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Abstract
A viscous fourth-order parabolic equation with boundary degeneracy is studied. By
using the variational method, the existence of a time-discrete fourth-order elliptic
equation with homogeneous boundary conditions is solved. Moreover, the existence
and uniqueness for the corresponding parabolic problem with nondegenerate
coefficient is shown by several asymptotic limit processes. Finally, by applying the
regularization method, the existence and uniqueness for the problem with
degenerate boundary coefficient is obtained by applying the energy method and a
small parameter limit process.
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1 Introduction
Many physical phenomena can be described by nonlinear fourth-order parabolic equa-
tions. The Cahn–Hilliard equation can be used to establish the model for phase transfor-
mation theory (see [3]). The degenerate fourth-order parabolic equations can show the
motion of a very thin layer of a viscous compressible fluid (see [2, 12], and [8]). Specially,
in materials science, the epitaxial growth of nanoscale thin films can be given by nonlinear
fourth-order parabolic equations (see [23] and [6]).

For the research of fourth-order parabolic equations, Liu [10] studied a Cahn–Hilliard
equation with a zero-mass flux boundary condition, and the global existence of classical
solutions with a nondegenerate m(w) and small initial energy was shown. Xu and Zhou
[18] considered a nonlinear fourth-order parabolic equation with gradient degeneracy,
and the corresponding existence of weak solutions was studied in the sense of distribution.
For the nonlinear source problem, the existence and asymptotic behavior of solutions were
given by Liang and Zheng in [9]. In the paper, we consider a viscous fourth-order parabolic
equation with boundary degeneracy conditions. For the boundary degeneracy problem,
there have been some research results about second-order equations. Yin and Wang (see
[21] and [22]) gave the existence of weak solutions for a second-order singular diffusion
problem, and the corresponding diffusion coefficients were allowed to degenerate on a
portion of the boundary. For the boundary degeneracy problem with a gradient flow, Zhan
in [24] obtained the existence and stability of solutions.
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In the paper, a viscous fourth-order parabolic equation with boundary degeneracy is
considered. If we drop the viscous term, the model can be treated as a thin film equation
with a degenerate mobility rate. If the fourth-order diffusion term is replaced by a classic
second-order diffusion, it often appeared in the research for pseudo-parabolic equations.
For their research works, Xu and Su in [19] considered the initial-boundary value prob-
lem for a semi-linear pseudo-parabolic equation, and the corresponding global existence
and finite time blow-up of solutions were given by potential well theory. In [7], a pseudo-
parabolic equation with a singular potential was shown. Moreover, the papers [20] and
[16] studied the related nonlinear parabolic systems with power type source terms and
time-fractional pseudo-parabolic problems. For the other references, the readers may re-
fer to [4, 11, 13], and [14].

Our research problem with initial-boundary conditions has the following form:

wt – γ�wt + �(
�α(x)|�w|p–2�w

)
= 0, (x, t) ∈ QT , (1.1)

w = �w = 0, (x, t) ∈ �, (1.2)

w(x, 0) = wI(x), x ∈ �, (1.3)

where � ⊂ RN is a bounded domain with N ≤ 2, QT = � × (0, T), and � = ∂� × (0, T).
α > 0, p > 1, and γ > 0 are all constants. In physics, the capillarity-driven surface diffusion
is from the term �(�α(x)|�w|p–2�w) (see Zangwill [23]). Here the function �(x) is defined
by � = dist(x, ∂�), which can yield the degeneration at ∂�. γ > 0 is the viscosity coefficient.
We always suppose that the boundary ∂� is smooth enough and simple enough. Besides,
for any constant σ ∈ (0, 1), the domain � satisfies the condition

∫
�

�–σ dx < ∞. The term
γ�wt denotes the viscous relaxation factor or viscosity.

In order to obtain the existence of weak solutions for (1.1)–(1.3), we need to deal with
the degenerate coefficient �(x), and so we introduce the following approximate problem:

wεt – γ�wεt + �(
�α

ε |�wε|p–2�wε

)
= 0, (x, t) ∈ QT , (1.4)

wε = �wε = 0, (x, t) ∈ �, (1.5)

wε(x, 0) = wεI(x), x ∈ �, (1.6)

where �ε = �+ε with ε > 0. From the existence of (1.4)–(1.6), we can conclude the existence
of (1.1)–(1.3) by a limit process for ε → 0.

The weak solution of (1.4)–(1.6) is shown in the following definition.

Definition 1 If a function wε satisfies the conditions
(i) wε ∈ C([0, T]; H1(�)) ∩ L∞(0, T ; W 2,p

0 (�)), wεt ∈ L2(0, T ; H1(�)),
�α

ε |�wε|p ∈ L1(QT ) with W 2,p
0 (�) .= W 1,p

0 (�) ∩ W 2,p(�);
(ii) For each ϕ ∈ C∞

0 (QT ), it has

∫∫

QT

∂wε

∂t
ϕ dx dt + γ

∫∫

QT

∇wεt∇ϕ dx dt

+
∫∫

QT

�α
ε |�wε|p–2�wε�ϕ dx dt = 0,

then it is called a weak solution of (1.4)–(1.6).
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Its existence is shown in the following proposition.

Proposition 1 Let wεI ∈ W 2,p
0 (�). Problem (1.4)–(1.6) owns a unique weak solution.

For (1.1)–(1.3), its weak solutions are defined as follows.

Definition 2 If a function w satisfies the conditions
(i) w ∈ C([0, T]; H1(�)) ∩ L∞(0, T ; H1(�)), wt ∈ L2(0, T ; H1(�)), �α|�w|p ∈ L1(QT ),

�w ∈ Lp
loc(QT );

(ii) For each ϕ ∈ C∞
0 (QT )), it has

∫∫

QT

∂w
∂t

ϕ dx dt + γ

∫∫

QT

∇wt∇ϕ dx dt +
∫∫

QT

�α|�w|p–2�w�ϕ dx dt = 0,

then it is called a weak solution of (1.1)–(1.3).

The main existence is as follows.

Theorem 1 Let wI ∈ W 2,p
0 (�) and α < p – 1. Problem (1.1)–(1.3) has a unique weak solu-

tion.

In the paper, C, Cj (j = 1, 2, . . .) represent general constants, and the values may change
from line to line. The paper is organized as follows. Section 2 gives the existence, unique-
ness, and iterative estimates for the semi-discrete elliptic problem. In Sect. 3, we show
the existence and uniqueness for the nondegenerate parabolic problem. The final section
establishes the existence and uniqueness for the degenerate problem.

2 Elliptic problem
In this section, we introduce a semi-discrete problem, and some important iterative esti-
mates are established. For the time interval [0, T], we make it into n subintervals with the
equal width h = T

n . Let wi = w(x, ih) and w0 = wεI for i = 1, 2, . . . , n. We get the semi-discrete
elliptic problem

1
h

(wi – wi–1) –
γ

h
(�wi – �wi–1) + �(

�α
ε |�wi|p–2�wi

)
= 0 in �, (2.1)

wi = �wi = 0 on ∂�. (2.2)

We will use the variational method to study the existence of (2.1)–(2.2), and so we define
the functional as follows:

K[wi] =
1

2h

∫

�

|wi|2 dx +
γ

2h

∫

�

|∇wi|2 dx +
1
p

∫

�

�α
ε |�wi|p dx

–
γ

h

∫

�

∇wi–1∇wi dx –
1
h

∫

�

wi–1wi dx (2.3)

for wi ∈ W 2,p
0 (�).

The corresponding existence result is shown in the following lemma.
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Lemma 1 For fixed ε > 0 and wi–1 ∈ W 2,p
0 (�), problem (2.1)–(2.2) has a unique weak so-

lution wi ∈ W 2,p
0 (�) with

1
h

∫

�

(wi – wi–1)ϕ dx +
γ

h

∫

�

(∇wi – ∇wi–1)∇ϕ dx

+
∫

�

�α
ε |�wi|p–2�wi�ϕ dx = 0 (2.4)

for each ϕ ∈ C∞
0 (�). Moreover, it has

1
h

∫

�

|wi|2 dx +
γ

h

∫

�

|∇wi|2 dx + 2
∫

�

�α
ε |�wi|p dx

≤ 1
h

∫

�

|wi–1|2 dx +
γ

h

∫

�

|∇wi–1|2 dx, (2.5)

∫

�

|wj|2 dx + γ

∫

�

|∇wj|2 dx + 2h
j∑

i=1

∫

�

�α
ε |�wi|p dx

≤
∫

�

|w0|2 dx + γ

∫

�

|∇w0|2 dx, (2.6)

1
h

∫

�

(wi – wi–1)2 dx +
γ

h

∫

�

(∇wi – ∇wi–1)2 dx +
1
p

∫

�

�α
ε |�wi|p dx

≤ 1
p

∫

�

�α
ε |�wi–1|p dx, (2.7)

1
h

∫

�

(wi – wi–1)2 dx +
γ

h

∫

�

(∇wi – ∇wi–1)2 dx +
1
p

∫

�

�α
ε |�wi|p dx

≤ 1
p

∫

�

�α
ε |�w0|p dx, (2.8)

n∑

i=1

1
h

∫

�

(wi – wi–1)2 dx +
n∑

i=1

γ

h

∫

�

(∇wi – ∇wi–1)2 dx

≤ 1
p

∫

�

�α
ε |�w0|p dx (2.9)

for i, j = 1, . . . , n.

Proof Young’s inequality can give

K[wi]

≥ 1
2h

∫

�

|wi|2 dx +
γ

2h

∫

�

|∇wi|2 dx +
1
p

∫

�

�α
ε |�wi|p dx –

γ

2h

∫

�

|∇wi–1|2 dx

–
γ

2h

∫

�

|∇wi|2 dx –
1

2h

∫

�

|wi–1|2 dx –
1

2h

∫

�

|wi|2 dx

≥ –
γ

2h

∫

�

|∇wi–1|2 dx –
1

2h

∫

�

|wi–1|2 dx, (2.10)

and thus K[wi] is bounded

–C ≤ inf
v∈W 2,p

0 (�)
K[v] ≤K[0] = 0.
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It ensures the existence of a subsequence {wkl}∞l=1 ⊂ W 2,p
0 (�) and a function v such that

K[wkl] → inf
v∈W 2,p

0 (�)
K[v], (2.11)

as l → +∞. Using Young’s inequality again, we have

1
2h

∫

�

|wkl|2 dx +
γ

2h

∫

�

|∇wkl|2 dx +
1
p

∫

�

�α
ε |�wkl|p dx

≤ ∣
∣K[wkl]

∣
∣ +

∣∣
∣∣
γ

h

∫

�

∇wi–1∇wkl dx
∣∣
∣∣ +

∣∣
∣∣
1
h

∫

�

wi–1wkl dx
∣∣
∣∣

≤ ∣
∣K[wkl]

∣
∣ +

γ

4h

∫

�

|∇wkl|2 dx +
γ

h

∫

�

|∇wi–1|2 dx

+
1

4h

∫

�

|wkl|2 dx +
1
h

∫

�

|wi–1|2 dx.

Since K[wkl] is bounded, it has

1
4h

∫

�

|wkl|2 dx +
γ

4h

∫

�

|∇wkl|2 dx +
εα

p

∫

�

|�wkl|p dx

≤ ∣∣K[wkl]
∣∣ +

γ

h

∫

�

|∇wi–1|2 dx +
1
h

∫

�

|wi–1|2 dx

≤ C.

It implies the estimate ‖wkl‖W 2,p
0 (�) ≤ C, and then we can seek a subsequence from {wkl}

and a function wi ∈ W 2,p
0 (�) so that

wkl ⇀ wi weakly in W 2,p
0 (�)

as l → ∞.
The weak lower semi-continuity yields

K[wi] ≤ lim inf
l→∞

K[wkl] = inf
v∈W 2,p

0 (�)
K[v],

and then K[wi] = infv∈W 2,p
0 (�) K[v]. A standard procedure can show the existence of (2.1)–

(2.2) (see [17] or [5]).
For the uniqueness, we suppose that wi1 and wi2 are two weak solutions, and we choose

wi1 – wi2 as the test function to get

1
h

∫

�

(wi1 – wi2)2 dx +
γ

h

∫

�

(∇wi1 – ∇wi2)2 dx

= –
∫

�

�α
ε

(|�wi1|p–2�wi1 – |�wi2|p–2�wi2
)
(�wi1 – �wi2) dx ≤ 0.

Notice that, for arbitrary numbers ζ and η, the inequality

(|ζ |p–2ζ – |η|p–2η
)
(ζ – η) ≥ 0 (2.12)

holds if p > 1. Thus, one has wi1 = wi2 a.e. in �.
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To give the proof for the iterative estimates, we take wi as the test function and apply
Young’s inequality to find

1
h

∫

�

|wi|2 dx +
γ

h

∫

�

|∇wi|2 dx +
∫

�

�α
ε |�wi|p dx

=
1
h

∫

�

wi–1wi dx +
γ

h

∫

�

∇wi–1∇wi dx

≤ 1
2h

∫

�

|wi–1|2 dx +
1

2h

∫

�

|wi|2 dx +
γ

2h

∫

�

|∇wi–1|2 dx +
γ

2h

∫

�

|∇wi|2 dx.

Thus, (2.5) and (2.6) have been shown. Meanwhile, taking wi – wi–1 as the test function,
we have

1
h

∫

�

(wi – wi–1)2 dx +
γ

h

∫

�

(∇wi – ∇wi–1)2 dx

+
∫

�

�α
ε |�wi|p–2�wi�(wi – wi–1) dx = 0.

Apply Young’s inequality to give

1
h

∫

�

(wi – wi–1)2 dx +
γ

h

∫

�

(∇wi – ∇wi–1)2 dx +
∫

�

�α
ε |�wi|p dx

≤
∫

�

�α
ε |�wi|p–1|�wi–1|dx

≤ p – 1
p

∫

�

�α
ε |�wi|p dx +

1
p

∫

�

�α
ε |�wi–1|p dx.

Therefore, a simple calculation can show assertions (2.7)–(2.9). �

3 Parabolic problem with nondegenerate coefficient
In this section, we would give the proof of Proposition 1 for fixed constant ε > 0. We as-
sume that wεI → wI in H1-norm as ε → 0. For convenience, we use the notation w to
represent the weak solutions of (1.4)–(1.6).

For the purpose of existence, we define the following approximate solution:

U (n)(x, t) =
n∑

i=1

Si(t)wi(x)

for

Si(t) =

⎧
⎨

⎩
1, t ∈ ((i – 1)h, ih];

0, elsewhere
with i = 1, . . . , n.

For U (n), we can establish the uniform estimates as follows.

Lemma 2 There is uniform constant C such that

∥∥U (n)∥∥
L∞(0,T ;L2(�)) ≤ C, (3.1)
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∥∥�α
ε

∣∣�U (n)∣∣p∥∥
L∞(0,T ;L1(�)) ≤ C, (3.2)

∥∥U (n)∥∥
L∞(0,T ;W 2,p

0 (�)) ≤ 1
ε

α
p

C. (3.3)

Proof For any time t ∈ (0, T], there exists some interval ((i – 1)h, ih] such that t ∈ ((i –
1)h, ih], and then ‖U (n)(x, t)‖2

L2(�) = ‖wi(x)‖2
L2(�) ≤ C. So we have (3.1). Besides, estimate

(2.8) can give

(
1
p

∫

�

�α
ε

∣∣�U (n)∣∣p dx
)

(t) =
1
p

∫

�

�α
ε |�wi|p dx ≤ 1

p

∫

�

�α
ε |�w0|p dx ≤ C.

It implies (3.2)–(3.3). �

Now we introduce another approximate solution

V (n)(x, t) =
n∑

i=1

Si(t)
(
�i(t)wi(x) +

(
1 – �i(t)

)
wi–1(x)

)
(3.4)

with

�i(t) =

⎧
⎨

⎩

t
h – (i – 1), if t ∈ ((i – 1)h, ih],

0, otherwise .

For V (n), we establish the estimates as follows.

Lemma 3 There is a constant C such that

∥∥V (n)
t

∥∥
L2(0,T ;H1(�)) +

∥∥V (n)∥∥
L∞(0,T ;W 2,p

0 (�)) ≤ C.

Proof By using ∂V (n)

∂t = 1
h
∑n

i=1 Si(wi – wi–1) and (2.8), we have

∥
∥∥
∥
∂∇V (n)

∂t

∥
∥∥
∥

2

L2(QT )
=

1
h2

n∑

i=1

h
∫

�

(∇wi – ∇wi–1)2 dx ≤ C.

For t ∈ [0, T], there is a positive integer i satisfying t ∈ ((i – 1)h, ih]. Thus, (2.7) gives

(∫

�

∣
∣�V (n)∣∣p dx

)
(t)

=
∫

�

∣
∣(�i(t)�wi(x) +

(
1 – �i(t)

)�wi–1(x)
)∣∣p dx

≤ C1

∫

�

∣∣�wi(x)
∣∣p dx + C2

∫

�

∣∣�wi–1(x)
∣∣p dx

≤ C.

It shows the estimate in L∞(0, T ; W 2,p
0 (�)). �

Next we give the proof of Proposition 1.
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Proof of Proposition 1 Lemma 2 can ensure the existence of a subsequence of U (n) (we
always take the same notation) and two functions w ∈ L∞(0, T ; W 2,p

0 (�)) and v ∈ L
p

p–1 (QT )
such that

U (n) ∗
⇀ w weakly* in L∞(

0, T ; W 2,p
0 (�)

)
,

�α
ε

∣
∣�U (n)∣∣p–2�U (n) ⇀ �α

ε v weakly in L
p

p–1 (QT ),

as n → ∞. Besides, from Lemma 3, we can find a subsequence of V (n) and a function �

such that

∂V (n)

∂t
⇀

∂�

∂t
weakly in L2(0, T ; H1(�)

)
,

V (n) ∗
⇀ � weakly* in L∞(

0, T ; W 2,p
0 (�)

)
,

V (n) → � strongly in L2(0, T ; H1(�)
)
,

V (n) → � a.e. in QT .

On the other hand, for any ϕ ∈ C∞
0 (QT ), we have

∫ T

0

∫

�

∣∣(∇U (n) – ∇V (n))∣∣2 dx dt

=
∫ T

0

∫

�

∣
∣∣
∣∣

n∑

i=1

Si(t)
(
1 – �i(t)

)
(∇wk – ∇wk–1)

∣
∣∣
∣∣

2

dx dt

≤
n∑

i=1

∫ ih

(i–1)h

∫

�

∣∣(∇wi – ∇wi–1)
∣∣2 dx dt

≤ CTh → 0

as n → ∞ (i.e. h → 0). It implies w = � a.e. in QT and

U (n) → w strongly in L2(0, T ; H1(�)
)
,

U (n) → w a.e. in QT .

If we perform the limit n → ∞ in the expression

∫∫

QT

∂V (n)

∂t
ϕ dx dt + γ

∫∫

QT

∇V (n)
t ∇ϕ dx dt

+
∫∫

QT

�α
ε

∣∣�U (n)∣∣p–2�U (n)�ϕ dx dt = 0, (3.5)

then we have
∫∫

QT

∂w
∂t

ϕ dx dt + γ

∫∫

QT

∇wt∇ϕ dx dt +
∫∫

QT

�α
ε v�ϕ dx dt = 0 (3.6)

for any ϕ ∈ C∞
0 (QT ).
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The next job is to prove v = |�w|p–2�w. For each test function ψ ∈ C∞
0 (0, T), we define

ϕ = ψw as the multiplier in (3.6) to get

–
1
2

∫∫

QT

w2 dψ

dt
dx dt –

γ

2

∫∫

QT

|∇w|2 dψ

dt
dx dt

+
∫∫

QT

ψ�α
ε v�w dx dt = 0. (3.7)

In (2.4), we use ψ(t)wi as the test function to give

1
h

∫

�

ψw2
i dx +

γ

h

∫

�

ψ∇w2
i dx +

∫

�

ψ�α
ε |�wi|p dx

=
1
h

∫

�

ψwi–1wi dx +
γ

h

∫

�

ψ∇wi–1∇wi dx

≤ 1
2h

∫

�

ψw2
i dx +

1
2h

∫

�

ψw2
i–1 dx +

γ

2h

∫

�

ψ∇w2
i dx +

γ

2h

∫

�

ψ∇w2
i–1 dx.

That becomes

1
2h

∫

�

ψw2
i dx –

1
2h

∫

�

ψw2
i–1 dx +

γ

2h

∫

�

ψ∇w2
i dx –

γ

2h

∫

�

ψ∇w2
i–1 dx

+
∫

�

ψ�α
ε |�wi|p dx ≤ 0.

By introducing the notation Ũ (n)(x, t) =
∑n

i=1 Si(t)wi–1(x), we have

1
2h

∫∫

QT

ψ
∣
∣U (n)∣∣2 dx dt –

1
2h

∫∫

QT

ψ
∣
∣Ũ (n)∣∣2 dx dt +

γ

2h

∫∫

QT

ψ
∣
∣∇U (n)∣∣2 dx dt

–
γ

2h

∫∫

QT

ψ
∣∣∇Ũ (n)∣∣2 dx dt +

∫∫

QT

ψ�α
ε

∣∣�U (n)∣∣p dx dt

≤ 0. (3.8)

For any function ϕ1 ∈ C∞
0 (QT ), we can seek two constants t1 and t2 with 0 < t1 < t2 < T

such that suppϕ1, supp�ϕ1 ⊂ (t1, t2) × �. Meanwhile, we redefine ψ as ψ ≡ 1 on (t1, t2)
and ψ ≡ 0 on [0, h)∪ (T –h, T] for small h (h < t1 and T –h > t2). Now a direct computation
gives

∫ T

0
ψ

∣∣Ũ (n)∣∣2 dt

=
∫ h

0
ψ

∣
∣Ũ (n)∣∣2 dt +

∫ T

h
ψ

∣
∣Ũ (n)∣∣2 dt

=
∫ T

h
ψ(t)

∣
∣Ũ (n)(x, t)

∣
∣2 dt

t=τ+h=======
∫ T–h

0
ψ(τ + h)

∣∣Ũ (n)(x, τ + h)
∣∣2 dτ

=
∫ T–h

0
ψ(t + h)

∣
∣U (n)(x, t)

∣
∣2 dt.
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Similarly, one has

∫ T

0
ψ

∣∣ ˜∇U (n)∣∣2 dt =
∫ T–h

0
ψ(t + h)

∣∣∇U (n)(x, t)
∣∣2 dt.

Therefore, we have

1
2h

∫∫

QT

ψ
∣
∣U (n)∣∣2 dx dt –

1
2h

∫∫

QT

ψ
∣
∣Ũ (n)∣∣2 dx dt

+
γ

2h

∫∫

QT

ψ
∣∣∇U (n)∣∣2 dx dt –

γ

2h

∫∫

QT

ψ
∣∣∇Ũ (n)∣∣2 dx dt

=
1

2h

∫ T

T–h

∫

�

ψ(t)
∣∣U (n)(x, t)

∣∣2 dx dt +
1

2h

∫ T–h

0

∫

�

ψ(t)
∣∣U (n)(x, t)

∣∣2 dx dt

–
1

2h

∫ T–h

0

∫

�

ψ(t + h)
∣∣U (n)(x, t)

∣∣2 dx dt

+
γ

2h

∫ T

T–h

∫

�

ψ(t)
∣∣∇U (n)(x, t)

∣∣2 dx dt +
γ

2h

∫ T–h

0

∫

�

ψ(t)
∣∣∇U (n)(x, t)

∣∣2 dx dt

–
γ

2h

∫ T–h

0

∫

�

ψ(t + h)
∣∣∇U (n)(x, t)

∣∣2 dx dt

= –
1
2

∫ T–h

0

∫

�

ψ(t + h) – ψ(t)
h

∣∣U (n)(x, t)
∣∣2 dx dt

–
γ

2

∫ T–h

0

∫

�

ψ(t + h) – ψ(t)
h

∣
∣∇U (n)(x, t)

∣
∣2 dx dt.

(3.8) implies

–
1
2

∫ T–h

0

∫

�

ψ(t + h) – ψ(t)
h

∣∣U (n)(x, t)
∣∣2 dx dt

–
γ

2

∫ T–h

0

∫

�

ψ(t + h) – ψ(t)
h

∣∣∇U (n)(x, t)
∣∣2 dx dt +

∫∫

QT

ψ�α
ε

∣∣�U (n)∣∣p dx dt

≤ 0. (3.9)

If we choose ζ = �U (n) and η = �(w – λϕ1)) with λ > 0 and ϕ1 ∈ C∞
0 (QT ) in (2.12), then we

have

∫∫

QT

ψ�α
ε

∣
∣�U (n)∣∣p dx dt

≥ –
∫∫

QT

ψ�α
ε

∣
∣�(w – λϕ1)

∣
∣p dx dt

+
∫∫

QT

ψ�α
ε

∣∣�U (n)∣∣p–2�U (n)�(w – λϕ1) dx dt

+
∫∫

QT

ψ�α
ε

∣∣�(w – λϕ1)
∣∣p–2�(w – λϕ1)�U (n) dx dt. (3.10)
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Use (3.9) and (3.10) to get

–
1
2

∫ T–h

0

∫

�

ψ(t + h) – ψ(t)
h

∣∣U (n)(x, t)
∣∣2 dx dt

–
γ

2

∫ T–h

0

∫

�

ψ(t + h) – ψ(t)
h

∣
∣∇U (n)(x, t)

∣
∣2 dx dt

–
∫∫

QT

ψ�α
ε

∣
∣�(w – λϕ1)

∣
∣p dx dt

+
∫∫

QT

ψ�α
ε

∣∣�U (n)∣∣p–2�U (n)�(w – λϕ1) dx dt

+
∫∫

QT

ψ�α
ε

∣∣�(w – λϕ1)
∣∣p–2�(w – λϕ1)�U (n) dx dt

≤ 0. (3.11)

By letting n → ∞ (i.e. h → 0), we have

–
1
2

∫ T

0

∫

�

w2 dψ

dt
dx dt –

γ

2

∫ T

0

∫

�

|∇w|2 dψ

dt
dx dt

–
∫∫

QT

ψ�α
ε

∣
∣�(w – λϕ1)

∣
∣p dx dt +

∫∫

QT

ψ�α
ε v�(w – λϕ1) dx dt

+
∫∫

QT

ψ�α
ε

∣
∣�(w – λϕ1)

∣
∣p–2�(w – λϕ1)�w dx dt

≤ 0. (3.12)

Apply (3.7) and (3.12) to get

–
∫∫

QT

ψ�α
ε

∣
∣�(w – λϕ1)

∣
∣p dx dt – λ

∫∫

QT

ψ�α
ε v�ϕ1 dx dt

+
∫∫

QT

ψ�α
ε

∣
∣�(w – λϕ1)

∣
∣p–2�(w – λϕ1)�w dx dt

≤ 0.

Therefore, we have

∫∫

QT

ψ�α
ε

[∣∣�(w – λϕ1)
∣
∣p–2�(w – λϕ1) – v

]�ϕ1 dx dt ≤ 0.

We pass to the limit λ → 0 to get

∫∫

QT

ψ�α
ε

[|�w|p–2�w – v
]�ϕ1 dx dt ≤ 0.
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Finally, the arbitrariness of ϕ1 and ψ implies v = |�w|p–2�w a.e. in QT . Thus, (3.6) be-
comes

∫∫

QT

∂w
∂t

ϕ dx dt + γ

∫∫

QT

∇wt∇ϕ dx dt +
∫∫

QT

�α
ε |�w|p–2�w�ϕ dx dt

= 0. (3.13)

For other estimates in Proposition 1, we may apply J. Simon’s lemma (see [15]) and
Sobolev’s embedding theorem (see [1] and [5]), and so we omit the details. The uniqueness
can be shown as the corresponding proof of Lemma 1. �

4 Existence for degenerate coefficient
For the solutions obtained in Proposition 1, we would use the notation wε . In this section,
we want to gain necessary uniform estimations with respect to ε so that the limit ε → 0
can be passed well.

For uniform estimates, we have the lemma.

Lemma 4 There are a constant C and a constant θ > 1 (close to 1) such that

‖wε‖L∞(0,T ;H1(�)) ≤ C, (4.1)
∥∥�

α
p
ε �wε

∥∥
Lp(QT ) ≤ C, (4.2)

∥
∥�α

ε |�wε|p–2�wε

∥
∥

L
p

p–1 (QT )
≤ C, (4.3)

‖wεt‖L2(0,T ;H1(�)) ≤ C, (4.4)

‖�wε‖Lθ (QT ) ≤ C. (4.5)

Proof Define the characteristic function

S[0,t](t) =

⎧
⎨

⎩
1, t ∈ [0, t];

0, otherwise

and apply ϕ = wεS[0,t](t) as the test function in (3.13) to give

1
2

∫

�

w2
ε(x, t) dx +

γ

2

∫

�

∇w2
ε(x, t) dx +

∫∫

Qt

�α
ε |�wε|p dx dt

=
1
2

∫

�

w2
0ε(x) dx +

γ

2

∫

�

∇w2
0ε(x) dx. (4.6)

It implies (4.1) and (4.2). Since �ε is bounded, (4.3) can be shown. From (3), the limit

∇w(n)
εt ⇀ ∇wεt weakly in L2(QT ) as n → ∞

can give the estimate

‖∇wεt‖L2(QT ) ≤ lim inf
n→∞

∥∥∇w(n)
εt

∥∥
L2(QT ) ≤ C,



Liang et al. Boundary Value Problems         (2022) 2022:29 Page 13 of 16

where we have used the weak lower semi-continuity for L2-norm, and the constant C de-
pends on the W 2

0 -norm of the initial function.
On the other hand, the condition α < p – 1 implies α

p–1 < 1, and thus we can seek a
constant α1 ∈ ( α

p–1 , 1). Besides, we can determine the constant θ ∈ (1, min{p – α
α1

, 1
α1

}).
Moreover, the above constants satisfy the conditions α1θ < 1 and α

α1
+ θ < p. Now we have

the estimate
∫∫

QT

|�wε|θ dx dt

≤
∫∫

{�α1
ε |�wε |≤1}

|�wε|θ dx dt +
∫∫

{�α1
ε |�wε |>1}

|�wε|θ dx dt

≤
∫∫

QT

�–α1θ
ε dx dt +

∫∫

QT

�α
ε |�wε|

α
α1

+θ dx dt

≤
∫∫

QT

�–α1θ dx dt + C
∫∫

QT

�α
ε

(
1 + |�wε|p

)
dx dt

≤ C,

where we have applied (4.6). It yields (4.5). �

Proof of Theorem 1 Lemma 4 allows us to find a subsequence of wε and two functions w,
v′ so that

wεt ⇀ wt weakly in L2(0, T ; H1(�)
)
, (4.7)

wε

∗
⇀ w weakly* in L∞(

0, T ; H1(�)
)
, (4.8)

�wε ⇀ �w weakly in Lp
loc(QT ), (4.9)

wε → w strongly in L2(0, T ; H1(�)
)
, (4.10)

wε → w a. e. in QT , (4.11)

�α
ε |�wε|p–2�wε ⇀ v′ weakly in L

p
p–1 (QT ) (4.12)

as ε → 0. It can ensure

wt ∈ L2(0, T ; H1(�)
)
, w ∈ L∞(

0, T ; H1(�)
)
,

�w ∈ Lp
loc(QT ), v′ ∈ L

p
p–1 (QT ).

If we perform the limit ε → ∞ in (3.13), then we have

∫∫

QT

∂w
∂t

ϕ dx dt + γ

∫∫

QT

∇wt∇ϕ dx dt +
∫∫

QT

v′�ϕ dx dt = 0 (4.13)

for any ϕ ∈ C∞
0 (QT ). We need to prove

∫∫

QT

v′�ϕ dx dt =
∫∫

QT

�α|�w|p–2�w�ϕ dx dt. (4.14)
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To show this, for each φ ∈ C∞
0 (QT ), we can find a small positive constant β such that

suppφ, supp�φ ⊂⊂ �β × (β , T – β), where �β = {x ∈ �|dist(x, ∂�) > β}. Now we can
rewrite (4.13) and (3.13) as

∫∫

QβT

∂w
∂t

φ dx dt + γ

∫∫

QβT

∇wt∇φ dx dt +
∫∫

QβT

v′�φ dx dt = 0, (4.15)

∫∫

QβT

∂wε

∂t
φ dx dt + γ

∫∫

QβT

∇wεt∇φ dx dt +
∫∫

QβT

�α
ε |�wε|p–2�wε�φ dx dt

= 0 (4.16)

with QβT = �β × (β , T – β).
For any ψ ∈ C∞(0, T) with suppψ ⊂ (β , T – β), we choose φ = ψw as the test function

(may need some approximate procedure here and below) in (4.13) to obtain

–
1
2

∫∫

QβT

w2 dψ

dt
dx dt –

γ

2

∫∫

QβT

|∇w|2 dψ

dt
dx dt

+
∫∫

QβT

ψv′�w dx dt = 0. (4.17)

On the other hand, we take φ = ψwε as the multiplier in (4.13) to get

–
1
2

∫∫

QβT

w2
ε

dψ

dt
dx dt –

γ

2

∫∫

QβT

|∇wε|2 dψ

dt
dx dt

+
∫∫

QβT

ψ�α
ε |�wε|p dx dt = 0. (4.18)

For λ > 0, we set ζ = �wε and η = �(w – λφ) in (2.12) and use (4.18) to find

–
1
2

∫∫

QβT

w2
ε

dψ

dt
dx dt –

γ

2

∫∫

QβT

|∇wε|2 dψ

dt
dx dt

–
∫∫

QβT

ψ�α
ε

∣∣�(w – λφ)
∣∣p dx dt

+
∫∫

QβT

ψ�α
ε |�wε|p–2�wε�(w – λφ) dx dt

+
∫∫

QβT

ψ�α
ε

∣∣�(w – λφ)
∣∣p–2�(w – λφ)�wε dx dt

≤ 0.

By letting ε → 0, we find

–
1
2

∫∫

QβT

w2 dψ

dt
dx dt –

γ

2

∫∫

QβT

|∇w|2 dψ

dt
dx dt

–
∫∫

QβT

ψ�α
∣
∣�(w – λφ)

∣
∣p dx dt

+
∫∫

QβT

ψv′�(w – λφ) dx dt
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+
∫∫

QβT

ψ�α
∣∣�(w – λφ)

∣∣p–2�(w – λφ)�w dx dt

≤ 0.

Apply (4.15) to have

∫∫

QβT

ψ
(
�α

∣
∣�(w – λφ)

∣
∣p–2�(w – λφ) – v′)�φ dx dt ≤ 0.

By passing to the limit λ → 0+, we get

∫∫

QT

ψ
(
�α|�w|p–2�w – v′)�φ dx dt

=
∫∫

QβT

ψ
(
�α|�w|p–2�w – v′)�φ dx dt

≤ 0.

For negative λ, we can have the same result with an opposite inequality sign. Therefore,
we can show (4.14) from the arbitrariness of φ and ψ .

Finally, a standard process can give the other estimates of the theorem and the unique-
ness of weak solutions. Now we have completed the proof of Theorem 1. �

Funding
This work is supported partially by the National Natural Science Foundation of China (No. 11201045).

Availability of data and materials
Not applicable.

Declarations

Ethics approval and consent to participate
Our research is in pure mathematics direction and the research subjects do not include any humans or animals. Thus the
research was carried out in accordance with the Declaration of Helsinki.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
BL, CS, and YW introduced the main idea and were the major contributors in writing the manuscript. XL and ZZ
participated in applying the method for solving this problem. All authors read and approved the final manuscript.

Author details
1School of Science, Dalian Jiaotong University, Dalian 116028, P.R. China. 2School of Automation and Electrical
Engineering, Dalian Jiaotong University, Dalian 116028, P.R. China.

Publisher’s Note
Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 27 February 2022 Accepted: 5 April 2022

References
1. Adams, R.A.: Sobolev Spaces. Academic Press, New York (1975)
2. Bernis, F., Friedman, A.: Higher order nonlinear degenerate parabolic equations. J. Differ. Equ. 83(1), 179–206 (1989).

https://doi.org/10.1016/0022-0396(90)90074-Y
3. Cahn, J.W., Hilliard, J.E.: Free energy of a nonuniform system. I. interfacial free energy. J. Chem. Phys. 28(2), 258–367

(1958). https://doi.org/10.1063/1.1744102

https://doi.org/10.1016/0022-0396(90)90074-Y
https://doi.org/10.1063/1.1744102


Liang et al. Boundary Value Problems         (2022) 2022:29 Page 16 of 16

4. Cao, Y., Yin, J., Jin, C.: A periodic problem of a semilinear pseudoparabolic equation. Abstr. Appl. Anal. 2011, Article ID
363579 (2011)

5. Evans, L.C.: Partial Differential Equations, 2nd edn. Am. Math. Soc., Providence (2010)
6. King, B.B., Stein, O., Winkler, M.: A fourth-order parabolic equation modeling epitaxial thin film growth. J. Math. Anal.

Appl. 286(2), 459–490 (2003). https://doi.org/10.1016/S0022-247X(03)00474-8
7. Lian, W., Wang, J., Xu, R.: Global existence and blow up of solutions for pseudo-parabolic equation with singular

potential. J. Differ. Equ. 269(6), 4914–4959 (2020). https://doi.org/10.1016/j.jde.2020.03.047
8. Liang, B., Wang, M., Cao, Y., Shen, H.: A thin film equation with a singular diffusion. Appl. Math. Comput. 227(1), 1–10

(2014). https://doi.org/10.1016/j.amc.2013.10.087
9. Liang, B., Zheng, S.: Existence and asymptotic behavior of solutions to a nonlinear parabolic equation of fourth order.

J. Math. Anal. Appl. 348(1), 234–243 (2008). https://doi.org/10.1016/j.jmaa.2008.07.022
10. Liu, C.: A fourth order parabolic equation with nonlinear principal part. Nonlinear Anal., Theory Methods Appl. 68(2),

393–401 (2008). https://doi.org/10.1016/j.na.2006.11.005
11. Matahashi, T., Tsutsumi, M.: On a periodic problem for pseudo-parabolic equations of Sobolev–Galpen type. Math.

Jpn. 22 (1978)
12. Myers, T.: Thin films with high surface tension. SIAM Rev. 40(3), 441–462 (1998).

https://doi.org/10.1137/S003614459529284X
13. Padrón, V.: Effect of aggregation on population recovery modeled by a forward-backward pseudoparabolic equation.

Trans. Am. Math. Soc. 356(7), 2739–2756 (2004)
14. Peng, X., Shang, Y., Zheng, X.: Blow-up phenomena for some nonlinear pseudo-parabolic equations. Appl. Math. Lett.

56, 17–22 (2016)
15. Simon, J.: Compact sets in the space Lp(0, T ;B). Ann. Mat. Pura Appl. 146(1), 65–96 (1986).

https://doi.org/10.1007/BF01762360
16. Tuan, N.H., Au, V.V., Xu, R.: Semilinear Caputo time-fractional pseudo-parabolic equations. Commun. Pure Appl. Anal.

20(2), 583–621 (2020). https://doi.org/10.3934/cpaa.2020282
17. Wu, Z., Yin, J., Wang, C.: Elliptic and Parabolic Equations. World Scientific, Singapore (2006)
18. Xu, M., Zhou, S.: Existence and uniqueness of weak solutions for a generalized thin film equation. Nonlinear Anal.,

Theory Methods Appl. 60(4), 755–774 (2005). https://doi.org/10.1016/j.na.2004.01.013
19. Xu, R., Jia, S.: Global existence and finite time blow-up for a class of semilinear pseudo-parabolic equations. J. Funct.

Anal. 264(12), 2732–2763 (2013). https://doi.org/10.1016/j.jfa.2013.03.010
20. Xu, R., Lian, W., Niu, Y.: Global well-posedness of coupled parabolic systems. Sci. China Math. 63(02), 121–156 (2020).

https://doi.org/10.1007/s11425-017-9280-x
21. Yin, J., Wang, C.: Properties of the boundary flux of a singular diffusion process. Chin. Ann. Math. 25B(2), 175–182

(2003). https://doi.org/10.3969/j.issn.1000-0917.2003.03.021
22. Yin, J., Wang, C.: Evolutionary weighted p-Laplacian with boundary degeneracy. J. Differ. Equ. 237(2), 421–445 (2017).

https://doi.org/10.1016/j.jde.2007.03.012
23. Zangwill, A.: Some causes and a consequence of epitaxial roughening. J. Cryst. Growth 163(1–2), 8–21 (1996).

https://doi.org/10.1016/0022-0248(95)01048-3
24. Zhan, H.: The stability of the solutions of an equation related to the p-Laplacian with degeneracy on the boundary.

Bound. Value Probl. 2016(1), 178 (2016). https://doi.org/10.1186/s13661-016-0684-6

https://doi.org/10.1016/S0022-247X(03)00474-8
https://doi.org/10.1016/j.jde.2020.03.047
https://doi.org/10.1016/j.amc.2013.10.087
https://doi.org/10.1016/j.jmaa.2008.07.022
https://doi.org/10.1016/j.na.2006.11.005
https://doi.org/10.1137/S003614459529284X
https://doi.org/10.1007/BF01762360
https://doi.org/10.3934/cpaa.2020282
https://doi.org/10.1016/j.na.2004.01.013
https://doi.org/10.1016/j.jfa.2013.03.010
https://doi.org/10.1007/s11425-017-9280-x
https://doi.org/10.3969/j.issn.1000-0917.2003.03.021
https://doi.org/10.1016/j.jde.2007.03.012
https://doi.org/10.1016/0022-0248(95)01048-3
https://doi.org/10.1186/s13661-016-0684-6

	On a viscous fourth-order parabolic equation with boundary degeneracy
	Abstract
	MSC
	Keywords

	Introduction
	Elliptic problem
	Parabolic problem with nondegenerate coefﬁcient
	Existence for degenerate coefﬁcient
	Funding
	Availability of data and materials
	Declarations
	Ethics approval and consent to participate
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


