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where s € (0,1), N > 2s,and (-A)’ is the s-Laplacian, & > 0 is a small parameter. f and g
are power-type nonlinearities having superlinear and subcritical growth at infinity.
The corresponding energy functional is strongly indefinite, which is different from the
one of the single equation case and the one of a cooperative type. By considering
some truncated problems and establishing some auxiliary results, the semiclassical
solutions of the original system are obtained using “indefinite functional theorem”.
The concentration phenomenon is also studied. It is shown that the semiclassical
solutions can concentrate around the global minima of the potential.
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1 Introduction and main results
In these last years, a great deal of work has been devoted to the study of the weak solutions
for the following singularly perturbed fractional Schrédinger systems

eX(=AYu+ax)u=f(u,v), inRN,

1.1
eX(=A)v+a(x)v=gu,v), inRN, -

where s € (0,1) with N > 2s, & > 0 is a small parameter, a(x) € C(RY) is the external po-
tential, and f, g satisfy appropriate conditions in order to use a variational method. To
describe the transition from quantum to classical mechanics, we let ¢ — 0, and thus the

existence of solutions to (1.1) for small &, which are called semiclassical states, has an im-
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portant physical interest. For small value ¢, the wave functions of (1.1) tend to concentrate
as a material particle.

Recently, there has been tremendous interest in developing the fractional Laplacian
problem in various fields, for instance, thin obstacle problems, optimization, population
dynamics, geophysical fluid dynamics, mathematical finance, phases transitions, anoma-
lous diffusion, crystal dislocation, ultra-relativistic limits of quantum mechanics, etc., see
[1]. Different from the classical Laplace operator, the analytical methods for elliptic PDEs
cannot be directly applied to (1.1) since the operator (—A)* is nonlocal. In [2], Caffaralli and
Silvestre gave a new formulation of the fractional Laplacian through Dirichlet-Neumann
maps. This is extensively used in the recent literature since it allows to transform nonlocal
problems into local ones, which enables the of use variational methods. For example, for
the single nonlocal problems, this is, # = v, f = g in (1.1), there have been many results
on the existence and concentration, which were studied using the idea of the s-harmonic
extension [3-9].

In the case of the standard Laplacian operator (s = 1, local case), the existence of a solu-
tion for the Schrodinger systems has been studied, and relatively complete methods have
been formed. However, for the fractional Schrédinger systems like (1.1), there are only
some literature on the semiclassical states for nonlocal singularly perturbed problems; for
example, see [7, 10-13].

In [7], Q. Guo and X.M. He considered the following nonlinear system of two weakly
coupled Schrodinger equations

e¥(=AYu +Pi(®)u = (|u|? + blulP  [vP DHu, inRN,

eB(=AYv+Py(x)v = ([V/Z + blvP YulP* )y, inRN,

and investigated the existence of nontrivial nonnegative solutions which concentrate
around local minimal of the potentials.

Later, Vincenzo Ambrosio [10] applied penalization techniques, Nehari manifold ar-
guments, and Ljusternik-Schnirelmann theory and investigated the existence, multiplic-
ity, and concentration of positive solutions of the following nonlocal system of fractional
Schrédinger equations

e¥(=AYu+ V(x)u = Qu(u,v), inRY,
eB(=APv+ W(x)v=Q,(u,v), inRYN,

where V, W : RN — R are positive continuous potentials, Q is a homogeneous C2-
function with subcritical growth.

We note that Vincenzo Ambrosio [11] also dealt with the following nonlocal systems of
fractional Schrodinger equations

e¥(=A)u+ V®)u = Quu,v) + yH,(u,v), inRN,

eB(-AYv+ Wx)v=Q,(u,v) + yH,(u,v), inRYN, (12

where V, W : RN — R are continuous potentials, Q is a homogeneous C?-function with
subcritical growth, y € (0,1) and H(u,v) = (2/(a + B))|u|*|v|? with a, 8 > 1 such that o +
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B = 2}. They investigated the subcritical case (y = 0) and the critical case (y = 1), and
using the Ljusternik-Schnirelmann theory, they related the number of solutions with the
topology of the set where the potentials V and W attain their minimum values.

We point out that Manassés de Souza in [12] also considered the existence and multi-
plicity of solutions of the following more general nonlocal system involving the fractional
Laplacian

X (=A)u; + a;(x)u; =fi(x, u1,...,Uy), in RN,i=1,...,m,

where a;(x) are continuous and unbounded potentials that may change sign, and the non-
linearities f;(x, u1,..., u,,) are continuous functions that may be unbounded in x.

In line with the above works, it is worth mentioning that the nonlinearities are cooper-
ative type in [7, 10—13] hence the energy functions corresponding to them can be proved
to have mountain pass structure, and Nehari manifold arguments can be used. However,
when the nonlinearities are non-cooperative type, the corresponding energy functional
is strongly indefinite; that is, the quadratic part of the energy functional has no longer a
positive sign, the problems become rather complicated mathematically. In [14], Manasses
de Souza established a weighted Thudinger-Morse type inequality and, as the application
of this result using the Galerkin methods and a linking theorem, proved the existence of
weak solutions for the following elliptic system:

(=A)du+ V(x)u =g(x,v), inRN,
(—A)%V + V(x)v=f(x,u), inRN,

However, another question arises: for the following more general non-cooperative type
singularly perturbed fractional systems:

e2(-AYu+a(x)u=gW), inRN, 13)
eX(=AYv+alx)v=f(u), inRN, '
whether the results [7, 10—13] on the existence of semiclassical states and concentration
can be obtained? Answering this question constitutes the goal of this paper.
Since we are interested in positive solutions, we assume the continuous functions a(x),
f, g satisfy the following conditions:
(Ao) 0<a(0):=min, gy ax) < liminfj,_, o a(x);
(A1) f(0)=g(0)=/"(0)=g'(0) =0, f(¢) =g(¢) =0 for £ < 0;

(Ay) there exist real numbers /1,7, > 0 and p, q > 2 such that }7 + % > % and
(¢t (¢t
im f():l, lim g():lz;
lt|>oc0 |£|P=2 t]—>oc0 |£|772

(A3) there exists § > 0 such that 0 < (1 + 8)f(£)t < f'(£)t* for every t € R and similarly
for g;
(A4) for every u >0, there exists C,, > 0 such that

V(M)V’ + |g(v)u| < M(uz + vz) +C, (f(u)u +g(v)v), u,veR.
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The main result of this paper is stated as follows:

Theorem 1.1 Suppose (Ao), (A1)—(A4) are satisfied, s € (0, 1), then for all small ¢ > 0,
(i) (Existence) the nonlocal system (1.2) admits a least energy solution (ws,&:);
(i) (Concentration) both functions w, and &, attain their maximum value at some

unique and common point z, € RN such that
lim a(z;) = a(0) = min a(x);
e—0 xecRN

(iii) (Decay estimates) there exist constants 0 < Cy < Cy and large R > 0 such that

C18N+25 Cl 8N+25

wg (%), £:(x) <

- < -
|x_zg|N+25 - - Ix_ZS|N+25

forall |x] > R.

A typical example of functions verifying the assumption (A;)—(A4) is given by f(¢) =
L |t1P72¢, g(¢t) = b |t]972¢ with [}, I, > 0 and p, g > 2 such that 119 + % > %
Remark 1.2 The difficulties in treating system (1.3) originate in at least five facts:

(i) Although we have a variational problem, the functional I, associated with (1.3) is
strongly indefinite, compared to the single equation case and cooperative type
systems, the quadratic part of the energy functional has no longer a positive sign,
and so we have to recourse to the “Indefinite Functional Theorem” introduced by
Benci and Rabinowitiz in [15], which is an extension of both the mountain-pass
theorem and the saddle point theorem.

(ii) There is a lack of compactness due to the fact that we are working in R, in order
to attain (PS) condition, we need to consider some truncated problems in Sect. 4.

(ili) No uniqueness and non-degenerate results seem to be known for the autonomous
system of (1.2), and thus, the Lyapunov-Schmidt reduction method can not be used.

(iv) We employ the ideas in [16] and [17] to prove Theorem 1.1; however, our systems
are nonlocal, a delicate analysis is needed to overcome the lack of localization. The

proof is different from that of the classical case s = 1.

(v) Under the natural assumption on p and g, that is p,g > 2 such that }17 + é >N ]:[25,

which is more general than assuming that 2 < p, g < 2%, the associated functional I,

may not to be well defined in the space H*(RY) x H*(RY), because it may happen

that say p < 27 = ]\?i\[Zs < q. However, as explained in Sect. 5, we only have to prove

Theorem 1.1 in the case of 2 < p =g < 2}.

In fact, given n € N, we can define the truncated functions,

g(), t<m,
gn(t) =
A PV + B, t>n,

where the coefficients are chosen so that g, is C!. Thus, in view of (4,), we see that A, =

(pl%l +0(1))-n??,B, = ( (plfg(_;)l) +0(1))-n71. We show in Sect. 5 that the solutions (i, v¢,)

of the corresponding system obtained using Theorem 1.1 applied to the truncated problem
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are such that ||, [lco, [|Ve, llooc < C for some C > 0 independent of #, and therefore they

solve the original problem (1.2) if # is taken sufficiently large. Thus, in Sects. 2—4, we
assume that 2 < p = g < 2}.

This paper is organized as follows: In Sect. 2, we review certain notations related to the
fractional Laplacian and describe the appropriate functional setting, including the defini-
tion of the equivalent problems. In order to study the concentration phenomenon of semi-
classical states for system (1.3), Sect. 3 is devoted to studying the autonomous systems of
(1.3). We show that (PS) condition holds for the energy functional associated with (1.3) at
energy levels in a suitable range in Sect. 4.1; we discuss some auxiliary problems involving
appropriate truncated functions in the place of a(x) in Sect. 4.2. The proof of Theorem 1.1
is given in Sect. 4.3. In Sect. 5, we will show that the solutions are bounded in L>(RY); for
this, some Liouville-type theorems need to be established. Therefore, during the proof on
the existence of weak solutions for (1.3), we may assume that 2 < p = g < 2.

Notations Here, we list some notations that will be used throughout the paper.

+ We denote by R¥*! the upper half-space {(x,y) :x € RN,y > 0}.

« The letter z represents a variable in the R¥*1. Also, it is written as z = (x,) with
x e RN and y e R,

« For k € N, we denote by B (xo, r) the ball {x € R¥: |x — x| < r} for each xy € R and
r>0. BY,,,(%0,7) := Bys1 (0, 7) NRN*L,

+ C>0is a generic constant that may vary from line to line.

« For a function U € X*(RY*!), we denote its trace on RN x {y = 0} as u = Tr(U).

2 Preliminaries
In this section, we first introduce some definitions and notations. We consider the frac-
tional Sobolev space

H(RY) = {u € L*(RY) : llullres == (LN@l”I%@)Idé)z < +0<>},

where Zu denotes the Fourier transform of u, and the fractional Laplacian (-=A)* :
H*(RN) — H(RYN) is defined to be given u € H*(RN),

(<Ayulf) = |E*u(E) forany £ e RV,

When u is assumed, in addition, sufficiently regular, we obtain the direct representation

ux) —u@y)

N | _y|N+2s ’

(—AYulx) = Crs /R

for a suitable constant Cy ; and the integral is understood in a principal value sense.

The dual space H*(RY) is defined in the standard way, as well as the inverse operator
(=A)=.

It is standard that (1.2) is equivalent to, by letting u(x) = w(ex), v(x) = £ (ex),

(=AYu+a(ex)u=g), inRYN,

2.1
(~A)Yv+alex)v=f(u), inRN, (2.1)
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we now consider the problem (2.1). Since the above definition of the fractional Laplacian
allows integrating by parts in the proper spaces, a natural definition of the energy solution
to the problem (2.1) is the following.

Definition 2.1 We say that (u,v) € H x H (Here H := {u € H*(RN) : [Ln a(ex)u® dx < +00})
are the weak solutions of (2.1) if the identity

/RN((-A)%M(_A)%w +(-0)ig(-A) ) da
+ / a(ex)(uy + pv)dx = f (f(u)<p +g(v)1ﬁ) dx
RN RN

holds for every functions vy, € H.

Associated to the problem (2.1), we consider the energy functionals

I (u,v) = /]RN [(—A)iu(—A)fv + a(sx)uv] dx — /]RN F(u)dx — /]RN G(v)dx,
where F(¢) := fotf(é) dg, G(t) := fotg(é) dt. These functionals are well defined in H x H

when 2 < p = g < 2¥, and moreover, the critical points of I, correspond to the weak solu-
tions of (2.1).

We now include the main ingredients of a recently developed technique by Caffarelli and

Silverstre [2]. Let u be a regular function in RN, we say that I/ = E(u) is the s-harmonic

extension of u to the upper half-space RY*!, if U is a solution to the problem

div(y'"™>VU) =0, in RN,

U(x,0) = u, on RN, 22

In [8] it is proved that
J,lir(r)1+)/1‘23({)8—;[(96,)/) = -k (=AYulx), (2.3)
where k, = % Observe that k; = 1 for s = % and k; ~ ﬁ as s — 17. Identity (2.3)

allows the formulation of nonlocal problems involving the fractional powers of the Lapla-
cian in RN as local problems in divergence form in the half-space RY¥*!.
Remarking (2.2), we introduce the function space X*(RY*!) that is defined as the com-

pletion of C5°(RN+1) with respect to the norm

1

2

[U|xs = (ks f y1‘25|vu|2dz) .
R¥+1

Then it is a Hilbert space endowed with the inner product

(U, V) =k yE(VU,VV)dz, for U,V e X°(RY*).

N+1
RN+
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With the constant k;, we have the extension operator to be an isometry between H* (RY)
and X*(RY*1); that is

U3 = NullZs = | (=2)3ue]2.

On the other hand, for a function U € X*(RN*1), we will denote its trace on RN x {y = 0}
as Tr(U). This trace operator is also well defined, and it satisfies

||Tr(LI) |

HS = ” U”Xs'
For convenience, we will use the following notation:
Lyw:=— div(y1_2SVw),

9
dw = —ks( lim yl-%a—w(x, y)), for x € RN,
y

y—0+
With the above extension, we can reformulate our problem (2.1) as
LU=LV=0 in RN*1
,U=g(V)—alex)I inRN x {y=0},

3,V =Ff(U)-a(ex)V inRN x {y=0},
U =u, V=v on RN x {y=0}.

The energy solutions to (2.4) are functions (U, V) € X x X such that
ks/N 1yl-%((vu,vm +(V®,VV))dz
RN+
+/ a(sx)(U\IJ+CI>V)dx=/ (f(LI)dD +g(V)‘~Il)dx,
RN x {y=0} RN x {y=0}

for any @, ¥ € X, here X := {U € X*(RN*1): f]RNx[y:O} a(ex)U? dx < +o0o}. For any energy
solutions (U, V) € X x X to this problem, the functions (u, v) = (U(x,0), V(x,0)), defined in
the sense of traces, belong to the space H x H and are the energy solutions to the problem
(2.1). The converse is also true. Therefore, both formulations are equivalent.

The associated energy functionals J, : X x X — R! to (2.4) are given by

J.(U, V):kS/ Y (VU,VV) dz+/ a(ex)UV dx
RY+1 RN x {y=0}

—/ F(Ll)dx—/ G(V)dx.
RN x{y=0} RN x {y=0}

They are the C? functionals well defined over the Hilbert space E := X x X,

(2.5)

@)% =11z + VI,

U = & / yB|\ VU dz + / a(ex)U? dx.
RY* RN x{y=0}

Clearly, the critical points of J; in E correspond to the ones of I, in H x H.

Page 7 of 24
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Remark 2.2 In the sequel, in view of the above equivalence, we will see both formulations
of the problem (2.1), in RY or in RN*!, whenever we may take some advantages. In par-
ticular, we will use the extension version when dealing with the fractional operator acting

on products of functions since it is not clear how to calculate this action.

In Sect. 5, we will utilize the following Sobolev inequality on weighted spaces appeared
in Theorem 1.3 of [18].

Proposition 2.3 Let Q be an open bounded set in RY*. Then there exists a constant C =
C(N,s,2) > 0 such that

N 1

1-2s A AN+ 1-2s 2 >
(/y ’L[(x,y)‘ N a’xdy) §C</y |VU(x,y)‘ dxdy)
Q Q

holds for any function U whose support is contained in Q whenever the right-hand side is
well-defined.

It can be observed that the following orthogonal splitting holds E = E- ® E*, where E* :=

{(®,£P): & € X} (Since for any (U, V)€ E, (U,V) = (u;v, U;V) + (%, % ). So that,

denoting by Q the quadratic term of the energy functional J;, namely

QU, V) =k, / YE(VU,VV) dz + / a(ex)UV dx.
RY+1 RN x {y=0}

We have that Q is positive definite (respectively, negative definite) in E* (respectively, in
E~). Therefore, ], are indefinite functionals; we refer to “Indefinite functional theorem” in
[15] to obtain nontrivial critical points of J,.

What as follows, we recall that the definitions of the relative Morse index and solutions
having finite index.

Let E be a real Hilbert space; for a closed subspace of V' C E, we denote by Py the or-
thogonal projection onto V and by V* the orthogonal complement of V. Following [19]
and [20], we say that the closed subspaces V, W of E are commensurable if P,,1 Py and
Py, 1 Py are compact operators.

If V and W are commensurable, the relative dimension of W with respect to V is defined

as
dimy W =dim(W N V*) —dim(W* N V).
Commensurability guarantees that both terms in the above formula are finite.

Definition 2.4 The relative Morse index of a critical point (I, V) of a functional J with
respect to the splitting E = E* @ E~ can be defined as the integer

m(U, V) = dimg- [negative eigenspace of J" (U, V)].

We will also borrow the definition of solutions having a finite index as defined in [21].



Li et al. Boundary Value Problems (2022) 2022:34 Page 9 of 24

Definition 2.5 Let (U,V) be a weak solution of (2.4), we say that m(U,V) < +o0
if there exists Ry > 0 with the property that for every ¢ € C°(RY*!) such that ¢ =
1 in B},,(0,2Ry) \ B};,1(0,Ry) and Supp¢ C Bj;,;(0,3.5R0) \ Bj,1(0,0.5R), it holds
that

U600 =201 [ Feeods
x{y=

- / 2 (V)p?(x,0)dx > 0.
RN x (y=0}

3 The autonomous system

In order to investigate the semiclassical states and their concentration phenomenon of the
noncooperative type system (2.1), we firstly give some results on the autonomous system
as follows:

(~AYu+ru=gv), inRN,

3.1
(=Ayv+iv=f(u), inRN, ey

where A > 0 is any constant.
Theorem 3.1 Assume that f, g satisfy (A1)—(A4), s € (0,1), N > 2s, then the autonomous
problem (3.1) has at least one positive solution (u,v) € H* (RN) x H*(RN), which, indeed,

is a least energy solution.

In view of hypothesis 2 < p = ¢ < 2%, we work with the space E := X*(RY*1) x X*(RN*1).

So, we consider the functional J, : E — R! defined by

LU, V) =k YIE(VU,V VY dxdy + / Uv dx
N+1 RNX{O}

RN+
_ / F(U) dx - / G(V)dx,
RN x {0} RN x {0}

], is a C? functional and

J(U, V) (D, W) = ks/ Y E[VU, VW) + (VO,VV) ] dxdy

N+1
RV

+k/ [LI\I/+CI>V]dx—/ FfU)ddx
RN x{0} RN x {0}

—/ g(V)W dx,
RN x{0}

forany ¥, ® € XS(R{Y *1), So, the critical points of J; satisfy the equations

ks yl‘zs(VU,V\P)dxdy+A/

uv dx—/ gV)Wdx=0, (3.2)
RN+ RN x {0} RN % {0}
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and

ks yE(VO,VV) dxdy+k/

d)de—/ f)ddx=0, (3.3)
RN+ RN x {0} RN x{0}

for any W, ® € X*(RN*1). Equations (3.2)—(3.3) are the weak formulation of (3.1).
The following Lemma will play a significant role in the sequel, whose proof is similar to
[22], Lemma 2.1, so we omit it.

Lemma 3.2 Let (U,, V,) be a (PS), sequence for the functional J,, namely

]A(un: Vn) —>CE R+,

tn = sup{ |J5 (U, Vi) (@, W)

L@, W e X° (R, [|@|xs + W ]lxs <1} — 0.
Then (U,,V,) is bounded in E and

sup  Jo =L (U Vi) + O(12).
E-®R*(Uy,Vy)

Pproof of Theorem 3.1 By the assumptions (A1)—(A3), it is easy to check that the en-
ergy function J, possesses the linking structure; that is, , <0 in E7, J, > p > 0 in
E* N 3By;,,(0,r), for some small r > 0, p > 0; moreover, if r > 0 is sufficiently large and
e=(e;,er) €E,e1>0,e >0, then

sup <0
(E’@]R*e)ﬂaB;(I“(O,r)

Then, according to “Indefinite functional theorem” [15], /i, has a (PS). sequence
{(Uy, Vi)} C E, where 0 < p < ¢ < supg-gp+.J, using Lemma 3.2, (U,, V},) are bounded
in E and may assume (U, V,,) — (U, V) as n — oo, then clearly J; (U, V) = 0. Next we
need to show that there exists a non-trivial critical point. For this purpose, by concentra-
tion compact principle [17], it is possible to find a sequence {x,,} C RN and some constants
R >0and B > 0 such that

/ uldx> B, / v2dx>p, foranyneN.
BN(xn:R) By (xn,R)
Indeed, assuming the contrary, we have
u,(x) = 0, va(x) > 0 inIP(RN) (2 <p<2}).
But then, for large # and some constants a > 0 and Cj, C; > 0, we have
2c+ 0(1) = 2])»(”71: Vn) _])/L(um Vn)(um Vn)
= V(un)un —2F(uy) +g(vi)vy — ZG(VVI)] dx
RN
< [ Gl + 1) + ol + v,
RN

proving a contradiction, since ¢ > 0.
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Now we define Lz,(x,y) =U,(x+x,,9), Vn(x,y) = Vu(x+x,,y), then (II,, %) — (U, Vo) #
(0,0) is a non-trivial critical point of J;.

Let c¢(x) = inf{J, (U, V) : (U, V) #(0,0),], (U, V) = 0}, using the standard arguments, the
infimum is actually a minimum, and it follows that /; admits a ground state critical level
¢(A). Follow the proof of Lemma 3.1 in [23], we have that the map A — ¢(A) is continuous
and increasing, and lim;_, ;o ¢(A) = +00. This completes the proof of Theorem 3.1. O

4 The noncooperative singularly perturbed system

4.1 For the original problem (2.1)

Now we temporarily come back to our original problem (2.1). Note that using the simi-
lar arguments as Sect. 3, /. also possess the linking structure, and thus there exist (PS),,
sequences with

O<c, < sup J.,, e=(e1,es) €E,e1>0,e3>0. (4.1)
E-®R*e

On the other hand, according to the assumption (A), we may fix z € R such that

0 < a(0) = min a(x) < a < liminfa(x).
xeRN x| =00

We denote by Jy and ¢y the energy functional defined in (2.5) with a(0) in place of a(ex)
and least energy, respectively. Let (U, V) be a ground-state for Jy, it is easy to check that

J:(Uo, Vo) = Jo(Uo, Vo) + 0:(1) = co + o(1), (4.2)
and
J.(Uo, Vo) (@, W) = Jo(Uo, Vo) (P, W) + o(1),

uniformly for bounded ®, ¥ € X. Applying Theorem 3.1 and Lemma 3.2 to the functionals
J., we deduce that

sup  Jo =J:(Uo, Vo) = co + 0(1) < c(@) + o(1),
E-®R*(Upy, Vo)

which complies with (4.1) to conclude that 0 < ¢, < c¢(a).

4.2 Some auxiliary problems
To apply “Indefinite functional theorem” to get the positive solutions of (2.1), we only need
to show that (PS)., condition holds for 0 < ¢, < ¢(a). For this purpose, in this subsection,
we will study some auxiliary problems and establish several auxiliary results employing
the ideas from [16].

Consider the nonlocal system as follows:

(~AYu+bx)u=g(v), inRN,

4.3
(=APv+bx)v=Ff(u), inRN, “.3)

where b(x) € C(RN), b(x) > b > 0 for any x € RN and limyy_, o b(x) = bo, € R.
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The associated energy functional to the extension problem of (4.3) is defined by

To(U, V) =k / YII(VU,VV) dz + / b(x)UV dx
RY+1 RN x {y=0}

—/ (F(U) + G(V)) dx
RN x {y=0}
We denote by /o, the corresponding functional with b in place of b(x). Of course, here

we work in the space E:= X x X, X = {U € X*(RN*1): f]RN b(x)U? dx < +00}.
Now we prove the following Lemma.

x{y=0}
Lemma 4.1 Under the assumptions (A1)—(A4), the (PS) condition holds for J, at critical
level 0 < ¢ < c(bso). Moreover, ], admits a ground-state critical level ¢, and ¢, > c(d).

Proof Let (U,, V,) besuchthat J,(U,, V,) = c € (0,c(b)) and J, (U, V},) — Oasn — 00. 1t
follows from Lemma 3.2 that (U/,,, V,,) is bounded in E and assumes that (I/,,, V,,)) — (U, V)
in E, clearly, J;(U, V) = 0. In particular,

2]17(”) V) = 2]h(ur V) _][/g(u! V)(U! V)

(4.4)
(f u)u — 2F(u) + g(v)v — 2G(v)) dx > 0.
Putting U, = U, - U, V, = V,, — V, we next show that U, — 0, V,, — 0 in X.
Indeed, one has
JoU, V) = ki / YENVUL, - U, V(V, - V) dz
R]:Hl
+f bx)(U, - U)(V, - V)dx
RN x {y=0}
- / (E(U, - U) + G(V, - V)) dx (4.5)
RN x{y=0}
= T, Vi)~ (UL V) + / (E (L)~ F(U) — F(U, - 1)
RN x {y=0}
G(V,)-G(V)-G(V, - V)) dx,
and
Ty (U, Vi) (@, 0)
_kS/ Y E[(VE, V(V, - V) + (V(U, - U), V)] dz
/ b(x)[®(x,0)(V,, — V) + W (x,0)(U, — U)] dx
x{y=0}
- / [f(U, - L) (x,0) + g(V, — V)W(x,0)] dx (4.6)
RN x {y=0}

=]£(Um Vn)(q)¢ \II) —jl/,(u; V)(CI), \[I)
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. f [(F Gt — ) — (1) + £ (1)) DL, 0)
]RN

+(gvn =) — g(v) + g)) W (x,0)] dx,

for any bounded functions &, ¥ € X.
Now we compute the third term of (4.5) and (4.6), respectively,

/ (F(un) — F(u) — F(u, — u) + G(v,) - G(v) - G(v, — V)) dx
RN

|x|<R |x|>R

2 2
:On(1)+C/ (I + [P + |1l + |ual?
|x|>R

2 2
+ Vil + vl + VI + V1) dx

<0,(1) +or(1).

Similarly,

/R (=10~ a0) +£0) 0(5,0)

+(gvn = v) = g(va) + V) W (x,0)] dx
< 0,(1) + 0p(1),

uniformly for any bounded ® and ¥ in X.
Combining these estimates with (4.4)—(4.6) gives

JoU s V) = Jo(Un, Vi) = To(U, V) + 0(1) < ¢ + 0(1), (4.7)
and

sup{ ‘jé(ﬁ}’nvﬂ)(q)? lIJ)

A@lx + 1Wlx <1} = o(1). (4.8)

Since U, =~ 0, V, = 0 in X and by, = lim,_, o0 b(x), a similar conclusion as (4.7) and
(4.8) holds for Jo (U, V,) and ]éO(U,,,\_/,,); if iminf,_ o Joo(Un V) > 0, we deduce from
Lemma 3.2 that

C(boo) =< sup ]oo :]oo(UmVn) <c+ 0(1);
E-@®R* (Un»vn)

which contradicts with the assumption ¢ < ¢(bo). Consequently,

liminfJs (U, V,) <O0.

n—00
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This implies that
hnrglogf[zloo (Um Vn) - ]:;c (Hm ‘_/Vl)(Un: Vn)]

= liminf / U WU)U, - 2FU,) +g(Vi)V
RN x{y=0}

- 2G(1_/,,)] dx

<0,

and thus

lim inff (FU,) +G(Vy)dx <0,
RN x {y=0}

n—00

which turns to be
liminf(|Ullx + | Vallx) = 0.
Hn— 00

Therefore, U, — U, V,, — V as n — oo; that is the (PS). condition holds for 0 < ¢ < ¢(bso).
Applying “Indefinite functional theorem’, we can derive that there exists a nontrivial crit-
ical point (U, V) for the functional Jj,.

We set

¢p = inf{J,(U, V), (U, V) #(0,0),],(U, V) = 0}.

By the standard arguments, the infimum is actually a minimum, and it follows that /; ad-
mits a ground-state critical level cp.

Finally, we compare the least energy levels of J, with the ones of J;; this estimate is crucial
for the proof of Theorem 1.1.

Assume that ¢(b) > ¢;. For t € [0,1], let b,(x) := (1 — £)b(x) + tb and denote by ¢, ¢, the
corresponding ground-state level and linking level, respectively. Since b,(x) = b(x) + tb -
b(x)) < b(x), ¢; < ¢’ < c. Consequently, ¢; < ¢;. It follows from the assumption c(d) > ¢
and the fact (1 — £)bs + th > b and Lemma 3.2 that

c <cp<clh) < c((l — )by + tl;),

for every t € [0, 1]. This is a contradiction for ¢ = 1, since ¢; = ¢(b), which ends the proof. [J

Next, utilizing Lemma 4.1, we prove an important auxiliary result that is directly applied
to the proof of Theorem 1.1.

Lemma 4.2 Let b(x) > b > 0 and suppose {(U,,V,)} is a (PS), sequence for J, with

lim infn%oo]b(um Vn) >0, then C(b) S]b(um Vn) + 0(1)

Proof By Lemma 4.1, we can choose M so large that

sup Jp = Jp(Up, Vi) + 0(1) < c(M). (4.9)
E-®R*e
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Define the truncated functions

b(x), |x|<n,
bn(x) =
M,  |x|>mn,

then b,(x) > b > 0 and b, (x) — M as |x| — o0. Take # so large that

Jou(Uns Vi) = Jp(Up, Vi) +0(1) = ¢ + 0(1), (4.10)
and

T, (U, Vi) (@, W) = 0(1), (4.11)

uniformly for all bounded functions ® and W in X. From (4.9)—(4.11), we can employ
Lemma 4.1 to get /5, admitting a ground state critical level ¢, > 0 and

cb)<ch, < sup  Ju, = o, (Up, Vi) + 0(1) = Jp(Uy, Vi) + 0(1).
E-®R*(Uy,Vy)

This completes the proof. O

4.3 The proof of Theorem 1.1
In this subsection, we prove Theorem 1.1 divided into three results. First of all, we give
the existence result.

Theorem 1.1(i) Assume that f, g satisfy (A1)—(Ay4), then for all small ¢ > 0, ], have ground
states (U, V,) € E with critical values 0 < ¢, < c(a) and ¢, — co as ¢ — 0.

Proof Recall that there exists a (PS),, sequence {(U,,V,)} C E for J., assume that
(Uy, Vu) = (U, V) € E, and for sufficiently small ¢ > 0, 0 < ¢, < c(a). And there exists a
constant Ry > 0 such that for some fixed ¢ > 0,

alex) >a forall |x| > Ry.

According to “Indefinite functional theorem” [15], we only need to show that for fixed
e >0, the (PS),, condition holds for J; at critical levels 0 < ¢, < c(a).
Introduce the following truncated function

be) = a(ex), |x| > R,

>a, |x| < Ro,
then b(x) > @ for all x € RN, Remark that U, = U, - U, V,=V,-Vand U, —0,V,—0

in X.
Observe that

/ b(x)U,V,dx= + /
RN x {y=0} [x|>Ro lx|<Ro

= / a(ex)U,V, dx + 0,(1).
RN x{y=0}
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Using the similar arguments as Lemma 4.1, it is easy to check that

]b(amvn) =]S(U}’l) Vn) + On(l) <cC + 0(1)7

];/,(Hmvn) = 0(1)
If liminf,_, o J5(U,,, V4) > 0, we can derive applying Lemma 4.2 that
C(ﬁ) = ]b(Un: ‘_/n) <cCc+ 0(1)7

which is a contradiction. As a result, liminf,_, o, J,(U,,, V,,) < 0. This gives U, — 0, V,, —
0in X.

Next, we show ¢, — ¢gas & — 0.

By (4.2), we obtain that limsup,_, , ¢. < ¢p. On the other hand, let (U, V;) be the ground

states for J,, then (U, V,) are bounded in E. In particular, we have

JolUns Vi) = Jo(U Vi) + / (a(0) - ale0) LV, dx = ¢, + o(0)
RN x {y=0}

and for any ®, V¥ € X,

Vo(Ue, Ve)(@, W) =/ |a(0) - a(ex)||U® + V. ¥|dx
RN x {y=0}
<o(M)(IPllx + 1¥llx)-

By Lemma 3.2, we conclude that

co< sup  Jo=Jo(Us Vi) =co +0(1).
E-®R*(Ug,Ve)

Hence, ¢y < liminf,_ ¢ c.. This completes the proof. O

From now, we consider the positive functions U, > 0, V, > 0 given by Theorem 1.1(i),
which satisfy u, = U (x,0) € H, v, = V,(x,0) € H and

(—=AYu, +a(ex)u, = g(ve), inRN,

(=AYv, +alex)v, = f(u,), inRN,
Next, we study the concentration behavior of this family of solution (u,,v.) as ¢ — 0.
Theorem 1.1(ii) Suppose that (u.,v.) is the ground states of problem (2.1) for all ¢ suffi-

ciently small, then (u., v.) attain their maximum value at some unique and common points
x, € RN such that

lim a(ex,) = a(0) = min a(x).
e—>0 xecRN
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Proof Since u, >0, v, > 0, for each small ¢ > 0, there exist x,,y, € RN such that, respec-
tively,

u.(ex,) = max u,, Ve(&ye) = max v,.
xeRN yeRN

We split the proof into several steps.

Step 1. {ex.} and {ey.} are bounded.

Suppose by contradiction that there exists a subsequence {eje;} such that |&jxe; | — +00
as &; — 0. Define the functions %;(x) = U, (2 + xgl,) and V;(x) = Vg, (x+ xsj). Observe that these
functions satisfy the following system:

(—AYT + aj(x)1; = g),
(=AY + a;(x)v; = f (1)),

here a;(x) = a(ejx + 8jx5i). Denote by J; the corresponding energy functional,
Li(w;,v) = / (-A) U dx + / a;(x)u;v; dx — / (F(ZZ;) + G('17j)) dx. (4.12)
RN

From Lemma 3.2, the families {(7;,7;)} are bounded in E, and let (7, V;) — (u,v) # (0,0) € E.
Recall from Theorem 1.1(i) that

0 < liminf7;(;,v;) < limsup I;(#;,V;) < c(a). (4.13)
j—>00 j—o0
Let b;(x) := max{a, a;(x)} and denote by I, the corresponding energy functional defined as

)=
in (4.12) with a;(x) replaced by b;(x). By the assumption |&jacs; | — +00, it holds that (W, v))
is a (PS) sequence for 7,» and

1,60 %) = (35,3 + 04, (1).
Since bj(x) > a for every x € RV, it follows then from Lemma 4.2 that
C(E) = j](’ﬁp"\;]) + 0(1) = I](ﬁ’/\z]r?}]) + 0(1)7

which contradicts with (4.13). Hence {¢x.} is bounded, the same is {€y.}.
Furthermore, we have that there is a subsequence {%;,} and {V;,} such that for any n > 0,
there exists r,, > 0 satisfying

limsup/ (u;]n+v Ydx <n
BN (0,m)\BN (0,7)

n—00

forall r > r, (see an argument to [24, Lemma 5.7]). Here g € [2,2}), which implies together
with the assumptions (A4;)(A2) that for any n > 0, there exists r;, > 0,

n—00

limsup / (f ()5, + g5, )9;,) dx <, (4.14)
BN (0,m)\BN(0,7)

forallr >r,.
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According to the above arguments, assume that ex, — xg, £y, — Yo as € — 0; now we
can conclude from a(ex + ex.) — a(xp), alex + ey.) — a(yo) pointwise and (4.14) that
ce = c(a(xp)) and ¢, — c(a(yo)), which combine with Lemma 4.3 that a(xo) = a(yo) = a(0) =
min, g~ a(x). In conclusion, any maximum points ex;, €y, of u,, v, respectively, have the
concentration point as ¢ — 0.

Step 2. x, =y, as ¢ = 0 and the maximum point of &, (and of v, as well) is unique if & > 0
is sufficiently small.

Let us prove that there exists C > 0 such that, for every subsequence {¢;} and every

large j,
|x8j _y8j| =< C. (4']-5)

For this purpose, let #; = u.(x + ), V; = vi;(x + y;;), we can follow Step 1 to assume
(u;,v)) = (u,v) #(0,0); it follows from (4.14) that there is a subsequence {%;,} and {v;,}

such that, for any n > 0 there exists R > 0 such that, for every large n,

/ (f @), +£(;,)7;,) dx <.
By (0,R)°

Denoting w;, := ys;, — %, the above inequality reads as
[ @, e@ ) dr <
BN(W]'y, ,R)¢
So, if |w;,| — +00, we conclude from (4.14) that for every n > 0, for every large #,
[ @7, + 6@, ) dv < 2n,
R

which conclude that fRN(f ()u + g(v)v)dx = 0, and thus u = v = 0. This is a contradic-
tion.

Now, according to (4.15), let wy € RN be such that Ve; — %e; —> wo(e; — 0). Since u;(x) =
(% + Vej = xS/) — u(x + wp), combining with the fact that both 7;(x) and #;(x) have the
same limit function # (and similarly for V;(x) and v;(x)), we can derive u(x) = u(x + wo)
(and similarly for v). # has 0 and wy as maximum points, so that wy = 0. This establishes
Ye =%, as € — 0.

Similarly, if z. € RN is also a maximum point of u,, then the preceding arguments yield
that z, = x.(= y,) for small values of ¢.

Step 3. u,,ve(x) — 0 as x| — oo uniformly for all small e.

Indeed, assume by contradiction that there exist § > 0 and &, € RN with || — oo such
that

8 < fue(€)] < C/

BN /(&1

)|ug()/)|dj/
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Assume that #, — u in H, we obtain, as ¢ — 0,

.\
556(f |ue ()| dy)
By (&,1)

1 1
2 2
§C(/ |ug(y)—u(y)|2dy) +C</ |u(y)|2dy> — 0,
BN(Sé?:l) Bn(&:,1)

which is a contradiction completing the proof. d

Define

s (%) = u, (92), £.(x) = v, (Q—C) and z, = ex,.
e €

Then (w,, &) is a solution to (1.2) for all small & > 0. Since z, is a maximum point of w, and

&, we have
lim a(z.) = a(0).
e—0
Now, we study the decay behavior of this family of solution (ws, &).

Theorem 1.1(iii) There exist 0 < C; < Cy and R > 1 such that for all small ¢ > 0,

C1£N+2s C28N+2s
m < w. (%), & (x) < m
forall |x| = R.

Proof Firstly, we use the following Claims, according to [25].
(i) There is a continuous function w; in RN satisfying

(=AYwi(x) + uwi(x) =0, if x| >1,
and
G
wi(x) > W’

for an appropriate C; > 0, where w := supa(sx);
(ii) There is a continuous function w, in RN satisfying

(=AYwy(x) + Twa(x) =0, if [x] > 1.
and

C
wa(x) < W’

for an appropriate C, > 0, where 0 < 7 < % infa(ex).
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By u,(x), ve(x) — 0 as |x| — oo uniformly for all small ¢ and the condition (Ap), (A1), we
conclude that there is a large R; > 0 such that

alex) (e +ve) = g(ve) +f (1) — alez)

(=AY (e +ve) + (e +ve) <0 inBp,“.

Moreover, by the continuity of solution (u,,v,) and w,, for all small ¢ > 0, there exists
C > 0 such that

Ug(x) + ve(x) — Cwa(x) <0 in B_R1
Therefore,
(=AY (s +ve — Cwa) + T(ue + ve — Cwy) <0 in Bg,“.

Using comparison arguments, we get
&)
U +V, < Cwy < W for |x| > R;.
Since (ug, v,) is a positive solution, then
p
C C
ue(x) < W, Vve(x) < W; for |x| > R;.

Hence, by rescaling, it follows that there exists C, > 0 such that

C28N+25
we (%), &:(x) < m

On the other hand, by the continuity of (u,v,) and wy, there exist constants C,, C3 > 0
such that, respectively,
ue(x) — Cow1(x) > 0 in By,

ve(x) = Cawi(x) 20 in By,
which imply that

(A (s — Cywy) + pu(ue — Cowy) >0 in By,

(=AY (ve = Cawy) + u(ve = Caw1) >0 in B .

By the similar comparison arguments, we conclude the second inequality, which ends the
proof of Theorem 1.1. O

5 Thecasep#q

In Sect. 3 and Sect. 4, we have proved Theorem 1.1(i)(ii)(iii) except that we have worked
with a truncated problem as explained in Remark 1.2. The full statement of Theo-
rem 1.1(i)(ii)(iii) will be established once we prove uniform bounds in L* of the solu-
tions constructed so far. So, in this section, let us suppose that p,g > 2 are such that
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}7 + % > % with say, 2 < p < 2¥ and p < g. We only show that the weak solutions to the

modified problem of (3.1) are bounded uniformly in L*. In the same way, the weak solu-
tions to the modified problem of (2.1) are ones of the original system (2.1) for large value
of n.

Given n € N, we can define the truncated functions,

g(), t<m,
gn(t) =
APV + B, t>n,
where the coefficients are chosen in such a way that g;, is C!. Thus, in view of (4,), we see
that A, = (1% +0(1))-n7?,B, = ( bp-q) 0(1)) - n71. The energy functionals associated

(p-1(g-1)
to the modified problem of (3.1) are given by

J.(U, V):ks/ Y (VU,VV) dxdy+k/ Uuv dx
RN+ RN x {0}

—/ F(L[)dx—/ G,(V)dx,
RN x {0} RN x {0}

where G, is the primitive of g,. They are C? functionals defined over the Hilbert space E.

The critical points of /,, correspond to weak solutions of the modified problem

(-AYu+ru=g,(v), inRN,

51
(=AYv+rv=f(u), inRN, G

For a fixed #, thanks to the Sect. 3, there are positive solutions (u,,v,) of the modified

problem (5.1) satisfying the conclusion of Theorem 3.1.

Remark 5.1 According to the Sect. 3, we find the solutions (u,, v,) to the modified problem

(5.1), having relative Morse index < 1.
Now, we state the main result of this section.
Theorem 5.2 Assume that (A1)—(A4), for any given n € N; let (U,,, V,,) be solutions to the

problem (5.1). If there exists k € N such that m(u,,v,) < k for every n, then there exists
M > 0 such that

letnlloo + WVnlloo <M, Vn.

In particular, u, and v, are solutions to the problem (3.1) for large values of n.

The proof of Theorem 5.2 is based on the following simple fact, whose proof is the same

as Lemma 1.2 in [26].

Lemma 5.3 Assume that (A1)—(A4), and let (U, V,,) be any solutions of the problem (5.1).
If there exist . > 0 and k + 1 functions V1, Vs, ..., Vi1 € X having disjoint supports, such
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that
];,’(LI,,, Vi) (W, M) (W, AW;) <0, Vi=1,...,k+1,
then m(U,,V,) > k + 1.

Next, we will prove a Liouville-type theorem, which is crucial for the proof of Theo-

rem 5.2.

Proposition 5.4 Let fo, 8o € C1(R) and (u,v) satisfy

(~AYu=gy(v), inRN, (5.2)
(~AYv=fo(u), inRN,
and m(u,v) < +00 in the sense of Definitions 2.4 and 2.5. Let f.(t) = c|t|P~ t with ¢ > 0 and
2<p<2k.
(i) Ifgoo =0, then u =0;
(ii) If goo satisfies the following conditions, for p < q,}% + é > %
(@) Cilt)? < goo()E = Gt
(b) goo()t < qG(t);
© (- Dgx(t)t =g (O
thenu=0=v.

and some C1,Cy > 0,

Proof (i) It is obvious.
(ii) We may assume that ¢ = 1, suppose (—A)*u = g (v), (=A)*v = |u|P~u, with g, satisfy-
ing the conditions (a)—(c). The associated energy functionals J, : X*(R¥*!) x X*(RV*1) —

R! to the extension problem of (5.2) are given by

Joo(U, V) = ks
R]+\I+1

yE(VU,VV) dxdy—l/ Iulpdx—/ Goo(v) dx.
b JrN RN

Fix any smooth function ¥ € CSO(R],Y”) such that W = 0 in B},;(0,0.5R;), ¥ =1 in
By,1(0,2R0) \ B},1(0,Rg) and supp W C Bj,,;(0,3.5R) \ B},1(0,0.5R). For any large R,
let ® € C°(RN*1,[0,1]) supported on B, ,(0,2R) C RY*! satisfying ® = 1 on B, ,(0,R)
and [VO[> < || ®].

In view of m(u, v) < +00, replace ¢ with U PV in (2.6), then the assumption (2.6) reads
as

(p—l)f upq>2'"q/2dx+/ 2 NP O* W2 dx
RN x {0} RN x {0}
< Cks/ ylfzs(m2u2q>2(mfl)\p2|vq)|2 + qu)Zm'V\IJ'Z
RQIH

+ A\ VU ) dxdy + /

Zoo(VYU D™ W2 dx,
RN x {0}
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which implies that

-1 UP &2 dx
RN x {0}

< C(Ro)ks PEUPQMIVOP + UPDM + |VUPD™) dx dy (5.3)
supp W

+ C(Ro) Zoo(V)U D™ dx.
supp W (x,0) x {0}

Now, we estimate the right terms of the above inequality. It follows from Proposition 2.3
and Holder inequality with m large that

k, YE(UPOV|VOP + U + |VUPP*) dxdy < C. (5.4)
supp ¥

On the other hand, in view of (5.2) and the similar arguments as (5.4), we arrive at

/ Zoo(V)UD™ dx
supp ¥ (x,0) x {0}

= ks / Yy E(VU,V(UDM™))dxdy (5.5)
supp ¥

sksf yE(@MVUP + m* @YU + VU |IVOP®) dxdy < C.
supp ¥

We conclude by combing (5.3)-(5.5), which together lead to u € LP(RY). Thanks to
Jen(—AYuvdx = [on goo(V)vdx = [pn u? dx < +00 and the condition (a), v € L1(RY) also.
Making use of the well-known Pohozave—Rellich type identity,

(=A)Y’uvdx =
RN N - 25

/ (Foo (1) + Goo(v)) di.
RN

By the condition (c), we deduce that

N-2 1
$ updxz—/ updx+f Goo (V) dx
RN

N Jry )% RN
1 1 1 1
> —/ uf dx + —f Zoo(Vvdx = (— + —)/ u? dx.
P JrN q JrN P q/) JrN
Since 1% + é > %, this implies that # = v = 0 and concludes the proof of Proposition 5.4. ]

Once Proposition 5.4 is settled, we may use the classical blow-up argument to give the
proof of Theorem 5.2 that is similar to [27], we omit it.
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