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1 Introduction
In this paper, we mainly consider the following high-order Yamabe-type coupled system,
which is called the poly-Laplacian system:

£mlypu+h1(x)|u|p_2u :Fu(xr u, V), S V; (1 1)
EmpqV + (W7 = F(x,u,v),  x€V, '

where V is a finite graph, m; > 2,i=1,2, p,q > 1 are integers, i;: V — R*, i=1,2, F:
V xR xR — R, and £,,, is defined as follows: for any function ¢ : V — R,

m=1 m-1
IV ulP?T (AT u, A™2 ¢)dp if mis odd,
[ Enprirp - Iy c o (12)
v Sy IV"ulP2 A2 uA2 pdp if m is even.

When p =2, £,,, = (-A)"u is called the poly-Laplacian operator of #, and when m =1,

£mp = —Apu. A detailed definition is given in Sect. 2; see also [1].
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When m; = my =m, p = q, and u = v, system (1.1) becomes the scalar equation
£plh + h(x)|ulPu =f(x,u), xeV, (1.3)

where f(x,u) = F,(x,u) for x € V, and can be seen as a generalization of the following
Yamabe equation on a finite graph:

Au+hx)|ulPu=f(x,u), xeV. (1.4)

In recent years, some scholars are devoted to studying the Yamabe equation on finite and
infinite graphs. We refer the readers to [1-7]. Ge [2] studied the following Yamabe-type

equations with p-Laplacian operator on finite graphs:
Apu(x) + h(x)u™ = M@u*t, xeV, (1.5)

where 1<m—-1<a,f>0,h>0,and A, is defined by

Af: = Mi > oyl — P20 - ),

i

where w,, is the weight of the edge connecting x and y. When the nonlinear term f > 0,
m=p-1,and A € R, Ge established the existence of a positive solution. When 1 <« <
P <¢, h <0, and f >0, Zhang [3], extended the case of m =p —1in (1.5)to m =g -1
and proved the existence of a positive solution. Ge and Jiang [5] and Zhang and Lin [6]
extended the existence results of solutions on finite graphs to infinite graphs for p = 2 and
p > 2 and obtained the existence of one positive solution. Han and Shao [4] investigated
the nonlinear p-Laplacian equation

—Apu+ (Aa(x) + 1)|u|p_2u =f(x,u), xeV, (1.6)

where p > 2, where the definition of the p-Laplacian operator A,, is different:

Apiul) = % (IVulP20) + Vil () oy (u0y) = ().
yrx

Under appropriate conditions on the nonlinear terms f(x, ) and a(x), the author obtained
the existence of a positive solution for equation (1.6) via the mountain pass theorem. Pina-
monti and Stefani [7] studied the following equation with the (m, p)-Laplacian operator
on locally finite weighted graphs:

Emptt = A (x,u)  in Q°,
|Viu| =0, ondQ,0<j<m-1,

where Q° and 92 are the interior and boundary of €, respectively. They established the
existence of at least one nontrivial solution when 0 < A < A for some A > 0 via the varia-
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tional method. Besides, they also investigated the following Yamabe-type equations”

—Apu+gx,u) =f(x,u) inQ°,
u:h on 89,

where f € LY(Q), h € L'(3R), and g : @ x R — R is a function such that g(x,0) = 0 and
t — g(x, t) is nondecreasing for all x € Q. They obtained the uniqueness of weak solutions.

The research of this paper is mainly inspired by a recent work due to Grigor’yan, Lin,
and Yang [1], who investigated the Yamabe equation and its generalization, that is, poly-
Laplacian equation on locally finite and finite graphs. To be specific, in [1], for equation
(1.3) on a finite graph V, they assumed that /(x) > 0 for all x € V and F satisfies the fol-
lowing conditions:

(V1) F(x,s) = fosf(x, t)dt for x € V, f(x,0) = 0, and f(x,t) is continuous with respect to

telR;

(V) limsup,_, [f ()l

e

< Amp(V), where A, is the first eigenvalue of the operator £, ,, and

S IV ul? + hjul?) dpe
Im ’

)\mp(v) = ;r%f(;
(V3) there exist 8 > p and M > 0 such that if |s| > M, then
0<0F(x,s) <sf(x,s) VxeV.

They obtained the existence of a nontrivial solution via the mountain pass theorem.

In this paper, we would like to generalize and improve the above result in [1]. We use
the mountain pass theorem to study the existence of a nontrivial solution and use the
symmetric mountain pass theorem to study the multiplicity of nontrivial solutions for
system (1.1) on a finite graph, where the nonlinear term F satisfies the super-(p, g)-linear
growth condition. Our work is also inspired by Luo and Zhang [8], who considered the
following nonlinear p-Laplacian difference system:

A(¢p(Au(n -1))) - alm)|ulm) " uln) + VE(n,u(n)) =0, neZ, (1.7)

where p > 2, ¢,,(s) = [s[P2s, Au(n) = u(n + 1) — u(n), F(n,x) is continuously differentiable
inxforallme{1,...,M},and M > 1 is a positive integer. By the linking theorem in [9] they
obtained that the system has at least one nonconstant periodic solution when F satisfies
super-p-linear growth condition.

Notations /; iy := mingey /;(x), i = 1,2; Mg := Mingey A(%); hmin := Mingey w(x), where
i :V — R* is a finite measure; W := WP (V) x W"24(V) with the norm ||(z,v)| =
lleellwmip vy + IVl wm2acyy defined in Sect. 2.

Next, we state our main results.

Theorem 1.1 Assume that F satisfies the following conditions:
(F1) F(x,0,0) =0, and F(x,t,s) is continuously differentiable in (t,s) € R? for all x € V;
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(F>) limygg,-0 W < min{—5 P Kg}for all x € V, where
(X ey ()7 (D ey 1)1
Xx))? x))4
I(l = xle\/Ml ’ 1<2 = xlevl"; 5
I’mehfmm 'umthqmm
(F3) Limys)—o0 % =+o0 forallx e V;

(Fy) there are constants y, >0 and y, > 0 such that

liminf Fy(x,8,5)t + Fy(x, 2, 5)s — max{p, g} F (x, £, 5)

>0 forallxeV,
[(£,5)]— 00 [E|71 + |s|72

where Fy(x,t,s) = % and F(x,t,s) = % Then system (1.1) has at least one

nontrivial solution.

Theorem 1.2 Assume that (F1)—(F,) and the following condition hold:
(Fs) F(x,—t,—s) = F(x,t,5) for (x,t,5) € V x R2.
Then system (1.1) has at least dim W nontrivial solutions.

Remark 1.1 In Theorems 1.1 and 1.2, we do not eliminate the case of seminontrivial so-
lutions. Hence, in Theorems 1.1 and 1.2 the solutions have three possibilities: (u,,v,) =
(0,v4), (s, Vi) = (1, 0), or (1, vi.) #(0,0).

From Theorems 1.1 and 1.2 we easily obtain the following results corresponding to (1.3).

Theorem 1.3 Assume that F satisfies the following conditions:
(F]) F(x,0) =0, and F(x,t) is continuously differentiable in t € R for all x € V;

1
. F X (x)?
(F3) limjg—o |(t?\cpt < p1<P forallx € V, where K = Z;"iu}g,
Mmlﬂ min

F3) limy— oo F‘—(;f}f)

( =+o0 forallx e V;
(Fy) there exists a constant y > 0 such that

Fy(x,t)t — pF(x, t)

liminf >0 forallxeV,
|t]— o0 |£]”
where Fy(x,t) = apg,t)‘ Then equation (1.3) has at least one nontrivial solution.

Theorem 1.4 Assume that (F})—(F,) and the following condition hold:
(Fi) F(x,—t)=F(x,t) for (x,t) € V x R.
Then equation (1.3) has at least dim WP (V) nontrivial solutions.

Remark 1.2 There are examples satisfying the conditions of Theorem 1.1, for example,
F(x,£,8) =In(L + [¢f) [¢[™>P9 + In(1 + |s]7)|s]™P4),
Remark 1.3 It is not difficult to verify that (V3) implies (F3) and (F}). There exist examples

satisfying the conditions of Theorem 1.3 but not satisfying (V1)—(V3), for example, F(x, t) =
In(1 + [£]?)|t]P forx € V.
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Remark 1.4 Insome sense, (Fj)—(F,) can be seen as a generalization of the assumptions in
[8], where the difference equation (1.7) is studied, defined on the set Z of integers. How-
ever, in this paper, we study the high-order Yamabe-type coupled system involving the
poly-Laplacian on a finite graph. Hence we generalize those conditions in [8] from m = 1
to m > 2 and from n € Z to x € V, which is a finite graph. Moreover, we also present the

multiplicity results, that is, Theorems 1.2 and 1.4, which are not considered in [1].

2 Preliminaries
In this section, we state some useful properties of poly-Laplacian and Sobolev spaces on
graphs. For details, we refer to [1].

Let G = (V,E) be a finite graph with vertex set V' and edge set E. For any edge xy € E
with two vertexes of x,y € V, assume that its weight w,, > 0 and w,, = w,,. Foranyx € V,
its degree is defined as deg(x) = Zny wxy, Wwhere we write y ~x if xy € E. Let . : V — R*

be a finite measure. Define

1
AV = s Y (Y 0) - Y (). (2.1)

y~x

The corresponding gradient form is

(Y1, Y)() = > wy (Y1) = v () (¥20) - ¥a()). (2.2)

y~x

1
21 (x)

Write I'(y) = T'(¥, ¥). The length of the gradient is defined by

1

VY1) = VI @) = (# S (40 - x/f(x))z)z. 23)

2pux)
Similarly to the case in Euclidean space, we use | V| to represent the length of the mth-
order gradient of ¢ defined by

’leﬂ |VA%__11//| when m is odd, 2.4)
A vl when m is even, '

where |[VA e Y| is defined as in (2.3) with ¥ replaced by A o ¥, and |A % /| denotes the

absolute value of the function A% . For any function ¢ : V — R, we denote

[REIS W 25)

xeV

and [V] =" ., n(®).
When p > 2, we define the p-Laplacian operator by A,y by

By = 5o S THI20) + (902 0) (0) - ¥ (9). 26)

y~x
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In the distributional sense, A,V can be written as follows. For any ¢ € C.(V),

f (Ap0)ddp = — f VY P2T(p, @) i, @7)
174 14

where C.(V) is the set of all real functions with compact support. It is easy to see that £,,,
defined by (1.2) is a generalization of A, .
Define the space

W™P(V) = {lp:V—HR’/V(|V’"1p(x)|p+h(x)|1/f(x)‘p)d,u<oo}

endowed with the norm

1 lwme vy = (/V(|V"’1/f(x)|p + h(x) [y @)[) d,u>p, (2.8)

where m > 2, p > 1, and h(x) > 0 for all x € V. Then W"?(V) is a Banach space of finite
dimension. Let 1 < r < +00. Define

L'(V)={¢¥:V—>R |w(x)|rdu<oo
v

with the norm

e ( fv |w(x)|’du>’. 2.9)

Let X be a Banach space, and let ¢ € C1(X,R). We say that the functional ¢ satisfies the
Palais—Smale (PS) condition if {x,} has a convergent subsequence in X whenever ¢(u,) is
bounded and ¢’(u,) — 0. We call that ¢ satisfies the Cerami (C) condition if {u,} has a
convergent subsequence in X whenever ¢(u,) is bounded and [|¢’(u,)|| % (1 + ||u,]|) — O.

Lemma 2.1 (Mountain pass theorem [10]) Let X be a real Banach space, and let ¢ €
CH(X,R), ¢(0) = 0 satisfy the (PS)-condition. Suppose that ¢ satisfies the following con-
ditions:
(i) there exists a constant p > 0 such that ¢|z,(0) >0, where B, = {w € X : |wllx < p};
(ii) there exists w € X\BP(O) such that p(w) < 0.
Then ¢ has a critical value c with

¢:= inf max t)),
yerte[m]w(y( )

where
I:={y €C([0,1],X]) : ¥(0) =0,y (1) = w}.
Lemma 2.2 (Symmetric mountain pass theorem [10]) Let X be an infinite-dimensional

Banach space, let X = Y ® Z, where Y is finite-dimensional, and let ¢ € C'(X,R), 9(0) = 0,
satisfy the (PS)-condition. Suppose that ¢ satisfies the following conditions:
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(i) ¢(0)=0, p(-u)=¢u) forallu € X;
(ii) there exists a constant p,a > 0, such that ®las,onz > a;
(ili) for any finite-dimensional subspace X C X, thereisR = R()~() > 0 such that ¢(u) <0
onX \Bz(0).

Then ¢ possesses an unbounded sequence of critical values.
Remark 2.1 Asshownin [11], the deformation lemma can be proved with the weaker (C)-
condition instead of the (PS)-condition, so that Lemmas 2.1 and 2.2 also hold under the

(C)-condition.

Remark 2.2 If X is finite-dimensional, the result of Lemma 2.2 can also be obtained with

the conclusion that ¢ possesses at least dim Z critical values (see [10], Remark 9.36).

Lemma 2.3 Let p > 1. For all € W"™?(V), we have

¥ lloo < dllYllwmev),

where || oo = maxyey [ (x)| and d = (—L—)».

Hmin/min

Proof Indeed,

Wy = [ (970 4 hD |y ) di

=Y u@(| V"l + hx)| v @)

xeV

> @)y )]

xeV

= /Lminhmin Z | W (x) |17

xeV
> Mminhmin ”df ||€o 0
Lemma 2.4 Let G = (V,E) be a finite graph. Let m be any positive integer, and let g > 1.

Then WP (V) LU(V) for all 1 < q < +00. In particular, if 1 < q < +00, then for all €
wWmE(V),

1Y llaqvy < KNI llwme ), (2.10)

where

QU

= e 1)

1
p p
min" min

7

In addition, WP (V) is precompact, that is, if {x} is bounded in W"?(V), then up to a
subsequence, there exists y € WP (V) such that Y — ¥ in WP (V).
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Proof Note that V is a bounded set. Then W”"?(V) is a finite-dimensional space. Hence
it is precompact. According to Lemma 2.3, we have

19 gy = / W1 dp
|4

=Y n@|y @)’

xeV

<> u@IvIL

xeV

< M”‘p”q
= 7 4 wmp (V)
v O

M[flin min
Remark 2.3 The proofs of Lemmas 2.3 and 2.4 -are given in [1]. However, the precise values
of d and K are not given. In Lemmas 2.3 and 2.4, we specify their values.

3 Proofs of main results

Note that the space W := WP (V) x W"24(V) with the norm ||(x, V)| = l|u|lwmra,) +
V|l wm2a(vy is a finite-dimensional Banach space. Consider the functional ¢ : W — R de-
fined as

1 1
o(u,v) = — / (‘V’”lu’p + hl(x)|u|p) du + — / (|V”‘2v|q + hz(x)|v|‘1) du
pbJv qJv
- / F(x,u,v)du. (3.1)
1%
Then ¢ € C}(W,R), and
[0/, 61,69) = [ [t b0 + (a2, 01) = (Fulos ), 01) s
1%
+ / [Emyqvs #2) + (@) V|72, ¢2) — (Fo (x4, v), ¢2) |dpe - (3.2)
v
for all (,v), (¢1,¢2) € W. Then (u,v) € W is a critical point of ¢ if and only if
/ ((£my ptt + B ()|l 20 = Fy (%, 1, v)), 1) dpp = 0
1%
and
/ ((Em,qv + ha®) V|72 = F,(x,u,V)), ¢h2) dpe = 0.
1%
By the arbitrariness of ¢; and ¢, we conclude that

£y pth + 1y () [P 1 = F, (%, u,v),

Emy gV + Mo (X) V|72 = Fy(x,u,v).

Thus the problem of finding the solutions of system (1.1) is reduced to finding the critical
points of the functional ¢ on W.
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Lemma 3.1 Assume that (Fy) holds. Then the functional ¢ satisfies condition (C), that
is, {(ux,vk)} has a convergent subsequence in W whenever ¢(uy,vy) is bounded and

lle’ (e, violl x (1 + || (eie vie)l|) = 0 as k — oo.

Proof Let {(ux, vr)} be a sequence in W such that ¢(uy, v¢) is bounded and ||’ (ug, vi) || (1 +

[I(ux, vi)||) = 0 as k — oo. Then there exists a positive constant L such that

@i, vi)| < L, | @ (ieo vie) | (1 + || aeo vid) | ) < L
for every k € N. By (F4),there are constants C; > 0 and §; > 0 such that
Fi(x,t,8)t + Fy(x, t,5)s — max{p, q}F(x,t,s) > C; (|L‘|V1 + |S|V2) >0
for all |(¢,s)| > §; and x € V. Therefore
Fy(x,t,8)t + Fy(x, t,5)s — max{p, q}F(x,t,s) > C; (|L‘|V1 + |S|V2) -G

for all (¢,s) € R? and x € V, where

C,=C rnax{|t|”1 + [s]72 |

(t,S)| f 81}

+ max{F,(x,t,5)t + Fy(x,¢,5)s — max{p,q}F(x,8,5) | |(£,5)| < 81}.
Then for all large k, we have

(max{p,q} +1)L

> max{p, g} (i, vi) — (¢ (x, vi), (s, Vi)

1
= max{p,q}|:— / (|Vm1uk |1’ + hl(x)luk|19) du
pPJv
1
+ —/(|V”’2vk|q+h2(x)|vk|") du—f F(x¢ukyvk)dﬂ]
qJv v
. / (Em it t40) dpt — / I O)ae? iyt~ f (Empavio i) it
|4 14 14

- [ @i s [ By vmdus [ Fomomvdn. (33)
When max{p,q} = p,
(p+ 1)L > (%’ - 1) /V(|vszk|q + hy(@)|vel?) dpt
- /V [ (Fug % 1, vie), aie) + (Fo (%, 1, vie), vie) — PF (6, v vie) | dpe

- (g _1> /V(|szvk|q+h2(x)|vk|q) du

Page 9 of 13
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+/ Co (| + v ) dp = Co Y ()
|4

xeV
V4
= (_ - 1> ||Vk||%vVn2,q(V) + Cl/ (luk|y1 + |Vk|y2) d,u -G Zu(x)
1 v xeV
Therefore ||villwmaavy, [kl vy, and [|vellr2 vy are bounded. Since (W, || - ||) is a finite-

dimensional space, there exist positive constants D; and D, such that
leticllwme(vy < Dallukclln vy, Ivicllwmaacy < Dallvillr ). (3.4)

Thus ||u || wmr) and ||vgllwm2aq) are bounded. So {(u, vi)} is bounded in W. Similarly,
when max{p, q} = g, we can also prove that {(uy, v)} is bounded in W. To sum up, {(u, vk)}
is bounded in W. Since W is of finite dimension, there is a convergent subsequence of
{(ux, vi)}. Hence g satisfies the (C)-condition. (|

Lemma 3.2 There exists a constant p > 0 such that ¢|yp,() > 0, where B, = {(u,v) € W :
(V) lw < p}.

Proof By (F,) there are 0 < C, < min{ ﬁ, q%} and a positive constant &, < Cs, where C3 =
1 2

max{— L__1 such that

ﬂminhl,min ? Imin h2,min

|F(x,t,9)| < Ca(l£l? + 5]9) (3.5)
for all |(¢,s)| < 85. By Lemma 2.4 we have
lullzevy < Killullwme ), IVIiLa(v) < Kallvilwmay), (3.6)

where Kj, K; is defined in (F,). For every (u,v) € W with ||(n,v)| = p = 8,C3* < 1, by
Lemma 2.3 we have

@) o < lulloo + Vlleo < Ca(llullwmry + [VIwmae)) = 8a.

Then by (3.5) and (3.6), for all (&, v) € W with (&, v)|| = p, we have

p(u,v)
1

_ my |P r 1 my |4 q _
p/\/(!v ul” + hy () |ul )du+q/v(|V v|"+ ha(x)|v|7) d /‘/F(x,u,v)d,u

= 1/(IV””MV’+hl(x)|u|1”)alu+ 1/(|V’”2v|q+h2(x)|v|q)d,u
pJv qJv

~Co [ (117 di
%4

> (5-K1Gi) [ (9l ) d
P |4

' (;1 —1<£’C4> [ (5l hatayie) i
|4
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1 ' 1 q
= ‘Z—K 1 Ca sl o, 6_1_K 2 Ca ) IV ymsay)

1 1 % || 2¢]| prm1. + || V|| w2 Y ifp>g,
zmin{(——Kfc4>,<—-1<§c4>}. 71 (Uzelhwmaewy + WVilwmaw)” - itp 2 q
p q sa1lullwmieyy + Ivilwmoagy)?  ifp<qg

29
o
1 1 w1 ifp>q
zmm{(——1<{’C4),<——1<§C4)}- 2”q np=a
p q = ifp<q

3 ‘

=a>0.
The proof is completed. O

Lemma 3.3 Assume that (F,) and (F3) hold. Then there exists (ug, vo) € W\BP(O) such that
@ (u0,v0) < 0.

Proof Choose e = (e1,e3) € W such that |le; [|lz2(v) # 0 and |lez[|z4(vy # 0. By (F3) there exist
&1 >0 and 3 > 0 such that

1 llexlfym 1 lleallfyms, P
F(x,t,5) > ( WP o = Wq”(v) + 1>(|t|p+ Is|7)
p ”eIHLp(v) q ||62||Lq(v) 2

for all |(¢,5)| > 83 and x € V. Thus by (F}) there exists Cs > 0 such that for all (¢,5) € R? and
alxeV,

1 llexlfym 1 lleallfyms, P
F(x,t,5) > ( PRI o, 1)(Itl"+ I5|7) = Cs.
p ”eIHLp(V q ||62||Lq(v) 2

Then for every A > 0, we have

o(hey, hey) = }9/(’lekellp+h1(x)|kellp)du+611/(|V"‘2)\e2|q+h2(x)|k62|q)du
v v

— / F(x, )L€1, )»82)
Vv

p q
=< ;)»p”el”\x/mmw) + g)‘q”eZ”W’”M(V)
1 ”elnwﬂqp \% 1 ”@”%wnz,q % &1
<_ 2 =) )(M’neln" Doy *+ Aleall faqyy)
p ”elHLP(V) q ||62||Lq(v) 2
+Cs Y )
xeV
&1 &1
=~y leilly die = 3 ¥ exlfay + G5 ) wto

xeV

— —00, asA— oQ.

Hence there exists a sufficiently large A* > 1 such that ¢(A*e;, A*ez) < 0. Let A*e; = up and
A*ey = 1. Then ¢(ug, vo) < 0. O
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Proof of Theorem 1.1 ltis easy to see that ¢(0,0) = 0. It follows from Lemmas 2.1 and 3.1—
3.3, ¢ possesses a critical value ¢ > « > 0, that is, there exists a point (u,,v,) € W such
that

(p(u*; V*) =c¢ and ¢/(u*; V*) =0.
Hence the associated point (u,,v,) € W is a nontrivial weak solution of system (1.1). [J

Lemma 3.4 Assume that (F1) and (Fs) hold. Then for any finite-dimensional subspace)N( C
W, there is R = R(X) > 0 such that o(u) <0on )N(\BR(O).

Proof Let dim X = m. Then there exist positive constants Cg(m) and C(m) such that
lull ey < Co(m)llull e vy, IVllwmay < Cr(m)||[vIiLay) (3.7)

for all (u,v) € X. By (F5) we know that there exist constants 8 > %%w + %’”)q and r >0
such that

F(x,t,s) > ﬂ(ltlp + |S|q) for all |(t,s)| >randxeV, (3.8)
It follows from (F;) and (3.8) that there exists Cg > 0 such that

F(x,t,8) > B(|tl +1s|7) = Cs forall (t,s) e R*andx € V. (3.9)
Then by (3.7) and (3.9) we have

o(u,v)
1

__ my, |P 14 l ma |1 q _
p/;(!V ul” + hy () |ul )du+q/v(|v v|"+ ha(x)|v|7) d /‘/F(x,u,v)d,u

1 1
< =Nl + =W Gmaaqy — Bl + 1VI1e) + Cs Y )
p q xeV

S—I/lpm, +—qu, - Mpm, +—qu, )
SNlmany * I magy ﬁ(cg(m)ll o + G Mimny

+Cs Yy u),

xeV

for all (1,v) € X. Note that 8 > Cﬁi’fm)p + %’”)q. So ¢(u,v) »> —o0 as ||(u,v)|| = oo. Thus we

complete the proof. d

Proof of Theorem 1.2 By (F1) and (F5) we know that ¢ is even and ¢(0,0) =0. Let X = W,
Y ={0}and Z = W. Then by Lemma 3.1, Lemma 3.2, Lemma 3.4, Remark 2.1, Remark 2.2,
and Lemma 2.2 we obtain that ¢ possesses at least dim W critical values. Thus we complete
the proof. O
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