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1 Introduction
This paper is concerned with the existence of solution for the following higher-order p-

Laplacian boundary value problem:

YD) = h(t,y@),y (€),...,y" (), te(0,00),n=3, (1.1)
¥ (o0 Zaly(” ot 70 +y"2(0) = Y By (),
i= j=1 (1.2)

Y Voo)=0, y?0)=0, i=0,1,2,...,n—4

where ¢, (s) = [slP*s,p > 1, 1/p+1/q = 1, ¢; = ¢,", h1:[0,00) x R” — R is a Caratheodory’s
function, 0 <& <&y < - <, <00, 0<n <M< - <Nu<Q,u, feR, i=12,...,m,
J=L2m Y =30 = ij:1ﬁj’71' =1

Our result will be based on the extension of Mawhin’s continuation theorem by Ge and
Ren [6]. Higher-order resonant boundary value problems have in recent years become of
great interest to various researchers, see for example [1, 3-5, 7, 8,12, 13] and the references
therein. Some of the results utilized Mawhin’s coincidence degree theory [14] which has
continued to play a significant role in the study of boundary value problems when the dif-
ferential operator is linear. However, when the differential operator is nonlinear, Mawhin’s
continuation theorem can no longer be applied directly as was the case in the above ref-
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erences. For some results on the application of the extension of coincidence degree by Ge
and Ren, see [10, 11, 13] and the references therein.

p-Laplacian boundary value problems have found applications in diverse areas such as
in nonlinear elasticity, blood flow models, non-Newtonian mechanics, glaciology, etc. Al-
though there have been some results on p-Laplacian boundary value problems at res-
onance with a two-dimensional kernel, see for example [9], to the best of our knowl-
edge this is the first paper on higher-order p-Laplacian boundary value problems with
a resonance of dimension two on the half-line. (1.1)—(1.2) is a problem at resonance if
Ly = (¢,(»"V(2))) = 0 has nontrivial solutions under the given boundary conditions. Gen-
erally, resonance problems can be cast in the abstract form Ly = Ny, where L is not an
invertible operator.

The organization of this paper is as follows. In Sect. 2, we recall some technical results
such as definitions, theorems, and lemmas. In Sect. 3, we state and prove the main exis-

tence result, and in Sect. 4, we provide an example to demonstrate our results.

2 Some technical results
We recall some notations, definitions, lemmas, and theorems.

Definition 2.1 Let Y and Z be two Banach spaces with || - ||y and || - ||z respectively. The
operator L: Y — Z is quasi-linear if

(i) ImL = L(Y NdomL) is a closed subset of Z,

(ii) kerL = {y € Y NdomM : Ly = 0} is linearly homeomorphic to R".

Let P:Y — Y; and Q: Z — Z be projections such that ImP = kerL, ker Q = ImL. Let
Y1 =kerL, Z, =ImL and Z;, Y, be the complement spaces of Z, in Z, Y; in Y. Then

Y=Y1@Y,, Z=2,9 2.

Definition 2.2 Let Y be a Banach space with Y7 C Y. The mapping Q: Y — Y] is a semi-
projector if Q*y = Qyand Q(06y) =0 Qy,y€ Y, 0 € R.

Definition 2.3 Let L: Y Ndom L — Z be a quasi-linear operator. Let Y; =kerL and W C
Y be an open and bounded set with 0 € W. Then L, : W — Z, o € [0,1] is said to be
L-compact in W if L, : W — Z is a continuous operator, and there exists an operator

R:W x [0,1] — Y, which is continuous and compact such that, for o € [0, 1],

i) (I-QN,(W)cImLcC(-Q)Z, (2.1)
(i) QN,y=0, oe€(0,1) iff QNy=0, (2.2)
(iii) R(-0) is the zero operator, (2.3)
(iv) R(,0)|q, =(I-P)|q,, where, ={ye W :Ly=N,y}, (2.4)
(v) L[P+R(,0)]=-QNs,, (2.5)

where Q is a semi-projector.
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Definition 2.4 ([15]) Let ¢, : R — R, then ¢, satisfies the following conditions:

(i) dpu+v) < (dp(u) +Pp(v)), 1<p=<2, (2.6)
(ii) ¢p(u +v) < 2p_2(¢p(u) + ¢p(V))r p>2 (2.7)

In what follows, we shall need the following space:

Y ={y:[0,00) > R:y, (¢, (y(”_l))) € ACI0, 00), tlglolo e’ |y(i)(t)| exists,

(2.8)
0<i<n-1((»"")) €L'0,00)}
with the norm
Iyll= max sup |y?(£)]e™. (2.9)
0<i<n-1 te(0,00)

Then Y is a Banach space.

Definition 2.5 ([14]) /:[0,00) x R” — R is L![0, 00) Caratheodory if it satisfies the fol-
lowing conditions:
(i) For eachy e R", the mapping ¢t — h(t,y) is Lebesgue measurable,
(i) Fora.e.t € [0,00), the mapping y — h(t,y) is continuous on R”,
(iii) For each r > 0, there exists o, € L1[0, 00) such that for a.e. ¢ € [0,00) and every y
such that ||y|| < r we have |k(¢, )| < a.

Theorem 2.1 ([2]) Let X be the space of all continuous and bounded vector-valued func-
tions on [0,00) and X1 C X. Then X; is relatively compact if
(i) X7 is bounded in X,
(i) all functions from X, are equicontinuous on any compact subinterval of [0, 00),
(ili) all functions from X1 are equiconvergent at infinity.

Let L :domL C Y — Z where

domL=1yeY:(¢,(y" ")) €L'[0,00),5"?(00) = Y ay" (&)
i=1

P30 +5"20) = Y By D),y (o0) =0, (2.10)
j=1
y9(0)=0,i=0,1,2,...,(n - 4)

and N, : Y — Z is defined by N,y = o h(t, y(t),...,y" D(¢)). Thus (1.1)—(1.2) is of the form
Lu=N,y wheno =1. (2.11)
Theorem 2.2 ([6]) Let W C Y be an open and bounded set with 0 € W. Let L : Y N

domL — Z be a quasi-linear operator and N, : W — Z, o € [0,1] be L-compact. In addi-
tion, if the following hold.:
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(i) Ly#Nyy,ye daW NdomlL, o €(0,1),
(i) deg(JON, W NkerL,0) #0, where N = N and J : Im Q — KerL is the
homeomorphism with J(0) =
then the abstract equation Ly = Ny has at least one solution in dom L N'W.

In what follows we assume the following conditions:

(A1) Y =) B=1 Y Bm=1, (212)
i=1 j=1 j=1

Qltn—Be—t ta}’l—?)e—t ~
(gltn—2e—t (tan—2e—t

i1 C12

(A3) A= =c11622 — C12601 70, (2.13)

€1 €2

where

m NS o0
Qiz= ;ﬁj/(; /0 ¢q(/v z(t)dr) dvds, (2.14)

Quz = izila,v /Sioo bq (fsoo z(r)dt) ds. (2.15)

Lemma 2.1 Suppose that (A1) and (Ay) hold. Then
(i) kerL = {y e domL:y(t) = at"3 + bt"2,a,b e R,t € [0,00)};
(i) InL={ze€Z:Qiz=Qyz=0}.

Proof Obviously, (i) holds. Hence ker L is homeomorphic to R2. Thus dimkerL = 2. To
prove (ii), let z € Im L and consider the equation

(6o (")) = 2(0) (2.16)

with boundary conditions (1.2). Then

Yy 3(t) = / / ¢q< / z(t)dr)dVds+y(”‘2>(0)t+y(”‘3)(0),
§r2(0) = /%(/ (>dr>ds+y“)(>

Hence from the boundary conditions we derive

y=3(0) + Zﬂ}f / &g (/ dt) dvds
* Z :31’771'3’("_2)(0) + Z ﬁ;y(”‘3)(0)
j=1 =

Since Z]"zl Bi= ZI'ZI Bn; = 1, we obtain

éﬁj/;//os%(/vmz(r)dr) dvds =Qiz=0.
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Similarly,

$"2(00) ] °°¢,,( z(r)dr) ds +y"2(0)
0

a,/(;SLQS(f dr)ds+2ay”2) 0),

i= i=1

which implies

;“:/ ¢q</ dt)ds=Q2z=0.

Thus L is a quasi-linear operator.
On the other hand, if z € Z satisfies Q,z = Q,z = 0, we take

y(t) = at"> + bt" % - T _1 21 /Ot(t - s)”’2¢q (/‘00 z(t) d'() ds, (2.17)

where a, b are arbitrary constants. Then, fory € Y, (q)p(y(”’“(t)))’ = z(t) satisfies (1.2). Thus
y € domlL, that is, z € Im L. O

We define the projector P: Y — kerL by

y(n—B)(O)tn—B y(n—2) (0) s

Py(t) = , 2.18
M) == o) 218)
and the operator T4, T, : Z — Z; by
e—t
Tz = N [c22Q12 — €21 Q02], (2.19)
e—t
Tyz = N [—c12Q1z + 11 Q2] (2.20)

Define the operator Q: Z — Z by
Qz = T1z(t)t"3 + Toz(t)t" 2.

Then we can calculate and obtain T} ((T12)t"2) = Thz, T1 (To2)t""%) = 0, To((T12)t"~3) = 0,
To((Thz)t""%) = Tyz. Hence, Q*z = Qz and Q(0z) = 0 Qz. Thus Q is a semi-projector.

Lemma 2.2 Ifh is an L'[0, 00) Caratheodory’s function, then N, : W — Z is L-compact in
W for W C Y an open and bounded subset with 0 € W.

Proof To prove (2.1) we have

QU - QN, (W) = QN, (W) — Q*N, (W) = QN,(W) — QN, (W) = 0.
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Thus, (I - Q)N, (W) c ImL. Also, for z € ImL, we have Qz = 0. Hence z € kerQ i.e. z €
(I — Q)z. Hence, ImL C (I — Q)z. Therefore,

(I-QN,(W)cImLcC (I-Q)Z.
To prove (2.2), suppose QN,y =0 for o € (0,1). Then
0=QN,y = Q(oh(t,y(t),....y" V(1)) = 0 Qh(t,¥(t), ...,y (t)) = o QNy.

Thus, QNy = 0. On the other hand, if QNy = 0, we have

0= QNy = T1(QN, )"~ = To(QN,y)t"
—t

= & [en QN — en QuQN "

- c12Qu(QNY)E" 2 + eny Qz(QNay)t”_Z]

1
= Z[(Cuczz —c112) + (—ca1€12 + 611022)](QNay)

=2QN,y.
Accordingly, QN, y = 0. To establish (2.3), (2.4), and (2.5) we define
1 t o0
RO, 0N = —— / (- 52, / (I - QN y(1)dr ) ds. (2.21)
(n - 2)' 0 s
Clearly, R(y,0) = 0. Fory € Q, = {y € W: Ly = N, y},

(6 (")) = oh(t,3(0),y5(),....5" V() € ImL C ker Q.

Hence

R(y,0)(t) = - " _1 ) /0 (t- s)”’zq')q (/ - Q)Nay(r)dr> ds

= /t(t - s)"‘zy(’”l)(s) ds
0

~ y(n—Z)(O)tn—2 ~ y(n—B)(O)tn—S
(n-2)! (n-3)!

= (I - P)y(¢).

(2.22)

=y(t)

Similarly,

y(n—S)(O)tn—B N y(n—2)(0)tn—2
(n-3)! (n=2)

1 t . 00 (n-1) 7
_(n—z)!/o(t‘s) 2%(/5 (I—Q)Nay(r)dr)ds)] } (2.23)

L[P +R(y,0)](t) = {@[
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- {—@[q»,( [ a- Q)Nay(r)dt)} }

= (I = QNy ().

This verifies (2.3) and (2.4). Next we show that R is relatively compact for o € [0,1].

Let W C Y be a bounded set, that is, there exists > 0 such that » = sup{||y|| : y € W}.
Since L is L}[0,c0) Caratheodory, there exists a, € L![0, 00) such that for y € W and a.e.
t €[0,00)

(2,50, 5 @)y, 3" V(@) < a(@). (229)
Therefore, for y e W,
| eyl dr s [ |oNoy(@) dr < el + 1QN: (2.25)
0 0

where ||z||; = fooo |z(t)|dt, z€ Z.
For y € W and setting

E,= max ( sup e‘tt”‘z‘i), (2.26)

0=i=n-2 \ref0,00)

we havefor0<i<mn-2

e [RY(y,0)t)| =

_ﬁfo (t—s)"2i¢q</ (1— Q)Nay(f)d-[> ds

= max (sup e 2)gy (ol + QNG 1) (2.27)
0<i=n-2\te(0,00)

= En(pq(”arlll + [|QN, ”1)

Fori=n-1,

et |[R"V(y,0)()| =€

¢, ( / (U- Q)Nay(r)dr)

(2.28)
< ¢q(llelly + 1QNG |I1)-
Therefore from (2.27) and (2.28) we obtain
|Rp,0)| < max(E,, )y (lletrll1 + IQNG II1) = C. (2.29)

Thus R(y,0) is uniformly bounded in Y. For #;,¢, € [0,D], D € (0,00) with t; < tp, y e W
and 0 <i <n -2, we have

|e2R(y,0)(82) - RO (y,0)(11)] =

/t2 [e"R(i)(y,a)(r)]/dt

/ ’ [-e"RY(y,0)(x) + e "R (y,0)(7)] dr

5]

<2t - t1)||R()’,G)H —0 ast; — t.
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Fori=n-1,

&2, (R (y,0)(t2) — €1, (R" D (y,0)(11)]

e 2 / (I-QN,y(t)dr —e™ / (I - Q)N,y(t)dr
<o —en| f (= QNyy(x)| dr + ¢ / |~ QNoy(0)| dr

t
<le™—e™|[llells + QNG |I1] + e‘“/ [lor| + QNG ] dt

17}

— 0 ast; — b
Thus
|e‘t2R(”_1)(y,a)(t2) - e_“R(”‘l)(y,a)(tl)| —0 ast; — t.

We therefore conclude that R(y, o) is equicontinuous on every compact subset of [0, 00).
We next show that R(y, o)(W) is equiconvergent a infinity.

Forye Wand 0 <i<n-2,wehave

1 t . [e’e}
/0 (t- s)”’z”qﬁq (/S - Q)Nﬁ(r)dr) ds

—t| (i) ot
e |R (y,a)(t)|—e 7(;1_2_”!

<" p,(larlls + QN 1) > 0 ast— oc.
Fori=n-1,

RV (,0)0)| =

¢q</t (- Q)Nay(f)df> ‘

<o( [ (] + [onso)

— 0 ast— oo.

Therefore R(y,0)(W) is equiconvergent at infinity. Thus all the conditions of Theorem 2.1
are satisfied. The continuity of R(y, o) follows from the Lebesque convergence theorem.

Hence, N, is compact in w. O

3 Main result
We assume the following conditions:

(H1) 20 ei=300 B =200 B =1

(H>) There exist functions a;, 7 € L'[0, 00) such that for a.e. t € [0, 00)

|h(t 91,52 9n)| < p(e7) [Z a;(0)]yi(2) \’H] +7(t). (3.1)

i=1
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(H3) For y € domL, there exist constants D > 0, B, > 0 such that if [y"3(¢)| > B, for
t € [0,D] or [y"2(t)| > B, for every t € [0,00), then either

QNY(®) 70 or  QuNy(8) 70.
(H,) There exists a constant D,, > 0 such that for [y"=3(0)| > D, or y"=2(0) > D,, either
QlN(czt”’3 + bt”’z) +Qy (czt”’3 + bt"’z) <0, te(0,00)
or
QiN(at" + bt"?) + Qa(at"™> + bt"*) >0, t€(0,00).

Theorem 3.1 If conditions (Hy)—(Ha) are fulfilled, then boundary value problem (1.1)—
(1.2) has at least one solution provided

n q-1
2072 (Z ||ﬂi||i> E,(1+D)<1 ifl<p=<2 (3.2)
i=1
or
n q-1
(Z ||al-||1) E,(1+D)<1 ifp>2. (33)
i=1

Proof We construct an open bounded set W C Y that satisfies the assumptions of Theo-
rem 2.1. Let U; = {y e domL: Ly = N,y,0 € (0,1)}. For y € U;, then QN,y = 0. Therefore
from (Hj3) there exist ¢; € [0, D], t; € [0, 00) such that y"~3(t;) < B,,, y"3(t,) < B,,,

20| = [y e) - / " YD (6) ds| < B, + [y (3.4
Hence

19" o < Bu+ 15", (35)

)= e - [ " Y5y ds| < B, + [y _D. (3.6)
From (3.4) we obtain

20 < B+ |y V- (3.7)

From y € Uj, (I - P)y € dom L Nker P. Hence, from (2.22) and (2.29), we derive
|z -P)| = |R@p0)| <C. (3.8)
From the definition of P in (2.18) we obtain

(n-3) 0 tn—S—i (n-2) 0 tn—2—i
y"(0) O<i<n-3+7 (0)

O _
PO == 35 2y =t
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1Pyl Smax[o max3(| (n-3) (0)| sup et |y(n—2)(0)| sup e—ttn—Z—i)’
<i<n-—

te[0,00 te[0,00)

sup e |y"=2(0) |] (3.9)
te[0,00)
]

< A [[y"20)] + [y

where

Anzmax[ max ( sup e it" 37 4 sup e‘tt"_2_5>,1]. (3.10)

0=i=n-3 \te[0,00) te[0,00)

Hence, from (3.6) and (3.7), we get

1Py = An(Bu + [y + By + |57 D)

= Au[Bu+ [y" ] + B+ D(Ba+ [y )]

(3.11)
=2B,A, + AuB,D + A, [y Lt A,D|y" | .
=B,A,2+D)+ ||y(”’1) || (A +AuD),
Iyl = |Py + T = P)y| < IPyll + |1 - P)y|
(3.12)

<B,A,(2+D)+ |y V|, (A, + AuD) + C.

If p <2, then from (2.6), (2.17), and (3.1), we obtain

HJ’(H)”l:/O ¢q(/ Nay(t)dr) dt
t

< %(Z lailh lly1P + ||r||1> (3.13)

i=1

n q-1
-2[(2 ||a,»||1> Iyl + ||r||‘{‘1}.
i=1

Using (3.2) in (3.13), we derive

q-1
b <2q2{<2 ”al”1> [B,AL2+ D) + [y (4, + A,D)] + G, + 7S

or

n q-1
[1 -207 (Z ||ai||1) A1+ D)} et
i=1
q-1

<2072 (Z na,»ul) [BuAw(2 + D) + C,] + 2772|117, (3.14)

v < 20 lail11)2 ! [BaAn(2 + D) + C] + 22| rl|{ !
1= 1-202(3 7 [laill)1A,(1 + D)

From (3.12) and (3.14), we obtain C}; > 0 such that ||y|| < C}. So U; is bounded.

Page 10 of 14
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Let Uy ={yekerL:N,yeImL}.Forye U ={yckerL:y(t) =at">+bt"2,a,bcR,t €
(0,00)}, Ny € Im L implies that QNy = 0, and hence

QIN(at"_3 + bt”’z) = QzN(czt”’3 + bt"‘z) =0.
From (H,) we get
|a| + |b| < 2D,,. (3.15)
Thus U, is bounded. We choose W, > 0 large enough such that
W={yeW:lyl<Wy}>U Ul,.

Then, from the above computations, Ly # Ny for y € 9W N dom L. Thus, the first part of
Theorem 2.2 is verified. Let

H(y,A)=-Ay+(1-A)QNy, Arel0,1], (3.16)

where J : ker L — Im Q is the homeomorphism

—L

e

](at"’?’ + bt"’z) = K[(011|ﬂ| + C'12|b|)l."”3 + (021|a| + cz2|b|)t”’2]. (3.17)

For y € W NkerL, y(t) = at"™3 + bt"2 #0 and H(y,0) = QNy # 0 since Ny ¢ Im L. Hence,

for A =0, A =1, H(y,A) #0. Assume H(y,A) = 0 for 0 < A < 1, where y(t) = at"® + bt" 2 €
oW NkerL. Then from (3.16), (3.17) we obtain

)\.[C11|(l| + C12|b|] = (1 - )\) [CHQlN(ﬂtn_g + btn_z) + C12Q2N(dtn_3 + btn_z)],

)L[Czl |ﬂ| + 622|b|] = (1 - )\) [C21 QlN(dtn_B + btn_z) + C22Q2N((ltn_3 + btn_z)],
or

)

cir[Mal = (1= M)QiN (at”™® + bt"*)] + c1o[ M6 = (1 = M) QN (at" > + bt" %) ] =

0
Co1 [A|a| -(1- )»)QlN(at”_3 + bt"‘z)] + ¢ [k|b| -(1- A)QZN(czt”’3 + bt”_z)] 0
Since A = | el C12| = €11 — C21€22 7 0, then

€21 €22

Mal = (1= 2)QiN(at"> + bt"?),
b = (1 = L)QuN9at" ™3 + bt"?).

If |a| > D, |b| > D,, then from (H,) we obtain
A(lal +15]) = 1 = W[QiN(at" + bt"?) + QN (at" + bt"?)] <0,
which is a contradiction. If the second part of (Hy) holds, let

H(y,A) =My +(1-1)Qy, Arelo,1].
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Then, using a similar argument as above, we obtain a contradiction. Hence, H(y, A) # 0 for
y € dW NkerL, A € [0,1]. Therefore, by the invariance of the degree under a homotopy,
we obtain
deg(QN erz, W Nker L, 0) = deg((H-,0), W NkerL,0)
=deg(H(1), W NkerL,0)
=deg(+/, W NkerL,0)

a1 1

_ A A
=sgnqy+ o
A

= +140.

\_/|>|

11
=son| —
M A

Thus from Theorem 2.2 we conclude that Ly = Ny has at least one solution in domL N W,
which in turn implies that (1.1)—(1.2) has at least one solution in Y. O

4 Example
Consider the third order boundary value problem

(6 (@) = (0,5 ©),5'(®),  te(0,00), (4.1)

2
Y(0)=Y ay/&),  y0)+y(0 Zﬂ,y &),  y'(00)=0 (4.2)

corresponding to problem (1.1)—(1.2), we have m =2, n =3, 1 = -1, B2 = 2, m1 = 1/2,

My =34,y =y =1/2,6 =1& =2, p=4/3,q=4. Then ij:l Bin; = 7= Z,il Bi=1
Hence condition (H7) is satisfied.

/!

.1 1.1 1.1,
sin3  y'3  sin3y 9’3 sin3y’ 1
+— + + + ,
24 24 24 48 48 24

h(t, y, y/’y//) — e—t [

2 1 _2 1 _2 1 _
|h(t_)/_)// y//)| <e—§ e_3t|)’|3 e 2't|_y/|3 e 3tl_y//|3 € t
R - 24 2 24

Thus condition (H,) is verified. To verify conditions (H3) and (Hy), we have
A = 11029 — €12C23 = 072(0.076) — 0.018(0622) = 0.497 # 0.

2 2 2
ai(t) = 24 , ax(t) = 12 , az(t) = 24 , r(t) = —Z° We set B, =53 Let |y/(t)| > B,, then

%
y'(t) > B, or y'(t) < —=B,. If ¥/ (¢t) > B, then
N 1[0 (> sin3 y 3 sin%y/ y”% sin%y” 1 J Bd
== a + + -—|at
QNy 2/; / ® 124 "2 2a Tag T T8 s
.1 1.1 11 3
1/ [* _[sin3 3 sin3y '3 sin3y” 1
= - — + -—|dt) d
+2/2 (/S 6[24+24+ 24 48 ' 46 24 s

1
1 [/ [ 1 B 1 1 1 3
>—/ (/ el -—+ L - — - — dt) ds
2 )i U 24 24 24 48 24
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1

oo oo 3 3

+l/ [ et L B 11 TN L
2 3 B 24 24 24 48 24

1 1

10283 -7\> (=0 [* _\° 1283 -7\° [/ [* _\°
= (= / / el) dtds+ = — / / et dtds

2\ 48 v \Us 2\ 48 3 \ s

4

w

> 0.

If y'(¢) < —B,, then
1 (o[ [ 1 Bé 1 1 1 3
Q2Ny§—/ / el —-=+—+—-—|dt) ds
2 )1\, 24 24 24 48 24
1 [>®f [ 1 Bé 1 1 1 3
+—/ (/ eft —_— -t — + — - — dt) dS
2 Js \Us 24 24 24 48 24

3.3 3
1/3-2B,; o o0
= —( ) / (/ e_t) dtds < 0.
2\ 48 AV

Thus condition (H3) is verified. Taking D, = 6° then for |b| > D,,, thatis, b > D, or b < —=D,,.
If b > D, then we can verify that

ol

w

Qi(a +bt) + Qa(a + bt) > 0.
Similarly, if b < —D,;, then

Qi(a + bt) + Qy(a + bt) <0,

. . . 1 1 1
which verifies (Hy). Finally, [la1]l1 = 15, lazll1 = g, llaslh = 1,

A, :max[ sup ef+ sup te_t,I]
te[0,00) te[0,00)

= max[l +el, 1] =1+e L.

Taking D = 1, we have for P < 2

—1

> ! 1\3 l+e
2472 a; A,1+D)=2*(=) 2(1+e") = 1.
(;n l||1> #(1+ D) ;) 2ret)=——<

Hence, all the conditions of Theorem 3.1 are verified. Thus (4.1)—(4.2) has at least one
solution.
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