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1 Introduction
The aim of this paper is to discuss the oscillatory behavior of solutions of a class of super-

linear fourth-order neutral differential equations of the type,

m

(r@&)(2"®)") + > _fitx(rr) =0, =10, (1.1)

i=1

where z(t) = x(¢) + Z;l:l a;(t)x% (0(t)), m, n are positive integers, and «;, y are ratios of odd
positive integers and 0 < o; < 1, ¥ > 1, under the conditions

R(to) = /oo 11 dt = oo, (1.2)
to rv(t)
and
* 1
R(ty) = / — dt < 0. (1.3)
o rv(t)

Throughout the paper, we assume the following assumptions
(A1) r(t) € CN([ty, 0),(0,00)), (t) = 0;
(A2) aj(t),0i(t), Ti(t) € Clty, 00)), 0j(t) < t, lim_, o 0}() = 00;
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(A3) there exists a function T € C!([ty,00),R) such that t(¢) < 7;(¢) for i = 1,2,...,m,
() <t, /() >0 and lim;_, o, T(¢) = 00;

(Ag) 0 < a;(t) < ag(t), 27:1 aoj(t) < 1, fi(t,x) € C([to,00) x R,R) satisfy xfi(t,x) > 0 for
all x # 0, and there exist positive continuous functions ¢;(f) defined on [£y, 00) such
that |fi(¢,%)| > q:(t)|x]|”.

By a solution of (1.1), we mean a nontrivial real function x(¢) such that r(¢)([x(¢) +

Z;il a;(t)x% (0;(¢))]"”")? is continuously differentiable satisfying (1.1) for any ¢, > fo.

A solution of (1.1) is called oscillatory if it is neither eventually positive nor eventually
negative; otherwise, it is called nonoscillatory. Equation (1.1) is said to be oscillatory if all
its solutions are oscillatory.

Oscillation phenomena take part in different models from real-world applications; see,
e.g., paper [8] for more details. In the last three decades, there has been considerable in-
terest in studying the oscillation of solutions of several kinds of differential equations [1-
5,7, 8, 10-20, 22—24, 26—39]. The half-linear equations have numerous applications in
the study of p-Laplace equations, non-Newtonian fluid theory, porous medium, etc.; see,
e.g., papers [6, 21, 25] for more details. In particular, papers [11, 24] were concerned with
the oscillation of various classes of half-linear differential equations, whereas the papers
[3-5, 7, 10, 20, 26, 38] were concerned with the oscillatory behavior of the fourth-order
differential equation (1.1) and its special cases. In what follows, we briefly comment on
a number of closely related results which motivated our work. The authors in [3, 4, 26]

discussed in their recent papers, the special case of (1.1) of the form,
(r@)([»() +p(t)x(r(t))]///)a)/ +q(t)x” (3(2)) = 0. (1.4)

Under the condition (1.2), Dassios and Bazighifan in [10] discussed the oscillation of the
same equation under condition (1.3). In [20], Li et al. studied the oscillatory behavior of a

class of fourth-order differential equations with the p-Laplacian-like operator of the type,

1

O OF 2" ) + > a0 x(n®) " x(n®) = 0, (1.5)

i=1

where z(t) = x(£) + a(t)x(o (t)). Under the condition ftzo L — dt < 0o, they used the Riccati
rP=2 (¢)
transformation and integral averaging technique and presented a Kamenev-type oscilla-

tion criterion.
More recently, Bazighifan et al. [5] studied the asymptotic behavior of solutions of the
fourth-order neutral differential equation with the continuously distributed delay of the

form
b

(r@)([x(6) + pO)x(p()]")") + / q(t,0)x* (8(¢,0)) db =0, (1.6)

a

where «, § are quotients of odd positive integers, and 8 > « under the condition (1.2).

2 Preliminaries

The following preliminary results will be needed for our proofs.
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Lemma 1 ([9]) Let h>0. Then
W <ah+(1-a), O<a<l.

Lemma 2 ([28]) Let z(t) be a positive and n-times differentiable function on an interval
[T, 00) with non-positive nth derivative z"(t) on [T,00), which is not identically zero on
any interval of the form [T',00), T' > T and such that 2"~V (t)z"(t) < 0. Then, there exist
constants 0 < 0 < 1 and N > 0 such that z' (0t) > Nt"-22"V(¢) for all sufficient large t.

Lemma 3 ([26]) Let z"(t) be of fixed sign and z" V()2 (t) < 0 for all t > t,. If
limy—, o0 2(£) # O, then for every A € (0,1), there exists t; > t such that z(t) > nkl) 1 x
120=D(2)| for t > t,.

Lemma 4 ([2]) Let lS a mtlo of two odd numbers. Suppose that U, V are constants with

Y u}/+l
V>O0. Then uy — VY (]/erlm AR

Lemma 5 Assume that x(t) is an eventually positive solution of (1.1), Z'(t) > 0, and there
exists a positive decreasing function §(t) € C([ty, 00)) tending to zero such that 6(z;(t)) >0
for t >ty where 6(t) =1 — Z] Loyai(t) — Z;’zl(l — a))a(t). Then,

(ro(2"®)") qu(t)Qy (u(®)2” (z(0)). (2.1)
i=1

Proof Let x be an eventually positive solution of Eq. (1.1). Then, there exists a t; > £, such
that x(t) > 0, x(0;(¢)) > 0 and x(z;(¢)) > O for ¢ > ¢;. Now from the definition of z, we have

x(t) =2(t) = Y a0 (0(0)) = 2(t) = > a;(£)2 (03(0)) = 2(t) = > a; ()2 ).
j=1 j=1 j=1
Then, by Lemma 1, we have
x(8) > (1 -3 aja/(t)) 2(t) = Y (1 - a))a;().
j=1 J=1

Now since z(¢) is positive and increasing, and §(¢) is a positive decreasing function tending
to zero, then there exists a ¢, > #; such that z(¢) > §(¢), and

n 1 n
x(£) > [1 - ;a,a,-(t) -G ;(1 - a/)zzj(t)]z(t), for ¢t > t,.
That is x(£) > 0(¢)z(t). Therefore, from (1.1), it follows that

(r6E"®)") Zq,mw (ri(8)2” (x8)) < qu(tw (ri(8)2" (x(2)).

i=1 i=1

Thus, the proof is completed. O

The following two auxiliary results are very similar to those reported in [3] and [10].
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Lemma 6 Let x(t) be a positive solution of (1.1). If (1.2) is satisfied, then there exists t > t;
such that

Zt)>0,  Z@®)>0, Z'®)>0, ZY@)<0,  (re)(Z"®)) <o.

Lemma 7 Let x(t) be a positive solution of (1.1). If (1.3) is satisfied, then there exist three
possible cases for sufficiently large t > t;

(S1) z(t)>0,2(t)>0,2"(t) >0, 2¥(¢) < 0;

(S2) z(£)>0,Z'(t) >0,2"(¢) >0,2"(t) < 0;

(S3) z(£)>0,Z'(t) <0,2"(¢) >0,2"(¢) < 0.

3 Mainresults
We first consider the case R(z;) = oo.

Theorem 8 Ifthere exist n(t) € C*([ty, 00), (0,00)), b(t) € C*([ty, ), [0,00)), ¢ € (0,1) and
€ > 0 such that

limsup/t[Q(S) () L2+ (v + 1)et'(9)T3(s)b7 ()7L

R TP ]ds = 00, (3.1)

t—00

then (1.1) is oscillatory, where Q(t) = n(t) 12, /()" (r:(£)) = n (@) [r(O)b(D)] + LeT' () T2(8) X
r(On(b (o).

Proof Suppose for the contrary that x is an eventually positive solution of (1.1). Then there
exists a f; > £ such that x(¢) > 0, x(0j(¢)) > 0 and x(z;(¢)) > O for £ > #;. Using Lemma 5, we
obtain (2.1). Define

r(@)(2"(2)

W(t)=n(t)[ 7))

+ r(t)b(t)], t>t. (3.2)

It is clear that vy (¢) > 0 for ¢ > £, and

n'(t)
n(t)

(r()(z" @)Y
z7(¢T(2)
yer@®)T' (0" (8)7 2 (ST (1))
2Lt (t)) ’

AGE ¥ () + n@[r©ObE®)] +n@)

- ()

Thus, by (2.1), it follows that

n'(t)
n(2)

- ()

> 1407 (u(®)2" (x(8)

¥ () + n®O[r©b@)] - n@) 2(cT(t)

V'(t) <

yer@t' ()" (¢))" 2 (¢ T(2))
<anl(4109) ’

By Lemma 2, we have

Z(2t(®) = et )" (z(8)) = eT?*()2" (2).
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However, since z(t) is increasing, then z(t (¢)) > z(¢ 7(¢)). Therefore,

V() < f; [r()b(0)] —MtE:%UGVn@D
i=1
1 " +1
_n(t)yfer(t)f ) ()(" (1)

(¢ T(2)

Moreover, since from (3.2), we have

20 1 [w(t) [(t)b(t)]r

2@ 3 L@
then
() < f; [r(©)b(2)] —mtz:%GGVnﬂ)
i=1
—y&ru>%w"“)(w() [@waﬂ) . (3.3)
v () \ (D)

As in [35], we use the inequality

1 1
_M-N)"7 <N 5[(1+—>M——N} MN>0,y>1,

14 14
with
= % and N =r(t)b(t),
to get
(% - [r(t)b(t)])V [w((;)} ;[ r0b(0)]'"
B ( L. y) [r(tzllz(i)]y W(e). (3.4)

Using inequalities (3.3) and (3.4), for ¢t > T, we have

n'(2)

vi(e) < 0

[r(©)b(2)] —MtE:%UOVn@»

i=1

I nl(t) [(1 .\ l) [r()b(2)]” .
rv (t) Y n()

1 Ly
- frovto]F -]

4 " ()

Page 5 of 14
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Then,

¥'(£) < n(®) ([r(t)b(t)]/ =Y a)e” (n(t)))

i=1

N [n’(t) F(y+ I)CEI'(t)TZ(t)b%(t)]W(t)
n(2)

/ 2 1 1
_YEETOTW ik ) per 02 @ron0b (),
r7 (E)n7 (8)

ie.

V@
n(t)
’ 2 1
20T sk, 65)
O (0

v'(8) < -Q() + [ +(y+ l)Cef/(t)fz(t)b%(t)}/f(t)

Now let

U= e +(y+ 1){61’(t)T2(t)b%(t)’
n(t)

7 (e (£)

and Y =y ().

Then, by Lemma 4, we obtain

/ 1 / 2 1
[” O s 1){61/(t)r2(t)b7(t):|1ﬂ(t) BpdasviauNRIe
n(?) rv (t)n (t)

_ yrom(o) U + (& + Deer Or0br )
R Y et (O]

Thus, we have

O [0+ (v + Deer ()e2(0b7 ()]

V=R Gy Cer @ (36
Integrating (3.6) from T to £, we get
: Ksn(s) 129+ (y + Dzet(5)72(6)b7 ()7
[ |- 2, e Jas=uen,
which contradicts (3.1), and this completes the proof. O

The following result deals with the Kamenev-type oscillation for Eq. (1.1) under the
condition (1.2).

Page 6 of 14
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Theorem 9 If

RN () [+ (v + Deer'(5)e2(9)b7 (5))7*!
hmsup—n/; (t-s) |:Q(S)— o+ TEIOIE0 :|ds

—00 0
=00, (3.7)

then (1.1) is oscillatory.

Proof Let x be a nonoscillatory solution of (1.1) on [£y, 00). Without loss of generality,
we may assume that x is an eventually positive solution. Define v (£) as in (3.2). Then,
following the same steps as in the proof of Theorem 8, we arrive at (3.6). Multiplying (3.6)
by (t — s5)” and integrating the resulting inequality from ¢, to ¢, we have

_ / (= sy (s)ds

(3.8)

e n(s) 29+ (y + Deer ()r2()b7 (5)]7*!
> / (t-s) [Q(s)— TR e ]ds.

However, since
t t
/ (t—s)"/'(s)ds = n / (6= 5" () ds — (¢ = o) ¥ (to),
to to

then from (3.8), we get

(6= t0)" ¥ (to) = / (t =5y (s)ds

. rots) 29+ (v + Dzer’(s)e2o)b? (5))7 !
> /t t-s) [Q(s)— T A }ds.

Hence,

ti” t(t_s)n[Q(s)— r(s)ns) ['Zz,((:))+(V+1)467’(s)rz(s)bv(s)]y+l:| s

(y + r+t [cet/(s)T2(s)]"
t—t\"

and so

/

N Hon(s) 129+ ( + Dzer(9)r2(s)b7 (9]
g [ 6= |29~ Lt ©TE) Ja

t—00

- W(to),
which contradicts (3.7), and this completes the proof. d

Now we are going to discuss the so called Philos-type oscillation criteria for Eq. (1.1)
under condition (1.2), but we first outline the following definition.
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Definition 10 Let D = {(t,s) e R> : t > s > t;} and Dy = {(t,s) € R? : t > s > ty}. The func-
tions K;(¢,s) € C(D,R), i = 1,2 are said to belong to the class X (written K; € X) if they
satisfy

(I) K;(t,t) =0 for t > ty, Ki(t,8) >0, (£,8) € Dy

(1) 24%3) < 0, and there exist p(t) € C'([to, 0), (0,00)) and L(t,s) € C(D, R) such that

RESICE 1<1(t,s)["/(t) P+ 1)ger’(t)12(t)bi(t)] +Li(t9),
s n(t)
and
Kalts) | 0 L9
R R A

Theorem 11 Assume that there exists a function Ky € X such that

t

1
ll?lilolpm t0|: 1(2,5)Q(s) -

r(s)n(s) (L.t 5)17*!
(v + 1)+t [cet/(9)T2(s)Ku (£, 9)]

:| ds = oo. (3.9)

Then, Eq. (1.1) is oscillatory.

Proof Letx be anonoscillatory solution of (1.1). Without loss of generality, we may assume
that x is an eventually positive solution of (1.1). Now define v(¢) as in (3.2). Following the
same steps as in the proof of Theorem 8, we arrive at (3.5). Multiplying (3.5) by K; (¢, s) and

integrating the resulting inequality from T to ¢, we have

[ KieoQuds < [ Kieo[-v'0) + AU - B 9] ds
T T
where

/ 1 2
7) Vet (OT2ObT (1), B(t) = 7‘;””(”’ ®)

Alt) =
n(e) 7 (007 (£)

Then, we have

/tKl(t,s)Q(s) ds < Ky(t, T)y(T) + /t[w + Ky (¢, s)A(s)]w(s) ds
T T 0s
- / Kalt, 9BV (5)ds
T
=Ki(t, T)¥(T) —/ Li(t,s)¥(s)ds —/ Kl(t,s)B(s)w“%(s) ds
< Ky(t, YW (T) + / [1L1(69)|¥ () — K (6, 9)BE) 7 ()] ds.
Putting U = |L1(¢,s)|, V = Ki(t,s)B(s) and then using Lemma 4, we obtain

v’ |L1(,5)7*!
(v + 1)1 [Ki(8,8)B(s)]7

Ly (6,9)| ¥ (s) - K (£, 9)Bs)W 7 (5) <
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Then,

r(s)n(s) (1L, (2, s)I]7 !
(y + 1)7*L [cet/(s)T2(s)K1 (L, 8)]”

/ Ki(6,5)Q(s) ds < Ku(6 T)(T) + /

Hence,
! r(s)n(s) (L. (2,9)(]7*!

K@D Jr [Kl(t’s)Q(s) T ) Cer OTOK G ] =il
for all sufficiently large ¢, which contradicts (3.9). O
Theorem 12 Assume that

a _r

hgégf(i)l(t) / ¢>2(s ¢1(s)] ds > 0 1)%1 (3.10)

where
RN yeet' (o)
$1() =) q0)0” ((t),  a(t) = BT and
i=1 rv(t

$1(0) = / $1(5) ds.

Then, (1.1) is oscillatory.

Proof Assume that x(t) is an eventually positive solution of (1.1). Then, there exists a t; >
to such that x(£) > 0, x(0;(£)) > 0 and x(7;(¢)) > O for £ > ¢;. Using Lemma 5, we arrive at
(2.1). Define

()" (¢)

oD = @)

Then, it is clear by (2.1) that

21 @07 ()2 () yer'@Or@)(" ()2 (5 7(®)

/(6 < - 2 (CT(0) - 71 (0)

Since, by Lemma 2, we have
Z(¢t(®) = er? ()" (z(0) = eT*(©)2"(0),
then

yeet' (T Or@)(" )"

' (0) <= a8 () - P a310)

i=1

i.e.

W () + $1(8) + pr (D7 (1) < 0.
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Integrating the above inequality from ¢ to /, we get

l l
—a)(t)+/¢1(s)ds+/d>2(s Yo7 (s)ds < 0.

Letting / — oo and using the fact that w(t) is positive and decreasing, we get

a)(t)
*7 (t) -

w(s)
s)] |:¢1 (s):| ds. (3.11)

Let 8 = infy>7 ¢* . Then obviously § > 1, and by (3.10) and (3.11), it follows that

5 y+l

Y

621+y< ) ,
y+1

which contradicts the admissible values of § > 1 and y > 1. Therefore, the proof is com-
pleted. d

4 The case R(tp) < o0
Now we are going to discuss the oscillatory behavior of Eq. (1.1) under the condition (1.3).

First we need the following lemma.

Lemma 13 Assume that x is an eventually positive solution of Eq. (1.1) and (S,) holds. If

r@)[z" (5]

) = p(2) oy (4.1)
then
ﬂ'(t)fp/(t) V() - p(t[ } Zq, 06" (u(0)) yﬁm(t), A€ (0,1). (42)
P(®) r7 (Hp7 (1)

Proof Since x is an eventually positive solution of Eq. (1.1) and (S;) holds, then using
Lemma 5, we obtain (2.1). Now from Eq. (4.1), we see that ©(¢) < 0 for ¢ > #1, and

p'(t) [r@)[z" )] yo@)rt)z" ()]
o(t) .

=Ty 0 ZQr | 2o

This with (2.1) and (4.1) leads to

po, ST a9 @) @) y@)
Y=yt 0-r0 @) 07 (1)
ie.
p'(6) S a0 (wO) ) O y[pEr

19/ — .
(1) < 0 (&) = p(®) [2/(z(6)]7 [2(t)]” r%(t)p%(t)
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2’(z(8)

70 = L Consequently, by

Now since z”(t) is decreasing, then it follows that —
Lemma 3, we have z(z(¢)) > %rz(t)z”(t(t)). Then

+1
ﬁ<ﬂ_.—i3ﬁu) pu{—r%n} }jqxnev (1)) - —B§9¥éﬁ

Pl P (H)p7 (1
The proof is completed. d
Theorem 14 Suppose that (3.9) holds, and
lim sup/ |:K2(t s)p(s |: ] qu rl s)
t—00 to
- L [Lz(t, S)]y+1 ds > 0. (4.3)
(v +1)7*1p7(s)
If
/ R(s)ds = oo, (4.4)
to
f / R(s)dsdu = oo, (4.5)
to u

then Eq. (1.1) is oscillatory.

Proof Suppose for the contrary that there exists a nonoscillatory solution x(¢) > 0 of (1.1).
Then, we have one of the three possible cases of Lemma 7. We first assume that (S7) holds.
Then by Theorem 11, if (3.9) holds, Eq. (1.1) is oscillatory. Secondly, if (S;) holds, then by
Lemma 13, we get (4.2). Multiplying (4.2) by Ky(t, s) and integrating from #; to ¢, we obtain

/ths,o(s [—r ] Zq, wi(

<Kt h)w(t) + /t[aKz(t,s) + p,(s)Kz(t,s)]a)(s) ds — y/tl(z(t,s)w ds
4 ds o(s) n 7 (s)p7 (s)
=K(t, h)o(t) + / Lj)(( ) 9 [[(2(t S)] 7o w(s)ds — / K (t, s)% ds.
n n v (s)p7 (s
Setting
yo Kl o LB9 el g1 and Y = als).
r7(s)p7 (s) pes)
Then, by Lemma 4, we have
Ly(t,s) [K(t,5)] %w(s) ~ yl(zl(t, S)a)lT (s)
ps) 7 ()7 (5)
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1 (y+1) ¥(8)

T )

Hence,

4 PPN L r(s) yil
/tl |:K2(t,5),0(5)|:§f (s>] izzlqi(swy(n(s))—m[@(m)] }ds

< Ky(t,t1)o(t) < 0.

This contradicts (4.3). Finally, assume the case (S3). Hence, since r(¢)(z”(¢))” is nonin-
creasing, then for s > t > ¢; we have

7 ($)(27(s)) < 17 (O(2"(1)).

Going through as in the proof of Theorem 2.3 case 1 in [20], we get a contradiction with
(4.4) and (4.5), and so the proof is completed. a

Remark 15 Theorem 14 remains true if we used (3.1), or (3.7), or (3.10) instead of (3.9).

5 Example
Example 16 Consider the fourth-order differential equation

11 11 AN 1
(t[x(t) + t—3x3 t-2)+ t—4x5 (t— 3)] ) + Ex(t) + t—sx(Zt) =0, t>2. (5.1)

Here y =1, r(t) = ¢t, ay = tlg, ay = ti4, o) = %, oy = é, q = %, Q> = t%, 71(t) = t, To(t) = 2¢.

Let t(¢) = % — t(t) < 1i(8), limy_ o T(£) = 00, T/(£) = % > 0. Therefore, the conditions
(A1) - (As) and (1.2) are satisfied. Choosing 3(t) = % Then §(¢) — 0 for t — co. More-
over, B(t1(£) =0(t) = [1 - % — 1% — #] >0 for t > 2, and 0(15(£)) = 6(28) = [1 - 25 —

T2
% - ﬁ] > 0 for ¢t > 2. Choosing n(t) = 1, b(¢) = %2’ we have

m

QW) =10 Y. 487 (u(0) - n@[rb@)] +cer’ O OrEn@b™ 7 ()

i=1
1 le 1 1 17 23 17 1
=—[3+=)+--"5-"—-""——-""———-—|,
t 8 t t2 53 30t 1205 80t°

lim sup
t—00

Sy 1y [CeT/(s)T2(s)]”

. ‘1 1 1 17 23 17 1
=limsup | —|3+- -5 - —-—-—F—-———F-———|ds=0
oo Jo S s s 5s3 30s* 120s> 80s°®

Therefore, by Theorem 8, every solution of (5.1) is oscillatory.

6 Conclusions

In this paper, we consider a general class of super-linear fourth-order differential equations
with several sub-linear neutral terms of the type (1.1). Using the Riccati and generalized
Riccati transformations, we establish new oscillation criteria in both cases of canonical
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case ftzo L dt = 0o and non-canonical case f;zo L dt < 0o. With the help of the meth-
ra(t) re(t)
ods given in this paper, we derive some the Kamenev—Philos-type oscillation criteria for

(1.1). An illustrative example is given. For interested researchers, there is a good deal of
n

finding new results for (1.1) when z(¢) = x(£) — ijl a;(£)x% (oj(t)).
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