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1 Introduction
Let Q@ C R” be a bounded set, n > 3. In this paper, we consider the exterior Dirichlet
problem of Hessian equations

crk(A(Dzu)) =ow(x), xeR\Q, (1.1)

u=a¢kx), xe€0d%, (1.2)

where A(D?u) are the eigenvalues Ay,..., A, of the Hessian matrix D?u,

oc(MDu) = Y Ay

1<ij<--<ig=<n

is the kth elementary symmetric function for k =1,...,n, w € CO(R™\Q) is positive and
¢ € C%(3R). Note that, for k = 1, (1.1) is the Poisson equation Au = w(x) which is a linear
elliptic equation; for k = n, (1.1) is the notable Monge—Ampére equation det D*u = w(x)
which is a fully nonlinear elliptic equation.

The exterior Dirichlet problem of Monge—Ampére equations is closely related to the
classical theorem of Jorgens [18] (n = 2), Calabi [8] (n < 5), and Pogorelov [26] (1 > 2)
which states that any classical convex solution of det D*x = 1 in R” must be a quadratic
polynomial. Cheng and Yau [10], Caffarelli [6], Jost and Xin [19], and Trudinger and Wang
[27] also gave related results with the Jorgens—Calabi—Pogorelov theorem. The cases of
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detD%u = f in R” with f being a periodic function can be referred to Li and Lu [25] and
the references therein.

In 2003, Caffarelli and Li [7] extended the Jorgens—Calabi—Pogorelov theorem to ex-
terior domains and also investigated the existence of solutions to the exterior Dirichlet
problem

detD?*u =1, xeR”\ﬁ,
u=¢, x€9d.

(1.3)

They got that if Q2 is a smooth, bounded, strictly convex open subset and ¢ € C?(3%2), then
for any given b € R” and any given #n X n real symmetric positive definite matrix A with
detA =1, there exists some constant ¢* depending only on #, 2, ¢, b, and A, such that for
every ¢ > ¢* there exists a unique function z € C*°(R"\Q) N C°(R"\ Q) which satisfies (1.3)

and
) < oo,

Since then, many results of the exterior problem for the fully nonlinear elliptic equations
have been obtained. For instance, in 2011, the first author and Bao [13], the first author
[11] studied the Dirichlet problem of Hessian equation

lim sup(lx|”‘2

|x|— 00

u(x) — <%xTAx +b-x+ c)

ox(A(D*u)) =1 (1.4)

and got the existence and uniqueness of viscosity solutions with the asymptotic behavior

u(x) — <%* |2 + c)

where o =n or k,c € R and

lim sup(|x|"‘_2

X—>00

) <00, (15)

=

.= (1/CH)E.
In 2013, Wang and Bao [28] studied the necessary and sufficient conditions on the exis-
tence of radially symmetric solutions for the Dirichlet problem outside a unit ball B; =

Bl(o)y

or(M(D*w) =1, xeR"\B,

u = constant, «x € 0By,
with the asymptotic behavior
u(x) = %*|x|2 +c+ O(|x|2_”), |x] = co,m >3,
and

1 d
u(x) = §|x|2 + ) In|x| +c+ O(|x|2’”), |x] = oo, m =2,
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where ¢,d € R. Recently, Li and Lu [24] characterized the existence and nonexistence of
solutions for exterior problem of Monge—Ampére equations

detD’u=1, xeR"Q,
u=¢kx), xe€dg,

limyy o0 |26(x) — (%x/Ax +b-x+0)| =0,

with detA = 1, b € R”, ¢ € R. Bao, Li, and Li [2] and Cao and Bao [9] studied the solu-
tions with the generalized asymptotic behavior for exterior Dirichlet problem of Hessian
equation (1.1). The results of the exterior Dirichlet problem for Monge—Ampeére equa-
tions can also be referred to [1, 3-5, 17, 20] and the references therein. However, for the
Hessian quotient equations

ox(A(D?u))

or(M(D?w))

’

where 0 </ <k <mn, n> 3, and op(1) = 1, one can refer to [12, 21-23]. Note that if [ = 0,
the Hessian quotient equation is the Hessian equation. Moreover, for n = 2, the exterior
Dirichlet problem of Monge—Ampére equations can be referred to the earlier works by
Ferrer, Martinez, and Mildn [15, 16] using the complex variable methods. One can also
refer to Delanoé [14].

To work in the realm of elliptic equations, we restrict the class of functions. Let
Ty = {1 eR"oj(x)>0,j=1,...,k}.

Suppose that u € C2(R"\Q). If A(D*u) € Ty in R"\Q, we say that u is k-convex.

We shall discuss the necessary and sufficient conditions of existence for radially sym-
metric solutions to the exterior Dirichlet problem of Hessian equation.

Let g € C°(R") be positive and radially symmetric in x,

0 <infwy < supwyp < +00,
R” R~

and @ € C°(R"\B) be a radially symmetric function satisfying for g > 2

w(x) = o(|x]) = wo(|xl) + O(1xF),  |x] — oo, (1.6)
and
0< inf w < sup w< +0o0. (1.7)
R"\By RM\B;

Suppose that, for k <m < n,

n x|
by := inf (M _/ nt" L w(t) dt) >0. (1.8)
R"\By 1

m-k

For/=1,2,...,n,let

®;:= {ue C'(R"\ B;) N C*(R" \ By)|u is an I-convex radially symmetric function},
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and the radially symmetric function

|| » s %
So(lxl) = f Cyst TR |:/ nt" ey (t) dt:| ds, xeR".
0 0

Theorem 1.1 Let n > 3,2 <k <m < n, w satisfy (1.6)—(1.8), and ¢ be a constant. Then,

for m =k, there exists a unique radially symmetric function u € ®,, satisfying

ok (M(D’u)) =w(x), x€R"\By, (1.9)

u=c¢, x€aB, (1.10)

and as |x| — oo,

2—min{f,n} 7
- ¢ +/fo(|x]) + O(x| ), ifB#n, (1.11)

c+follxl) + O(x*"Inlxl), if B =n,

if and only if ¢ € [11(0), +00); for m > k, there exists a unique radially symmetric function
u € ®,, satisfying (1.9)-(1.11) if and only if c € [1(0), u(by)), where

u(r)=c+ ‘/looc*sl’% [(/ls nt" o(t) dt + r) ‘ - (/OS nt”_la)o(t)dt>x:| ds

1 " s %
—/ Cys' TR (f nt" Loy (t) dt) ds.
0 0

Remark 1.2 In fact, fy(|x|) satisfies 0% (A(D%fp)) = wo(|x]), x € R*\{0}.

(1.12)

Remark 1.3 From Theorem 1.1, we know thatif ¢ < 1(0), then (1.9)—(1.11) has no solution.

2 Proof of Theorem 1.1

We first give several lemmas in order to prove Theorem 1.1.
Lemma 2.1 ([28]) Assume that A = (ﬁ,S,,,,,S) el n>m>2,thend > 0.

Lemma 2.2 Assume that A = (B,5,...,8), ox(\) =w(7), 7 = x| > 1,2 < k <n, then > € T\,
s

k <m <nifand only if 0 < § < §,,(7), where

o) |1
. c(F)k, m>k,
Sy ={ 1o (2.1)
+00, m=k,

and c, = (C)k.
Proof Since ox(A) = w(7), 7 > 1, then

CK1A8 1 1 k8% = w(p).
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So,
(2.2)

[nc’;a)(?)g’k -n+ k].

B =

| o

Because > € Ty, thenforj=1,2,...,m,
oj(A) = Cf;:llﬁgj_l + C{q_léf >0,
and so
Sj_l(jﬁ +(n —j)S) >0.
From Lemma 2.1, we know that 5> 0, so
jB+(m—j)8 >0.
Then from (2.2) we have that

j (ncig’ka)(?) -n+ k) +(n —j)<§ >0

| o

Thus

) J
ko) >1-~, j=1,2,..
j

which is equivalent to
cig"ka)(f”) >1——.
m

That is, for any 7 > 1,

0<8<8,(),
0

where §,, is defined by (2.1).
Lemma 2.3 Assume that u € C*(R"\ B;) N\ C2(R" \ B, ) is a radially symmetric solution to

(1.9) and (1.10). Let
7= C/;(u’(l)k).
Then u is k-convex if and only if T € [0, +00), and u is m-convex if and only if T € [0, b;] for

m=k+1,...,n, where by is defined by (1.8).

Proof Let

u(x) = u(?) = u(|x|) € C'(R"\ By) N C*(R" \ By)
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be a radially symmetric solution to (1.9) and (1.10). By a direct computation, we have

n XiXj 8 .. n
Di,u:(ru”—u’) Tvd L, Gj=1,...,m7>1,
73 7
where
0, i#j,
8y = .
1, i=j.

Then the eigenvalues of the Hessian matrix D?u are

:\

)\,1:1,{//’ )\‘2:...2)\’}1:

~|

By Lemma 2.1, we know that

/

3=u7>0 for7>1.
7

So 7 > 0. From (1.9), we have that

7\ k-1 I\ k
R k u o
C,_u (?) +Cn_1(?) = o(7),

ie.,

A Y n;,n—lw(;)
(" w)) = —ck

n

Then
‘ ph=n 7
(u/)/ =— |:/ nt" L w(t) dt + C’;(u’(l))k], 7> 1. (2.3)
Ck L
According to Lemma 2.2 and (2.3), we can get that u is m-convex for k < m < n if and only
if
N\ k Anr (T -1
N 7 nt Hdt+t] .
0<ék= (ur) i Z)( ) L 88, (r),
r Cx
which is equivalent to
0<t<+00, ifm=k,
and
mi"o@) (T, .
O<t<—— | nt"w(t)dt, r>1lifm>k. (2.4)
m — k 1
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(2.4) is equivalent to
0<t<b; ifm>k.
Then the lemma is proved. O

Lemma 2.4 Let n > 3, and u(t) be defined by (1.12). Then (1) is strictly increasing in
[0, +00) and ju(+00) = +o0.

Proof 1t is clear that p(7) is strictly increasing in [0, +00) and p(+00) = +00. O

Proof of Theorem 1.1 In virtue of (2.3), we can get that

x| " s %
u(x)=¢+ / c.s'F [/ nt" to(t) dt + ri| ds.
1 1

By (1.6), we can assume that w(|x|) = wo(|x|) + Colx|™?, |x| > so, where Cy, sy are positive
constants and sy is sufficiently large. Again by (1.12), we have that

1
00 ; s z
u(x)=2c+ f CyS' TR [/ nt" tw(t) dt + r} ds
1 1

—/ c*sl_%[/ nt”’lw(t)dt+r:| ds
|| 1

1

o0 " S %
=C+ / CostF [/ nt" L w(t) dt + r:| ds
1 1

1

o0 " B S ;
- / c.stR / nt" Lo (t) dt] ds
1 0

=

00 AT 7 1
+ / CistTE / nt" Lo (t) dt] ds
1 0

- 1
- / costR / nt" o(t) dt + ri| ds
Jx] 1

1

1
0 " s % S 13
=Cc+ / costR [(/ nt" w(t) dt + r) — ([ nt"™ Lo (t) dt) ]ds
1 1 0
1 n s %
—/ cyst TR |:/ nt" Loy (t) dt] ds
0 0
1

] W s 13
+/ CuSV TR / nt" L wo(t) dt] ds

0 0

o0 T[S 1
+/ CusV TR / nt" Ly (t) dt] ds

x| 0

00 s 13
- Cis' TR /nt”’la)(t)dt+r:| ds
1

= u(t) +fo(lxl)
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_ * 1—% : n-1 % _ * n-1 %
/M CiS [(/1 nt w(t)dt+r) (/0 nt wo(t)dt> ]ds

= () + fo(Ixl)
I R T d)E—( Sl (t)dt)E]d
/Mcs [(/son ® +d; /on o s

= () +fo(Ixl)

1

- /oo C*Sl_% [(/S nt"! (a)o(t) + C()t_ﬂ) dt + d1> '
|l S0
- (/s nt" Loy (t) dt) k} ds, (2.5)
0

where d; = 7 + [{° nt" ' o(¢) dt.
If B # n, then (2.5) becomes

(@) +fo(lxl)

00 " K S0 k
- / CisTE [(/ nt" Lo (t) dt + das™P + ds — / nt" wo(t) dt)
Ja] 0 0

1

- </S nt" Lo (?) dt) F} ds
0

= u(7) + fo(lxl)

1 1
o0 Y s % dis" P +d %
- / c*slz( / nt“wo(t)dt) [(us‘”#) —11|ds, (2.6)
Il 0 Jo nt"too(t) dt

where d, = %, ds=di — d4sgfﬁ, and dg = ds — OSO nt" Ly (t) dt. Since wy(t) is bounded,

then as s — +00,

d4Sn7’B +dg
—_——— —
Jo nt"tao(t) dt

Therefore, (2.6) approximately equals

1
)k 1 d45”*5 +dg

tn_l t)dt -
/ CROLS [Ent oty de "

0

u(t) +f0(|x|) - /OOC*SI—Z(

x|

1
*1 $ k n
= u(t) +f0(|x|) —/ /—c*d4(/ nt" Lo (t) dt) simxt=P g

x| K 0

13

1 § k n
- —c.dg (/ nt" Lo (t) dt) sk ds
Wk 0

Jal o
=M(T)+fo(|x|)+0<(/0 nt"‘lwo(t)dt) |x|2‘r+”—ﬂ)

| -1
+ O((/ nt”_lwo(t)dt> |x|2‘%)
0
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= u(t) + fo(1x1) + O(1x1*) + O(|x|*™")

= u(t) +fo(Ixl) + O(Jax>™™F)  as |x] — oc.
If B = n, then (2.5) becomes

() + fo(|xl)

00 ., s 1
- / CuSVTF |:</ nt" Lwo(t) dt + Conlns + dz)
|| 0
1
s 13
- < / nt" Loy (t) dt) } ds
0

= u(t) +fo(lxl)

1 1
o0 " S z 1 z
—/ CuSV TR </ nt" L wo(£) dt) |:<1 + S()MI—S+6112> - 1:| ds, (2.7)
lal 0 Jo nt"lao(2) dt

where dy = d; — Conlnsy — foso nt"Lwy(t) dt. Since

Conlns + dz
- >0, s— +o0,
fo nt" Loy (t) dt

therefore (2.7) approximately equals

1
00 Y s b1 conl 4
w(r) +fo(|x|)_/ C*SI—F</ ntn—lwo(t)dt) onlns +dy
0

" k 3 nr-lag(0) dt S

o0 nl Conlns +d
= u(t) +fo(Ixl) —/ c*sl"F% - 0 2 -
Ix| (fy nt" o (t) dt)' %

& -1 "
= u(t) +f0(|x|) + O<</o nt" Loy (t) dt) |x/2"% In |x|>

= u(t) +f0(|x|) + O(|x|2_" In |x|) as |x| — oo.

Consequently, we have that as |x| — oo,

2—-min{B,n} :
g = | 10+l + O ) i 08

n(z) +follxl) + O(x* " In|x|), if B =n.

Comparing (2.8) with (1.11), by Lemmas 2.3 and 2.4, we know that, for m = k, u is m-
convex if and only if ¢ € [1£(0), +00); for m > k, u is m-convex if and only if ¢ € [ (0), u(b1)].

Theorem 1.1 is proved. d
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