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1 Introduction
In this paper, we are interested in nonnegative solutions for the anisotropic system

T ax, (F ax, P20 = a)u @ + Fy (o u,v) inQ,
SN (W28 < )+ Fyx ) in 2, (s)
u=v=0 on 092,

where, unless otherwise stated, € is a bounded domain in RN(N > 3) with smooth
boundary, p;,q; € C(Q), 2 < p;(x) < p,(x) <p*(*), 2 < ;(x) < q.(x) <" (%), i = 1,...,N,
p+(x) := max{p;(x),...,pn(x)}, g, (%) := max{q;(x),...,qn(x)} for any x € Q with p(x) :=
N/ Zﬁl(l/pi(x)) and p*(x) = Np(x)/(N - p(x)) if p(x) < N and p(x) = +o0 if N > p(x),
q(x) := N/ Zﬁl(l/qi(x)) and g*(x) = Ng(x)/(N - g(x)) if g(x) < N and g(x) = +o0 if N >
q(x), a, B € C(2) are nonnegative functions with 1 < a(x), B(x) forallx € Q, F: Q x R? —
R is a C! function and

(H) a,be L*(R) and a(x), b(x) >0 a.e. in ;

(F;) Thereis 8 >0 with

Fy(x,s,t) > ( s4W- )a(x) forall0 <s<§a.e. in
and

Fi(x,s,t) > ( — P~ )b(x) forall0 <t <§ae.in Q.
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(F,) Thereisre C(2) with 1 < r(x), for all x € Q and
Fy(x,s,t) < a(x)(s’(")_1 + @1 1), forall0 <s, a.e. in
and
Fi(x,s,t) < b(x) (s’(’c)_1 +W 1y 1), forall0 <t a.e. in Q.

It will be considered that a weak solution for the system (S) is a pair (,v) € Z, where

Z:= Wol’p(x)(Q) X Wol'q(x)(ﬂ) with u(x), v(x) > 0 a.e in Q satisfying

N i(%)-2
u |V ou 0
/ > a_u 20 _ [ a1+ Euwu vl
Q i1 Xi 396,‘ Bxi Q
and
N i(x)-2
v | av d
/ P e I / bWy + Fy o u, ),
Q i1 Xi ax,’ 8x,~ Q
for all (¢, v¥) € Z.
Denote by || - [lo the norm in the space L*°(€2). Through minimization and sub-

supersolutions arguments, it is obtained the existence result below.

Theorem 1.1 Suppose that the hypotheses (H), (F1)-(Fy) hold. Then, there exists v > 0 such

that the system (S) has a solution for max{||al|co, ||P]lco} < V.

Consider the functions py(x) := max{p*(x),p,(x)}, p_(x) := min{p;(x),...,p,(x)},
Goo(®) := max{g*(x),q. (%)}, g_(x) := min{q; (%), ...,4,(x)}, x € Q and denote [~ := info/ and
I* := supg/ for a function [ € C(Q). Under the Ambrosetti-Rabinowitz type condition,

(F3) it holds that @™ > 1, a*,r* < p7_ with a* < p” or pt < «~, and there are constants

o> 0and 6 > p? such that

0<OF(x,t) <f(x,t)t, a.e. inQ,forall t> ¢,

we have the multiplicity result below.
(F5) Ithold the inequalities r* < min{p__,q-.}, @* < po,, B < q,,, and thereare 0 < 6 < 1%,
0<&< q% and kp > 0 such that

F(x,s,t) < OsF(x,s,t) + §tFy(x,s, )

a.e. in Q for any |(s, t)| > ko with s,¢ > 0, where | - | denotes the Euclidean norm in
R? and F(x,s,¢) := [ Fo (%, 7,8)dt + [y Fe(x,t,7) dx.

Theorem 1.2 Suppose that the hypotheses (H), (f1)-(f3) hold. Consider that one of the con-
ditions below holds.
(i) 1t holds that p} <o~ and gt < B~ or B* <q_.
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(ii) 1t holds that o* < p~ and B* < q- or qt < B~.
Then, there exists n > 0 such that system (S) has at least two solutions for max{|| |,
1lloc} < 7.

In the last decades, Partial Differential Equations with variable exponents have been
attracting the attention of several scientists due to their applicability in several relevant
models. The main application of this kind of equation is in the study of electrorheological
fluids. As mentioned in [1], the study of such fluids arose when fluids that stop sponta-
neously were discovered, also known as Bingham fluids. In the classical reference [2], due
to W. Winslow, it was presented one of the main properties of electrorheological fluids.
Parallel and string-like formations arise in this kind of fluid when it is considered the pres-
ence of an electrical field. This pattern is known as the Winslow effect. Moreover, the elec-
trical field can raise the viscosity of the fluid by five orders of magnitude, see reference [1].
As pointed out in the interesting work [3], several studies with electrorheological fluids
have been considered in NASA laboratories.

On the other hand, Anisotropic Partial Differential Equations can also be applied in sev-
eral models. For example, in the classical reference [4], a model was presented that was
applied for both image enhancement and denoising in terms of anisotropic problems as
well as allowed the preservation of significant image features. We also quote the applica-
bility in the study of the spread of epidemic disease in heterogeneous environments. In
Physics, such an equation can be applied to consider the dynamics of fluids with different
conductivities in different directions. We point out the references [4—7] for more details.

An important fact is that there is increasing interest in anisotropic problems with vari-
able exponents. In the paper [8], the regularity of solutions of a stationary system is
obtained, which is motivated by the theory of electrorheological fluids. In [9], a strong
maximum principle is gained in the variable exponent setting, generalizing the classi-
cal principal of the Laplacian operator. The paper [10] presents the mathematical theory,
which allows considering problems involving anisotropic operators with variable expo-
nents. Moreover, several applications were considered. We also point out the interesting
references [11-20] and the paper [21], which provides an overview concerning elliptic
variational problems with nonstandard growth conditions and refers to different kinds of
nonuniformly elliptic operators. See also [1, 22] for a complete presentation of the theory
of the Sobolev spaces with variable exponents and its applications.

The study of the system (S) is motivated by the problem considered in the reference
[23], where it was proved, in an anisotropic setting, versions of Theorems 1.1 and 1.2 with
a, B =2, and [24], where it was considered a scalar version of the system.

Regarding the remainder of the paper, we mention that in Sect. 2, it is considered some
preliminary facts regarding the theory of the anisotropic variable spaces. The proofs of

Theorems 1.1 and 1.2 are provided in Sects. 3 and 4, respectively.
2 Preliminaries

Consider p € C,(RQ) := {p € C(Q);infg p > 1}, where @ C RN(N > 1) is a bounded domain.

The Lebesgue space with a variable exponent is defined by

IP9(Q) = {u Q=R measurable;/ |u(x) |p(x) < oo},
Q
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with the Luxemburg’s norm

p(x)
2]l px) 2= inf{)»>0; / 51}.
Q

It holds that (ZZ%(Q), || - ll o) is a Banach space.
In what follows, we point out some results that can be found, for example, in [25].

u(x)

Proposmon 2.1 Consider a function p € C,(Q2) and define p(u fQ |u|P® dx. For u,u, €
@)(Q), n € N, the assertions below hold.
D) Ifu#0in LPY(Q), then |[ullpw =+ < p(¥) = 1;
(i) If lullpw <1 (>1; =1), then p(u) <1 (>1; =1);
(iii) If ||l pw) > 1, then ||u||§(+x) <pu) < ||u||§£x),
(V) If |l < 1, then llullyy < p(u) < lully,
Theorem 2.2 Consider functions p,q € C,(Q). The statements below hold.
() If 75 + o5 = 1in @, then | [quvdx] < (L + D)l 1Vl g
(i) Ifq(x) fp(x) in Q and |2 < 00, then LPW(Q) — L1¥(Q).

Some results on anisotropic variable exponents [10] will be presented below. Consider
functions p; € C,(RQ), i =1,...,N. Define

= (1), ov(@) € (C.(@)"
and consider the functions
ps+(x):=max{p;(x),...,pn(¥)} and p_(x):=min{p,(x),...,pn(x)}, x€Q. (2.1)
The anisotropic variable exponent Sobolev space is defined by
WH(Q) = {u € 17*M(Q); 27” € 17i9(Q),i = 1,...,N},

which is a Banach space with the norm

llael := (2.2)

pl(x

If p; >1,i=1,...,N, then it holds that wlr&)(Q) is reflexive, see, for instance, [10,
Theorem 2.2].

Denote by Wo (Q) the Banach space defined by the closure of C5°(R2) in W 7 ()
with the norm (2.2).

Define the functions p(x) := N/ Z _1(1/pi(x)) and p*(x) = Np(x)(N — p(x)) if p(x) < N and
plx) = +00 if N > p(x). Under the condition p(x) < p*(x) for all x € , it holds the Poincaré
type inequality below

forall u € Wol’p(x)(Q), (2.3)
pi(x)

N
Il <CY | 2
i=1

ou
Bxi
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where C is a positive constant that does not depend on u € Wol r (x)(Q). Thus, it holds that
the norm defined by

, uewpr(Q)

is equivalent to the one given in (2.2).
An important fact is that it holds the compact embedding

WoP?(Q) — L19(Q) (2.4)
for a function g € C, (Q) with q(x) < poo(x), for all x € Q, where Poolx) := max{p”(x), p. (x)}.
The results below, which will play an important role in our arguments, can be found in

[24].

Lemma 2.3 Counsider a function a € L*(S2). The problem

I (g2 ) =a inQ,
u=0 on 092,

has an unique solution in WO (Q)

_
Lemma 2.4 Consider functions u,v € W," “)\(Q) such that

J 9 .
Zl 18x,(|3x, |pl @2 M) =- Zz 13x,(|3x; |pl (-2 V) in Q,

u<v on 0%,

where u < v on 32 means that (u — v)* := max{0,u — v} € Wol’p (x)(Q). Then it holds that
ulx) <v(x) a.e. in Q.

Lemma 2.5 Let u, € Wol’p(x)(Q) be the unique solution to the problem

SN () 2y iR,
u=0 on 2,

- Ko, where Ky is the best constant of the con-
29 N

tinuous embedding W/O1 Q) — LN 1(Q2), which depends only on Q and N. If A < o, then

u € L*(Q2) with ||u|r~@) < K. M+ Vand ||u| o) < K*AP=T = when A > o, where K* and

K, are positive constants dependmg onlyon Q,N andp;,i=1,...,N.

where A > 0 is a constant. Define o :=

3 Proof of Theorem 1.1

The proof of Theorem 1.1 will be split into some steps. The first one consists of obtaining
appropriated sub-supersolutions for the system (S). After this, the existence of solutions
for an auxiliary system will be proved, which solves (S).
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In what follows, it will be considered the definition of sub-supersolution for the system
(S) and an auxiliary lemma.

It will be considered that (, v), (%, 7) € (W“’ (Q) NL®(Q)) x (W, ) (Q)NL®(Q)) isa
sub-supersolution pair for the system (S) if u(x) < u(x), v(x) < v(x) a.e. in Q and

Jo X llax, R = fpawu e+ sy forallwe v,
Jo SN |2 20 < [ ()P Ny Fy w0 for all we [u,7)
and
Jo 2 1 |ax, (@)= 2;’—23—2 > [ a9 g + F,(x, %, w)p forallw e [v,7],
Jo X 1|02 I L > [ b)Y + Fy (e w, vy for all we [, 7],

is verified for all nonnegative functions ¢ € WO (Q) Y e W/O1 4 (2), where [u,v] := {w:
Q — R measurable; u(x) < w(x) < v(x) a.e in Q} for u, v € S(2) with u(x) < v(x) a.e in Q.

In the next result, it is obtained appropriated sub-supersolutions for (S).

Lemma 3.1 Suppose that de hypotheses (H) and (Fy) — (F,) are satisfied. Then, there exists
p > 0 such that the problem (S) admits a sub-supersolution pairs (u,v), (U, V) € (WO1 +e) ()N
L®(Q)) x (W(}"’(")(Q) NL®(RQ)), satisfying max (||l co, |Vl co} < 8 with § as described in (Fy),

whenever max{||a|| o, [|b]loc} < p-

Proof The lemmas 2.3 and 2.5 imply that there are unique nonnegative solutions u,u €

W, 7@ () and v, 7 € W;'q(’“)(sz) such that

YN (20— g(x) ing,

i=1 Bux; X;

u=0 on 082,

-3 (192 ) = bx) inQ,
v=0 on 092,

N .
- Z 3x, (| ox; |pl ()2 g;:l) 1+ “(x) n Q;

u= on 092,
and
YN R E ) 214 b(x) in €,
v=0 on 092,
such that max{|| #|| o, ||Vl c0} <Kmax{||a||o; ,lla IIp"*l, ||b|| , ||b|| ), withK > 0 being

a constant that does not depend on a and b. Consider there is p > 0, depending only on K,
such that max{|/loc, IVl } < 8/2, when max{||alloc, |Dlloc} < p.
From Lemma 2.4, we have 0 < u(x) < u(x), 0 < v(x) <v(x) a.e. in Q.
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Consider nonnegative functions ¢ € Wlp x)( Q)and ¥ € VVO1 ’q(x)(Q). From the definition

of u and v and the hypothesis (F;), it follows that

/i du [P 3y dg
Q'

e a)-1_ F
~| 9 0x; 0x; /Qa(x)g ¥ /Q (o, u, W)

_ ax)-1_ _ a)-1
S/Qa(x)w /Qa(x)z @ /Q(l Y Na(x)p

-0,

for all w € [v,v] and

/3 z
< /Q by - /Q DLy - /Q (1— ) bl

=0

qi(x)-2
Qv v _ b(x)gﬂ“‘)*lw—f Fy(, w, )
Q

336, axi Bxi Q

for all w € [, u]. Using (F), we obtain that

pi®)-2 o
ou o
/Z _u_(p_‘/a(x)ﬁa(x)_lw_/Fs(x’ﬁ»w)w
Q Q

ax; Ox;
> [(-Gilal)e. wel7
Q

0x;

and

N | oy

b3

z/(l—cznbnoo)w, we [,
Q

qi(x)-2 9=
2= [ bty - [ Ew
Q Q

axi axi

8xi

where

—nat-1 = -1 -1 -1 -1 = -1
Cy o= max{ 7% 71 17012~} + max{ 7))~ 170} + max{ 90157 191157 )

and

. | -1 -1 -1 -1 -1
Cy = max{ V)15 % (1915 1} + max{ 190178 (91157} + max{ 1zl 1zl )

(3.2)

(3.3)

Considering, if necessary, p > 0 smaller such that max{C ||| 00, C2||P]l 0} < 1, if max{||a||c,

16]l 00} < p, it will follow that the right-hand sides in (3.2) and (3.3) are nonnegative, pro-

viding the result.

Proof of Theorem 1.1 Consider the sub-supersolution pair

(w,v), @) € (W, e (@) NL=(R)) x (W, é’q(—x))(Q)ﬁL“(Q)),

O
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provided in the proof of Lemma 3.1. Define the operators T : Wol’p(x)(Q) — Wol'p(x)(Q) and
S W (@) > W (@)

u(x), if u(x) > u(x), v(x), ifv(x)>vx),
Tu(x) = { ulx), if ux) < ulx) <ux), Sv(x) = {v(x), if v(x) < v(x) < V(x)
u(x), if ulx) <ux), v(x), ifv(x) <v(x),

and the auxiliary system

N .
=Y 5 (G2 0 = Gu(x,u,v)  in R,

- (R ) 2 G ruy) inQ, ()
u=v=0 on 0%2,

where

Gu(x,u,v) = u(x)(Tu(x))a(xH +F, (x, Tu(x),Sv(x)),

(3.4)
Gy, 1,v) = b()(Tv(x))"™ ™" + F, (x, Tu(x), Sv(x)).
Consider W := Wlpx)(Q) lq(x (2) with the norm |[(z,v)] := ||u|| o + ||v||17>),
q(x
which is a Banach space. The solutions of (S’) coincide with the critical pomts of the C!
functional defined by
pi(*) N gi(x)
1 ou
J(u,v) = / + / —
Z ~ pi(%) 8x, e ; qi(x) | 9x;
—f G, u,v), (u,v)eWw, (3.5)
Q

where G(x,s, t) fo G.(x,T,t)dt + fo G (x,s,T)dt. We have that J is a coercive and se-

quentially weakly lower semicontinuous. Consider the set

A:= {(u, v) € Wiu(x) < u(x) <ulx),vix) <vix) <v(x)a.ein Q},
which is closed and convex and hence weakly closed in W. Thus, it follows that J|4 attains
its infimum at some function u, € A. Similar reasoning with respect to the proof of [26,
Theorem 2.4] provides that J'(ug) = 0, which proves the result. a

4 Proof of Theorem 1.2
Letu € Wlpx)(Q) and v € Wol 4 (€2) be the function given in Lemma 3.1. Consider T:
W P9(Q) > WPP(Q) and S : W '™ (Q) — Wi ™(Q) defined by

~ ux), if u(x) < wu(x), ~ vx), if y(x) <v(x),
Tu(x) := Sv(x) :=
u(x), if u(x) < ulx), v(x), ifv(x) < v(x),
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the functions Gy(x,u,v) := a(@)(Tw)* @ + F,(x, Tu,Sv), Gy(x,u,v) := b(x)(Sv)f!
F,(x, Tu,gv), ue W&’p(x)(Q), Ve Wol’q(x)(Q) and the problem

Zz ldx,(|dxz i ZBM)_G wu,v) in g2,

=3 (22 ) = Gy, v) inQ, ©)

u=v=0 on 02,

whose solutions are given by the critical points of the C! functional

" / qu(x)

where W was defined in the proof of Theorem 1.1 and

Ju qi(x)

0x;

v
0x;

—/ G,u,v), (Wv)eW,
Q

Llwv) = / prx)

s t
G(x,s,t) ::/ G.(x7,t)dt +/ G, (x,s,7)dT.
0 0

Lemma 4.1 The Palais-Smale condition is satisfied by the functional L.

Proof Consider (uy,,v,) C W a sequence such that L'(u,,v,) — 0 and L(u,,v,) — ¢ for
some ¢ € R. With respect to the first part of (i), note that (F3) holds with 8, & > 0 such that
max{ai_,e} <0< 1% and max{ﬂ%,f‘;‘} <E< qii' Applying (H), (Fy)-(F3), Propositions 2.1,
embedding (2.4), the boundedness of the functions u and v and arguing as in the proof of
[1, Theorem 36] (see also inequality 3.2 of [24]), we obtain that there are constants C; > 0,

i=1,...,4 such that

C1 +0,(1) ” (s Vi) ” > L't Vi) (U Vi) — aL/(l’lm Vi) (t, 0) — gl/(”m V)0, V)

>Cz(||un||”()+||vn||” ) = Cs|| (s vi) |

— 1
+ (9 - —)a(x)u,,“(x)
{un>u} a(x)

—— )b,
{w}(E Blx )) @i

> Co(llun P —, +||vn|| ) Cal| (s
1,p(x) (

which provide that (u,, v,) is bounded in W.
With respect to the second case of (i), thatis 8* < g_, we have constants C; > 0,i = 1,...,5
with

C1 + 0u(1)]| (s Vi) | = L' (s Vi) (sns Vi) = OL (thn, Vi) (860, 0) = EL' (thr, ) (0, v,1)

> Co(llunll”—, + 1val ™) = Ca| @t v)|
1,p(x) 1,q(x)

- Cs max{ ||Vn||§(x)’ ||vnllﬁ<x>}’



Page 10 0of 13

Tavares Boundary Value Problems (2022) 2022:24

where 6 > 0 was provided in the first part of the proof (i). Thus, the continuous embedding

—

W, 19)(Q) s [AW(Q), which is given by (2.4), implies that

Cl + Orl(l)”(un! Vn)H + C2 H (un: Vn)” > C3(||un||p_—> + ||Vn||q_—>)
Lp(x) 1,q(x)
. _

— Camax{|val®_, llval” .},
1,q(x) 1,q(x)
for constants C; >0, i = 1,...,5. Since 8* < g~, we obtain that the sequence (u,,v,) is

bounded in W.
Thus, for a subsequence still denoted by (u,, v,), we obtain that

in Wp 1 (),

Uy — U in W&’p(")(Q), Vp— Vv
uy(x) = ulx) a.e. in Q, and  {y,(x) > v(x) ae.in, (4.1)
U, —> U in L"®(Q) Vy =V in LK9(Q),

for all i,k € C(Q) with 1 <~ < h* < (p*)", 1 <k~ < k* < (g*)” and some pair (u,v) € W.

From Lebesgue’s Dominated Convergence Theorem and (4.1), it follows that

u, P2 0u, | ou P u\ [du, du
- |— — -— =0,
Q axi axi 8xi 396,‘ 396,‘ Bx,'
u, |9 0v, | ov T2 v\ [dv, dv
ol — -— ] —0.
Q 8xi 8xi 396,' 896,‘ 8x,- axi

Since p~,q~ > 2, we have the result by the inequality (see, for instance, [27, page 97])

1
(b2 = "y = 9) = gl = 1" (4.2)

for all x,y € RN and m > 2, where (-,-) denotes the usual Euclidean inner product in
O

RN.

The next result provides the Mountain Pass Geometry for the functional L.

Lemma 4.2 Ifthe hypotheses (H), (F1)-(Fs) hold, then for max{||a|| s, |16l 0o} small enough,

the claims below are true.
(i) There are constants R,o >0 with R > ||(u, v)|| such that

L(u,v)<0<o < inf L(u,v).
(u,v)€dBR(0)

(i) There is e € W \ Byr(0) such that L(e) < 0.

Proof The inequalities p~,g- > 1 and (3.1) provide that L(u,v) < 0. Consider (u,v) € W
with || (i, v)|| > 1. From the embeddings W, ?®(Q) <> L*®)(R), Wy 7™ (Q) < LF®(Q) and

Proposition 2.1, it follows that

L(u,v) > Ky H(u, V) ||l -Ky-K; H (2,v) ”

= llallooKa (max {[leel| _,, 2] “ ., }
Lp(x) Lp(x)
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+max{lul”_,, lul"_})
Lp(x) Lp(x)

. .
— 1Bl oK (max{[lv]”_, v _ }
1,q(x) 1,4(x)

N _
+max{[vl" ., IvI"—}),
1g(x) 1,q(x)

for positive constants K; > 0, i = 1,...,5, where ¢ := min{p~,4~}. If necessary, decrease
max{||@|l«, ||16|lc} in a such way that ||(%, v)|| < 1, which is possible applying the functions
¢ = u and ¥ = v in the inequality (3.1) and using Lemma 2.5. Fix 0 > 0 and let R > 1 be
a constant such that KiR' — K3R > 20. Considering max{||a ||, ||| oo} small enough such
that Ku||alleo (R*" + R”™) + Ks||b|lso(RF" + R”™) < 0, it follows that L(,v) > o for (u,v) € W
with ||(4,v)| = R, which provides (i).

With respect to (ii), note that the hypothesis (F5) and the inequality é > pt, provide
constants K; >0, i = 1,...,4 and ¢ > 0 large enough such that L(tu,0) < C; - Cyt? —
Cst7 + Cy < 0and || (£, 0)[| > 2R. 0

Proof of Theorem 1.2 Let (u,v),(u,v) € W be the pairs given in Lemma 3.1. Consider
(u1,v1) € W, the solution to the system (S) provided in Theorem 1.1, which minimizes

the functional |4, where J was given in (3.5) and
A={(u,v) € W;u(x) < u(x) <u(x), v(x) < v(x) <¥(x) a.e. in Q}.

The Lemmas 4.1 and 4.2 provide that the hypotheses of the Mountain Pass Theorem [28,
Theorem 2.1] are verified by the functional L. Therefore,

c:= in? rr}(a)ulc]L(y(t)), where I := {y € C([0,1], W); (0) = (,v), ¥ (1) = e}
yel telo,

is a critical value of L, i.e., L' (145, v2) = 0 and L(u,v2) = ¢, for some (u,,v2) € W. From
the definition of G, and G, provided in (3.4), we obtain that J(,v) = L(u,v) for (u,v) €
{(w,z) € W;0 < w(x) < u(x),0 < z(x) < v(x) a.e in Q}. Thus, it follows that J (i, v) = L(u, v)
and L(u1,v1) = J(u1,v1) = inf)ea J(1,v). Recall that L(y,v) < 0. Thus, if uy(x) > u(x),
va(x) > v(x) a.e. in , then it follows that (S) has two weak solutions (i1, v1), (it2,v2) € W
with L(uy,v1) < L(y,v) <0< 0o <c=L(uy,v2), where ¢ > 0 given in Lemma 4.2.

We affirm that uy(x) > u(x), va(x) > v(x) a.e. in Q. In order to prove such inequality,

consider the test functions (z — u)* € Wol’p(x)(Q), v-—wm)te Wol’q(x)(Q) and w € [1,7],

z € [u, 7). It follows from (S) and (3.1) that

/ i pi(x)-2 Ay 3w — up)* / i
—
Q 1 Bxi Bxi Q 1

= / a(x) 1+ Fy(x, uz, w) + / b(x)y* @ + F,(x,2,12),
fup<u)

{va<y}
/ N
2

qi(x)-2 vy B(Z — )"

896,' Bx,'

Uy vy

Ax; 0x;

ou

pi(x)-2 P
E

N

o(u —uy)* d

u 0(u—u) +/ Z v
8xi Bxi Q i1

89(3,'

9i(x)-2 v (v —)*

Bxi 896,‘
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Therefore,
(woua) ‘5 \| 0% dx; | Ox; ox; J\ox;  dx; )~
(4.3)
/ i PP 2ay  |am P 2av\ [ v dv -0
{vova} 7 896,’ 8x,- 896,‘ 8x,» 8x,' 896,' -

From inequality (4.2) and (4.3), it follows that

) pi(x)
/ —(u—uy)* =0,
ol 0x;
qi(x)
f —@-w)" =0
ol 0x;

for i=1,...,N, which provides that B%(E —uy)t(x) = a%(y —v9)"(x) =0 a.e. in . Thus, it
follows from (2.4) that (u — u)"(x) = (v — v2)*(x) = 0 a.e. in 2, which proves the claim. O
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