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1 Introduction
Steklov conditions are considered a more “realistic” description of the interactions at the
boundary of a physical system. For example, the heat flow through the surface of a body
generally depends on the value of the temperature at the surface itself (see [2, 4, 11, 14]
and the references therein for some kinds of Steklov problems).

Recently, Afrouzi et al. [1] studied the existence of multiple solutions of the following

Steklov problem involving p(x)-Laplacian operator:

~Apwtt = a@®)|ulPW 2y in Q,

|VulPW=28% = ) f(x,u) on 9L,

where © ¢ R¥,N > 2isabounded smooth domain, X is a positive parameter, f : 92 xR —
R is a Carathéodory function with a growth condition, and a € L*(£2). Also, the existence
of at least one positive radial solution belonging to the space Wol PO (BN LI (B)N Lz(x) (B)
for the problem

—Apwtt + RE) U2y = a(x)|ul1 2y — b(x)|ul ™2y, x€B,
u>0, xe€B,
u=0, xe€0dB
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has been proved [21], where B is the unit ball centered at the origin in RN,N > 3, p,q,r €
C.(B), R is a positive radial function that satisfies the suitable conditions and

a(x)=0(|lx[) and b(x) =& (|xl),

in which 6, & € L*°(0, 1) such that 6 is a positive nonconstant radially nondecreasing func-
tion and £ is a nonnegative radially nonincreasing function (see [17-20, 22—24] and the
references therein).

Motivated by their works, here we are interested in finding enough conditions for the ex-
istence and multiplicity of weak solutions to the following Steklov p(x)-Laplacian problem:

—Apytt + (@) ulP® 2y = f(x,u)  inQ,

(1.1)
|Vu|1’(")‘2g—’; =g(x,u) ond%,

where @ ¢ RN, N > 2, is a bounded smooth domain, for p € c(Q), Aptt :=
div(|VuP®2Vy) denotes the p(x)-Laplace operator, ¢ € L>(2) with essinfq c(x) > 0.
f:Q x R — Ris a Carathéodory function with the following conditions:

(FO) |f(x9)] < als|?@-1

for (x,s) € 2 x R, where a is a positive constant and y € C(2) such that
y(x) <p), xeQ,

and
(F1) f(x,8)s<0

for (x,5) € 2 x R. And g: @ x R —> R is a Carathéodory function with the following
growth condition:

(GO)  |g(x,5)| < ba(@) + bals]*

Bl —
for all (x,s) € 02 x R, where b; € LE®-1(3Q2), b, > 0 is a constant, 8 : 2 — R such that
B e C(0R) and

1<B :=inf B(x) < B(x) < B :=supBx) <p.
xeQ

xeQ

We recall that f : 2 x R — R is a Carathéodory function if x — f(x, &) is measurable for
all ¢ e Rand & — f(x,&) is continuous for a.e. x € Q.
The definition of the weak solution of problem (1.1) is as follows.

Definition 1.1 We say that the function u € W?®)(Q) is a weak solution of problem (1.1)
if

/(|Vu|p(")_2VuVV+c(x)|u|p(x)_2uv) dx—/f(x,u)vdx:kf glx,u)vdo
Q Q Fle!

is true for all v € WPW(Q).
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Remark 1.1 An interested reader may study the problem in the Orlicz—Sobolev spaces or
on the Heisenberg groups (see [12, 13, 25, 26] and the references therein for details of these

spaces).
One of the main results of this paper is as follows.

Theorem 1.1 Let f,g: Q x R — R be Carathéodory functions satisfying (FO0), (F1) and
(GO), respectively. Assume that there exists d > 0 such that

max G(x, t) do 5/ G(x,d)do (1.2)
aq =t aQ

+ A1
with £ := (%(;—i +M)dP)? . Then, for each

Ly M)d?
&(d) (5= +M) [ 13

re A= X
:| V(d) [,,maxy<¢ Gx,t)do

problem (1.1) admits at least one nontrivial weak solution.

Subsequently, by Theorem 4.1 and Theorem 4.2, we present the existence of two and
three weak solutions of problem (1.1), respectively.

The rest of the paper is organized as follows: In Sect. 2, some preliminaries and basic
facts are recalled and the function space is introduced. Also some critical point theorems
are recalled, and we use them for the main results. In Sect. 3, the existence of at least one
weak solution for problem (1.1) is proved. Finally, in Sect. 4 the existence of multiple weak
solutions for problem (1.1) is proved.

2 Function spaces and critical point theorems
We suppose that p € C(Q) satisfies the following condition:

N<p := ingp(x) <pkx) <p*:=suppx) < co. (2.1)
xXe

xeQ

The variable exponent Lebesgue space L*™)(Q) is defined as
LPW(Q) = {u : Q —> R: u is measurable and / |u(x) |p(x) dx < oo}
Q

with the Luxemburg norm

[t pay := inf{k > O:/
Q

Forany u € I’®(Q) and v € 1F'0(Q), where LV ™) () is the conjugate space of L?¥ (),
the Holder type inequality

1 1
qudx < ;UF 1] 9 [V ] ()

u(x) p(x)

dx < 1}.
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holds true. Also, for u € L*®(3), we put

|t py o := f lulP® do .
0Q

Following the authors of paper [21], for any « > 0, we put

+

; k" k<l

k"=
KT k>1;

and

. K" k<1,

k"=

T +

k" k>1;

for r € C,(2). The following proposition is well known in Lebesgue spaces with variational
exponent (for instance, see [15, Proposition 2.7]).

Proposition 2.1 For each u € [P (), we have
g = [ [ < .
We denote the variable exponent Sobolev space W*®)(Q) by
WP(Q) = {u € PY(Q) : |[Vul € PP (Q)},
endowed with the norm

2l piay := |ttlpay + |V k] p(ay.-

As pointed out in [10, 16], W?¥(Q) is continuously embedded in W' (Q), and since
p~ >N, W' (Q) is compactly embedded in C°($2). Thus, W'*®)(Q) is compactly embed-
ded in C°(R2). So, in particular, there exists a positive constant 7 > 0 such that

llll oy = mllull ey

for each u € W?¥(Q). When  is convex, an explicit upper bound for the constant m
(see [8]) is as follows:

1 p -1
p-1 1\ d -1 a o
mgzpﬂ‘ max{(—)p »—7 (_p |Q|> 7 lell }(1+|Q|),
llelly N7 \p —N llellx

where d := diam(S2), |2| is the Lebesgue measure of €2,

||c||1:=/ cx)dx and |c||oo = supc(x).
Q xeQ
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It is well known that, in view of (2.1), both L#®(Q) and W™ (Q) are separable reflexive
and uniformly convex Banach spaces [10].

Remark 2.1 For u € W'?W(Q), there exist k, K > 0 such that
Kllullyey = f (IVal + () ulP™) dox < Kl
Q

Proof Since essinfq ¢ > 0, so there exists 0 < § < 1 such that § < ¢(x). Using Proposition 2.1
and the hypothesis ¢ € L*(£2), we gain

) " .
Sluf’y, < /Q )@ dx < el il
and
» b () b
8IVully < IVulb,) < fﬂ |Vulo) " dx < |Vulb .

Bearing in mind the following elementary inequality: for all g > 0, there exists C; > 0 such
that

|a +b|7 < Cy(lal? +1b]7)

for all 4,b € R, we deduce
8\ ) o) b
Sty = [ (VP + clup®) dx < (1+ el el
i Q

Itisenoughtoputk==,K =1+ ||c|cc- O

Ea
S

Now, define F(x,t) := fot f(x,s)ds. The growth condition (FO) gives the following esti-
mate:

’/;ZF(x,u)dx

§/Q|F(x,u)|dx

<[ veto)

Ei/ lu)”® dx
v Ja

d A
< —llullgog) 2!
y- e

< Mlul), (2.2)

x)’

where M = y“—,m”|§2|.
The global Ambrosetti—Rabinowitz condition (AR) for g: @ x R —> R is as follows:
There are constants i > p*, R > 0 such that

0 < nGlx,s) < sg(x,s)

for all x € Q2 and |s| > R, where G(«x, t) := fotg(x, s)ds.

Page 5 of 11
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Definition 2.1 Let ® and W be two continuously Gateaux differentiable functionals de-
fined on a real Banach space X and fix r € R. The functional I := & — W is said to verify
the Palais—Smale condition cut of upper at r (in short (P.S.)!") if any sequence {u,,} ,cy € X
such that

e I(u,) is bounded;

o limy o0 1/ (s) [l x+ = 0;

o O(u,)<rforeachneN;
has a convergent subsequence.

The following is one of the main tools of the next section.

Theorem 2.1 ([6]) Let X be a real Banach space and ®,V : X —> R be two continuously
Gdteaux differentiable functionals such that inf,cx ® = ®(0) = V(0) = 0. Assume that there
exist positive constants r € R and x € X with 0 < ® () < r such that

su 1ocorn PX)  W(X
Prcd-1(-coy ¥ &) . (f), (2.3)
r D(x)

and foreach ) € A :=] %, m [, the functional I, = ® — AV satisfies the (PS)!-
" Fxed 1 (J-o0,r)
condition, then for each ) € A there is x; € ®1(0,r[) such that I,(x;) < I, (x) for all x €

@110, 7[) and I (u;) = 0.
Another tool is the following abstract result.

Theorem 2.2 ([5]) Let X be a real Banach space, ®,V : X — R be two continuously
Gdteaux differentiable functionals such that ® is bounded from below and ®(0) = ¥(0) = 0.
Fix r > 0 and assume that, for each

r
AE ]0, |:,
SUPxed-1(]-00,r[) W (x)

the functional I, := ® — AV satisfies the Palais—Smale condition and it is unbounded from
below. Then, for each

AE ]0, - [
supxeq,q(]_oo,,[) \If(x)

the functional I, admits two distinct critical points.
Finally, we recall the following tool, which is in a convenient form.

Theorem 2.3 ([7]) Let X be a reflexive real Banach space, ® : X — R be a coercive, contin-
uously Gateaux differentiable, and sequentially weakly lower semi-continuous functional
whose Gdteaux derivative admits a continuous inverse on X*, ¥ : X — R be a continuously
Gdteaux differentiable whose Gdteaux derivative is compact such that

igl(fcb =®(0) =¥ (0)=0.

Assume that there exist r > 0 and x € X, with r < ®(x), such that
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r d(x)’

(ii) foreach x € A, ::]%, W[, the functional I, := ® — AV is coercive.

Then, for each A € A,, the functional ® — AV has at least three distinct critical points in X.

(1) sup@(x)q“v(x) < U(x),

3 Existence of weak solutions
In this section we deal with the existence of one weak solution for problem (1.1). In fact,

we prove the first result of the paper, Theorem 1.1, as follows.
Proof We apply Theorem 2.1. To this end, for each u € wrH(Q), let the functionals
O,V WW(Q) — R

be defined by

D (u) ::/Qlﬁ(wmp(")+c(x)|u|p(x))dx—/;2F(x,u)dx

and
()= Gx,u)do.
(w) /m (5,0 do
Now), set
L (1) := D(u) — AV (1)

for u € W®(Q). So, weak solutions of (1.1) are exactly the critical points of ;. The
functionals ® and W satisfy the regularity assumptions of Theorem 2.1. Moreover, ® is
sequentially weakly lower semicontinuous and its inverse derivative is continuous (since
it is a continuous convex functional). From condition (F1) it is clear that F(x,x) < 0, and

thanks to Remark 2.1 and inequality (2.2), one has
k.
el = 2
1
= / ——(IVul"™ + () ul’™) dx - / Flx,u) dx
o p(¥) o

K 5
=— ||”||§(x) +M||”||;(x)
p
K+1 5
< ( = +M) el -

Also, by standard arguments, we have that ® is Gateaux differentiable, and its Gateaux

derivative at the point u € W'?¥(Q) is the functional ®’(u) given by
D' (u)v = / (|Vu|p(x)_2Vqu + c(x)|u|1’(")_2uv) dx — ff(x, u)vdx
Q Q

for every v e W®)(Q). On the other hand, the functional W is well defined, continuously
Géteaux differentiable with compact derivative, whose Gateaux derivative at the point u €

Page 7 of 11
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W) is
\IJ/(u)v=/ g, u(x))v(x) dx
B1oS

for each v € W™ (Q) [3]. The functional I, satisfies the PS"-condition for all € R. We
will verify the condition of Theorem 2.1. Let w be a function defined by w(x) := 4 for all
x € Q and r with

K+1 .
7= < * +M) ar.
P

So,

0< L3 &’ < d(w) = / Lc(x) d*% dx — / F(x,d)dx
p* o px) Q

K+1 .
<( * +M)d”:r.
p

+ A1
If u € ®7(] - 0o, 7(), we have [|u|pp <& = (’77(1% + M) dP)p, then

sup Y(y) < max G(x, t) do,
ued=1(-o0,r) aq 1tI=E

and from boundedness ®, one has

W(w) fasz G(x,d)do
ow) (KT Myd

Therefore, the assumption condition of Theorem 2.1 is verified. So, for each

d(w) r |:
\II(W), Supuedfl(]—oc,r[) "I’(u) ’

A6A§:|

the functional 7, has at least one nonzero critical point, which is the weak solution of
problem (1.1). a

4 Multiplicity of weak solutions
In this section, we present enough conditions for having multiple solutions to problem
(1.1).

Theorem 4.1 Letf,g: Q x R — R be Carathéodory functions such that f satisfies (F0),
(F1) and g holds in the (AR) condition. Then, for each

r
A€ |0, )
] Jyg maxy<¢ G(x,t) do |:

where & is as in Theorem 1.1, problem (1.1) admits at least two distinct weak solutions.
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Proof We apply Theorem 2.2. According to the (AR) condition, there exist i > p* and
R > 0 such that, for all x € 9Q2 and |s| > R,

0 < nG(x,s) <sg(x,s).
So, there exists @ > 0 such that
Gx, u) > alul

for all x € © and |s| > R. Let the functionals ®, ¥ : W®(Q) — R be defined as in the
proof of Theorem 1.1. We show that I, is unbounded from below. Applying Remark 2.1,
one has

L (tu) = (D — AW)(tu)
'
< K—|lut]l pay —/ F(x,tu)dx—k/ Gx, tu)do
p Q aQ

tP+ . ~
— Y voo_ n Iz
51(p_ Neell piay + ME" | al] ) — Axt /(;Q |u|" do
for ¢ > 1. Since u > p* > p, for large ¢, this condition guarantees that I, is unbounded
from below. By standard computation, the functional I, = ® — AW verifies the Palais—Smale
compactness condition, and so all hypotheses of Theorem 2.2 are verified. Therefore, for

each

(KL 4 M) P
AE ]0, L4 |:’
Jyq maxy<¢ G(x,t) do

I, admits at least two distinct critical points that are weak solutions of problem (1.1). O
The following gives suitable conditions for the existence of at least three weak solutions.

Theorem 4.2 Let f,g: Q x R —> R be Carathéodory functions satisfying (F0), (F1) and
(GO), respectively. Assume that there exists d > 0 such that assumption (1.2) in Theorem 1.1
holds. Then, for each . € A, where A is given by (1.3), problem (1.1) has at least three weak

solutions.

Proof Our goal is to apply Theorem 2.3. The functionals ® and W defined in the proof of
Theorem 1.1 satisfy all regularity assumptions requested in Theorem 2.3. So, our aim is
to verify (i) and (ii). Put r = 1% d? and define w(x) := d for all x € ©, and let us recall that
F(x,u) <0, s0
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Therefore, assumption (i) of Theorem 2.3 is satisfied. We prove that the functional I; is
coercive for all A > 0. We know that [9, Theorem 2.1]

WP (Q) s s LPW(5Q),
so, for each u € W?®(Q), there exists some constant 6 > 0 such that
[] g0 < Ol 1]l px)-

Now, using Holder’s inequality and condition (GO), for all u € W'*®)(Q), one has

u(x)
W (y) = /39 G(x,u(x)) do = fag (/0 g(x, t)) do

by Blx)
<2bi| o, ulpnn + 2 / u@)|" do
g PET g asz‘ |

bzeﬁ )§
=26|b| WO N2l + Tllullp(x)'
Using Remark 2.1 and condition (F1), for every A > 0, we deduce that

bzeﬁ }§
e L

k M
4
L(u) > o ”M”p(x) - 2)L9|b1|ﬂfg_>l’3||u||p(x) —A

since p > B > 1, the functional I is coercive. Then also condition (ii) holds. So, for each
A >0, the functional I, admits at least three distinct critical points that are weak solutions
of problem (1.1). O
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