ) — ) } ( / ed)a(e)de)
1+==F 0

0<s<t 1

14e=bp o p-1
o ((e) —olt-e) T |7
+oaMmly sup |o(0)]? =

t—e<s<t 1+pT

S
x (/0 6¢a(9)d9)

—0 asegd— 0.

Hence, there are relatively compact sets arbitrary close to the set N(¢) for ¢ > 0. Therefore,
we conclude that N(¢) is relatively compact in E. It follows that the set F,(Bx) is relatively
compact in C([0, T'], E) by Arzela—Ascoli theorem. This implies that F; is a completely
continuous by the continuity of F, and relatively compactness of F,(Bx). Hence, Kras-
noselskii’s fixed point theorem implies that F; + F; has a fixed point #* in By, which is a
mild solution of (1). O

Next, we prove a uniqueness result by means of the Banach contraction theorem.

Theorem 4.2 Assume that (As)—(As) are satisfied and condition (10) of Theorem 4.1
holds. Then, the problem (1) has a unique mild solution if

1, C1pT A+ B) o
M+ )M, | 7P| + ﬁz\/h ((T) - (0))*”
M L (o(T) - 0(0))" < 1. (12)

" F(a+1)
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Proof For u € By, we define the operator G on By by

(Gu)(t) = Q* (2, 0) (o — g(0, o)) + g (£, u(®))

+ /Ot (a)(t) - a)(t))ailw/(t),ﬁz{R"““’(t, r)g(s, u(t)) dz
+ /Ot (w(t) - a)(r))a_lw’(t)Ra;w(t, T)f(S, u(t), V(‘L’)) dr.

Notice that it is enough to show the uniqueness of a fixed point of G on Bi. According to
(10), we know that G is an operator from By into itself.
For any u,u* € By and ¢ € [0, T'], according to (A3)—(As), we have
1(Gu)(2) - (Gu*) (@)
=< [ Q7(£,0)(¢(0,u(0)) ~ £(0,u7(0))) | + [ g(t: () - g(t, " ®)) |

+/O (a)(t)—a)(r))ailw/(f)
x [ PR, 1) [ Mg (s u(0)) - P (s, (0)) ]| de
+/(; (a)(t)—a)(r))a_lw/(f)

x [RE“(t 0)[f (s, (), (1)) = f (s,0° (), (D) ] | dr
< M|/ (o/7g(0,u(0)) - o/ ¢ (0,u"(0)))|
+ | P (Pt () - Pt (1)) |

t a-1 O[Cl,,g F(l + :3)
+/O (0(t) - (1)) @ (t)(w(t) —o(0))*=A T(1 + ap)

x [ Pg(s,u(x)) - o/ g(s,u*(x))] de

+A%Mﬂ—dﬂfldh)

M
X @) If (s, 2(x), v(x)) = f (5, " (7), v(7)) | dT

M| [Mfu-u| + |7 | Mifu-ur]
aCi DL+ B) - (@(T) - w(0)*

' +oap) M 1753 ||u—u* ”
M . i
+ T+ 1)Lf(a)(T) —a)(O)) Hu— u ||
_ CrpT'(1+B) «
_ ((M+ DM, /) + HMl(w(T) — w(0)

LM
Mo +1)

Li(w(T) - w(O))“) ).

This implies that G is a contraction map satisfying (12). Hence the uniqueness of a fixed

point of the map G on By, follows from the Banach contraction principle. g
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5 Existence of feasible pairs for fractional evolution equations
In this section, we present the existence of feasible pairs for system (1). To establish our
results, we introduce the following hypotheses:

(U1) The set f(¢,u, T'(t, u)) satisfies

m cof (£, Os(w), T (Os(t,w))) =f(t,u, T (t,w)), ae.t€[0,T).

§>0

(Uy) T':[0,T] x E — 2Y is pseudocontinuous.

Definition 5.1 (Feasible pairs) A pair (u,v) is called feasible if v satisfies (9) and
v(t) € F(t, u(t)), a.e.te[0,T].
Let [z,v] € [0, T], and set

Hlt,v] = {(u,v) € C([t,v],E) x V[t,v]| (u,v) is feasible},

H[0,T] = {(u,v) € C([0, T),E) x V[0, T] | (u, ) is feasible}.

Lemma 5.2 Operators 2;: L*([0, T],E) — C([0, T]E), j = 1,2 for some 119 <a<l,p>1,
given by

(20 = [ ()=o) 0@, htr)dr
and
(2200 = [ (o) = at0) o/ @R, bt dr

are also compact for h € L ([0, T, E).

Proof Assume that {#"} C L?([0, T],E) is bounded. We define
ENt) = (th”)(t), te[0,T].

We can verify that, for any ¢ € [0, T] and 1% <ac<l, ||c§’,{(t) || is bounded. By Lemma 3.3, it is

not difficult to verify that &) is compact in E and also equicontinuous. Due to Ascoli—
Arzela theorem, {&)(¢)} is relatively compact in C([0, T], E). Obviously, 2, is a continuous

linear operator. Therefore, 2; is a compact operator for j = 1,2. O

We need to investigate the following result in order to solve our optimal feedback control

problem.

Theorem 5.3 Under the assumptions of Theorem 4.2 and Conditions (Uy) and (U,), for
any up € E and 117 <a <1 forsome p > 1, the set H[0, T] is nonempty, that is, H[0, T] # {.
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Proof For any k > 0, we define
k-1
Vk(t) = Z V]X[L’j,tju)(t)’ te [O’ T]’
j=0

where ; = %T for 0 <j <k —1and xjs,, is the characteristic function of the interval
[tj, tis1). The sequence {V/} is constructed as follows.
Firstly, we take vy € I'(0, up). From Theorem 4.2, there exists a unique u(-), which is

defined as

u(t) = Q¥ (t,0) (o — (0, u0)) + g (t, u(9))

+ /t (a)(t) - a)(t))ailw/(r)dR"”w(t, r)g(r, uk(r)) dr
0

+ /t (w(®) - a)(r))a_lw’(r)Ra;‘”(t, O)f (1, u (), vo(r))dr, te€ [0,
0

x>~

I

Then, we take v; € F(%, uk(%)). Repeating this this procedure, we obtain u; on [%, %]

To conclude, we construct the following integral equation by induction:

wi(£) = Q¥ (¢, 0) (o — g(0, o)) + g(t, ui(£))

+ fot (0(t) — (1)* o' (T) I R¥ (¢, T)g(t, ux(z)) dr

+ fot (0(t) = 0(1)* L' (T)R* (L, T)f (7, ur (), vo(z))dz, te]0, %], (13)
vi() € T ur (),

te[d, 00, 0<j<k-1

From Lemma 3.3 and Gronwall’s inequality, we can find L > 0 such that
|lu®)| <L, telo,T).
By (A3), it follows that
If (& uic (), vic@®)) || < mx(2), ae.£€[0,T).
By Lemma 5.2, there exists a subsequence of {u;}, denoted by {u} again, such that
ux—u in C([0, T],E) (14)
for some u € C([0, T],E), and
fu()vi() = f()  in2?([0, T), E) (15)

for somef e LP([0, T, E).

Page 21 of 26
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Applying Lemma 5.2 and (13), we get
u(t) = Q*(£,0)(uo — g(0, uo)) +g(t,u(t))
+ /0 t (@(t) — () o (1) F R (8, T)g (¢, u(r), (r)) dT
+ /0 t (@(t) - 0(2)) " & (1)R% (¢, 1)f (1) dr, te0,T].
From (14), for any § > 0, there exists a ko > 0 such that
u(t) € 05 (@), tel0,T]k=> ko (16)

In contrast, by the definition of vi(-) and for sufficiently large k, we have

vi(8) € T (4, ui(ty)) C T (Os(,(t)) ) 17)
forallz € (I, " D7), 0 <j < k-1.
Next, by (5) and Lemma 2.3 (Mazur’s lemma), we let o;; > 0 and ijo a;i = 1 be such
that

¢l() = Zaijf("ui+l(')r Vi+l(')) _)_f() in Lp([or T]rE)

i>1

Hence, there exists a subsequence of {¢;}, denoted by {¢;} again, such that
#i(t) = f(t) inEae. tel0,T].
From (16) and (17), it follows that for sufficiently large /, we have
¢i(t) €Tof (¢, 05 (u(2))), T (0s(t, u(t))), ae.tel0,T].
Therefore, for any § > 0, we have
f(t) ecof(t,0s(u(t)), T (0s(t,u()), ae.tel0,T).
By Assumption (U;), we have
f@) ecof(t,u(®),T(tut)), aetel0,T].

From (U,) and Corollary 2.4, we have that I'(-,%(-)) is Souslin measurable. Applying
Lemma 2.5 (Fillippov’s theorem), we can find a function z € V[0, T] such that

u(t) e(t,u()), tel0,T]
and
f@) =f(tu®), %), telo,T).

This means that (i, V) is a feasible pair in [0, T]. O
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6 Existence of optimal feedback control pairs
In this section, we consider the Lagrange problem (P) for the optimal feedback control as
follows: find a pair (x°,1°) € H[0, T] such that

J(u°,°) <J(u,v), forall (u,v) € H[0, T,

where
b
) = [ Lt uo),5(0) . (®)
0

Then, we give some assumptions about L.

(L1) The functional L: [0, T] x E x ¥V — R U {00} is Borel measurable in (¢, , v).

(Lp) The functional L(Z,-,-) is sequentially lower semicontinuous on E x V for a.e. t €
[0, T'] and there is a constant M7 > 0 such that

L(t,u,v) > -M;, (t,u,v)e[0,T] xEx V.
For any (¢,u) € [0, T] x E, we denote the set
X(t,u) = {(zo,z) eRXE|Z>L{t,u,v),z=f(t,u,v),u F(t,u)}.

To investigate the existence of optimal control pairs for problem (P), we assume that
(C) The map X(t,-) : E — 2R*E has the Cesari property for a.e. ¢ € [0, T], that s,

()0 2 (¢, 0s(w)) = Z(t, u)

§>0

forall u € E.

Theorem 6.1 Under the assumptions of Theorem 5.3 and Conditions (L;)—(L,) and (C),

the exists at least one optimal control pair for the Lagrange problem (P).

Proof It is clear that the statement of Theorem 6.1 is true if inf{/ (&1, v) | (u,v) € H[0, T]} =
+00. Hence, it suffices to prove the statement when inf{J(u, v) | (&, v) € H[0, T} = m < +00.
By Assumptions (L;)—(L;), we have

J(u) = m > -M,; > —oc0.
Then, there exists a sequence {u”",v"} C H[0, T] such that

J(u", V") = m.

We denote

T
J(u",v") :/0 L(t,u"(),v"(t)) dt
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and

lim ](u”,v”) =m.

n—+00

From the nonlinearity of f and boundedness of {#"}, we obtain that

Yeu"0).v0)}

is bounded in L?([0, T'], E).
Without loss of generality, we can assume that

1O =f(u"()v" () > £()  inLP([0, T],E)
for some f(-) € L#([0, T, E). By Lemma 3.1, we obtain
u"(t) = Q¥ (¢,0)(uo — £(0, 1)) +g(t, u"(t))

+ /t (w(t) - w(r))ailw’(t)%R“;“’(t, t)g(r, u”(r)) dz
0

+ /‘t (a)(t) - w(t))a_la)/(r)R“”"(t, T)F(T, u"(t), V”(t)) dr
0
— u(t)

= Q(¢,0)(uo — g(0, o)) +g(t,ul?))

+ /(;t (w(t) - a)(r))a_la/(r)szf’R"‘“’(t, T)g(6 u(x), v(r))dr
‘ a=1 o0 7
+/0 (0(t) - (7)) &' (T) R (5, T)f (r) dT

uniformly in ¢ € [0, T, i.e., u”(-) — u(-) in C([0, T], E).
Applying Lemma 2.3 (Mazur’s lemma), we let ax; > 0, ) ;. ax; = 1 be such that

() = Zal<,lf("uk+l('): vi()) = f(-) inI#([0, T],E).

k>1

Set

HOE Zak,lL('» kst (), Vit (+))

k>1

and

LO(t) = lim ¢p(t) > -M,, ae.te[0,T].

l—+00

For any § > 0 and sufficiently large /, we have

(¢1(0), 97 (1)) € Z(t, 05 (u(2))).-
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By Assumption (C), we get
(L°0).f (@) € Z(t,u(t)), ae.tel0,T].
Hence, we have

LO(t) = L(t,u(t),y), tel[0,T],

f@) =f(t,u(t),y), telo,T],
ue Tt ul).

Then, by Lemma 2.5 (Fillippov’s theorem), we can find a measurable function u(-) of

(-, u(-)) satisfying

L°(t) > L(t, u(t),v(t)), te[0,T],
F(6) = f(6,u(t), 7)), ae. tel0,T].

Moreover, we have
u(t) = Q““(,0) (uo — g0, 10)) + g (¢, (2))

+ /Ot (w(t) - w(r))aila)’(t)dR“;’"(t, t)g(r,ﬁ(t)) dr
+ /t (a)(t) - w(r))a_la)/(f)RD‘;’”(t, T)f(t,ﬁ(t),?(r)) dr, te[0,T]
0

and (#,v) e H[O, T].
By Fatou’s lemma, it follows that

T T T
[ rod- [ im gtodes im [ ot
0 0

I—+00 l—>+00J0

ie.,

T
J@,v) = /0 L(t,u(t),v(t))dt =  inf ]](u,v)zm.

(u,v)eHI[O,T

Thus, (%, V) is an optimal pair. d

7 Conclusion

In this paper, we have investigated the existence and uniqueness results concerning mild
solutions for fractional evolution equations with nonlinear perturbation of the time-
fractional derivative term involving Caputo fractional derivatives with arbitrary kernels.
Further, we extended our result to study the existence of optimal control pairs for the La-

grange problem by applying the Filippov’s theorem.
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