Zhang Boundary Value Problems (2022) 2022:45 @ BOU nda ry Va I ue PrOblemS
https://doi.org/10.1186/513661-022-01626-w a SpringerOpen Journal

RESEARCH Open Access

On global strong solutions to the 3D MHD
flows with density-temperature-dependent
viscosities

Mingyu Zhang'

Check for
updates

“Correspondence:

wfumath@126.com Abstract

'School of Mathematics and . . ) ) .
Information Science, Weifang In this paper, we establish the global existence of strong solutions for the 3D viscous,
University, Weifang, 261061, compressible, and heat conducting magnetohydrodynamic (MHD) flows with

PR. China

density-temperature-dependent viscosities in a bounded domain. We essentially
show that for the initial boundary value problem with initial density allowed to
vanish, the strong solution exists globally under some suitable small conditions. As a
byproduct, we obtain the nonlinear exponential stability of the solution.

MSC: 35B40; 35B45; 76N10

Keywords: Compressible magnetohydrodynamic system; Full compressible
Navier-Stokes system; Global strong solutions; Density-temperature-dependent
viscosities; Vacuum

1 Introduction

In this paper, we are concerned with the following 3D viscous, compressible, and heat
conducting magnetohydrodynamic (MHD) equation, which is a combination of the com-
pressible Navier—Stokes equation of fluid dynamics and Maxwell equation of electromag-
netism (see [15, 18]):

p¢ +div(pu) = 0,

(pu); + div(pu ® u) — div(2uD(u)) — V(A divu) + VP = (curl B) x B,

¢, [(00); + div(pud)] — k A8 + Pdivu = 2u|D(u)|? + A(divu)? + v| curl B|?,
B; —curl(u x B) =vAB, divB=0,

(1.1)

where ¢ > 0is the time, x € © C R3 isa smooth bounded domain, p,u = (u', 4%, u%)",0,B =
(b, 62,6, and P = Rpf (R > 0) denote the fluid density, velocity, absolute temperature,

magnetic field, and pressure, respectively, and D(u) is the deformation tensor given by
1 tr
D(u) = E[Vu +(Vu) ]
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The viscosity coefficients i = iu(p,0) € C1(R?) and A = A(p,8) € C}(RR?) satisfy the physical
restrictions

u(p,0)>0, 2u(p,0)+3xr(p,0) > 0. (1.2)

The positive constants ¢,, k, and v are the heat capacity, heat conductivity, and magnetic
diffusion coefficient, respectively.
As initial and boundary conditions, we consider

(p’u’elB)|t:0 = (IOOIHOIOO’BO)(x)r X € Q: (13)
and
(0,0,B)(x,£) =0 onadQ x (0, 7). (1.4)

The compressible MHD system (1.1) describes the relationship between the compress-
ible Navier—Stokes equation of fluid dynamics and Maxwell equation of electromag-
netism, which has been studied by many papers [3, 4, 9, 11, 12] and the references therein.
When there is no electromagnetic effect, that is, B = 0, system (1.1) reduces to the full

compressible Navier—Stokes system

P+ le(pu) = 01
(ou); + div(pu ® u) — div2uD(u)) — V(A diva) + VP =0, (1.5)
¢, [(p0); + div(pud)] — k A6 + Pdivu = 2u|D(u)|? + A(divu)?.

Because of the important physical phenomenon and mathematical challenges of the full
compressible Navier—Stokes system (1.5), there is a wide literature investigating the com-
plexity and rich phenomena of system (1.5). In the case of strictly positive initial density
and temperature, Nash [22] and Serrin [23] obtained the local existence and uniqueness of
classical solutions, respectively. Matsumura and Nishida [19-21] first obtained the global
classical solutions when the initial data are close to a nonvacuum equilibrium in H*(R3).
Valli and Zajaczkowski [24] established the existence and stability of the periodic solution
in a bounded domain. Hoff [7, 8] proved the global existence of weak solutions when the
initial data are discontinuous.

When the initial density can contain vacuum, Feireisl [6] investigated the full compress-
ible Navier—Stokes equations with temperature-dependent heat conductivity coefficient
and obtained the existence of “variational” weak solutions for large initial data with vac-
uum. Bresch and Desjardins [1] studied the Cauchy problem of system (1.5) with density-
dependent viscosities and obtained the global stability of weak solutions. Recently, Yu and
Zhang [25] considered the three-dimensional full compressible Navier—Stokes equations
with density-temperature-dependent viscosities and proved the existence of global strong
solutions in a bounded domain in R3.

For the compressible MHD system (1.1), Chen and Wang in [2] investigated the nonlin-
ear MHD equations with general initial data and obtained the global existence and unique-
ness of solutions with large initial data. Hu and Wang [10] investigated the compactness of
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weak solution of 3D full compressible MHD equations with density-dependent-heat con-
ductivity and the magnetic coefficient with vacuum. Later, Huang and Li [13] studied the
mechanism of blowup and structure of possible singularities of strong solutions to sys-
tem (1.1) and obtained a blowup criterion, which is analogous to the well-known Serrin
blowup criterion for the Cauchy problem and the initial boundary value one of system
(1.1). Due to the physical importance, complexity, and mathematical challenges, our main
aim in this paper is to investigate the global existence of strong solutions to the 3D MHD
flows with density-temperature-dependent viscosities in a bounded domain.

Before stating our main result, we define g by

1 1 1
_1,t (L6)
3+ 12 ¢
for some 0 < 8 < 1, and thus g € (4, 6]. For simplicity, we denote
1(F:8)] 1 = If e + llgllzr-
Now we are in a position to formulate our main results.
Theorem 1.1 Assume that the initial data (po, wo, 6o, Bo) satisfy
0=<po=p, po € WH, 6 >0, (a0, 00, Bo) € Hy N H* (1.7)

for some positive constant p and that the following compatibility conditions hold:

—div(214(p0, o) D (1)) — V(A (00, 00) divug) — VP(p0,6) — (curl By) x By
= py*g1, (1.8)
—k Aby + 2140, 00) | D(wo) | + A(po, 00)(div u)? + v| curl Bo|? = pyg>

for some g1,g, € L*. Then there exists a positive constant ¢, depending only on Q, g1, g, K,
Vv, R, ¢, and py, such that if

Co 2 |[(Vug, V6o, VB) 1> <&,

then the initial boundary value problem (1.1)—(1.4) has a global strong solution (p,u,6,B)
on [0,1] x [0, 00) satisfying

0<pxt)<2p, 0(x,t) >0, (x,£) € Q x [0, 00),

1% € C([()’ OO); Wl,q), Pt € C([O’ OO);Lq),

(u,6,B) € C([0,00); Hy N H*) N L*(0, 00; W),

(pl/zut’ p1/29t’ Bt) € LOO(O: OO;L2)1 (ut: et; Bt) € Lz(oy OO;Hé)'

Moreover, for any t > 0, we have that

|| (pl/Zu’ '01/29’]3) (t) ||L2 < Ce—Ct
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and
[ (0w, 026, B)(®)]» + | (Vu, V6, VBY()| 1 < Ct?
with positive constant C depending only on 2, po,k,v,R, c,, g1, and g,.

Now we make some comments on the analysis of this paper. Note that for the Cauchy
problem with constant viscosities satisfying (1.7)—(1.8), the local existence of strong so-
lutions to the compressible MHD equations (1.1) with large initial data has been recently
established [5]. Thus, to extend the strong solutions globally in time, we need global a
priori estimates on smooth solutions for (p, u, 8, B). Some of the main new difficulties are
due to the appearance of the density-temperature-dependent viscosities and the bounded
domain. It turns out that the key issue of this paper is to derive the time-uniform upper
bounds for the gradient of the density to bound || V2u||z¢ and || V2B||zs. We start with the a
priori hypothesis on ||V p||1¢ and initial layer analysis and succeed in deriving an estimate
of [[Vu|l 10,112 and time-weighted estimates on the gradient of w;, 6;, and B,. Another
difficulty caused by the bounded domain can be overcome by the energy method.

The rest of the paper is organized as follows. In Sect. 2, we establish estimates of the
global strong solutions, which are independent of time ¢, to the initial boundary value
problem (1.1)—(1.4). With the help of global (uniform) estimates at hand, in Sect. 3, we
prove Theorem 1.1. In Sect. 4, we give some declarations of this paper.

2 Preliminaries
In this section, we recall some known facts and elementary inequalities. Before stating the

results, we denote

/fdx:‘/;zfdx.

We first begin with the following local existence result of the initial-boundary value prob-
lem (1.1)—(1.4), which is obtained on a small time interval in [5].

Proposition 2.1 Assume that the initial data (po > 0,wo,060,Bo) satisfy (1.7) and (1.8).
Then there exist a small time T, > 0 and a strong solution (p,w, 6, B) to the initial boundary
value problem (1.1)—(1.4) on @ x (0, T].

Next, we give the Korn inequality, which can be found in [14].

Lemma 2.1 Let condition (1.2) be satisfied. Assume that Q2 is a smooth bounded domain,
and let u € H', u(x), M(x) € C(Q). Then there exist a positive constant w £ W82, p, ) such
that

/(2;L|D(u)|2 +A(diva)®) dx > E/ [Vul|? dx.
Consider the elliptic system

Y Y 41 DulG (0)Dp) = f;, i=1,2,3,
u=0, xe€0dQ,

(2.1)
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with smooth bounded domain Q C R?, u = (&}, 42, 4?), and
G wElEy = olEl? VE R0 > 0,47 (x) € L.

Lemma 2.2 ([17]) For p € [2,00), assume that IVGZﬂ(x)IIVuI,fi € I?. Then the solution u
of system (2.1) satisfies u € W with

[V2ul, = (VG @I Vull, + IWillr)-

Lemma 2.3 (Gagliardo—Nirenberg [16]) For p € [2,6],q € (1,00), and r € (3,00), there
exists a generic constant C > 0, depending only on q,r, and 2, such that
(i) iff eHY orf e H' .f =0, and g € W," orge W,z =0, then
6

Ifllr < C|lf|| IIVfII Ea . (2.2)

q(r-3)
gl < Cligl ™ 1Vall,r s (2.3)

where f 2= ﬁfﬂfdx andg == |_s12\ Jogdx.
(i) if f € H', then

6

IlfIILp<C|lf|| Ilfll . (2.4)

3 A priori estimates

In this section, we establish the uniform a priori estimates of solutions to the initial bound-
ary value problem (1.1)—(1.4) to extend the local strong solution guaranteed by Proposi-
tion 2.1. Then we assume that (o, u, 6, B) is a smooth solution to (1.1)—(1.4) on 2 x (0, T)
for some positive time T > 0 with smooth initial data (oo, u, 6o, Bo) satisfying (1.7) and
(1.8). Define

T

A(D) 2 sup |(Vu,VB)|7, + / | (0u,, V2B, B,) |, dt,

0<t<T 0

T 2

A1) sup 161+ [ o0l

0<t<T 0

A 1/2 2 2 ’ 2

As(T) £ sup |[(p"?u;, B, VB)||, + / |(Vua,, VBY)||,» dt,

0<t<T 0

T
2
AU sup o0}y v [ 1V0I dr,
0<t<T 0

As(T) = sup [Vpls,
0<t<T

As(T) £ sup ([Vall2(Vall}? + [ Vall 54 Va| 32

0<t<T

+IVBIZIIVB T + ||VB||”4||VB||3/2)

4/(T) & sup VG2 (0,0)] 5" IVul

(see G;ﬂin (2.1)),

L2’
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and
K2 [ (0"0,B) [almo, Ko 2[00, 2o
We have the following key a priori estimates on (p,u, 6, B).

Proposition 3.1 For a constant p > 0 and q satisfying (1.6), assume that (po, g, 69, Bo)
satisfies (1.7) and (1.8). Let (p,u,6,B) be a smooth solution of (1.1)-(1.4) on Q x (0,T]

satisfying

0<pxt)<3p forall(x,t)eQ2x][0,T],
AlT) <2C)",  AyT)<2C)?,  As(T) < 3K, (3.1)
Ay(T) < 3Ky, As(T) <4V pollLa, Ag(T) +A7(T) < 2.

Then there exists a constant & > 0 such that

0<pxt)<2p forall(xt)eQx[0,T],
A(T) < Cy%, AyT) < Cy%, A3(T) < 2K,
Ay(T) < 2Ky, As(T) <3lIVpolla, Ae(T) +A7(T) <11,

provided that Cy < ¢.
Proof The proof of Proposition 3.1 will be done by a series of lemmas below. d

Throughout this paper, we denote by C and C; (i = 1,2,...) generic positive constants,
which may depend on €, p, || poll;1, &, v, R, ¢y, g1, and gs.
We start with the following uniform estimates for (p, u, 6, B) under conditions (3.1).

Lemma 3.1 Under condition (3.1), we have

sup (VO + 0]l + IVOI16) < C. (3:2)
te[0,T]

Proof Equation (1.1)3, together with (3.1), (2.2), and (2.4), yields that
1V26] 2 < C(I06:ll 2 + llpu - VO 12 + | 06 divul 2 + [|Vul[7, + [ VB[7,)

< C([0"26:] ;2 + Ilull s 1VO I3 + 16116 | Vull s + [ VullZ, + [ VBIZ,)

< C(| 026, + AY*(DIVONZIVONLT + As(T) VO 12)

L H!
+ CAs(T)(IVul}5* + | VB[ }5)

1
=5 [V20l + C(120: ] 2 + V0N + IV + IVBILY),

I

and thus

VOl < C(|| 0260 2 + VOl2 + | Vull 5 + [ VBI|5Y). (3.3)
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On the other hand, from the Sobolev and Poincaré inequalities it follows that
01l < ClIVOIl s < CIIVOIlp1,
which, together with (3.3), leads to (3.2). The proof of the lemma is therefore completed. (J

Lemma 3.2 Under condition (3.1),

S[l(])p (||V,0||Lr + || (Vu, VB) ”Hl) <C, rel2ql (3.4)
te

where q is defined as in (1.6).

Proof Thanks to the bounded domain €2, we obtain
IVollr <ClIVplla < CA5(T) <C  forre [2,q].
On the other hand, it follows from Lemma 2.2, (2.2), (2.4), and (3.1) that

[V*u],. < C(llpwi 2 + low- Vall2 + [ VG (p,0)Vu] )

+C(IVPlz2 + || (curl B) x B| )
< C([lp"u.] 2 + Il s Vulls + [ VG (0,0)] 1o I Vall 2i0-)

+C(101l6 1V llzs + IVOIl 2 + Bl 6| VB 3)
< 5 1Vuls + 1B la + C(Lo ] + 1Vl + 1VBIE:)
+C| VG p,9)| T4 Va2 + C(1+ 1Vplls) V6] 2
< 5” V|, + 5 IIVZBHLz +Cl[[o" e o + ATHD(1VulZ + 1 VBI)]

+ CA7(D)[|Vull}7 + C|[VO| ;2 + CA5(T)|IVO| 2,

and thus
[V2ul|, —|| VZB|,, + C([ " u|| o + IVull}Z + IVB[}5 + VO] 12)
< C(AY*(T) + AY(T) + AYX(T)).
Similarly,

|V?B||,2 < C(IBellz2 + lulls VBl + Bl | Vull2)
1
= 5[V*B[ 2+ C(IBdll2 + VI 1VBI2)

1
< = V*B| 2 + CIIBill2 + CIIVul 2,

Page 7 of 27
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and thus

Va5 + | V*B 2 < C(]| (0?0, By)| 2 + I Vull}Z + | VB[}5 + [ VO] 12) 65

< C(AY*(T) + AY(T) + AYX(T)),
which gives (3.4). The proof of the lemma is therefore completed. O

Lemma 3.3 There exist a constant €1 > 0 such that
As(T)+A7(T) <1,
provided that Cy < &1.

Proof From (3.1), (3.2), and (3.4) we obtain

/(g-3
As(T) +A7(T) < C(IIV plla + 1960 110) " | Va1

1/4 1/2 3/2 1/4
+ (Va2 Va) 22 + [Vl ?2) | V] 4

+ (IVBI S IVBIE + VB3 IVB] 5"

<GP <1,
provided that Cy < &; £ min{1, C;2}. The proof of the lemma is therefore completed. O

Lemma 3.4 Let (p,u,0,B) be a smooth solution of (1.1)—(1.4) satisfying (3.1). Then there
exist positive constants C and &,, both depending only on «,v, R, v s P, 2, 81 and g, such
that

T
wpf“ﬁﬂmpm&Bw;+/iHMvaava”ﬂSC% (3.6)
te[0,T] 0

fori=0,1,...,32, provided that Cy < &;.

Proof Multiplying (1.1); by uin L2, from (2.2) and (3.4) we have that
1d 1/2 1|2 2 : 2
5%”'0 uf 5+ [ [26(0,0)|D@)|” + A(p,0)(divu)*] dax
1
=pr9divudx—fB-Vu-de+5/|B|2divudx

< sulVulz + Cliplizs 10176 + CIBIZsIBII

I=

and thus by Lemma 2.1 we have

d 2
p o %, + wlVull?, < GIVO2; + C5l| VB 2. (3.7)
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Multiplying (1.1)3 by 6 in L? and using the facts that u(p,8), A(0,0) € C}(R?), we have
from (2.2), (3.1), and (3.4) that

1d

Sglee 17, +klIVOl2,

= —/R,O92 divadx + v/ | curl B|*0 dx
+ / [214(p,0)| D@)|* + 1.(p, 6)(divw)*]6 dx
< CIVull2llplizs 6176 + ClONs I VB3 VBl 2 + CllE | Vall 3 Va2

< C||Vull2[IVO]7, + CIVOl 2 VB + CIVO| 2] Va3

< (CIIVulle + %) V6|7, + CIIVB|?, + [ Vull?,

< (CA%”(T) + 2) IVO17, + CAYX(T)IIVBI}, + CAYX(T)||Vull}

< (C4C5’8 + %) V6|2, + CCy®II VB2, + CCY* [ Vul2,.
Choosing Cy < &, 2 min{ey, (4"?4)8}, we obtain

d 2
S 10100 + kIO < CCFEIVBIL, + CCF I Vullj,. (3.8)

Multiplying (1.1)4 by B in L2, we obtain from (2.2), (3.1), and (3.4) that

1d 1 ,
E%”B”; +v[|VB|?, :—§/B2dlvudx+/B-Vu-de

< C|IVB|2|IBll;3 [ Vull 2
< C|| VB2 | Vul|2
< CAYA(T)| VB,

< GsCy®| VB2,
where we have used the Poincaré inequality and the estimates
IBll;2 < CIIBI}5 VB, < C|VB]| 2.
Thus

d
E”B”iz +v|| VB2, <0, (3.9)

provided that Cy < &55 £ min{1, (ﬁ)s}.
Calculating (3.7)+22 x (3.8)+ 2 x (3.9) yields

d 2 2C2 2 2C3
r (||p“2u||L2 + =102 + —=IBIL, | + 1l Vulll + GIVOIL, + GBI

< GGy *IIVBIIZ, + C;Cy® | Vg,

Page 9 of 27
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and thus

d

21 (0w 01?0, B) |7, +|(Va, V6, VB)|?, <0, (3.10)

provided that Cy < & = min{e, 1, &2, (2%36)8,( L )8y,

26,
Integrating (3.10) over [0, 7] and using the Poincaré inequality, we get

T
sup [ (02w, 0120, B) |, + / |(Vu, V6, VB)|, de
te[0,T1] 0

3.11
< C||(Vuo, V6o, VBo) | 2, (G40

< CCy.

Multiplying (3.10) by ¢, integrating the result over [0, T'], and using the Poincaré inequal-

ity again, we have

T
sup tH (,omu,pme,B) ”iz +/ t”(Vu,VG,VB)Hi2 dt
te[0,T] 0

3.12

< C||(Vu,v6,VB)|7, 312
=< CC01

which, together with (3.11), leads to (3.6) for i = 0, 1. Similarly to the proof of (3.11) and

(3.12), we can obtain (3.6) for i = 3,4,...,32. The proof of the lemma is therefore com-

pleted. d

Before stating the following lemma, we define
o(T) £ min{1, T}.
Then we be establish a uniform upper bound for A;(T).

Lemma 3.5 Let (p,u,60,B) be a smooth solution of (1.1)—(1.4) satisfying (3.1). Then there

exists a positive constant &3, depending only on «,v, R, ¢,, W, p, 2, g1, and g, such that

T
sup |[(Vu, VB[, + / (0w, B, V?B)|%, dt < CI* (3.13)
te[0,T] 0
and
T
sup t‘” (Vu, VB) ”iz + / t‘” (,omut, B;, sz) ”iz dt < CCS/16 (3.14)
te[0,T] 0

fori=1,2,...,8, provided that Cy < 3.

Page 10 of 27
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Proof We multiply (1.1); by u; and integrate the result over Q:

=/ [w,e)\D( )+ 222 iy ]dx+ 02a %,
=f[m(p,9)|D(u)|2 t(g’e)(d w) } fpu-untdx

+/R,09divutdx—/B-Vut-de+/B2divutdx

4
éZN]
j=1

(3.15)

The right-hand side terms of (3.15) can be estimated as follows. By (3.4) and the fact that
w(p,0),r(p,0) € C'(R?) we have that

‘/I:upptﬂ? Aolor (divu)2:| dx

¢ [(9plulival + pl1vuP) dx

2 3
= IVplizslullslValz + CliValz,

< CVu|}?|Vu|?} < C|| Va3

and

Ao6;
‘ f [w@lD(u)l 5 2 (divu) ]dx <16ll2 1 Vul g6 | Val| 3

1/2 1/2
= CIVO 2 IIVall 1 Va5,

and thus

Ny < C|[Vull*F + C||VO, || 2] Va7 [ Va5
< CAYY(T)|IVull 2 + C| VOl 2 [ Va7 | V] 17

< Cl[Vullz2 + C V6, || 2| Vul 7| Val 7.

By (3.4) and the Poincaré inequality we have

sz—/,ou-untdx

1/2

IA

|0V}, + CllullZ 1 Va2,

IA

| 02w}, + CAVT) I Vull 2

1/2

IA

\ D= N = -

| oY 2w}, + CllVull 2,

N; = | Rpodivu,dx < C[10] 2] Vull2 < CIVO 2 Va2,

Page 11 of 27
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and

N4:_/B.Vut.de+/B2diVutdx

< CIIBllzs Bl s Vug [ 2

= CIVB|l2[Vuy [l 2.

Plugging N; (j = 1,2, 3,4) into (3.15) yields

d )
E/[u(p,e)ip(u)f Mo 9)(d vu) ]d“ |27

3.16
< ClIVull2 + CIIVE, |2 |Vl 2] Va2 (3.16)

+ ClIVOl 2Vl 2 + CIVB] 2| Vgl 2.

Multiplying (1.1)4 by B; in L?, we have from (2.3) and the Poincaré inequality that

2dtIIVBIILz + IBell7>

——/u~VB~Btdx+‘/B~Vu~Btdx—/B~Btdivudx
< Cllullzs[IVBI|z3[Bll 2 + ClIVull 2Bl oo [ Bl 12

1
= S IBelf> + CIVul ['VBI,
and thus from (3.1) and (3.4) it follows that
EIIVBIIfz +Bll7> < ClIVull2, [ VB3, < C[[ Va2 (3.17)
On the other hand, from (1.1), it follows that

|V?B|}> < C(||Bt||§2 + ([l I VB[7s + Bl [ Val7)

5 ||VZB||L2 + C(IBlZ + IVulz2 [VBI7)

=3 (3.18)
1 2
5 “V B||L2 + C”Bt”Lz + C||Vul| 2.
Combining (3.16), (3.17), and (3.18), we have
)
& [ olo@p + 262 var 1982 ds + (04208, 98)
= ClIVal2 + C||V9t||L2||VUI|1/2||Vu||”2 (3.19)

+ ClIVOl 2| Vuellz2 + ClIVB| 2| Ve[| 2.

Page 12 of 27
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The Holder inequality, together with (3.1) and (3.6), yields that for i = 1,2,..., 8,

T o(T) 1/2 o(T) 1/2
/ t’IIVuIIdetf(/ t21||Vu||§2dt> (/ dt)
0 0 0
T 1/2 T 1/2
; 3.20
+ ( / £ Va2, dt) < / £2 dt) (3.20)
a(T) a(T)

< CCy>.

By (3.1), (3.5), (3.6), and (3.20) we have that

T
/ EIVO 2 |Vl [ 21 Va7 dt
0

T 1/2 T 1/4 T ) 1/4
s(/ ||vet||§2dt> (f ||Vu||§,1dt> (f t4‘||Vu||izdt>
0 0 T

< CAV(T)CL (3.21)
T 9 9 1/4
x [ / (VB2 + || 0" > + [ Vall2 + VB2 + ||ve||§2)dt]
0
SC'Cvg/16
and
T{ T ) 1/2 T 1/2
/ tl||v0||Lz||Vut||dets(f t2‘||ve||§2dt) (/ ||Vut||§2dt>
0 0 0
< ccl,

Integrating (3.19) over [0, 7] and using Lemma 2.1, (3.1), (3.6), and (3.20)—(3.22) for i = 0,
we obtain

T
sup ” (Vu, VB) ”iz dx + / || (pmut, B;, V2B) Hiz dt
t€[0,T] 0

< C|(Vuy, VBy) ||§2 +CCY? + cCye (3.23)

< Cscg/m < Cé/4,

provided that Cy < e3 £ min{e,, C5'®}. Then we immediately get (3.13).
Next, multiplying (3.19) by ¢ and integrating the result over [0, T, it follows from (3.6)
and (3.20)—(3.22) that

T
s[up] t” (Vu, VB) Hiz dx + / t|| (pl/zut, B, VZB) ”iz dt < CC8/16. (3.24)
tel0,T 0

Similarly to the proof of (3.23) and (3.24), we can obtain (3.14) for i = 2,3,..., 8. The proof

of the lemma is therefore completed. g
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Lemma 3.6 Let (p,u,0,B) be a smooth solution of (1.1)—(1.4) satisfying (3.1). Then there

exists a positive constant g4, depending only on k,v, R, v s 05 2, 81, and g, such that

T
sup || (0w, B, V?B) |2, + / |(Vu,, VB2, de < 2K, (3.25)
te[0,T] 0

provided that Cy < g4.
Proof By (1.1); and (1.1); we have that

ouy + pu- Vu; — div(Z/LD(ut)) - V(Adivuy)
=div(pu)(u; +u- Vu) — pu; - Vu + diV[(Z/Lppt + 2u99t)D(u)] (3.26)

+V[(App; + 196;)divu] - VP, + B- VB, + B, - VB - VB, -B— VB -B,.

Multiplying (3.26) by u, and integrating the resulting equation over [0, 1], we get

1d .
3 gl + [t D@ + 3,0 v d
:/div(pu)(ut+u~Vu)~utdx—/pu[~Vu~utdx+/Ptdivutdx
2 1 .
~ [ Gaope+ 18P ds =5 [ Gunp 4 st (i), d 6

+/(B'VBt‘FB['VB-VB;’B—VB'Bt)'utdx

Now we estimate M; (j = 1,2,...,6). It follows from (2.2)—(2.4) and (3.4) that

M < c/ lpdiva+u- Vpl|(lu/® + [u]|Vul|u,]) dx

<C(llollzsIVallz2 + l[ull sV oll2) w76
+C(Ipllzs I Vallzs + [l |V ol 3) Il oo | Va2 w6
< ClIVal 2| V|7, + C[ Va2 Vul 22| Va2

< CAYA(D)I Vw2 + Cl| Va2,

1/8 2 2
< CoCy® V12, + Cl[ Va2,

sz‘/put~Vu~utdx

2
= Cllplis Va2 a7

1/8 2
< CLoCY Va2,
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and

M3 < ‘/Ptdlvutdx ZR‘/(pt9+p9t)divutdx

< c/(|pdivu+u~Vp||e||Vut| + 16,11V ) dx
< C(llplislVullzs + llallze IV pll2) 101l 6 | Vaell 2
+C||p"6:] ;2 Ve 2

< ~ullVul? + C| 026, |7, + CIVOII%.

oo | =

By (1.1); and (3.4) we have

M, < V(upp; + 1e6)[| D(w)|"], dx

=< C/[Iu«pllp diva+u-Vpol[Vul|Vu| + |1gl16, ]| Vul| Vu, || dx

< C(llpllzelIVals + llullz= Vol 3) | Vall s [ Va2
+ Cl10; s | Vull 3 [ Vg 2

1/2 1/2
= ClIVull 5" Va2 + ClIIVal| 5 VO 2| Vg || 2

1
< gguwtniz +C||Vull 2 + C[Vull[| V][,

Ms < /(Appt + k99t)[(divu)2]tdx

wlIVulis + ClIVul 2 + CIVall[ Ve, 7,

<
and

MGS‘/(BVBt+BtVB—VBtB—VBBt)utdx

< CIIBli VBl 2 lwliz + ClIBl 3 [ Vgl 2Bl 6
1

wlIVue[7, + CI VB2,

@ |

Substituting M; —Mp into (3.27) and using (3.1) and Lemma 2.1, we obtain

LRI 2
7t ||,O u ||L2 + ”Vut”LZ (3.28)

2
< CullVB|}, + C[Vul 2 + C| 06|}, + CIIVOIZ, + CCy3 VO, |12,

provided that Cy < £41 2 min(1, (%)8, (ﬁ)s}.
Differentiating (1.1), with respect to ¢ yields

Blt_ UABt =—W - VB-u- VBt +Bt -Vu+B- vut—BtdiVu—BdiVut. (3.29)

Page 15 of 27



Zhang Boundary Value Problems (2022) 2022:45

Multiplying (3.29) by B; in L? and integrating by parts, we obtain

1d 2 9
5 7z 1Bellz2 + VIVBIl

< C(IVucll 2 Bl 3 [1Bellzs + llaelizs IBll3 VBl 2)
+ Cllullz6 VB[l 2Bl 3 + ClIBell s [ V]l 2Byl 5

v
< Z”VBt”iz + C(IBI2: V|17, + B 112 | Vul|2,)
v 2 2 2 2
< (E + CIIVulle)IIVBtIILz + CIVB|72 [ Va7,

v
= (1 + cucé/‘*> IVB72 + CCo IVl o,
where we have used (2.2) and the Poincaré inequality. Thus
d 2 2 1/4 2
E”Bt”LZ +[IVB|I72 < Cis G | V|7, (3.30)

provided that Cy < 45 £ min{1, ( o 4.

Calculating (3.28)+(3.30) x2Cy; gives

d
E(”Pl/zut”iz +IBllZ2) + I Vel 7o + I VB2 (331)

2
< Cl[Vul2 + C|p"?6,| > + CIVOI > + CCY* V6,17,

provided that Cy < £43 = min{1, (m)‘*}. Integrating (3.31) over [0, T'] and using (3.18),
we have from (3.1), (3.6), and (3.20) that

T
sup (|| o w2, + 1Bl + | V?B|2,) + / IV |12, + VB, dt
te[0,T] 0

<Ky + C|Vu|l ;2 + CC}BAL(T) + CA5(T) + CCy?
<Ky + CAYX(T) + CCYBAL(T) + CA5(T) + CCY*
<Kj+ C14Cé/8

<2Kj,

provided that Cy < g4 £ min{ey 1,42, 4,3, ((%)8}. Thus we immediately obtain (3.25). The

proof of the lemma is therefore completed. g

Lemma 3.7 Let (p,u,60,B) be a smooth solution of (1.1)—(1.4) satisfying (3.1). Then there

exists a positive constant &5, depending only on «,v, R, ¢,, W, p, 2, g1, and g, such that

T
2
sup [|VO?, + / | 0"6:] » dt < C3 (3.32)
te[0,T] 0

Page 16 of 27



Zhang Boundary Value Problems (2022) 2022:45

and

T
2
sup £2[VO|?, + / 20?6, > dt < €S, (3.33)
te(0,T] 0

provided that Cy < 5.

Proof We multiply (1.1)3 by 6; in L2. Then from (2.2)—(2.4), (3.1), (3.2), and (3.4) it follows
that

d
5 2 IVOIE + e 06,7,
= /[—cv,ou -V6O —Pdivu + 2;L|D(u)|2 + A(divua)? + v| curlB|2]9tdx

c 2
= S 00 + CUVRIGL IVOIL + CIVOIL I Vull,
+ CIVull 2| Vull 311616 + CIVBIl 2 [ VB 3116l 6

C 2
< EVHPI/QQtHLz + CIVO|%, + Cl|Vull?, + CA*(T)(IVull 2 + VB 2) VOl 2,
and thus

i 2 124 |12
V01 + ] 026, 12 (3.34)

< CIVOI2, + ClIVull?, + CCy* (I Vull 2 + VB 2) [ VO, | 2.

Integrating (3.34) over [0, T], from (3.1) and (3.6) we have that

T
sup VO, + / 0126, dt
lE[O,T] 0

< Co + CCy + CCy'"AY*(T)
< Ci5Co + CreCy P ALA(T) < &7,
ided that Co < £5, 2 minfes, S0, (=S Y162} which lead
provided that Cy < &5, —mm{m,m,(xml(zm) }, which leads to (3.32).

Next, multiplying (3.34) by ¢? and integrating the result over [0, T], from (3.1) and (3.6)

we have that

T
sup t2||ve||§2+/ 2] 026, } dt
te[0,T] 0

< C17Co + CCYMAY*(T) < CCY™,

9/16
provided that Cy < &5, £ min{1, 2%—17 }. Thus we immediately obtain (3.33). Choosing Cj <

&5 = min{es 1, €52}, we complete the proof of the lemma. O
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Lemma 3.8 Let (p,u,0,B) be a smooth solution of (1.1)—(1.4) satisfying (3.1). Then there

exists a positive constant gg, depending only on «,v, R, c,, i, p, 2, g1, and g, such that

T
sup 22 || (,omut,Bt, VZB) Hiz + / £ ||(Vut, VB;) ||i2 dt < ch/m, (3.35)
te[0,T] 0

provided that Cy < &.

Proof Multiplying (3.31) by ¢? and integrating the resulting equation over [0, 7], from
(3.6), (3.14), (3.18), (3.20), and (3.33) it follows that

T
sup. (| 0w} + 1BeliZ + [ V2B ) + f 2(IVu )3, + VB, |1%,) dt
telo, 0

T
<[ el w18+ |V7B])
0

T
2
+C / 2(IVullz + | 026:] ;2 + V0122 + ClIVull 2 V6,17, ) dt
0
< CCY" + CCy* + €Y + CCy

< ch/16,

provided that Cy < & = min{1, &5}. Thus we immediately obtain (3.35). The proof of the

lemma is therefore completed. d

Lemma 3.9 Let (p,u,60,B) be a smooth solution of (1.1)—(1.4) satisfying (3.1). Then there

exists a positive constant &7, depending only on k,v, R, ¢,, W, p, 2, g1, and g, such that

T
2
sup 0?6, + f V6,112, dt < 2K, (3.36)
te[0,T] 0

provided that Cy < &7.
Proof By (1.1); and (1.1); we have that

¢ [0y + pu- VO] — i Ab;
=div(pu)(c,0; + c,u- VO + RO divu) — p(c,u; - VO + RO, divua) — Rp6 div u,
(3.37)
+ 2o+ 20200) [ D@)|” + 412(p, 0)D(w) : D)

+ (Ap 0 + Ap0y)(div w)? + 21 (p,0) divadivu, + 2v curl B - curl B,.

Multiplying (3.37) by 6; and integrating the resulting equation on 2, we get

1d

5 g1 e + IV

= /[div(,ou)(cvet +c,u- VO + RO div u)]@t dx
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- /[,o(cvut - V6 + RY; divu)]Qt dx — /Rp@ divu,6, dx
(3.38)
+/4/J,(p,0)D(u) : D(w,)b; dx

+ /(2up,0t +2/,L99t)’D(u)’29t dx + /(Appt + 290, (divn)6; dx
6

+2/)»(,(),G)divudivutétalx+2/vcurlB-curlBthdxé Zli.
i=1

The right-hand side of (3.38) can be estimated as follows. By (2.2)-(2.4), (3.1), (3.2), and
(3.4) we have

I = / [(w-Vp+pdiva)(c,d; + c,u- VO + RO divu) |6, dx

< C(IlulizsIVoll2 + lolls I Vali2) 16:07s + Cllulizo IV ol 3 1 VOl 2116 I 6
+ ClIVull s l[alls VO 2116l s + ClIValls 10116 1Vl 21101 6
+ Cllallze (18]l [V o1l 3 [ Vel 216l 6

< CIVull2 Vol IVOIZ: + ClIValza (1011 + 1V plls + 1) VOl 2 V612

K
< [CC&’S - 1—6} V6,112, + VO,

L =- /[p(cvut - VO + RO, div u)]@t dx
< Cllplslucls VOl 2110l s + Cllollzs | Vull 2 161126

< CIVpl Va2 VOl 21Vl + CIV ol 2 [V ull 2] V17

K
< [CCé/S + E} IVO: 117, + CCy8 I Vel 7,

Iz = —R/ 00 divu,6; dx
< lipllsll®llzs I Vaell ;21161 16

< IVell VOl 2 IVl 2 VO, |l 2

< CC3/8||V9:IIiz + CCé/SIIVutlliz
and

li= [ 4u(p,0)D@): Do + [ 211, + 20000 Dlw 01

< ClIVall 3 Va2 116: ]l s + ClIVull?5 [16: 117
+ (lallz 1V ol 2 + I Vall 2) Va6 116l s
< ClIVal 2 IVull 2 IVl 2 VOl 2 + ClIVal 2| Vall g | V|7

1/2 1/2 2
+ (IVall 2 [ Vullze + [ Vall2) [ Vall 71 VO, 2

K
< gnvetniz + ClVull2IVE, 12 + | Val 2 Va2, + C[[ V|2,
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K
< [Ccé’s + B} V6,112, + CCY* V|2, + C|| Vul|?,.

Similarly,
Is = /(Appt + Ag0,)(divu)®6, dx + Z/A(p,é)divudivutﬁtdx
< [ccg/s + 1%] IVO,II%, + CCy8 I V|12, + ClI Va2,
and

Is = 2/ veurl B - curl B;6; dx < C||VB|| 3| VB¢||12|6¢ | 6

< C|IVBIJZIIVBI 2 IIVBl 2 VOl 2

< CIIVBI2IVEIZ> + CIIVBI| 2] VB[ 7>

< CCYR(IVO,II%, + CCyB| VB, |2,

Substituting I; —I; into (3.38), we have

1d

3
S lo e+ [ZK - clscé’s] V6,12,

< CIVOI2, + CCYE Va2, + Cl| Vull?, + CCY¥ [ VB[,

and thus

d
- |0226,[7, + V6.2, < C[[(V6, V)| }, + CCY¥ | (Vu, VBY) | 1, (339)

provided that Cy < 71 £ min(1, (365 )2},

Integrating (3.39) over [0, T] gives

T
2
sup [ p"%6, [} + f IV6:113, dt < Ky + CroCo + CooCy*Ki < 2K,
te[0,T] 0

provided that Cy < &7 £ min{e; 1, %, (2C12<31<1 )®}. Thus we immediately obtain (3.36). The

proof of the lemma is therefore completed. O

Lemma 3.10 Let (p,u,0,B) be a smooth solution of (1.1)—(1.4) satisfying (3.1). Then there
exists a positive constant e, depending only on «,v, R, v by 05 2, 81, and g, such that

sup  px,t) <2p, (3.40)
(x,t)e2x[0,T]

provided that Cy < &g.

Proof Lemma 2.2, together with (1.1),, (1.6), (3.1), (3.2), (3.4), and the Holder inequality,
gives

[V2u] s < C(Ilpul 205 + llpw- Vaallaus + [ (Vo + VO)Vu 1,0)
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+ C(IVP g3+ + |B - VB[ 345)
< C[llpuelzs + (Iallza + IVpllza + 1 VO]lza) | Vul12]
+ C(Ipll12 VOl a + IV pllLallOll 12 + [ Blla [ VB 112)

< C(low N lowel3et + IVl g2 + VO] za + 161122 + [ VBII12)

1/4 1/2

< C([o"ue | 2 1Vl + [ IVal] 0 )

+[IvBP|

+ C(IVOs + 0% 1)

3/4 1/2 2. 11/2
IV 135 + CI Vullga + CIVRIE gy | V20 526

1/2
+C[ VB + C||VB||;£23+,3 yaep) | V2B 3s + CIVO

<Clo" w2

1/4

< 190+ 3 19B s+ Clo a9

+ Cl[Vullgn + C| VBl + C[VO|| 1,

where we have used the estimates

1
4 348
llowll s < C( f Lpu,|®F 307 dx)

1-8

4 7 <7
[ 15 d < Cllpwillzs

3+8
o

and

1/2 1/2

IVallpe = [IVa)?| 6 < CIval |,

Thus

[V2ul 50 = H VB2 + Cl[(V, V6, VB) 1 + Clo w2 IV w5

On the other hand, from (1.1)4 and (3.4) it follows that

IV?B| ;5.5 < C(IBellaes + lu- VB|l3:5 + [|B - V|| 345 + [[Bdivul3.5)
< C|IByllzs + Cllul| 4| VBl ;12 + C[ Vul|4 ]| B[l 12
< CIIB.[}5 VB35 + Cl|VB|| 2 + C||B]| 2

1/2
< CIIBlI5 VB35 + CIVBIg + CUVBILSG. oy | V2B 30

5 HVZBHW + CIBH VB2 + CIVBIp,
and thus
| V2B| 5.5 < CIBLISHIVBLZ + CIVB .

Due to (3.1), (3.3), and (3.5), we have

|(Vu, V6, VB) |, < C|[(0"*us, 0726, B,)| ;» + CIVOIl2 + C[|(Vu, VB) | 15"

(3.41)

(3.42)

(3.43)
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Combining (3.41) and (3.42) with (3.43), yields

[V2ul s + VB 506

1/4

< C|p"ue| 5 IVl P3 + ClIB 5 VB35 (3.44)

+C|[(p"*u;, 026, B,) | ,» + CIIVOIl2 + C[|(Vu, VB) | 15"

Integrating (3.44) over [0, T] gives

T
09l 4 19781 )

1/4
<c / 0" | 41V |34 e + C / 1B VB, | e
T (3.45)
+C/ I pl/zu,p1/26t,Bt)HL2dt+C/ IVO|l,2 dt
0 0

+c/ |(Vu,vB)| W‘dt—Z]g,

The right-hand side of (3.45) cab be estimated as follows. By (3.13), (3.14), and (3.25) we

have
2/5 T 3/8
(/ 00| ) (/ nwtnizdt)
0
5/8 T 5/8
([ hoarsa) ee( [ 1wl a)
o(T)
18 / po(T) 1/2
< |,0 w det) </ dt)
0
T 1/8 T 1/2
+c( [ t8||p1/2utni2dt> ( [ t‘zdt) < cci,
o(T) a(T)

Similarly,

o(T) 1/8 o(T) 1/2
h< c( / 1B/, dt) ( / dt)
0 0
T 1/8 T 1/2
+ c( / 2| VB, |12, dt) < / £ dt> <ccy™.
o(T) a(T)
By (3.13), (3.14), (3.32), and (3.33) we have
o(T) ) 1/2 o(T) 1/2
pec( [ 1 s a) ([ a)
0 0
T ) 1/2 T 1/2
([ a1 e nmata) ([ o)
o(T) a(T)

< CCY®,

I /\

IA

IA

C

Page 22 of 27



Zhang Boundary Value Problems (2022) 2022:45

a(T) 1/2 o(T) 1/2
Ja< c( | e dt) ( | dt)
0 0
T 1/2 T 1/2
+ c(/ £V, dt) (/ £ dt)
a(T) a(T)

<Ccl?,

and

o(T) , U8 / po(T) N\7/8
Js < c( [ iwwvB, dt) ( [ dt)
0 0
T 1/8 T 7/8
+ C(/ £ (Vu, VB)| 7, dt) (f £ dt)
o(T) a(T)

< CCy.
Putting J; /5 into (3.45), we obtain
T
|9l + VB ) e < 6.16)

Thus, combining (2.2)—(2.4) with (3.46), we have

T
/ (Il + [ VBll) dt
0

T 47
< C/O (IVallza + IVBlzs + | V0| 5,5 + | VB 5.5) it (347)
< CC&BZ.
By (1.1); we have that
d .
E,o(t, Ul(t,s, x)) = —,o(t, Uft,s, x)) div u(t, U(t,s, x)), (3.48)

where

%p(t, U(t,s,x)) = ,ot(t, (e, s,x)) + u(t, U(t, s,x)) -Vp (t, U(t,s,x)),

and U € C([0, T] x [0, T]) x € is the solution to the initial value problem

LU(t,s,%) =u(t, Ult,s,x), te[0,T],
U(t,s,x)=x, se€[0,T],xe€ .

With the help of (3.47) and (3.48), from the Gronwall inequality we get that
T
o< ,5exp{/ | Vu|| o0 dt} < pexp{CxnCy*} <25,
0

provided that Cy < &g £ min{ey, (IC“T?)”}. Thus we immediately obtain (3.40). The proof of

the lemma is therefore completed. g
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Lemma 3.11 Let (p,u,0,B) be a smooth solution of (1.1)—(1.4) satisfying (3.1). Then there

exists a positive constant ¢, depending only on k., v, R, ¢y, |k, p, 2, 81, and g, such that

sup [[Vollze <3IVplla, (3.49)
te[0,T]
and
T
| (52l +[58],)de <. (350
0

provided that Cy < ¢.

Proof Differentiating (1.1); with respect to x; and multiplying the results by ¢|9;0|9729;p

give

(IVpl?), +div(IVp|Ta) + (g - 1)V p|?divu
(3.51)
+q|Vp|T*(Vp)"Vu(Vp) +qp|Vp|T*Vp - Vdivu =0.

Integrating (3.51) on 2 yields

d
EHV,OHM <ClIVulz=|IVplra + Cy HVZUHM' (3.52)
With the help of (1.1);, Lemma 2.2, (3.2)—(3.4), (3.40), we get

IV?u|,, < Clpullza + llpu- Vala + [ (Vo + VO)Va|,,)
+C(IVP|la + B - VB 1q)
< Cllpulizs + (Iallze + IV ollza + VO]a) Va1 |
+ C(llpllz1VOIlza + IV pllLallO Nl + [IBllza | VBl oo ) (3.53)
< C(IVucll2 + IVallzoe + VO]l + [ VB[ 0)
< C(IVusll 2 + [Vl + [ VBl )

+C([226:]| 2 + 1VO1 2 + [Vl 5 + VB 5F).
Thus, similarly to (3.45),
T T T
f |V*ul,,dt < cf V| 2 dt+/ (IVallz + | VB ) dt
0 0 0

T
+C f ([0126:] 2 + V612 + 1Vl 5 + [ VB 5) de (3.54)
0

T
< C/ |V, | ;2 dt + CCY*2.
0
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On the other hand, from (3.25) and (3.35) it follows that

T s 1/2 s 1/2
f ||Vut||det§c(f ||Vut||i2dt) (/ dt)
0 0 0
T 1/2 T 1/2
+c</ t2||Vut||§2dt> (/ r%it)

< Cs'? 4+ Cs7V2CYPs € (0, T),

which, together with (3.52) and (3.54), yields
T
sz/ || Vzu”Lq dt < C2351/2 + C24571/2Cg/32 + C25Cé/32 Vs € (0, T]
0

Fixing s < o (T) such that Cy3s"2 < 1||V | 14, we have

1
6
r 1
Ca [ |72l e < 31V p0l 655)
0

1/2
: A s"lIVeollza \32/5 (IIVooliLg \32
provided that Cy < &9 = min{eg, (T) , (W) ).

Using (3.47), (3.52), and (3.55), from the Gronwall inequality we obtain that

T T
sup [[Vpllza < exp{/ CllVul| = dt} [HVPOHM +/ Cn|Vu|,, dt]
0 0

te[0,T]
3
= 5 exp{CaCo™ IV oolia
<3lIVoollzs,
provided that Cy < & £ min{eo, (%)32}. Thus we immediately obtain (3.49).
On the other hand, from (3.42) it follows that
||V2B||Lq < C(llelqu +]w-VB|g +[|B- Vul|zq + ||BdiVu||Lq)
< ClIB¢llzs + Cllu|lz[|VB|lzoe + Cl|Vul| o [|Bl| 24

< ClIVB||;2 + C[|VB||1~ + C||Vu| 10,
which, together with (3.53), gives

[V2ul, + VB
< C(IVuellz2 + IVBlz2 + | Val| + [ VBI| < ) (3.56)
+ C([p"26]| 2 + 1VO12 + [Vl 5 + VB 5).

Similarly to (3.54), from (3.56) we can immediately obtain (3.50). The proof of the lemma
is therefore completed. O

4 Proof of Theorem 1.1
In this section, we prove Theorem 1.1 with the fundamental uniform-in-time estimates
established in Sect. 3. By Proposition 2.1 we know that there exists a positive time 7, >0
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such that system (1.1)—(1.4) possesses a strong solution (p,u,6,B) in Q x (0, T,]. Next,
using all the a priori estimates established in Sect. 3, we extend the local strong solution
to the global one.

Proof of global existence. First, in view of the definitions of A;(T) (i = 1,2,...,7), from
(3.1) we easily deduce that

A0)<CY, A0 <CY? A3(0)<2K;,  0<p<2p,

A4(0) < 2K, As(0) <3 Vpollza, As(0) +A7(0) <1,

since Cy < ¢. Thus there exists T; € (0, T,] such that (3.1) holds for T = Tj.
Set

T2 sup{ T|(p,u,6,B) is a strong solution on [0, T]}

and

x A

= sup{ T|(p,u,6,B) is a strong solution on [0, T] satisfying (3.1)}.
Thus T5 > T; > 0. By Proposition 3.1 we know that
T* = T7,

provided that Cy < e.
Next, similarly to the proof of [25, Sect. 4], we can claim that T* = co. Thus the proof of
the theorem is therefore complete.
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