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1 Introduction

In this paper, we consider the following quasilinear Schrédinger systems of the form

—Au+ Viwu + S[Aul*lu = Af (x,u,v), xRN, w1
—Av+ Vo) + S[AVPv = Ah(x,u,v),  x€RN, .
where N > 3, Vi (x), V5(x) are positive continuous functions, , A are positive parameters
and the nonlinear term f, 7 € C(RY x R%,R).
Quasilinear Schrodinger systems like (1.1) are in part motivated by the following quasi-
linear Schrodinger equations

iz, = —Az+ W(x)z — kix,z) + g[A(l(|z|2)l’(|z|2)]2, xRN, (1.2)

where z: R x RN — C, W: RN — R is a given potential, « is a positive parameter and / :
R — R, k: RN x R — R are continuous functions. The quasilinear Schrodinger equations
(1.2) describe several physical phenomena with different / and £, see [3, 4, 10, 12, 14] and

the references therein. In this paper, we are interested in the existence of standing-wave
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solutions for (1.2), that is, solutions of the form z(¢,x) = exp(—iEt)u(x), where E € R and u

is a real function. Submitting z(t, ) into (1.2) and denoting k(x, z) = ¢ (z%)z, we obtain
~du+ V@u+ [P (1) = (), xRV, (1.3)
If we take I(t) = t, ¢ (u*)u = w(u), then (1.3) can be reduced to the following equations:
—Au+ V(x)u+ g[A|u|2]u=w(u), xRN, (1.4)

Letting « # 0, equations (1.4) are quasilinear Schrodinger equations and [A|u|?]u is a
quasilinear term. Compared to the semilinear case, quasilinear equations become more
complicated due to the quasilinear and nonconvex term [A|u|?]u. One of the main diffi-
culties of (1.4) is that the functional [,y u*|Vu|* dx of the quasilinear term [A|u|*]u is not
smooth in usual Sobolev space H'(RY). By using the change of variable (dual approach)
s=G7I(¢) for t € [0, +00), where

G(s) = /sx/l—ictz dt, (1.5)
0

and G71(t) = —~G}(~t) for t € (-00,0), quasilinear equations (1.4) can be reduced to the

semilinear one

G') _w(G'w)
2GT0)  gGT)

-Av+ V(x) eRN,

Then, an Orlicz-space framework can be used to prove the existence of nontrivial solutions
via minimax methods. Since 1 — k2 may be negative with « > 0, a change of variable (1.5)
is not adequate to study the existence of nontrivial solutions for these quasilinear equa-
tions. Letting 1 — k£ > 0, integral (1.5) makes sense and the inverse function G™1(¢) exists.
When « > 0 is small enough, many papers have studied the existence results of nontriv-
ial solutions or multiple solutions for (1.4) via dual-approach techniques and variational
methods, see [1, 2, 6, 7, 16, 18—20].

Moreover, when « > 0 is large, letting 1 — «£2 > 0, a change of variable (1.5) is also used to
study the existence of solutions for quasilinear equations, but now the nonlinearity w()
needs to be multiplied by a large constant 1. For example, Huang and Jia [11] (x = 2), Li
and Huang [13], and Liang, Gao and Li [15] obtained the existence of nontrivial solutions

for the following equations
—Au+Vx)u+ g[mulz]u = 0(u), xeRVN.

For quasilinear Schrodinger systems like (1.1), when « > 0 is small enough, Chen and
Zhang proved the existence of a positive ground-state solution [8] and a nonradially sym-

metrical nodal solution [9] for the following quasilinear Schrédinger systems, respectively,

2 _
—Au+u+ §[Aulu= gl 2ulv|?, xeRVN,

2 _
—Av+v+ S[AWv = £|u|“|v|ﬂ 2y,  xeRN,
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and

—Au+AX)u+ 5[Alul*lu = jTa;s lu|*2ulv|?, xeRN,

—Av+Bv+ S[AVPv = %|u|"‘|v|‘3‘2v, xRN,

where o, 8 > 1, 2 < o + 8 < 2%, potential function A(x) is radially symmetric and B > 0.
However, these papers did not consider the existence of the nontrivial solutions for sys-
tems (1.1) when « > 0 is large. To the best of our knowledge, there are no results for this
problem in the literature. In this paper, we will be concerned with this problem.

Throughout this paper, we assume that V7 (x), V2(x) € C(RN, R) and satisfy the following
conditions

(V1) 0< Vo :=min{inf,gn V1 (%), inf,cgv Va(x)};

(V) there exists My > 0 such that for all M > M,

n({re RN : Vix) <M}) <+o0, i=1,2,

where 1 denotes the Lebesgue measure in RN, Moreover, suppose the nonlinearities f,

satisfy the following conditions

. ,S, . h(x,s,
(h1) hm(s,t)ﬁ((),o)% = limg;,1)—(0,0) % =0;

(h2) There is a constant C > 0, such that (Vn(x,s, £), (s, £)) < C(|(s,£)| + |(s,£)|7), VE € R,
2<q< 2*2+2;

(h3) There is 6 € (2,2*) such that 0 < On(x,s,£) < (s,£)Vn(x,s,t) and uf (x,u,v) > 0,
vh(x,u,v) > 0, where Vn(x,s,t) = (f(x,s,£), h(x, s, £)).

Our main results in this paper are as follows.

Theorem 1.1 Assume that (V1), Vs), and (h1)—(h3) hold. Then, for given k > 0, there exists

(k) > 0 such that for all . > Ai(k), systems (1.1) have a nontrivial solution (u,v) € H

satisfying max,.gn |(u(x), v(x)| <,/ ﬁ

Remark 1.1 In [17], Sever and Silva obtained the existence of nontrivial solutions for
(1.1) with ¥ = =2, A = 1 under conditions (h1)—(h3). f(x, u,v) = OfT"‘ﬂlu|°"2u|v|’3, hx, u,v) =
% |u|®|v|P~2v satisfy (h1)—(h3), where «, 8 > 1.

The remainder of this paper is organized as follows. In Sect. 2, we give some prelimi-
naries. In Sect. 3, we show the existence of a nontrivial solution (z,, w,) for the modified
problem via the mountain-pass theorem. In Sect. 4, we use the Morse iteration technique
to obtain L*-estimate for (z,, w,) and finally we obtain the solutions for the original sys-
tems (1.1).

Throughout this paper, we use the standard notations. We use || - ||, (1 < g < 00) thatis a
standard norm in the usual Lebesgue space LI(RV). 0,,(1) will always denote the quantities
tending to 0 as n — co. — and — denote weak and strong convergence. Bg(0) denotes a

ball centered at the origin with radius R > 0. C, Cy, C3, ... denote positive constants.
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2 Preliminaries
The energy functional associated with (1.1) is

1 1
L(u,v) = 3 /N(l —ku?)|Vul* dx + 2 /N Vi(x)|u|? dx
R R

1 1
+ —/ (1—&v?) |V dx + —/ Vz(x)|v|2dx—A/ n(x, u, v) dx,
2 JpN 2 JrN RN

where Vn(x,s,t) = (f(x,5,£), h(x,5,£)). Since the terms [n #?|Vu|*dx and [ v?|Vv[* dx
are not well defined in the usual Sobolev spaces, the functional /, may not be smooth.

Hence, we cannot directly apply variational methods to obtain the critical points of 7.
We define H = H; x H, with the norm

|G )| = 1l + 1%,

where H,;,i = 1,2 are Banach spaces and
H; = {u e H'(RN) :/ Vi) u? dx < +oo}, i=1,2
RN
endowed with the norm

1/2
llull = [/ (IVul* + Vi(x)u?) dx] , i=1,2,
RN

H'(RN) is the usual Sobolev space.
We say (u,v) : RN x RN — R x R is a (weak) solution of (1.1) if (#,v) € H and it holds
that

/ [(1-ku?)VuVe + (1 -kV?) VvV ]dx -k / (IVulPug + |VvI*vy) dx
RN RN

+ / [Vl(x)mp + Vz(x)vw] dx = A/ [f(x, u, V) + hix, u, V)lp] dx
RN

RN

for all ¢, ¥ € C°(RYN).
In order to obtain nontrivial (weak) solutions of (1.1), we assume that 1 — k> > 0. More-
over, we define g: R — R* as follows

g(-1), t<0,
glt)=1v1-«t? 0§t<\/g, (2.1)

V2 V2 1
V2o V2 > /L
8ict? t o t= 2% *

Then, g € C}(R, (%, 1]), g is even, increasing in (—00, 0) and decreasing in [0, +00).
Motivated by [2], we consider the existence of nontrival solutions for the following mod-
ified quasilinear Schrodinger systems:

—div(g?(u)Vu) + g(w)g' (u)|Vul? + Vi(x)u = Af(x,u,v), xRV,

2.2
—div(g2(v)Vv) + g(V)g (V)| VV|? + Va(x)v = Ah(x, u,v), x€RN, 22
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where g(t) is defined in (2.1). Also, we say (u,v) is a (weak) solution of (2.2) if (u,v) € H
and

/};N [ W) VuVe + gu)g )| Vul*p + & (v)VvVy + g(v)g V)| Vv]*y] dx
+ / [Vl(x)uqo + Vz(x)vw] dx = A/ [f(x, u,v)o + hx, u, V)I//] dx (2.3)
RN RN
for ¢,y € CO(RYN).

Clearly, if we obtain a solution u of (2.2) that satisfies ||(#, V)|l < 1/4/2k, then (,v) is a
solution of (1.1). By using the following change of variable

z=G(u) = /Oug(t) dt, w=G) = /(;Vg(t) dt,

then we see that the problem (2.2) can be reduced to the following semilinear Schrédinger
systems:

1 -1 -1
-Az+ Vl(x)g(GG @ _ ) [eG DG W) xRN,

’11(Z) g(Gl’ (2)) . (2.4)
_ G (W) _ 4 hxG (2),G (W) N
Aw+ Vo) ooy =2 gt 0 X ERD

where G71(z), G™(w) are the inverse of G(u), G(v). The energy functional associated with
(2.4) is

Je (Z) W) = I(G_I(Z)r G_l (W))
1 1
=3 /]RN |Vz|?dx + 5 /]RN Vl(x)|G_1(z)|2dx
+ %/]RN IVw|? dx + %/RN Vz(x)|G‘1(w)|2dx

- / n(x, G (2), G (w)) dx. (2.5)
RN

It is easy to prove that J is well defined in H and J, € C}(#,R) under our assumptions
and the following lemma (cf. [19, Lemma 2.1]).

Lemma 2.1 The functions g(t), G(t) enjoy the following properties:
() G is inverse, G(t) and the inverse G™(t) are odd;
(i) -1< ﬁg/(t) <O0forallteR;
(iii) |£] < |GH(8)| <2v2lt| forallt e R;
(iv) Timyo S0 = 1, limy oo S50 = 22;

v) gG'@) < G+(t}f0r allt € R.

The following lemma shows that any critical point (z,w) € H of J, is a (weak) solution
of (2.2).

Lemma 2.2 Assume that V1), V,), and (h1)—(h3) hold. If (z,w) € H is a critical point of
Jo, then (u,v) = (G™1(2), G"Y(w)) is a weak solution of (2.2).

Page 5 of 17
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Proof Since (z,w) € H is a critical point of ], we have

G ()
/RN VzVedx + /l;aN Vl(x)mgodx

G(w)
+,/]RN VWVIﬂdX+AN Vg(x)m\ﬁdx

s / [f x G (2), G‘I(W))q) . h(x,G™(z), G (w))
RN 2(G(2)) g(G1(w))

1/,] dx, (2.6)

for all (¢,v¥) € H. It also implies from (V) and Lemma 2.1(iii) that (x,v) := (G(2),
G 1(w)) € H. For each g1,y € CP(RY) and taking (¢, ¥) := (g(u)¢1,g(v)¥1) € H in (2.6),
we obtain that

/H;N Vz(g ()1 Vu + gu) V) dx + /RN Vw(g WY1 Vv +g(v) Vi) dx

. /R ) mmﬁgw)wl dx + /R ) vz(x)ﬁg(vml dx

f(x’ u, V) h(x, u, V)

- d
o gl S ’“”A;N <)

gy dx.

Note that z = G(i), w = G(v) and Vz = g(#)Vu, Vw = g(v) Vv, then we obtain (2.3). There-

fore, (u,v) is a weak solution of (2.2). O

Denote [L"(RN)]? = L"(RN) x L"(RN) with the norm
l@ )], = (lul? + 1v12)™, 1 <r<+o0,

where L"(RY) is the Lebesgue function space with the norm

1/r
||M||r=(/ |M|rdx> , 1<r<+o0.
RN

Now, we state the Sobolev embedding Lemma.

Lemma 2.3 Assume that (V1) and (V>) hold. Let {z,} and {w,} be bounded in H. Then,
there exist z,w € H N L' (RN) such that up to a subsequence, z, — z, w, — win L'(RN),r €
[2,2%).

Proof It is analogous to the proof of [5]. O

3 The modified systems
In this section, we shall prove the existence of nontrivial solutions for the modified systems
(2.4) via the mountain-pass theorem.

Lemma 3.1 Assume that (hl1)—(h3) hold, then
(i) there exist p,a > 0 such that J.(z, w) > « for all (z,w) satisfying ||(z, w)| = p;
(ii) thereis (z,w) € H \ {(0,0)} such that ] (z,w) < 0.
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Proof (i) By (hl) and (h2), for each ¢ > 0 there exists a constant C = C(g) > 0 such that

|<Vr)(x,s, 1), (s, t)>| = [f(x,s, t)s + h(x,s, t)t| <el(s, t)| + C|(s, t)\q_l, (3.1)
where 2 < g < 2*. Then,
nGes,t) < |02+ s o) (3.2)
2 q

Letting & = min{ ‘/116(16) , ‘/126(/’\‘) }, it follows from Lemma 2.1 (iii), (3.2), and Lemma 2.3 that there

exists a constant C, > 0 such that

J(ew) = %/RN[IVZIZ Vi@V dx+ %/RN[IVWIZ + Vo) lw] dax
—4)»8/ [1z1> + [w|*] dx—(zﬁ)quf [1217 + |w|?] dx

RN q RN
>

[zl + Iwl’] - 2v/2) < / (1217 + [wi7] dx
q JRrRN

q

’

B = s =

C
> | @w)|” - <zﬂ)qgch |z w)
hence, we may choose [|(z, w)| = p so small that

1 C
]K,A(Z’ W) > o= 4—1,02 - (Zﬁ)q—Cg)\pq > 0.
q

(ii) Choose (t1,72) € H with 11,75 > 0. Then, by Lemma 2.1 (iii) we have |z;|> <

—1(42.)12 .
W < 8|t;|% i = 1,2. It follows from (h3) that limj(,,u) -+ 7((:1”]}2‘;3 = +oo. Hence,

we have

ity,tT 1
]'((142) < —/ |Vt1|2dx+4/ Vix)|ty | dx
t2 2 JrN RN

+/ |Vr2|2dx+4/ Vo (x)| 72| dx
RN RN

s / e G (), G (i)
RN t2

1
-5 [ vntdsea [ vienPas
2 RN RN

+/ |V12|2dx+4/ Vo (x)| 72| dx
RN RN

dx

—k/ n(x, GHtr), G (tw)) (GH(tm), G7H(trp)) 2
rN [(G7L(t11), G7L(tTo))? £2

— —00 ast— +09Q,

therefore, there is a sufficiently large ¢, > 0; let (z,w) = (to71, to72) With ||(z, w)|| > p such
that J.(z,w) < 0. O

Page 7 of 17
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It follows from Lemma 3.1 that J, has a (PS), sequence {(z,, w,)} C H such that
Je(zpwy) = ¢, J(Zpwy) >0 asn— oo, (3.3)
where
¢=inf sup J(z,wy),
Vel ¢efo0,1]

I'= {(Zt’ Wt) € C([O: 1] X [O: 1]¢H) : (201W0) = (0, 0): (ZI:WI) ?/(Or O)’]K(zl) Wl) < O}

Lemma 3.2 Assume that (h3) holds, then any (PS). sequence {(z,,w,)} C H obtained in
(3.3) is bounded.

Proof By (3.3), Lemma 2.1(ii), (iii), and (h3), one has

¢+ 1+0,(1)] (2 wn)

= Jie o W) = %(fé(zm wa), (G12)8(G 7 (2)), G (wn)g (G (wn))))
(Y wapa [ S o war
_(2 0>/RN'VZ”' “ H/RNg(Gfl(zn))g (6™ @)IVz " dx
#(375) [ vl e
1 1 2 1 Glwy) )
+<§—5> /RN|VW;«1| dx—g/Rng (G (Wn))|vwn| dx
1 1
Ry

A fR ) B(Vn(x, G (), G W), (G (22 (G (20)), G (W) (G ()

- (% (G (zn)), G‘l(wn))] dx

1 1
> (5-5) [ 0720+ Vitlanl + 19w, + Vo, P
2 9 RN
1 1
= (5 - 5) ”(men) 2:
(3.4)
which implies that {(z,, w,)} C H is bounded. O

Since the sequence {(z,, w,,)} given by Lemma 3.2 is bounded in #, there exists (z, w) € H
and a subsequence of {(z,, w,)}, still denoted by {(z,, w,)}, such that

(zn; Wn) - (Z) W) in H,

(2, Wy) — (z,w) in [Lﬁ)C(RN)]z,2 <g<2%, (3.5)

(24(x), wa(x)) = (2(x), w(x)) a.e.inRN.
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Now, we denote the functional J, given in (2.5) by

1 1
JK(zn,wn)=—f |Vzn|2dx+—/ Vi(x)|z,|* dx
2 RN 2 IRN

1 1
+—/ |wn|2dx+—/ vz(x>|wn|2dx—/ (%, 2 W),
2 RN 2 IRN ]RN

where

Ezm) = Vi)l - |67 e

+ Vel = 67 )]+ 20 G ), 6 ),

and

<VE (% 2, Wn), (205 Wn))
Gil(zn) 2 :| + }Lf(x: Gil(zn)y Gil(wn))z
g(G(z)) ™" g(G(zy)) "

,  Gl(w,) h(x, G (z0), G (Wn))
+V2(’C)['W”' ‘g(G-1<wn))W"] T

= Vl(x)|:|zn|2 -

Lemma 3.3 Assume that (hl), (h2), V1), and(Vs) hold, {(z,, w,)} C H is a (PS). sequence

such that (z,,w,) — (z,w) in H,n — oo, then

lim (VS(x,zn,w,,),(zn,w,,))dxz/ (VE(x,2,w), (z,w)) dx, (3.6)
n—00 JpN RN

lim (Vé(x,z,,,w,,),(z,w))dx:/ (VS(x,z,w),(z,w))dx. (3.7)
n—>00 JpN RN

Proof By Lemma 2.3, since z, — z, w,, — w in L'(RN),r € [2,2%), for every small &; > 0,

there exists R; > 0 such that

/C |2 |* dx < &1, /C |z]*dx < &1,
B B

“ “ (3.8)
[ wrarze, [ wdize, nzi
Bgl Bgl
Then,
/ Vl(x)|Zn|2de Cie, / Vl(x)|z|2dxfcl81,

C C

BG BG,
(3.9)

/ Vo) wal? e < Caer, / Va@ i dx < Cos.
BS BS

Ry Ry
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We derive from (3.5) that

lim Vi(x)|z,|* dx = / Vi(x)|z|? dx,

n—0o0 B B
“ “ (3.10)
lim / Vo (%) | Wy dx = / Vo (x)|w|? dx.
n—00 BRI BR1
By (3.9) and (3.10), we have
lim / Vi) |2, | dx = / Vi(x)|z|* dx,
n—o0 JpN RN
(3.11)
lim Vo (%) || dx :/ Vo (x)|w|* dx.
n— o0 ]RN ]RN
By Lemma 2.1(iii), since |g(GG:11(8))t| < 8|t|?, it follows from (3.11) that
Gz, G
lim Vl(x)ﬁzn dx = / Vl(x)#zdx,
n—>00 JgN 8(G™1(z,)) RN 8(G1(2)) (3.12)

, G (wn) G'(w)
nll>ngo N Vz(x)mwn dx = \/D;N Vz(x)dex

Together with Lemma 2.1 (iii), (3.1), and the Holder inequality, we obtain

‘f(x, G (zn), G_I(Wn))z . h(x, G (z,), G (w)) w
8(G ™ (zw) ! g(G(w)) !

= |<V77( ’ G_l(zn)’ G_l(wn))7 (2ns Wn))|

<e|(G (@), G W) || wa)| + C| (G (20), G W) | (2 W)

< Zﬁe‘(zn, w,,)|2 +C(2V/2)1 1 |(men){q'

By (3.8), we have

/ |y w) [ dx < Clsl,/ |z, w)|* dx < Cre,
C BC
Ry Ry
and
/ |z wi)|* dx < Czsl,/ |z w)|" dx < Cyey.
B% BG,
Hence,
'/BC |<V7’]( 4 Gil(zﬂ)’ Gil(wn)): (Zn; Wn))| dx
Ry

52«/58/ |(zn,wn)]2dx+C(2x/§)q"1/ |Gz wi)|* dx
C BC

BRl Ry

< [2\/55 + C(Z\/i)q’l] max{Cy, Cy}e1. (3.13)

Page 10 of 17
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It follows from (3.5) that

lim | (Vn(x, G (zn), G (Wn)), (zus W) dx
n—0o0 BRI

:/ (Vi(x G (), G (W), (z,w)) dx. (3.14)
BRI
Combining (3.13) and (3.14), we have

lim | (Vn(x, G (za), G W), (20, W) dx

n—00 JpN
o F6 G @), Gl W) i G (), G (w,))
=, /RN[ Gz T gGi(wy) W”} d

_ / [f(x,Gl(Z),Gl(W)) h(x,Gl(Z),Gl(W))W] . (3.15)
RN

«G@) 1 gGiw)

Then, we conclude (3.6) from (3.11), (3.12), and (3.15). (3.7) can be proved similarly. [

Lemma 3.4 Suppose that (V1), (V3), (hl) and (h2) hold, then any (PS). sequence {(z,,

wy)} C H obtained in (3.3) has a strong convergence subsequence.

Proof By Lemma 3.2, {(z,,, w,,)} is bounded in #, up to a subsequence, we may assume that
(24, Wy) = (z,w) € H as n — o0, and the fact that {J, (z,, wy), (24, W,)) = 0,(1) and Lemma
3.3 imply

im | )| = fim [ (9002w o)) ds = [ (9602w, @w)

n—00 n—>00 JpN RN

On the other hand, it follows from (J| (z,,, wy,), (z, w)) = 0,(1) that

((zns W), (2, w)) = /RN(V“g‘(x, Zny Wn)s (2, W)) dx + 0,(1).
Then,
lim (24, wa), (2, w)) = lim / (V&% 20, Wn), (2, w)) dx = / (VE(x,2,w), (2, w)) dx,
n—00 n—>oo [pN RN
that is,
Tim || o wn)|” = |z
Hence, (z,, w,,) = (z,w) in H. O

By Lemmas 3.1-3.4, we have the following result.

Theorem 3.5 Suppose that V1), (Vs), and (h1)—(h3) hold, then the problem (2.4) has a
nontrivial solution.
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Proof By Lemmas 3.1 and 3.2, J, has a bounded (PS), sequence {(z,, w,)} C H. It fol-
lows from Lemma 3.4 that there is a sequence of {(z,, w,,)}, up to a subsequence, such
that (z,, w,) = (2, i) in ‘H as n — oo satistying Ji (z,, w,) = ¢ > p > 0, which means that

(z¢, W,) is a nontrivial solution of (2.4). O

4 Proof of the main results
In this section, we will prove the main results. We note that the solution (u,,v,) =
(G Yz), G}(w,)) may not be a solution of the systems (1.1). In order to find a solution of

the original systems (1.1), we establish a result of L>°-estimate for (z,., w,).

Lemma 4.1 Assume that (z,,w,) (denoted by (z,w)) is a nontrivial critical point of ], and

Ji(z, W) = ¢, then there exists a positive constant C independent of A such that
2
|zw)|” < Ce.
Proof By (h3), Lemma 2.1 (ii) and (iii), and (3.4), we obtain

Oc=0].(z,w) - (],: (z,w), (G’l(z)g(G’l(z)), G’l(w)g(G_l(w))))

(%
> (5-1)l@wl’

Hence,
2 260c¢
, < = C . 4.1
[z w)||” < g5 - Ce (4.1)
This completes the proof. O

Lemma 4.2 Suppose that (z,w) is a positive solution of (2.4), then there exists a constant
C1 > 0 that is independent of A such that

], = 7w

2%*

Proof For each m € N, let § > 1 be a constant to be determined, we set

Ap={x e RN 12/ <m, WP <m}, B,, =RN\A,,,

(2l B0, w|w|XED),  x €Ay,
(umr Vm) =
m2(z, w), x €B,,

and

(zlz|P L, wiw|PY), x €A,
(Zmrwm) =
m(z,w), x € B,,.
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Clearly, (41, Vi), (Zim> W) € H. Since (z, w) is a nontrivial solution of Eq. (2.4), we obtain

G l(2) G Y(w)
/RN |:V2Vum + Vi (x)gi(G—l(z)) Uy + VWV, + VZ(x)gi(G—l(w)) Vmi| dx

L TwGI@,GM) kG2, G (w)
‘A/RN[ (G T G i) ”’"]d’“

Furthermore, we have
/ (VzVi, + VwVv,,)dx = (28 - 1)/ (1z2P 0|V + [PV Vw|?) dx
RN Am
+m? (|Vz|2 + |Vw|2) dx, (4.2)
B

f (IVZul* + VW) dx = B> | (121* BV (V2 + [w*PD | Vw|?) dx
RN A

+ m? (|Vz|2 + |Vw|2) dx. (4.3)
B

It follows from (4.2) and (4.3) that

1
f (Izlz(’3_1)|Vz|2 + |w|2(’3’1)|VW|2) dx = —— f (VzVu,, + VwVv,,) dx
Ay Zﬁ -1 RN

2

- Vz|* + |Vw|?) dx, 4.4
i1 [ (Ve veR)an e
/ (IVZu* + [V, *) dx = (B - 1) f (1z2P 0| Vz? + [PV Vw|?) dx

RN Am

+/ (VzVu,, + VwVv,) dx. (4.5)
RN

By (4.4), (4.5), and the fact of 8 > 1, we deduce that

/ (|Vzm|2 + |Vwm|2) dx + ,32/ (Vl(x)&um + Vﬂx)ﬂvm) dx
RN RN ))

8(G(2)) 2(GY(w
= (fﬁ—_l)l2 RN(VzVum + VwVv,,) dx - % /Bm(|VZ|2 + VW) dx
(VzVu,, + VwVv,,) dx
RN
G(z) G 1(w)
2 —_—
+B /N (V1 (x)g(G—l(z)) Uy + VZ(x)gi(G—l(w))vm) dx
ﬂ2

< 2/3 ! /N(VzVum + VwVv,,)dx
-1J/r

@ G1(w) )
*’3/ ( g(G dG@ TV gy )

<B%2| (VzVu,, + VwVv,,)dx
RN

G(z) G 1(w)
2
+B /RN (Vl(x)gi(G—l(z)) Uy + VZ(x)gi(G—l(w))vm) dx

Page 13 of 17
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a2 fx, G (2), G (w)) h(x, G (2), G (w))
=p A‘/]RN( 2(G@) Uy + 2(G1w) vm> dx

) Gl(z) Gl(w)
=P [‘9 (g(Gl(z))”’” t G V’”)

+C<|G_1(Z)|q_1u . IG_l(W)l‘HV ):|dx
¢G2) " gGw)) "

G(z) G l(w)
2
<B /RN (Vl(x)gi(G_l(z)) U + VZ(x)gi(G‘l(w))vm) dx

2 Gl (z)|! G (w)| !
+p )\C/RN< G 1) Up + 2(G1w) Vm> dx, (4.6)

forO<e< min{V‘T(x), VZT(")}. It follows from (iii) of Lemma 2.1, 1 < ﬁ <242, and zu,, = z2,
wv,, = w2, that

2 2 < g2 |G_1(Z)|q_1 |G_1(W)|q_1
R N e

< pAr(2v2)1C / (12197222, + |w|**w?,) dx. (4.7)
RN

If pu(a) + u(b) < v(a) + v(b), we have u(a) < v(a), u(b) < v(b). By (4.7), we can obtain
/ |Vz,|2dx < /SZ)L(2x/§)‘7C/ |z|q_zzfn dx,
RN RN
/ IVW,|? dx < ,BZA(Z«/i)qC/. |w|? w2, dx.
RN RN

By the Sobolev inequality, there is S > 0 such that

%
(/ 12 |* dx> 55/ |Vz,|* dx,
Am RN

combining (4.6) and the Holder inequality, we know that

N-2
* N —
(/ 2| dx) < BARV2)ISClz )52 1Zml1,,
Am

where q% + ‘12;*2 = 1. Note that |z,,| = |z|? in A,, and |z,,| < |z|# in RY, hence

N-2

* N —
( / j2|*# dx) < BA2V2)ISC 2152 112155, -
Am
Letting m — oo in the above inequality, we have
1 oy L
lzllpr < BF (M2V2)ISCl257) 7 lizll2pg, - (4.8)

Denote o = %. Now, taking 8 = o in (4.8), we see that

1 9\ L
lzllo2x <o@ (k(Zﬁ)qSCIIZIIZ*z) “ zllox. (4.9)

Page 14 of 17



Li Boundary Value Problems (2022) 2022:40 Page 150f 17

Taking 8 = 02 in (4.8), we obtain that

1

2 _
zll20+ <0 0? ()»(2\/5)’75C||Z||3*2) 202 ||zl 52+ (4.10)
It follows from (4.9) and (4.10) that
1,2 NP YO U
lzllozs <0702 (A@V2)1SCII2lS) 2777 e
Continuing in this way by taking 8 = o/ (i = 1,2,...) in (4.8), we obtain
i i o\ lyv L ,
1zl yjpx < oL ()L(2x/§)qSC||z||;I*2)2 Zict i lzll2+» j=1,2,....

It follows from the Sobolev inequality and letting j — +00, we obtain

1

q-2 1
Izlloo < 0 @17 (M(2V/2)4SCS2 Cy 7 ) 0T | 2] -
_1
= CIAToT ||z]|»

1
= CIAT 1 ||z]|px. (4.11)
Similarly, we may obtain

1
[Wlloo < Cod> 4[| W2 (4.12)

Therefore, by (4.11) and (4.12), we obtain

Izl + [Wlloo < AT (Cilizllas + Callwlzs), (4.13)

where Cj, C; > 0 are independent of X. O

Proof of Theorem 1.1 Let § > 0 be such that the set
T={xeRV:¢(x)>s}Nn{xeRY:y(x) >3}

is nonempty. By (h3), for x € T, there exists C; > 0 such that

U(x:Sr t) Z Cl

(s,0)|" (4.14)

By Theorem 3.5, let (z, w) be a critical point of ], and J, (z, w) = ¢, together with Lemma 3.1
(3) and (4.14), one has

¢ < max/,(to,ty)
t>0

t>0

=< Inax[t2 /}RN<%(IV¢I2 + VY ) +4(Vit)lgl + Vz(x)|1/f|2)) dx

- Gt ] (1917 +11%) dx]
T

2
<Cr 72,
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By (4.1), (4.13), and the continuous embedding H <> L} (RY), r € [2,2*], we have

L 1
IZllco + IWlloo < CAT (llzllax + [Wll2) < CAT-2C(ll2ll + lwl])

2

1 1
< CAT-1C(Cro)? < CAT-1C(Ci Gy 72)

D=

_2%-2g+42
=C3A 2*-9)(q-2) ,

(2*-9)(q-2)

Since 2 < g < (2* +2)/2, for fixing k > 0, there is A1 («) = (16C2k) 22"-2¢+2) such that for any
A > A1(k), it holds that

lulloo + IVl =[G @), + |G W),

_2%-2g+42 1
< 2v2(llzll + Wlloc) < 2V2C32" T4 <, [,
K
thus, (4,v) = (G (z), G"1(w)) is a nontrivial solution of systems (1.1). |
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