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chemoattractant and repellent (Hattori and Lagha in Discrete Contin. Dyn. Syst.
41(11):5141-5164, 2021). Motivated by Hattori-Lagha's work, we further investigated
the optimal time-decay rates of strong solutions with small perturbation to the
three-dimensional Keller-Segel system coupled to the compressible Navier-Stokes
equations, which models for the motion of swimming bacteria in a compressible
viscous fluid. First, we reformulate the system into a perturbation form. Then we
establish a prior estimates of solutions and prove the existence of the global-in-time
solutions based on the local existence of unique solutions. Finally, we will establish
the optimal time-decay rates of the nonhomogeneous system by the decomposition
technique of both low and high frequencies of solutions as in (Wang and Wen in Sci.
China Math., 2020, https://doi.org/10.1007/511425-020-1779-7). Moreover, the decay
rate is optimal since it agrees with the solutions of the linearized system.
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1 Introduction

As described in the pioneering literature Keller—Segel [26], chemotaxis as a biological pro-
cess is responsible for some instances of such demeanor, which is the directed movement
of living cells (e.g., bacteria) that move towards a chemically more favorable environment
under the effects of chemical gradients. We shall note that when no chemicals are present,
the movement of cells is completely random. When an attractant chemical is present, the
motility changes, and the tumbles become less frequent so that the cells move towards the
chemical attractant. It is important for microorganism to find food (e.g., glucose) by swim-
ming toward the highest concentration of food molecules. A lot of relevant mathematical
models have been developed; see [3, 14, 15] for examples. Furthermore, in [8], it can be
observed experimentally that bacteria are suspended in the fluid, which is influenced by
the gravitational forcing generated by the aggregation of cells. Moreover, oxygen plays an
important role in the reproduction of aerobic bacteria. For instance, bacillus subtilis often
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live in the thin fluid layers near the solid-air-water contact line in which the swimming
bacteria move towards a higher concentration of oxygen according to the mechanism of
chemotaxis. Further, we also note that oxygen concentration, chemical attractant, and bac-
teria density are transported by the fluid and diffuse through the fluid [6, 8, 29, 38].

Concerning the chemotaxis models based on fluid dynamics, i.e., the chemotaxis—fluid
system, there are two approaches: incompressible and compressible. For the incompress-
ible case, Chae—Kang-Lee [4] and Duan—Lorz—Markowich [9] showed the global-in-time
existence for the incompressible chemotaxis equations near the constant states if the ini-
tial data is sufficiently small. Rodriguez, Ferreira, and Villamizar-Roa [10] showed the
global existence of an attraction-repulsion chemotaxis—fluid system with a logistic source.
Tan—-Zhou [35, 36] proved the global existence and time-decay estimate of solutions to
the chemotaxis—fluid system in R3 with small initial data. Later Tan—Zhong—Wu fur-
ther obtained the time-decay estimates of time-periodic strong solutions [34]. The in-
terested readers are referred to [27, 28, 37, 39, 43—47, 49-52] for more mathematical re-
sults concerning the well-posedness and regularity of solutions of the various types of the
chemotaxis—fluid system. For the compressible case, Ambrosi—Bussolino—Preziosi [1] dis-
cussed vasculogenesis using the compressible fluid dynamics for the cells and the diffusion
equation for the attractant. Modeling aspects of vasculogenesis are studied in [2, 12, 33].
Recently Hattori—Lagha established the global existence and the temporal decay of the
solutions for a three-dimensional compressible chemotaxis system with chemoattractant
and repellent [13]. We mention that the temporal decay of solutions is hydrodynamic
equations are hot topics; see [11, 16—24, 42] and the references cited therein.

Motivated by Hattori-Lagha’s temporal decay results in [13], we further investigated
the optimal time-decay rates of strong solutions with small perturbation to the three-
dimensional Keller—Segel system coupled to the compressible Navier—Stokes equations,
which models for the motion of swimming bacteria in a compressible viscous fluid in R3
and reads as follows:

0 +div(pu) = 0,

pus+ pu-Vu+ VP = A Au+ A Vdiva — nVe,
nm+u-Vn=An-V - (nS(n)Vc),

¢ +u-Ve=Ac—nf(c).

Next we shall introduce the notations in the above system of equations, which is called
a (single) compressible chemotaxis—fluid system or compressible Keller—Segel-Navier—
Stokes system.

The unknown functions p = p(£,x) and u = u(t,x) denote the density and velocity of
fluids, resp. The unknown functions # = n(t, x) and ¢ = (¢, x) represent density of amoebae
and oxygen concentration, resp. A1 > 0 is the coefficient of shear viscosity, and A, := v +
A1/3 with v being the positive bulk viscosity. ¢ = ¢(¢,x) is a given potential function. The
smooth function P(-) > 0 is the pressure of fluid (depending on p), S(#n) a given sensitivity
parameter function, and the consumption rate of oxygen f(c) a step function [40], please
refer to [52] for the different mathematical expressions of S(n) and f(c) corresponding to
different environments. However, for the sake of simplicity, we assume that in this paper,

¢ =0, S(m)=1 and f(c)=c.
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For the investigation of the Cauchy problem of the system (1.1), we should pose the
initial condition:

(0,0, 1,6)| =0 = (00, Wo, 10, Co) (1.2)

In this paper, we prove the global existence of small perturbation solutions around some
rest state for the Cauchy problem (1.1)—(1.2) and provide time-decay rates for the strong
solutions. Moreover, the decay rate is optimal since it agrees with the solutions of the lin-
earized system. It should be noted that Hattori—-Lagha only gave the time-decay rates for
the zero-order derivative of solutions in [13]. However, the novelty of this paper is that we
further provide time-decay rates for all-order derivatives of solutions using a decomposi-
tion technique of both low and high frequencies of solutions as in [41].

1.1 Notations
Before stating our main result, we shall introduce some notations, which are used fre-
quently throughout the paper.

The notation C; > 0 (i € Z*) represents a fixed constant. For simplicity, we use the ex-
pression m < n to mean m < Cn, where C is a positive constant and varies from line to
line. V = (81, 32, 93)T, where 9; = 8,,. 0% = 8,7 05295° with a multi-index o = (a1, oz, @3). We

set (-,-) to represent the inner product in L2(R3), i.e.

f,g) = /Rgf(x)g(x) dx for f(x),g(x) € LZ(RB),

For m > 0 and p > 1, the norms of Sobolev spaces H”(R3) and W"?(R3) are denoted by
Il - |gm and || - || wmp, resp. In particular, we will switch to use || - ||;2 and || - ||z» for m =0,
resp. In addition,?(é ) is the Fourier transform of f(x) with respect to the variables x € R3,
that isf(’g’ ) = F(f)(&). We further define

A"f = FH(g]"f) formeR,

where A is a pseudo-differential operator.
Let xo(§) and x1(§) be two smooth cut-off functions satisfying 0 < xo(§), x1(§) <1 (§ €
R3) and

1, &< 0, €] <Ro;
> x1(&) =
0’ |$|>V0, 1’ |€|>RO+1

xo0(&) =

for ry and Ry satisfying

1 1 +
0<7ry <min{ — /ﬁ,— and Ry > max{2 Ha 'u,l .
2V v 2 1251

Let xo(D,) and x1(D,) be quasi-differential operators of xo(¢) and yx;(&) resp., then for

any given function f(x) € L2(R?), we can define its frequency distribution (f*(x),f™(x),
f"(x)) as follows

160 = 20D @), f"@) = (1= xo(Ds) = aD) ), fH(x) = xa (D) (),
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where D, = f_lv = ﬁ(al, d2,03). Notice that f(x) can be expressed as follows

f@) = /@) + ") + (),
where we have defined that f*(x) = f'(x) + £ (x) and f (x) = f" (x) + f"(x).

1.2 Main results

Now we state the main result of this paper.

Theorem 1.1 Suppose that (09 — Poo, o, Mo — Moo, o) € H2(R3) for some constants po, > 0
and neo > 0. There exists a constant € > 0 such that if

||(p()_poo1u0:n0_nooch)”HZ(]RB) =<¢& (13)
and
0<c=1

then the Cauchy problem of (1.1)—(1.2) with initial data admits a unique global-in-time
solution (p,w, n,c), which satisfies

P — Poo € CO([O, oo);HZ(Rs)) N Cl([O, oo); H' (RB)),
W, 11 — s, ¢ € C°([0, 00); H*(R?)) N C' ([0, 00); L*(R?)), (1.4)
0<c(t,x) <1.

Furthermore, if the initial data (0o — Poos Uo, o — Moo, Co) is bounded in L'(R3), then there
exists a constant C > 0, such that, for any t > 0,

||Vk(,0 = Poos W, 1 — Moo, C) ||L2(]R3) <C(+ t)‘%‘g, k=0,1,2, (1.5)

|e(2) ”HZ(]R3) <Ce . (1.6)

Now we shall introduce our main idea for deriving the optimal time-decay rates in (1.5).
The main difficulty focuses on obtaining the energy estimates, which include only the
highest-order spatial derivative of the solution V2(p — 1,u), which is essentially caused by
the “degenerate” dissipative structure of the hyperbolic parabolic system. To get the dis-
sipative estimate for V2p, the usual energy method is to construct the interaction energy
functional between u and V p using the pressure term in linearized momentum equations;
see (3.27). It implies that both the first and second orders of the spatial derivatives of the
velocity and the density should be involved in the Lyapunov functional

£O =190l + [VuO)s + [ V- Vpda~ [9(0,u0]

Consequently, the L2-norms of the highest order and the first-order derivative of solutions
have the same time-decay rate.
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One of the main goals of this paper is to develop a way to capture the optimal time-decay
rates for the highest order derivative of the solution to the Cauchy problem (1.1)—(1.2) if
the initial perturbation is bounded in L!(R3). Firstly, using the standard energy method,
we establish estimate (3.24) of the energy functional ©(¢) in (3.22). Secondly, motivated
by the decomposition technique of both the low and high frequencies of solutions in [41],
to get rid of the obstacle from the term f]Rg Vu -V p dx, we shall remove the low-medium-
frequency part of the term from ®(¢) in (4.12), which requires a new estimate for the
low-medium-frequency term (see Lemma 4.1 for detailed derivation).

The rest of this paper is organized as follows. In Sect. 2, for the convenience of analysis,
we write the original system (1.1) as a perturbation form (2.3). In Sect. 3, we establish
a prior estimates of solutions, and provide the global unique solvability for the Cauchy
problem of (1.1)—(1.2). Finally, in Sect. 4, we will derive the optimal time decay rate for
the non-homogeneous system (2.3) by the decomposition technique of both low and high

frequencies of solutions as in [41].

2 Reformation of motion equations
To facilitate the proof of Theorem 1.1, we shall first reformulate the Cauchy problem (1.1)—
(1.2). Obviously, we have

pr +div(pu) =0,
(pu); + pu-Vu+P'(p)Vp = A Au+ A, Vdiva,

(2.1)
n+u-Vn=An-V . (nVc),
c;+u-Ve=Ac—nc.
Let
0 =P~ Poos u=u, N =1 —Huo, c=c (2.2)
then the following inhomogeneous system of equations is equivalent to (1.1):
Ot + Poo divu =M,
u + Plxlyy — 2L Ay - 22V divu = My,
Poo Poo Poo (2.3)

N, — AN + noV3c = Ms,

¢ — Ac+ ngoC = M4,
where we have defined that

M = —div(ou),

M, =-u-Vu-hVo +A1giAu+ Ayg Vdivu,

M;=-u-VN-VNVc-NVZ,

My =—-u-Vec—-Nc (2.4)
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with

poo+o poo
1 1

817 v T oo

By = P@r000) _ Ploco)

)

(2.5)

From now on, we renew to define Su by u, then the system (2.3) is reformulated as

oy + udiva =My,
W+ uVo — pu1Au— uyVdiva = My,
N; = AN + 1o VZc = M3,

Ccr — Ac+ N =My,
with the initial data

(G; urN; C)lt:O = (UO, uO;NO; CO)(x)

= (00 — Poos W0, Mg — Mooy C0)(X) = 0 as x| = +00,

where
A Ao
MH1=— M2 = —,
Poo Poo
0
B = n= \/[P,()Ooo) + noo¢/(poo)]:

) \/P/(poo) + nooql’/(poo),

~ ~ o~ - 1
(Ml,Mz,Mg,M4) = (Ml,ﬂMz,Mg,Mz;)(O', EU,N, C).

3 Global existence and uniqueness for the nonlinear system

(2.8)

(2.9)

In this section, we will prove the global well-posedness result in Theorem 1.1, that is, the

global existence and uniqueness for the solutions of the chemotaxis—fluid system.

3.1 Unique solvability

First of all, we define a work space for the Cauchy problem of (2.6) and (2.7) as follows

X0,7T) ={(0,u,N,c) | o0 € C°((0, T); H*(R®)) N C*((0, T); H' (R?)),

u,N,ce C°((0, T); H*(R?)) n C'((0, T); L*(R%)),
Vo € L*((0, T); H*(R?), Vu, VN € L*((0, T); H' (R®),
ce L*((0, T); H*(R%)}

forany 0 < T < +00.

Then, we further introduce the results of local existence and a priori estimates of solu-

tions in sequence.

Proposition 3.1 (Local existence) Let (oo, uy, Np, co) € H*(R?) and

inf {00 + ooy N + 115} >0 and 0<cy<1.
xeR3

Page 6 of 30
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Then, there exists a constant Ty > 0 depending on || 6, g, No, ¢o || y2(r3) such that the Cauchy
problem (2.6) and (2.7) has a unique solution (o,u,N,c) € (0, Ty), which satisfies

inf {0+ pooy N + s} >0 and 0<c(x,t)<1.
x€R3,0<t<Ty

Proof We can easily prove the above conclusion using an iterative method, the fixed point

theorem, and the maxima principle. Interested readers can refer to [5, 31] for the proof. J
Proposition 3.2 (A priori estimate) Suppose that the Cauchy problem of (2.6) and (2.7)

has a solution (o,u,N,c) € (0, T), where T > 0, then there exists a sufficiently small constant

8 > 0 and a positive constant Cy independent of T, such that if the solution satisfies
sup [[(o,w,N,c)(t)|,» <9, (3.1)
0<t<T
then we have
t
lio, 08,005+ [ (190@ G+ [9@NO]s + |e0)]}2) do
< C1 /00, w0, No, co)®) | 72 (3.2)
hold for any t € [0, T].
Proof The proof of Proposition 3.2 will be given in Sect. 3.2. g

Remark 3.1 Here C; is independent of ¢ and §, and § = max {2¢, @} such that

28\
[0, N, 0 [ < Ci [ (00 0 Ny )] < (3) .
In addition, by (3.1), we have

|(m(p),&(@)| =Clol,  |[V*(l(p).g1(p))| <C, forany givenk > 1.

Thanks to Propositions 3.1 and 3.2, we immediately get the global existence of unique

solutions of the Cauchy problem (2.6)—(2.7) using a standard continuity argument.

3.2 Proof of Proposition 3.2

In this section, we aim to complete the proof of Proposition 3.2. The key step is to derive
the energy estimates of the lower and higher derivatives of the solution (o, u, N, ¢) of the
Cauchy problem (2.6)—(2.7).

Lemma 3.1 Let the functional ©,(t) be defined as follows

1
Du(t) = §{||U||?{l + 20 /3 Vo -udx + [ulfy + [INIF + 27 llellzp } (3.3)
R
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then we have

d o1 2 M1 2 M2, o
—2,(t) + — ||V + —||Vu + —||diva
T 1(t) 2 Vol 2 Vulli, 2 I [
1 2 14 2 ny 2
+ ZHVNHHI + EHVC”HI pire llellin <0, (3.4)

where oy and y are two given constants.

Proof Multiplying V*(2.6);-VX(2.6); by VX, V¥u and VAN in L%(R®) resp., then sum-
ming the resulting identities up, and finally, using Young inequality and the integral by

parts, we get

1d
9o L 9l [ 9N )
] VVal o[V dival ¢ [VEONE,

= Moo / VAV2eVAN dx + / Vko VEM,; dx
R3 R3
+ / VFuViM, dx + / VANV M, dx
R3 R3
”’go k I TS 2 k ok
< 2| V*Ve|p + | |[VEVN|| L+ [ Ve VM dx
2 L 2 L R3
+ / VAuVAM, dx + f VANVAM; dx. (3.5)
R3 R3

Multiplying V(2.6);, (2.6), by u and Vo, resp., and then integrating by parts, we have

d
— Vo-udx+u/ Vo |>dx
dt R3 R3

= ulldivul?, + ’“f Vo - Audx
]R3

+,u2f Va-Vdivudx+f u-VMldx+/ Vo - M, dx. (3.6)
R3 R3 R3

For any given constant «; > 0, we use Young’s inequality to get

2
oL o
‘Wlf Vo - Audr < 22 Vo2, + S Aul2,,
]R3 4
2
o 07
Wz/ Vo - Vdivuds = 28190 2, + 22 v divul?,,
R3

Adding ) ;- (3.5) to (3.6) and then using the above two inequalities, we get

1d

2 2 2
55{Ilallm v2a [ Vo uds ful + ||N||H1}

a1 . 1
+ Tllvalliz + | Vull?y + poll dival?, + EHVNH,ZLp

2

2
a1y . 2 . 2 1 2
IVdivuallj, +cqplldivall;, + —;o IVellzn

2
o
< 147

2
[ Aull7, +

Page 8 of 30
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+/ aMldx+/ Vo VM, dx + u-M,dx
R3 R3 R3

+/ Vu~VM2dx+/ NMgdx+/ VNVM;dx
R3 R3 R3

+oz1/ u~VM1dx+oz1/ Vo - My dx. (3.7)
R3 R3

Next, we estimate the nonlinear part on the right-hand side of (3.7). By exploiting the
Holder inequality, Young inequality, Lemmas A.4—A.5, assumption (3.1), and integral by
parts, we can get

/3 oMidx < Cllolls(IVolzlulls + ol Val )
R

< CIVall(IVallzllulm + (llo I Val2)

< C3|V(o, 0]}, (3.8)
and

fR Vo VMydx < C|[ V20 |, (IVo 2 ullie + ol Vall2)
< C| V2oL (IVolzllulle + ol Val,2)
<Co(|Viow| + | Vo] 2)- (3.9)

Recalling the definition of 4; (i = 1,2,3) and then using the Holder inequality, Young

inequality, assumption (3.1), and integral by parts, we know that

[ < Clule(17alia s + 19 2 (0]
R

+ Vo llz2 | ha(0) | 5 + INVoll 2] hs(0) | 2)
+ Clulls |g10)] 5| V?ul 5

< ClIVul2(IValzllulg + 1Vo 2 | o) 5
+IVo ll 2] ha(0) | ;5 + Vol 2Nl | (o) 15
+|a@)] ]Vl 2)

< Co(|Vio w2+ [v2ul) 6.10)
and

/RS Vu- VM, dx < C|[V2ul , (IVall 2 [ullze + Vo ll 2 [ 71(0) |

+ Vol [ 12(0)| oo + INVO I 2] 3(0) | oo

+a1@)] = [Vul )

< ClIVull2(IVull2llallg2 + 1 Vollz2 [ (o) 4

Page 9 of 30
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+ 1Vl h2(0) | o + 1V N2 [Nl |3 (0) | o )

< C3(| Vo, w5} + | V?u|,). (3.11)
Similarly, we have

fBNMgdx < CINIs(IVNIl2llull 3 + VN 31 Vel 2)
R
< CIVNI2(IVNIIzllull 2 + N2 Vell2)
2
< C8|V(N,9)|» (3.12)

and

Ag VNVMsdx < C|V°N |, (IVNIl2 [z + [N ||z || VZc] ,2)
< C|V?N|| 2 (IIVNIlz2llallzz2 + [IN |2 V¢]| 2)
< C3(| V2N, 0|1 2,). (3.13)

For the last two nonlinear terms in (3.7), we can use the integral by parts, Young inequal-
ity, Holder inequality, assumption (3.1), and Lemmas A.4—A.5 to estimate that

ot1/ u~VM1dx:—ot1/ divaM; dx
R3 R3

< Cay || divul| 2 ||M; 2
< Cay|ldivull2([lollze [ Vull 2 + [[ull o | Vo |l 2)

< Cu16 H V(o,u) Hiz (3.14)
and

o / Vo - My de < Can | Vo2 [ Ml 2
]R3

< Cot|| Vo2 (lullze | Vullz + [|h1(0) | o Vo |l 2
+ [ h2(0) | o IV [l 2 + [ 3(0)|| oo [N 200 Vo |1 12)

< Cay8|V(o,w)|- (3.15)

Putting (3.8)—(3.15) into (3.7) yields

1d 2 42 v d 2 N|?
T ol +2a; Vo x + [lullzy + [IN17,

o1 . 1
+ TIIVUIIiz + il VullZy + poll divall2, + EIIVNllip

2

2
a1y . 2 . 2 1 2
IVdivuallj, +eqplldivall;, + —;o IVellzn

——|Au|lZ, +

+CL+a)s(|Vie, wN, Q)5 + |V, w N, )| 1) (3.16)

Page 10 of 30
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Now we proceed to estimate for ¢. Multiplying V¥(2.6), by VXc in R?, and then we inte-
grate by parts to get

Sl + [VAel | Vel = [ 94evian (317)
t R3

It is easy to estimate that

/ cM4dx§C/ cu-Vedx+C | Nic*dx
R3 R3 R3
< C(llaflz=lIVellzellel 2 + N licllz2 + llcll2)
< C8(llcl72 + 11Vell32) (3.18)

and

/ VeVMy dx < C|[ V2| o 1Myl 2
R3
< C| V%] lull Vel 2 + C| V2| o IN Iz llc 2

< CS(llcl% + 1VelZ + | V3e|)- (3.19)

Putting (3.18) and (3.19) into } y_,_, (3.17) and using the smallness of §, we have

d
g el + 1Vel + naslielzy <0. (3.20)

By (3.16) and (3.20), we get

1d
S ol + 20!1/ Vo -udx+ [z + N3+ 2y llellin
Zdt R3

o1
+ —

2 2 : 2
5 IOl + mliValli + o divull},

EVN 2 Vell2 2
+2|| e+ VIVelp + necy llclin

2 2 2
1M o . . n
== HlAwlE + ==V diva + ol divalf + 22 Vel
2 2
+CA+a)d(llelys + | Vo, w N, )| + [ Vo, w N, ) [ 1), (321)

where o is a fixed parameter that satisfies the following definition

1
0<ay Smm{L,L,&,_},
4y 4 4 2
and y := n% . This completes the proof of Lemma 3.1. O

Next, we focus on the energy estimate of the highest derivatives of solutions.

Page 11 of 30
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Lemma 3.2 Let the functional ©,,(t) be defined as follows
D(t) := l{ V2|2, + 20(2/ VVo - Vudx
2 R3
+ V22, + | VN5 + 2v | Ve } (322)
Then we have

4,0+ 2H

I w .
$040+ 2w |+ L1 v, + 22 |V dival

1 2 Y 2 MY 2
Lo+ vl + P el
2 . 2
< ?Hlequ%z + C8llcll7n + C8|| V*(u,N)| 12, (3.23)
where a1 and y are two given constant.
Proof Multiplying V2(2.6);-V?%(2.6); by V2o, V2u and V2N in L2(R3), resp., then sum-

ming the resulting identities up, and finally, using the Young inequality and integral by
parts, we can get

1d
531V L+ [V2ul [ 92N )
+ [Vl 4 o | V2 divall; + [ VAVN

=Moo / V2V¢V2VN dx + / V2ioVIM,; dx
R3 R3
+ / VZuV2M, dx + / VINV2M; dx
R3 R3
n 1
< =2 v2ve|?, + < |[V2VN, +/ V20 VM, dx
2 L 2 L ]R3

+ / VZuV2M, dx + / VINV2Ms; dx. (3.24)
]R3 ]R3

Multiplying V2(2.6);, V(2.6), by Vu and V20, resp., and integrating by parts, we have

d
— Vo-udx+u/ Vo |>dx
dt R3 R3

=M||Vdivu||§2 +,u1/ VVU-VAudx+/L2/ VVo - VVdivudx

R3 R3
+/ Vu~VVM1dx+/ VVo - VM, dx
R3 R3
<

SIS

2
. w
IVVo |2, + wllV dival?, + iIIVAulliz

2
+ 229 vdivu)?, + / Vu.VVM, dx + / VVo - VM, dx. (3.25)
128 R3 R3
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Let a; be a fixed constant. Addition of o x (3.25) and (3.24) yields

1d

: dt{”Vzo I72+20: [ VVo - Vudss [Vul, + ||v2N||j2}

+ LIVl + | V[ + o[ V2 dival, + [ VYN,

n

0‘2“% . 2 . 2 go 2 2
IV divul?, + eV dival?, + 7||v Vel 2

2
oo Uy 2
<——[VAulj; +

1
+ o V2UN|2, + / V2o VM, dx + / V2uaV2M, dx
2 ]R3 ]R3
+ / VINV2M5dx + s / u- VM dx + sy / Vo - M, dx. (3.26)
]R3 ]R3 ]R3

Next, we estimate the nonlinear term on the right-hand side of formula (3.26). By the
Holder inequality, Young inequality, assumption (3.1), Lemmas A.3—A 4, and the integral

by parts, we have

/ V26 V2M, dx < C|(V0, V(o divu))| + C|(V?e, V*(Vo - u))|
R3

< C| Vo | (| Vo 2l divales + o | V> diva|,,)

+Cl divul || Vo Hiz +C| V30| 5| VX(Vo -u) - V*Vo -u] ,
< C| V2o |5l divul = + C|| V20 | pllo I | V2 divul

+ C| V20| o (| Ve I Vulle + Vol + ||Vl 6)
< C| V2|l Valie + C[ V20| lo e | Vul

+C| V2o | o (V2o | LI Valle + 1 Vel | Vi )

< C3(| V2@, w| + | V2ul?,). (3.27)
Exploiting the integral by parts, we have

/ VZuViM, dx < C}(Vsu, V(a- divu)>‘ + C‘(Vgu, V[hl(a)VJ]H
R3
+C|(V?u,V[hy(0)NVa )| + C|(Vu, V[gi (o) Au])|

+ C‘(Vsu, V[gl(a)V divu])‘ + C‘(Vsu, V[hg(d)NVd])!. (3.28)

Making use of Lemmas A.3—A.5, assumption (3.1), and the definition of /1;, we can derive

from the above inequality that

/RB V2uV2My dx < C|[V2ul (I Va6 Vals + ullze [ V2ul] )
+C V] o (@) Vo | 2 + [ VIa (@) 6 Vo l2)
+C|Vu| ([ ia(@)] o [ V2o | 2 + [ VIa(0) | s IV l122)

+C| V0] 2 (| @) oo [0l 2 + [ Ver (@) 6 1 V0l3)
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+C|[Viu o | V2o | o] s (@) o IN 122

+C||Vu| 2 IVl (|3(0) | ;o VNI 2 + || Vis(0)] 6 NI 3)
< C[Viu| . ([V?u 2llulee + ullpe | V] )

+C|Vu| (@) [ Voo | 2 + [ V2o | 2Nl lr2)

+C|Vu| ([ a(@) ][ Voo | 2 + [ V20 | 2Nl le2)

+C|[Viu o | V2o | 2] s (@) o IN 1220

+C[[V?u|| 2 IVo s ([ f3(0)]| s IVN s + | Vhs(0) | 16 1IN 16)

=C3(|v @] + [V@]2). (3.29)
where we have used the fact that
|Vhi(o)| s <ClIVolls <C|| Vo, fori=1,2.
Similarly, it is easy to estimate that

/ V’NV?Mzdx < C|(V®N, V(u- VN))| + C|(V°N, V(VNVc))|
R3

+C|(V?N, V*(NV?¢))

, (3.30)
which gives

fR  VINVZMs dx < C[ VPN o (IVall s I VN3 + e [ V2N 1)

+ CIN] |92 el Vel + Ve | V2N e 19N
+ CIVNI [ V29N o[Vl o + CIVN3 [ 92N o[ 9] .
+ CIN oI | 9] 3 + 19N 13 [P o] 92N

2 2
< C(| V2N, 0)| 5 + | VPN, 9| 2)- (3.31)
Using Lemma A.5, Young inequality, assumption (3.1), and Holder inequality, we obtain

a2/ Vu~VVM1dx:—ot2/ VdivaVM; dx
R3 R3

< Ca |V divul 2| VM 2
< Coa | V2ul o (| V2u| ol + ull [ V2o ] 2)

< Cand | V(0,0 1> (3.32)
and

0(2/ VVo - VM, dx
R3

= Cos|VVo [ 2IVM; |l 2
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< Car|VVo |2 ([IVull sVl + [ullie + | V?ul 2)
+ Car||VVo | 2([| VA (0) | 6 IVl + | 11(0) | ;o | VPO | 2)
+ Cas[|[VVo || 2(]|Via(0) | 61Vl + [ h2(0)]| o [ VPO || )
+Car |V | [V | o[ r3(@) | o IN oo
+ Cas | V2o || 2 1Vo lls ([ 3(0)|| 16 I VNI + || V(o) | 611Nl s)

< Cand || V3o, 0) |- (3.33)

Substituting the above result into (3.26), we have

1d

EE{HVza I3+ 200 [ 9V Vuds+ [V}, + ”vm”;}

1
- SNV [V + ] Vvl | VON,

n

Olzﬂ% . 2 . 2 go 2 2
IVVdivul?, + aapl|Vdival|?, + THV Vel

2
(07
< %nvmn; ¥

+ CL+a)d(|V2o, wN, Q)5 + [ VPN, 0)|2). (3.34)

Multiplying V2(2.6), by V¢ in L2(R3), we find that

1d

T | V2|3, + | V2Ve|| 3 + moo | V3¢, = / V2V M, dx. (3.35)
t R3

It is also easy to estimate that

/R VAVAMydx < C| Ve IV Mal e

< C|Ve¢| . (IIVull s Vells + ullz= | Vel )
+C|V3¢| 2 (VNI sliclizz + N1l z3 1 Vel o)
< C(llelZs + | V|2 + | Voe )

< C3(llel + | V2e|| 3 + | V3¢| ) (3.36)
Combining (3.35) with (3.36) yields
d
Vel + |92 Vel # | Ve 12 < Cllel. (3.37)
Let a3 be a constant satisfying

1
0<a2§min{ e }

81" 8" By 4

By the smallness of §, we immediately get Lemma 3.2. O
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With Lemmas 3.1-3.2 in hand, we easily further obtain Proposition 3.2. In fact, keeping
in mind the Young inequality and the definitions of ©;, ©;, we have

1
Gl uN.aw 7 =216 + D) = G| (0,0, N, @) [ (3.38)
which yields
Du(t) + D) > || (0, w, N, )(0) [ 1 (3.39)

where C; > 0 is a constant. Integrating the two inequalities in the above two lemmas
over [0,¢], thus (3.2) holds for the small enough §. This completes the proof of Propo-

sition 3.2.

4 Decayrates

In this section, we shall derive the decay-in-time rates for the Cauchy problem (2.6)—(2.7).
The proof will be broken up into three subsections. First, in Sect. 4.1, we obtain the LX°L2-
norm estimate of the second derivatives of solutions of the Cauchy problem. Secondly,
we establish the decay estimate of the low-medium-frequency parts based on the idea of
the decomposition technique of both low and high frequencies of solutions in Sect. 4.2.
Finally, in Sect. 4.3, we estimate the nonlinear part and derive the time decay rates for

solutions of the Cauchy problem.

4.1 Cancellation of a low-frequency part
Inspired by the observation of canceling the low-frequency part of solutions, we have the

following conclusion.

Lemma 4.1 It holds that
t
V200, N A0 = € P00, N0 + €3 [ 0ot} e
0
t
+ C/ e G317 |v? (O’L,uL,NL,CL)(‘L')”iZ dr, (4.1)
0

where the positive constants C are independent of §.

Proof Multiplying V(2.6), by VVo? in L2, we integrate by parts and use (2.6); to get

d
— VVol . Vudx = u/ (V divuVdiva* - VVo - VVUL) dx
dt R3 R3

+ Ml/ VVol.VAudx + ,uZ/ VVol. VVdivudx
R3 R3

+ / VVol. VM, dx - / V divuVME dx. (4.2)
R3 R3
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Then, thanks to the Young inequality, we have

d w+1 0 7
—— | VVol.Vudyx<=—=|Vdivu|% + =||VVe|? + —||VAu|?
& oo o == l lI72 8|| ol 5 l lI72
1+p+
+ %nvv divul?, + (2M + %) |vvet |2,
1 . 2 1 1 2
+s |V diva|,, + 5||v1v12||§2 t5 vt (4.3)

By virtue of the Plancherel theorem and Lemma A.3, we have
2 2
IVMaI7, + [ VM| < C8|| V2 (o, w) | 1o (4.4)

Adding oy x (4.3) and (3.23) together and using (4.4) and (A.1), we estimate that

d QoL
a(@;,(t) —ay /RB VVol. Vudx) + %“ Vic ||i2

I w w .
|l RV + 2 v

=

7 e,

1 1 y
+ 1PN+ SRIVAN! [ + Ve +

1
< [% ¥ %]Wdivuniz + VYo |2 + S VAul,

oo U2
2

+ C8(1+ )| V20, u N, )35 + CSllc2. (4.5)

+ 22 vVdivual?, + Cas | V2ot |2, + Can|| V divet |2,

In addition, using frequency decomposition and adding 1 R§[|V>u* |7, + 1R} V>N*E 17,

to both sides of (4.5), we can get

d arp
E(@;,(t) —ay ,/R3 VVol. Vudx) + %H Vi ||i2

I W I .
|l RVl + 2 vl

Ny
2

1 1 y
+ g IVN I+ RV + S 9% + =9l

2

< Cor| V2ot |, + <Coz2 . %Rﬁ) [V |2,

L1
2

[Mz ar(p +1)
+| =+ 5

2 ]||Vdivu||§2 +

IV Auli7,

oo U2
+ _
2

+ C8(1+ @) | V20, w N, ) |2, + CSllc2. (4.6)

|V divaZ, + 2R VNE s
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Choosing & < 1 and R} > max {4("%1‘“1), 1}, and then using the smallness of §, we get

d as il
a(@;,(t) o [ ol Vudx) o,
m I n .

el s Rl 4 2 | dival

=)

< C||v*(ot, ut, NE, C) ||, + CBlicl?- (4.7)

Vel

1 1 14
NI ¢ RN+ Lol +

In view of frequency decomposition, one gets

Du(t) —a2/ VVol . Vudx
R3

1 1 1
=SVl +a2f3 Vo' Vudes |Vl + S |VN| ¢y Vel @)
R

It follows from the Young inequality and integral by parts that

0{2/ VVo'. Vudx=—0lg/ Vo'V divudx
R3 R3

< %” Vot |2, + %HVdivuni2

=L v+ 2 vl 9)
which implies

Du(t) —012/ VVol . Vudx~ || Vz(a,u,N,c)”iz, (4.10)
R3

where we have used the fact 0 < a5 < i.

Thanks to (4.7) and (4.10), we can deduce that for a suitable constant Cs,

d

—(@h(t)—azf VVUL-Vudx> +C3<®h(t)—a2/ VVUL-Vudx>
dt R3 R3

< C||V?(ot,ut, NE, )|}, + C3licl,. (4.11)
Consequently, by the Gronwall inequality, we conclude that
D) — aa /RS VVol . Vudx < eC3t<z)h(0) — /Rs VVait - Vug dx)
+ C/Ote_cw_r) [ VZ(GL,uL,NL,cL)(t)”i2 dr

t
+C8§ / e B3 ¢)|?, dr. (4.12)
0

This completes the proof of Lemma 4.1. g
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4.2 Decay estimates of the low-medium-frequency parts
Based on the temporal decay estimates from Fourier analysis of linearized systems, we
can derive the estimates of the low-medium frequency part of solutions of the Cauchy
problem. Next, we divide the derivation into three steps.

Step 1: we decouple the velocity u.

First, we define that

A= (—A)%, b:=A'diva and pu=Alcurlu

Then we have diva = Ab and (curlu); := ajui — 9;W. The system (2.6) can be decoupled

into the following systems:

oy + wAb = My,
bt — uAo —VAD — 1@’ (poo) Ao = My,
N; — AN + nogA%c = Ms, (4.13)

Cr — AC+ HooC =My,

(0’, b!N’ C))(x’ t)ltzO = (007 b07N07 Co)(?C)

and
u); — Apu = pM,,
(pu); — Apu =pM, (4.14)
pu(x, t)le=o = puo(x),
where
Vi= U+ U, 9)12 = A_l diVMz, bo = A_l div Up.
In fact, the estimate of u translates into the estimate of b and the estimate of pu.
Applying the Fourier transform to (4.13), we get that
Gy + pl|b = My,
by = IEIG + VIEPD = 1ot (poo) IE[G = Mo, @1s)
N, + [EPN + nool[2C = M,
G + |E|%C + 1ogC = M.
We rewrite the above equations in a vector form:
G G M,
da (s v [
— | ~|+H ~|l=1 <1, 4.16
@lr (1€1) R e (4.16)
< < M,
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where
0 wlgl 0 0
—E| = 1o (Po)|E] VIEP 0 0
H(|§]) = T ) ) (4.17)
0 0 I8I°  nlél
0 0 0 €17 +ns
Define g = ||, then the characteristic polynomial of matrix H is given as follows:
P(3) = [H(g) - M|
= apht — a1 A3 + axA? — ash + aa, (4.18)
where
ag = 1, ar = (2 +v)g* + o,
ay=(1+ 2”)94 + (MZ *+ oo + NV + noc¢,(poo)ﬂ)92,
az = vg® + (21 + MooV + 21009 (000) 1) 8* + (Moot + 12e® (Poc) 1) 87
s = (112 + Noo® (poc) 1) 8° + (Moo it® + 1200 (poo) 1) g*. (4.19)

The four solutions of the equation P(1) = 0 are

\/|U2|92 —4(? + Moo @ (Poo) L) ¥ ng + O(g?’)

Ay =g"+0(g%, Aa, Ag = tig 5 2

and
Ay = g2 + Moo + O(gg).
Step 2: We shall analyze the asymptotic of the low-intermediate frequency.

Proposition 4.1 For a solution to (3,’1;, N, 0), there exists a constant Cy, and the  following

inequality holds
@,5,N,0(4,)[" < |ce | |3,5,N,2)(0,)|*. (4.20)
Proof We can derive from the homogeneous linear equation

&, + ulelb =0,
bi — 1IE[G + VIE1D - naod (po0) €1 = 0,

~ - (4.21)
N; + [EI’N + ny|§1*¢ =0,

G+ |E1%C+nac=0

that

| o

[IG12 + 51> + INI*} + vIg*[B) + 1€ *IN|?

N =
o

t
% = Hoo®' (poo) |€] Re(5D) — 10 |E]> Re(eN), (4.22)
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and

55“2 +16P[E? + noole)? = (4:23)

Multiplying (4.21); and (4.21), by? and 7, resp., and then adding the resulting identities

up, we have
d =
y” Re(@D) ~ [+ 1oc (0:0)||E 1G> + I [B? = vl |* Re(b5). (4.24)

Combining —a3|§| x (4.24) and (4.22) yields

d. A o
a{|0|2—2a3ISIRe(0b)+|b|2+INIZ}

N =

+ [+ 1009 (000) |03 161262 + (v — pats) £ 7B + €2 IN?

= 1o (00) |E | Re(GD) — 1o £ [P Re(@N) + vas € > Re(b5). (4.25)

For any fixed constant o3 > 0, by the Young inequality and a simple calculation, one gets

d, PN
a{|0|2—203|5|Re(0b)+|b|2+|N|2}

N =

+ (1 + 1009 (000) |36 1262 + (v — pas) £ 7B + £ IN?

n ¢(p ) 1, 1 ~
< R EPIG + < [b1E + < IEPINT
2 2
2
n a3 55 VA3~
+ %Oléflzrc\l2 + Tléflzlcfl2 + TIEI"IbIZ- (4.26)

Now we choose the constant o3 satisfying

B
0O<az <mingy —, — ¢.
{2 4M}

Then, we can get from (4.25) and (4.26) that

d, A o
a{|o|2—2a3|§|Re(ab)+|b|2+IN|2}

N =

o . v 1 ~
= lEPEt ZWP +SIEPINP

5%@2 oo 1P + L3 e 4. (4.27)

&‘

Let the small constant ry satisfy || < rg < min{%
(4.27) that

&,2}. We derive from (4.23) and

d AR o, Ve, 2, o o Mool0 oo
— (¢, — — b N — — <0, (4.28
a& 1t &) + 5 1§10 +8|‘§|| [~ + |§|| |~ + 2| >+ 5 1E1%[c]” < (4.28)
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where y, =2 and

=

1 a1~y 1~
£(t,6) = SIG 1" - 2031 | Re(@D) + Z[BI” + S INI + o[l (4.29)
Since 2319 < %, we have

(€~ G + B + N + [, (4.30)

which implies that there is a positive constant Cj, such that for any |§| < ro,
a3l 9~ Vi o L ~0 Yo MoVo

CulE°L4(t,€) < Tl%lzldl2 + glélzlbl2 + §|5§|2|N|2 + Elbl2 + o°f|€|2|’512~ (4.31)

Consequently, we immediately get (4.20). d

Lemma 4.2 For any given constants r and R with 0 < r < R, there exists a positive constant
J such that

’e’tG(l‘g‘)| <CeV)  forallr<|&| <RandteR". (4.32)
For the system (4.21), the inequality (4.32) yields

@,5,N,0(5,8)| = |e*“G,5,N,9)(0,8)|

< Ce!|(3,b,N,0)(0,6)| forall |¢] € [, R), (4.33)
where r and R are any given positive constants.

Proof It is easy to check that the eigenvalues of H(£) have positive real parts for sufficiently
small g. Next, we further extend this fact to the case that no condition is required for
large g.

By the Routh—Hurwitz theorem, the roots of the function P(A) have a positive real part
if and only if the following determinants are positive:

a
Hl =da, Hz = L% ,
as dap
a a 0 O
ay day 0 0
as ap; a
Hs:=\as ay a1, Hy = 2o A . (4.34)
0 a4 az O
0 as a3
0 0 0 ay

It is clear that H; > 0 and sgnHs = sgnH,. Then, we can check that

H, = a1ay — apas

:= H1 g% + Hyog* + Hasg? > 0, (4.35)
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where the coefficients Hy;, Hyy, and Has are defined by

Hyp = 2(1 +2v + vz) >0,
Hoyy i= 120 + 3000 + dHogV + HooV? + Hoo®' (P ) AV,

Hys = ngo + ngou. (4.36)

By calculation, we obtain H3 = as(a1as —apas) — a%az; > 0. We mediately see the conclusions
in Lemma 4.2 hold; please refer to Sect. 3.3 in [7] for details. O

Step 3: Next, we estimate for pu(t, £).

The linearized equations of (4.14) under Fourier transform take the following form:
1Au+ lE>pu=0 (4.37)
g tp migl"pu=0. .
By a direct calculation, it follows from (4.37) that for all |§| > 0,

*. (4.38)

Ipus, €)[° < Ce ™| pu(0,)

Finally, exploiting the Fourier analysis of linear systems, we can show the temporal decay

2

estimates for the low-intermediate part of the Cauchy problem solution in L?L2-norm.

Let H be a matrix of the differential operators, which enjoys the following form

0 udiv 0 0
V + 100®’ (o) V. =1 A — oV di
o | #Y ¢'(Poo) A = Vdiv o 0 0 (4.39)
0 0 -A Hoo V?
0 0 0 [E]*+ 0
and
V() 1= (o0, u(®, N©), ), T(0) := (0, 1o, Noy co)". (4.40)
Then, we can get the corresponding linear equation problem
d
U@ +HU=0 fort>0,
V) (4.41)

Ule-0 = V(0).

Applying the Fourier transform to (4.41) with respect to the variables x and solving the

ordinary equation with respect to ¢, we obtain

U() = H®)U(0), (4.42)
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where $(£) = e (¢ > 0) is the semigroup that generated by the linear operator H and
N = FH e f () with

0 ig" 0 0
j 258, & 0 0
H - £ p1lE1°8; + 1aki§ ) | (4.43)
0 0 €17 noolE]
0 0 0 & +nu

Then, we have the following decay estimate.
Lemma 4.3 Let 1 <p <2. Then, for any integer k > 0,
k
| V¥ (b U-(0)) [ . < C(1+ £ 3% 272 [U(0)] . (4.44)

Proof Exploiting the Plancherel theorem and (4.20) and then taking r = o and R = Ry in
(4.33), we obtain

[ (o, b NE ) @] = @) (0, BENE )

- (/RS|(is)k(éf,b7,A7L,c7)(5,t)|2ds)2

1
2

IA

c(/ |<s>}2ky(am,a<s,t)|2ds)
£]1<Ro

IA

c(/ y(s>|2keCﬁ'é2f|<8$,ﬁ,a(s,o>|2ds)2
[&]1<ro

1
2

+ C( / |(e;f>|2kefﬂ(&fﬁ,a(s,onzds) (4.45)
ro=<I§|=Ro

Using the Hausdorff-Young inequality and Holder inequality, we get from (4.45) that

k
2

Jo£(", 5N )0 2 = C| @B, NDO) | 1+ 62570

)—

S
(S

< |0, u,N, )] , (1 + 3%~ (4.46)
Herel<p <2<g<ooand 117 + % = 1. Similarly to the estimate (4.46), using (4.38), we
get
k() -3G-5-%
o5 (pw)" (@) ] > < C[lu(0)|| , (1 + )" 227272, (4.47)
Thanks to (4.46) and (4.47), we immediately get the desired estimate (4.44). a

4.3 Decay rates for the nonlinear system
Next, we establish the time decay estimates of solutions to the nonlinear problem (2.6)
and (2.7). Let us consider the nonhomogeneous problem:

%U+HU =S(U) fort>0,

(4.48)
Ulz=0 = U(0),
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where
S([U) = (M17M27M31M4)T- (4‘49)

Based on Duhamel’s principle, the solution of (4.48) can be written as follows
t
U(z) = h()U(0) + / h(t — v)S(U)(z)dr. (4.50)
0

Thus, we have the following conclusion.

Lemma 4.4 Suppose that 1 < p <2, then for any integer k > 0, there is a positive constant
Cs such that

[VUH0)] 2 < G5+ 075 [UO)] .
+c5/7(1+t_r)f%*%||5(m)(r)||ﬂ dr
0

¥ C*"ft (1+¢-17)72 |SU)()| . dr. (4.51)
2

By combining Lemma 3.2 with Lemma 4.4, we get the time decay rates of solutions to
the nonlinear problem.

Lemma 4.5 By the assumption of Theorem 1.1, we have

| V¥, 0, N)®)| o < CA+ 87 F5 fork=0,1,2, (4.52)

le@]),, < Ce™. (4.53)

Proof Adding (3.20) and (3.37) together and then using the smallness of §, we have
d 2 1 2 Moo 2
p” le@ | + 3 [Ve®)| . + - [Ve@®) |y <. (4.54)

Multiplying (4.54) by e and integrating the resulting identity over [0, t], we have
2
Ve <€ T llcoll e (4.55)

Thus, we obtain (4.53).
Denote that

2
p Z 1+ V70, N)(©)| - (4.56)

su
0<t

It is easy to see that G(¢) is non-decreasing, and we have for 0 <m <2

3_m
2

”V'”(a,u,N)(r)HL2 <Ce(l+1)"272G(t) (4.57)

for some positive constant Cy independent of §, where 0 <t <t.
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Thanks to the Holder inequality (4.57) and assumption (3.1), we get

[ 5 N2 | Ve N,
+INllz2llell2 + IVN 211 Vell 2

<8GEL+1)F +8lcoll e TT (4.58)
and

[z 5 o N 15| Vio N, )
+INllz=llclz2 + IVN 1311 Vell o
Sl uN|pu[Vie wN.o] .

+ VNIl lieliz2 + IVNl i | Ve ]2

~

Hoo
41’

< SIE1 G (1)(1 + l.)—(p%h) +8l|coll y2e” , (4.59)

where &7 € (0, %) is a small fixed position constant.
By Lemma 4.4, (4.58), and (4.59), we have for 0 < k <2

t
3_k

VU0 o = o U@y + Collenle [ 1o oy e T
0

t

+ C5||c0||H2/ A+t-1) e T de
t
2

5 _3_k _5
+CSG(t)/ AQ+t-1)272(1+1)adr
0
1-¢ 1+e ! s -7 3
+C Gy | Q+t—-1)"2(1+1) 4 2% dr
t
2

k
2

< C(|UO)] 1 + ol +3G(®) + 81 G@) 1) (1 + £)7 375, (4.60)

From (4.1) and (4.60), we obtain
VU2, < Ce || v2U(0)|2, + C8 /0 gcT |e@)])7 dz + C(JUO)|2, + llcoll?
+82GA(t) + 821G (p)* ) / t eI (1 4 1) T dr. (4.61)
0
Putting (4.55) into (4.61) yields
| VU@, < C(|UO)] a0y +82G3(®) + 82 21G0)**1) (1 +7) 3. (4.62)
Moreover, by the Frequency decomposition and (A.1), we get for 0 <k <2

[V UO ;. < |V U@ + VU072

< C|VFUE|2, + | VU (4.63)
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Exploiting (4.60), (4.62), and (4.63) for 0 < k < 2, we have
VU2, < C[UO)]) a0 + 82GH(E) + 8 21G>241(1)) (1 + £) 37, (4.64)

Recalling the definition of G(¢) and the smallness of §, we derive from (4.64) that there is
a positive constant C; independent of § such that

G (t) < %{ [0, W N, )O) |7 y1 +82G2(2) + 827 21GH 21 (1) ). (4.65)

Thanks to the Young inequality, we obtain

1-— 2 1 2(2-¢1)
I GHHI () < =G+ S T G (4.66)
Now we denote
2 l-e1

Ko =G| (0,u,N,0)(0) | ;o1 + — G (4.67)

and
1 4(1-¢71)
Cy= — LT (4.68)
2

In view of (4.65) and the smallness of §, we have

G2(t) < Ky + CsGH(2). (4.69)

Now we claim G(¢) < C. Assume that G*(¢) > 2K for any ¢ € [£, +0co) with a constant
> 0. Since G%(0) = ||(09, W, No, co)||z2 is small and G(¢) € C°[0, +00), there is £y € (0,1)
such that G*(t) = 2Ko.

We obtain from (4.69) that

G2(t0) <Ko+ C5G4(to).

By direct calculation, we obtain

Ky
G ) < ———————. 4.70
) = =& e (4.70)

Suppose that § is a small constant such that C; < ﬁ, i.e. CsG%(t) < % Then we get G2(¢,) <
2Ky by (4.70). That is a contradiction with the assumption G?(t) < 2Ky. So, G?(¢y) < 2Kp
for any ¢ € [£, +00). Noticing that G(¢) is non-decreasing, we further get G(¢) < C for any

t € [0, +00). By the definition of G(¢) in (4.56), we arrive at (4.52). (I

Appendix: Analytic tools
In this section, we will introduce some well-known Sobolev inequalities and a decay esti-
mate, which have been used in the previous sections.
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Lemma A.1 ([41]) For any given integers q, qo, q1 With qo < q < q1 < m, it holds that

[V o < IV o IV < V9] 2 (A1)
1
[ v,z < R [V e 1V 2 < 992 (A.2)
and
ol < IV 2 < REL] o (A.3)

Proof The above inequalities can be easily verified by the definition of the frequency dis-
tribution and using the Plancherel theorem. 0

Lemma A.2 ([25]) Let m > 1 be an integer, then we have

||V”‘(fg) ”LP(IR”) =< Cllfllzrr ey ||Vmg||l,P2(R”) + C”me||zﬂ3(w)”g||ﬂ’4(R”>’ (A4)

where 1 < p; <+00 (1 <i<4)and

1 1
—+ —. (A.5)
P3  Pa

1 1 1
— — + R—
p P p2

Lemma A.3 ([30]) Letf € HX(R®). Then

1 1
Ifllzee < CIVEI2 IV < CIVSf s
Iflle < CIVSI; (A.6)
Ifllze < ClIVfllin  for2 <q<6.

Lemma A .4 ([48]) Assume that || ||Lo@ny < 1. Let f() be a smooth function of  with
bounded derivatives of any order, then for any integer m > 1 and 1 < p < +00, we have

[V | oy = IV | oy (A7)
Lemma A.5 ([32]) If0 <i,j <k, weget

19510 S 19150 19 - (A8)

In particular, when q = 0o, we require that § must satisfy 0 < § < 1.

Lemma A.6 ([53]) Letay, a, as e Rand a; > 1,0 < ay < ay, as > 0, so we have
t
/ A+t-7) ™1 +7)*dr <Clay,a)1+1)™4, (A.9)
0
L
/ (1+t—1) e dr < Clay,a3)(1 + )™, (A.10)
0

where t € R,, C(a1,a;) >0 and Clay,as) > 0.
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