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1 Introduction

In the present paper, we mainly consider the following initial boundary value problem

utt—Au—Aut+ﬁut =f(u, uy), xeQ5t>0,
u(x,0) = sup(x), u(x,0) = sup (x), x € QF, (1.1)
Ulyqe =0, t>0,

where A = Z;’zl %, w>0,8=>1,f(u,u) = ul?, |ul?, |u? + |ul?for 1 < p,q < 0o, 2 = B1(0)
is the unit ball in R”, Q¢ = R™\B, (0) (2 > 1). The initial data uo(x) € H'(2°), u; (x) € LX(S°)
are compactly supported functions and supp(uo(x), u1(x)) C Br(0) N Q€, where Br(0) =
{x||x] <R}, R>2.e €(0,1) is a small parameter.

In recent years, many researchers are interested in exploring blow-up results and lifes-
pan estimates of solutions to the semilinear wave equation. The following classical Cauchy
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problems without damping

u;— Au=ul’, xeR"t>0,

(1.2)
u(x,0) = ug(x), xeR”
and
uy — Au = f(u, uy), xeR"t>0, (1.3)
u(x,0) = up(x), u(x,0) = u(x), xeR”

have been studied extensively (see [1-17]). It is worth noting that problem (1.2) admits the
Fujita exponent pr(n) =1 + % Fujita [3] shows that the solution to problem (1.2) blows up
in finite time when 1 < p < pp(n), while there exists a global solution when p > pr(n). Xu
and Su [14] discuss the asymptotic behavior of the solution to problem (1.2) with strong
damping on the exterior domain. Global existence and the blow-up dynamics of solu-
tion are verified under certain assumptions on the initial value. The problem (1.3) with
f(u,u;) = |ul? asserts the Strauss exponent ps(n). If n = 1, ps(n) = co. If n > 2, ps(n) is the
positive root of the quadratic equation

r(p,n)=—-(m-1)p* +(n+1)p+2=0.

John [7] establishes the blow-up result of solution in the case 1 < p < ps(3) and the exis-
tence of a global solution in the case p > ps(3). Zhou and Han [17] consider the blow-up
dynamics and the upper-bound lifespan estimate of the solution to the variable-coefficient
wave equation with f(u,u;) = |u|P by applying the test-function method and the Kato
lemma when #n > 3. Nonexistence of a global solution to problem (1.3) with f (i, u;) = |u|?
in the critical case p = ps(n)(n > 4) is demonstrated by taking advantage of the Kato lemma
(see [15]). Han [4, 5] investigates the nonexistence of a global solution and the upper-
bound lifespan estimate of the solution to the variable-coefficient wave equation with
f(u,u;) = |ul? by using the Kato lemma when # = 1,2. Wakasa and Yordanov [13] ver-
ify the sharp lifespan estimate of the solution in the critical case p = ps(n)(n > 2). The
strategy of proof is based on the test-function method and an iteration technique. Lai et
al. [8] acquire local well-posedness and an upper-bound lifespan estimate of the solution
to problem (1.3) with f(u,u;) = |ul’(1 < p < ps(2)) on an asymptotically Euclidean exte-
rior domain. The Cauchy problem (1.3) with f(u, u;) = |u,|? affirms the Glassey exponent
pc(n). When n =1, pg(n) = co. When n > 2, pg(n) = % Zhou [16] illustrates the blow-
up phenomenon and the upper-bound lifespan estimate of the solution to problem (1.3)
with f(u,u;) = |u;|P. Zhou and Han [17] establish the upper-bound lifespan estimate of
the solution to the variable-coefficient wave equation with f(u, u;) = |u,|’ by deriving an
ordinary differential inequality. Han and Zhou [6] employ the Kato lemma to present the
blow-up dynamics for problem (1.3) with f(u, 1) = | |P + |ul9.
Let us turn our attention to the following problem with a damping term

In _
Mt,g—AM‘I'Wut—O, xeR”,t>O, (14)
u(x,0) = up(x), uy(x,0) = u;(x), xeR”
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The behaviors of the solution are divided into four cases according to the decay rate S.
When 8 € (—00,-1), the damping term is overdamping, which means that the solution
dose not decay to zero when t — oo. When g € [-1, 1), the damping term is effective and
the solution behaves like that of the heat equation. When g = 1, the damping term is scale
invariant by imposing the scaling u(x, t) = u(Ax, A(1 + £) — 1)(1 > 0). When 8 € (1, 00), the
solution scatters to the free-wave equation when ¢ — oo. This is the scattering case. The

corresponding nonlinear damped wave equation

%3 —
U — Au + W”t —f(u;ut), xeR"t>0, (15)
u(x,0) = sup(x), uy(x,0) = euy (x), xeR”

causes extensive attention (see detailed illustrations in [18-30]), where f(u, u;) = |ul?,
|g¢ |7, |ue|P + |u]|?, respectively. In the scattering case B > 1, Lai et al. [24] derive the blow-
up result and the upper-bound lifespan estimate of the solution to problem (1.5) with
f(u,u;) = |ul? by employing an appropriate multiplier and an iteration method in the sub-
critical case 1 < p < ps(n). Wakasa and Yordanov [30] demonstrate the upper-bound lifes-
pan estimate of the solution to the variable-coefficient wave equation with f(u, u;) = |u|? in
the critical case p = ps(n)(n > 2). The existence of the global solution in the super-critical
case p > ps(n)(n = 3,4) is investigated (see [27]). Lai et al. [25] deduce the upper-bound
lifespan estimate of solution to problem (1.5) with f(u,u;) = |u;|P by introducing some
multipliers and constructing the Riccati equation in the scattering and scale-invariant
cases, respectively. The upper-bound lifespan estimate of the solution to problem (1.5)
with f(u, u;) = |ul? + |u|? is discussed by utilizing an iteration approach (see [26]). Ming
et al. [28] investigate the upper-bound lifespan estimates of the solutions to the coupled
system of semilinear wave equations with |v[P1 + V|71, |u.|P2 + |u]?2 in the subcritical and
critical cases. The methods applied in the proofs are the functional method and an iter-
ation technique. In the scale-invariant case 8 = 1, Imai et al. [20] establish the lifespan
estimate of the solution to problem (1.5) with f(u, u;) = |u|? when =2 and 1 < p < pp(2).
Wakasa [29] and Kato et al. [22] verify the blow-up and lifespan estimate of the solution
in the subcritical and critical cases 1 < p < pp(1) when u = 2. Kato et al. [21] discuss the
blow-up dynamics and lifespan estimate of the solution to problem (1.5) with u =2, 8 =1,
f(u,uy) = |ulP(1 < p < ps(5)) in three space dimensions. Moreover, it is shown that the
existence of the global solution without a spherically symmetric assumption is obtained
when p > pg(5). Lai et al. [23] consider the Cauchy problem with scale-invariant damping
H“1

m 1o . . . - . .
T-u, and mass term s Formation of a singularity of the solution is derived by im

posing certain assumptions on the initial values. Chen [31] illustrates blow-up phenom-

ena and the upper-bound lifespan estimate of the solution to problem (1.5) with 8 = 1 and
fu,uy) = |u|?, |ue|? + |ul?, respectively. The key tool used in the proofs is the test-function
technique. We refer the readers to the works in [32-36] for more details.

Many scholars focus on studying the Cauchy problem for the wave equation with a

strong damping term

Uy — Au— Auy = f(u,uy), xeR"t>0,
it t f( t) (16)

u(x, 0) = ug(x), u:(x,0) = u1(x), xeR”
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D’Abbicco and Reissig [37] prove the blow-up of the solution to problem (1.6) with
f(u,uy) = |ul” when 1 <p <1+ % In addition, the existence of a global solution is ob-
tained when p > 1 + n—fl(n > 2). Ikehata and Inoue [38] demonstrate the global existence
of the solution to problem (1.6) with f(u, u;) = |u|? on the exterior domain in two space
dimensions when p > 6. Fino [39] considers the initial boundary value problem for wave
equation with f(u,u;) = ||’ and small initial values. The blow-up dynamics of the so-
lution to the problem is established by applying the Kato lemma. Fino [40] employs the
test-function technique to present the blow-up result of the solution to problem (1.6) with
f(u,u;) = |ulP on an exterior domain. Lian and Xu [41] investigate the existence of a global
solution to the initial boundary value problem of the wave equation with weak and strong
dampings and f(u, ;) = uln |u| by utilizing the contraction mapping principle. Yang and
Zhou [42] study the existence of the global solution to the fractional Kirchhoff wave equa-
tion with structural damping or strong damping on an exterior domain. Chen and Fino
[43] discuss the formation of the singularity of the solution to the initial boundary value
problem (1.6) with f (1, u;) = |u,|P and f(u, u,) = |u,|P + |u|? by taking advantage of the test-
function method. However, the upper bound of the lifespan estimate of solution has not
been derived in [39, 40, 43].

Motivated by the previous works in [24-26, 40, 43], we are concerned with the blow-up
dynamics and the upper-bound lifespan estimate of the solution to problem (1.1) on an ex-
terior domain. The nonlinear terms are presented in the form of f(u, 1) = |ul?, |u, |, |1 |P +
|u|?, respectively. The method utilized in this paper is different from the Kato lemma em-
ployed in [4—6, 17], where the semilinear wave equations without damping are discussed.
We observe that Lai et al. [24—26] consider the nonexistence of a global solution and
the upper-bound lifespan estimate of the solution to the Cauchy problem with scatter-
ing damping in # space dimensions by applying an iteration approach. The results derived
in [24-26] are extended to the case on an exterior domain. Fino et al. [40, 43] illustrate
the blow-up of the solution to the initial boundary value problem with strong damping by
making use of the test-function technique. Concerning that the upper-bound lifespan es-
timate of the solution to the semilinear wave equation with strong damping has not been
established yet in [40, 43], we fill this gap by introducing appropriate multipliers and utiliz-
ing the test-function technique together with an iteration method. It is worth mentioning
that the interaction between the strong damping term and the scattering damping term on
the blow-up of the solution is analyzed. The main new contribution is that we provide an
upper-bound lifespan estimate of the solution to the problem with two types of damping
terms if the exponents in nonlinear terms and initial values satisfy some conditions. To
the best of our knowledge, the results in Theorems 1.1-1.7 are new for problem (1.1).

The main results in this paper are stated by the following theorems.

Theorem 1.1 Letn>3,1< p < ps(n), u >0 and B > 1. Assume that (ug, u1) € H'(Q°) x
L%(2°) are nonnegative functions and uq does not vanish identically. If a solution u to prob-
lem (1.1) with f (u, u,) = |ul? satisfies suppu C {(x,t) € Q° x [0, T)||x| <t + R}, then u blows
up in finite time. Moreover, there exists a constant gy = o(uo, 41,1, p, |4, B, R) > 0 such that
the lifespan estimate of solution T () satisfies

2p(p-1)

T(e)<Ces 'om, (1.7)

where 0 < & < g, C> 0 is a constant independent of .
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Theorem 1.2 Let n =2, 1< p < ps(2), u >0, and B > 1. Assume that the initial values
satisfy the same conditions in Theorem 1.1. If

[ mwaneas 20
QC
then (1.7) is replaced by

-1
Ce_gf!’ , l<p<2,
T(e) < _2p(p-1)
Ce 02, 2<p<ps(2).

Theorem 1.3 Let n=1, ;t >0 and B > 1. Assume that the initial values satisfy the same
conditions in Theorem 1.1. If

/Q i @)o()dx 40,

then (1.7) is replaced by

-1
Cs_%, 1<p<?2,
T(e) < D)
e T, 2<p<+oo.

Theorem 1.4 Let n> 1, > 0 and B > 1. Assume that (g, u1) € H'(Q) x L*(Q°) are
nonnegative functions and u, does not vanish identically. If a solution u to problem (1.1)
with f(u,u;) = |u,|P satisfies suppu C {(x,t) € Q¢ x [0, T)||x| < ¢t + R}, then u blows up in
finite time. Moreover, the lifespan estimate of solution T () satisfies
__2p-1
T(e) < Ce 20-D0-D, 1< p<pg(n),
exp(Ce™?™),  p=pa(n),

where C > 0 is a constant independent of €.

Theorem 1.5 Let n>1, >0, and = 1. Assume that the initial values satisfy the same
conditions in Theorem 1.4. The lifespan estimate of solution T (¢) satisfies
2(p-1)

T(e) < Ce 20 D-1 1 <p<pgn+2u),

(1.8)
exp(Ce™P),  p=pg(n+2p),

where C > 0 is a constant independent of €.

Theorem 1.6 Letn>1, >0 and B > 1. Assume that (g, u1) € HY(Q°) x L*(Q°) are non-
negative functions and u; does not vanish identically. Suppose that a solution u to problem
(1.1) with f(u,u;) = |ulP + |u|? satisfies suppu C {(x,£) € Q¢ x [0, T)||x| <t+R}. Ifp>1
and

: 4 2n
1<q<mm{1+m,m, n>2, (1.9)

l1<gqg, n=1,
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then u blows up in finite time. Moreover, the lifespan estimate of solution T () satisfies

_ 2p(q-1)
Ce 272--DplD | > 2,

plg=1)

T(e) <
, n=1,

where C > 0 is a constant independent of ¢.

Theorem 1.7 Let n > 2, u >0, and B > 1. Assume that the initial values satisfy the same

conditions in Theorem 1.6. Ifp > ,?T"l andl<q< Z—j, then a solution u to problem (1.1) with

fu,u) = |u|P + |u|? blows up in finite time. Moreover, the lifespan estimate of solution T (g)
satisfies

q-1
T(g) < Ce avl-ng1),

where C > 0 is a constant independent of €.

Remark 1.1 The restriction g < % is necessary to guarantee the integrability of the non-

linear term |#|7 in Theorem 1.6.

2 Preliminaries
In order to prove the main results, we present several related lemmas and the definition

of a weak solution.

Lemma 2.1 ([4, 5, 17]) There exists a function ¢o(x) € C*(Q°) that satisfies

Ago(x) =0, x€Q\n>1,

$olage = 0.
In the case n > 3, ¢po(x) = 1 as |x| = 00, 0 < ¢o(x) < 1 for all x € Q°. In the case n = 2,
Po(x) — 00 as x| — 00, 0 < ¢o(x) < Cln|x| for all x € Q. In the case n = 1, ¢o(x) — o0 as

lx| = 00, C1x < ¢o(x) < Cox for all x € Q°. Here, C, Cy, Cy are positive constants.

Lemma 2.2 ([39]) There exists a function ¢, (x) € C*(Q°) satisfying the following boundary

value problem

Api(x) = 301(x), x€Qn>1,
@1laqc =0,

x| — o0, 1(x) = [qu1 € dow.
Moreover, 0 < @1 (x) < C(1 + |x|)"V2e for all x € Q°, where C > 0 is a constant.

We define v (x, £) = e ¢ (). Direct calculation shows

(Y1) = =1, (Yr1)ee = Y1, Ay = %WL (2.1)
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Lemma 2.3 ([17]) Let n> 1, p > 1. It holds that

1
-1

f ($0()) 7
QeN{|x|<t+R}

P
p-1’

(n-1)p’
’

(V16 1) "dx < C(t+ R

where p’ = C is a positive constant.

Lemma 2.4 ([17]) Let n>1, p > 1. For all t > 0, it holds that
_/ Y(x, t)dx < C(t + R)(n—l)/z’
QeN{|lx|<t+R}

where C is a positive constant.

Definition 2.1 Assume thatu € C([0, T), H*(°))NC([0, T), L*(Q)). u € L}, ([0, T) x °)
p

when the nonlinear term is f(u, u;) = |ul?. u, € L ([0, T) x ©2¢) when the nonlinear term
is f(u, us) = |us|P. up € I ([0, T) x Q) and u € LL ([0, T) x ) when the nonlinear term

loc loc

is f(u, us) = |us|? + |u|?. It holds that

/ut(x,t)qﬁ(x,t)dx—f euy(x)p(x,0) dx
QC

Q¢

_‘/t/ {t5(x,5)s (%, 5) + ulx, 5) A (x, 5) + s (x, 5) AP (x, 5) } dx s
0 JQ°¢
' I
' /0 /Qc mus(x, s)p(x,s)dxds
:ft/ [, u)p(x,5) dx ds, (2.2)
0 Q¢

where u(x, 0) = suy(x), ¢ € C3°([0, T) x Q°).

Employing the integration by parts in (2.2) and letting ¢ — T, we obtain

T
/ / u(x,S){d)ss(x,S) — Ap(x,5) + Ap(x,s) — <M¢(x’s)) }dxds
0 Qc s

(1+s)P

:f sul(x)qb(x,O)dx—/ suo(x)d)t(x,O)dx—/ eup(x) Ap(x,0) dx
QC QC QC
T
+/ suo(x)u¢(x,0)dx+/ fu,u)p(x,s)dxds.
Q¢ 0o Jar

We present a multiplier

1+
m(t) = exp <M%) (2.3)
In the case 8 > 1, we have
' (8) = —L (), 0<m(0) <m(t)<1,t>0. (2.4)

- (1+2)8
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3 Proof of Theorem 1.1
We set

Fo(t) = [qe ux, t)do(x) dx,
Fi(t) = [qe ulx, )Y (x, £) dx,
F(t) = [ e (x, )Y (x, £) dx.

Lemma 3.1 Let n > 1. Under the same assumptions in Theorem 1.1, for all t > 0, it holds
that

R0 2 Sm(O) /Q o) (x)dx >0

Proof of Lemma 3.1 Employing (2.2), we deduce
= o odns [ uosmoa
— | ux, 0P, £) dx ——u (%, D) (x, ) dx
dt Q¢ ! Q¢ (1+t)5 !

- / {ut(x, De(x,t) + ulx, ) Ap(x, t) + ue(x, £) Ap(x, t)} dx
QC

- [ swssei »

Multiplying (3.1) by m(t) and integrating over (0, £) yields

m(t)/ ut(x,t)¢(x,t)dx—m(0)/ euy(x)p(x,0) dx
QC QC
- f t f (5) {11, )b, 5) + 11, ) A (35) + 183, 5) A ) ) s
0 Q¢

:/t m(s)f (u, uy)p(x,s) dx ds.
0o Jar

Replacing ¢(x,t) by ¥1(x, ), we come to

m(z) <Fi(t) + ;Fl(t)) =m(0) . 8(”1(96) + %udx))gol(x) dx
+ %/0 /QE ﬁm(s)u(x,s)l/fl(x,s)dxds
+/t m(s)f (u, us) ¥ (%, s) dx ds.
o Jar

It follows that

3
E(©+ S0 = m(0) /Q

€ (u1 (%) + %uo(x)> ¢1(x) dx

1 )
+ m/o mﬂ’l(S)Fl(S) ds. (32)
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From straightforward computations, we observe
e Fi(6) = m(0) | euo()pr(x) dx
QC’
2, 3, 1
+ m(O)g(e7 1) | elm@) + EMO(x) o1(x) dx
QE

=

m(O)e%t/QCeuo(x)gol(x) dx,

W =

which results in

FD) = 2m(0)e /Q o) (x) x>0

[SSRN

This completes the proof of Lemma 3.1.

O

Proof of Theorem 1.1 Letting ¢(x,t) = ¢o(x) in (2.2) with f(u,u;) = |ul’ and applying

Lemma 2.1, we derive

n
(1+¢)p

Fy(¢) + Fy(t) = /QC |u|? Po(x) dx.

Multiplying (3.3) by m(t), we acquire
[F0] =mte) [l ooy
QC

Integrating (3.4) over the interval (0, ) and employing (2.4) yields

t
Fyt) = m@Fy® = m) [ [ o) dudt,
0 Jar
Applying the Holder inequality and Lemma 2.1 gives rise to

| [oe ttpo(x) dax|?
(fﬂcﬁ{lxlsme} Po(x) dx)p-1

= C3(t + R)"PV|Fo(0)]".

|14P o (x) dox >
Qc

Inserting (3.6) into (3.5), we deduce

t s
Fo(t) = C,4 f / (r+ RV |Fo(r) [ drds.
0 JO

Taking advantage of the Holder inequality and Lemma 2.3, we come to

|ulP o (x) dx > | for 1 cllx|1” ;
: (fﬂcﬂ{\x\stﬂe} (o) 7T (Y1) P TPt

= Cs(t+ R VP2IR ).

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

Page 9 of 22
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Combining (3.5) and (3.8) with Lemma 3.1, we conclude

t s
Fo(t) > Cee? / f (r + R)"V0-P2) gy g
0 JO

Cs
>
“nn+1)

el (¢ + R)~ P2 pnel (3.9)

where Cg = C5m(0)(3m(0) [qc to(%)1(x) dx)? > 0.

Suppose that
Fo(t) > Di(t + R)™th, t>0,jeN* (3.10)
with D; = n(gil) e’ a; = (";W, b1 = n + 1. Inserting (3.10) into (3.7) leads to

Fo(t) = Dy (t + R)“1¢b1,

where

oA

D'+ >4;
M= (bp+2)?

a1 =ap+np-1),b1=bp+2.
Direct calculation indicates

aj=p " ((n-1)p/2+n)—n,
bi=p ' (n+1+2/(p-1))-2/(p-1),

D},
D] > ; )
pz(/—l)

where C; = . A straightforward calculation shows

Cy
(n+1+2/(p-1))2

Dy = exp(p/™ (log Dy - 5,(00))),

=1 2klogp—log C;
k

where S,(00) = limj_ 0 ) 4 e . From (3.10), we acquire

2

Fo(t) = (¢ + R)"t 7T exp(p/ 1) (1)), (3.11)
where J(£) = —((n — 1)p/2 + n)log(t + R) + (n + 1 + 2/(p — 1)) log ¢ + log D; — S,(00). When
t > R, we come to

y (pon
J(t) > log(t>»- Dy) - Cg,

2(p-1)
where Cg = ((n—1)p/2 + n)log2 + S,(00) > 0. It turns out that /() > 1 when ¢ > Cog™ o) .

Itis deduced from (3.11) that Fy(£) — oo asj — oo. Consequently, we arrive at the lifespan

estimate

_2p(p-1)
T(e) <Cg 1n |

The proof of Theorem 1.1 is finished. d
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4 Proofs of Theorems 1.2 and 1.3
4.1 Proof of Theorem 1.2
Taking advantage of Lemma 2.1, we obtain

/ Po(x) dx < / In |x| dx
QeNflx|<t+R} {lx|<t+R}\B1(0)

< Cro(t +R)?In(t + R).

Thus, we have

|ulP do(x) dxc > Cyy (& + R) >V | Fo(e) [ (4.1)
QC
where Ci; = Cl_ép_l)(ln(T +R))"?-V 5 0. Inserting (4.1) into (3.5), we deduce

Fy(t) > C11m(0) /0 t /0 S(r + R0V Fo(r)|f drds. (4.2)
Similar to the proof of Theorem 1.1, we achieve
Folt) > %8”(1? +R)IE (4.3)
Assume that
Fo(t) > Dyt + R 42%, t>0,jeN* (4.4)
with D; = %81’, a = g, b, =3. Inserting (4.4) into (4.2) yields

C.im(0)D? _ .
Fo(t) > %(t + R)—u/p—2(p—1) thip+?.
(bjp +2)?

Direct computation gives rise to

Fo() = (¢ + R 7 exp( ] (1),

_ _ —p2+3p+2
where J(£) > log(D,t 2¢-D ) — C15. Consequently, we come to the lifespan estimate

2p(p-1)

T(g) < Ce™ w2, (4.5)

On the other hand, thanks to the conditions #;(x) > 0, |, oc 41(%)do(x) dx # 0, we derive
ch u1(x)po(x) dx > 0. Applying (3.4) and (2.4) leads to

Fy(t) = m(0)F;(0) = Ci3e,

where Ci3 = m(0) ch u1(x)po(x) dx > 0. It follows that

Folt) = Cize + / 110 () () dx = Cras(1 + 1), (4.6)
QC
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where Ci4 = min{Cj3, ch uo(x)do(x) dx} > 0. Inserting (4.6) into (4.2), we arrive at

t s
Fo(t) > C158p/ / (r+R) " 2drds
o Jo

where Cy5 = C;;m(0)CY, > 0. Assume that

Fo(t) = Dyt + R %%, t>0,jeN* (4.8)
with Dy = CITSSP, a1=p-1,b, =3. Combining (4.8) with (4.2), we acquire

Fo(£) = Dy (£ + R 4171,

where

CnWl(O)Df7

> m; aj;1 = pa; + 2(p — 1)’];j+1 :PI;;' +9.
J:

j+1

Straightforward calculation shows

o __— 2 2
G-p e n-2 Bep(seot) R
. CDl, g _

D;> p2(j—11) zexp(p’ 1(long—Sp(oo))),

where Sp(oo) =limjL o0 ) g

sl %' Thus, taking advantage of (4.8) generates

Fo(t) > (¢ + R 7T exp(p (1)),

P3-p)
p-1

- - -1
where J(£) > log(D; ¢t )—Ci7witht >R Whenl<p<2and¢> Cs_gTP , we have J(£) >
1. Therefore, we derive the lifespan estimate

T(e) < Ce 7. (4.9)

It is easy to check that (4.9) is stronger than (4.5) when 1 < p < 2, which is equivalent to

p-1 2p(p-1)
3_]9 ”(P:z) '

This completes the proof of Theorem 1.2.

4.2 Proof of Theorem 1.3
Utilizing Lemma 2.1, we obtain

t+R Cz
/ ¢o(x)dx§/ Coxdx < —=(t+R)>
QeN{|x|<t+R} 1 2
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Thus, we arrive at
|ulf go(x) dx > Crs(t + R)2P~V|Fo(2) [P (4.10)
QC

According to (3.5) and (4.10), we conclude

t s
Fo(t) = C13m(0) / f (r + R)>¥PV|Ey(r)|” dr ds. (4.11)
o Jo
Similar to the discussion in Theorem 1.1, we derive
C
Fo(t) > 2ePi?,
2
Assume that
Fot) > D(t + R %t%, t>0,jeN*

with D; = %81’, a1 =0, b; = 2. Direct calculation gives rise to

2

J(£) = log(D127-T) = Cyo.
As a result, we come to the lifespan estimate
T(e) < Ce™2 . (4.12)
On the other hand, similar to the proof of Theorem 1.2, we have
Fy(t) > Cae(t +1). (4.13)
Inserting (4.13) into (4.11), we deduce

Fy(t) > Cape?(t + R)™P~Y.

Assume that

Fo(t) > Dy(t + R 42%, t>0,jeN* (4.14)
- - 3-p)
with Dy = Cye?, ay = p—4, by = 0. A series of calculations show J(£) > log(Dlt%) —Cy1.
Consequently, we obtain the lifespan estimate
-1
T(s) < Ce 32, (4.15)

We deduce that (4.15) is stronger than (4.12) when 1 < p < 2, which is equivalent to

3-p 2

This finishes the proof of Theorem 1.3.
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5 Proof of Theorem 1.4
Replacing ¢(x, t) by ¥1(x, £) in (2.2) with f(u, u;) = |u,|? and utilizing (2.1), we deduce

d 1
hidl Sy — 12
. U dx+/ﬂc 2(ut u)y dx+/ 1+ 07 ———— w1 dx = / |us|Pyry dx, (5.1)

which leads to

d 1 n
e - - 2 _ _"
7 Qs<ut+ 2u>1/f1dx—/gc|ut| Yy dx /QC (1+t)ﬁut1/f1dx

It follows that
d 1 1 u
z - 1Z
7 <m(t) . (ut + 21/!)1//1 dx) m(t) . lu Py dx + — 2y t)ﬂ m(t)F; (¢).
Making use of Lemma 3.1 yields
1 1
m(t)/ (ut + —u> Y dx — m(O)/ e(ul(x) + —uo(x)>g01(x) dx
QC 2 QC 2
t
> / m(t)|us|P 1 dx dt. (5.2)
0 Jac
On the other hand, multiplying (5.1) by m(¢) leads to
d 1
T |:m(t) / U dx] + m(t) / —(uy — u)Yry dx = m(t) / |uts [Py dix. (5.3)
t QL’ QC 2 QC
From (5.2) and (5.3), we arrive at
Sl [ was|+Sm [ wvna
o7 m . Ui dx | + 2m . U dx
> m(O)/ 8<u1(x) + %uo(x))wl(x) dx + m(t)/ P dx
Q¢ Q¢
t
+ / / m(t)|us|Py1 dxdt. (5.4)
0 Jac

Setting

G1(t) = m(t) /;zc Uy dx — %m(O) /;anul(x)(pl(x)dx—gj(; " m(t)|us Py dx dt,

we have G1(0) = %m(O) ch eup(x)@1(x) dx > 0. It is deduced from (5.4) that

d

“Gi+ 2 26 = m(t)f 4Py dx

+ %m(O)e /s;c uo(x) @1 (x) dx

> 0.

Page 14 of 22
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It follows that G;(¢) > e 3t G1(0) > 0. Thus, we achieve
2
m(t) | wprdx> -m(0) [ eur(x)g1(x)dx
QL’ 3 QC

2 t

+ —/ m(8)|us|P 1 dx dt.
3 0 QC

Taking H, (¢) = 2m(0) [ eu1 (%) (x) dox + %fot Joe m(t)|u, [Py dx dt, we have

m(t)Fy(t) > Hy(t) (5.5)

and H;(0) = %m(O) fQC eu(x)¢@1 (x) dx. Utilizing the Holder inequality and Lemma 2.4 in-

dicates
- Uy dx|?
i de > —Jac e A
Q¢ (fQCﬂHxlstJrR} Y1 dx)?
= N R R0 (5.6)

Taking into account (2.4), (5.5), and (5.6), we achieve

, 2
HI(E) = Sonte) [l
3 QC
2 (n-1)(p-1)
> gC‘W)(t +R)” S HY(2). (5.7)
By the property of the Riccati equation, we derive that the solution blows up for (”_1)2(‘0_1) <

1.
When &2@_1) <1 (namely, 1 < p < pg(n)), solving the ordinary differential inequality

(5.7), we come to

1

pr-1

2 (-1
H(t) > ((—m(O) / eur (x)¢1 (%) dx> + C(¢ + R)-0-De-D/2 _ 1)
3 Q¢

Therefore, we arrive at the lifespan estimate

___2p-1)
T(e) < Ce 0-De-1,

When (”_1)2(""1) =1 (namely, p = pg(n)), direct computation gives rise to

1
p-1

2 ~(p-1)
H(t) > ((gm(O)/ eup (%)@ (x) dx) + Cln(t + R))
QC
As a consequence, we obtain the lifespan estimate
T(e) < exp(Cs’(”’l)).

The proof of Theorem 1.4 is completed.
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6 Proof of Theorem 1.5
We define a multiplier

my(t) = (1 + )™ (6.1)

m’l ) _

It follows that 1 = m1,(0) < m(¢), o = e

Lemma 6.1 Let n > 1. Under the same conditions in Theorem 1.5, for all t > 0, it holds
that

Fi(t) > € /Q ) uo(x)e1 (x) dx > 0.

1
3m; (2)

Proof of Lemma 6.1 The proof of Lemma 6.1 is similar to the proof of Lemma 3.1. By
employing the multiplier m1,(¢), we acquire the desired result when f(u, u;) = |u|P. We
omit the detailed proof. d

Proof of Theorem 1.5 Similar to the proof of Theorem 1.4, we have

d 3
it |:m1(t) o Uy dx:| + iml(t) /QC U dx

> /Q Ce(m(x) s %uo(x))wl(x) dx + my(2) /Q iy d

t
+/ / my (t)|us Py dx dt.
0 Jar

We set

@w=mw/

Q¢

2 2 [
winds—3 [ cn@p@ds-3 [ [ m©upindas
3 QC 3 0 QC
It turns out that
2 2 [t
m(t) U dx > —/ euy (x)p1 (x) dx + —/ / my (8)|us Py dxdt.
QC 3 QC 3 0 QC
Let
2 2 !
Hy(t) = z¢ | wmx)g1(x)dx + = my (8)|ue Py dx dt.
3 QC 3 0 QC
It follows that m11(£)F»(¢) > H(¢). We bear in mind

H,(0) = % /;zc eup(x)@r(x) dx > 0.

Applying the Holder inequality, (6.1) and Lemma 2.4, we obtain

, 2
H,(t) = 3 my(£)|u Py dx
QC

2C~-D ,
= 3(t + R)(p—l)(n+2p,—1)/2H2 ). (6.2)

Page 16 of 22
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By solving the ordinary differential inequality (6.2), we derive the lifespan estimate (1.8)
in Theorem 1.5. The proof of Theorem 1.5 is finished. d

7 Proofs of Theorems 1.6 and 1.7
7.1 Proof of Theorem 1.6
First, we present a lemma that will be utilized in the proof.

Lemma 7.1 Let n > 1. Under the same conditions in Theorem 1.6, for all t > 0, it holds
that

B0 = 2m(0) /Q et (D ()

Proof of Lemma 7.1 When f(u,u;) = |u|P + |u|9, similar to the proof of Theorem 1.4, we

deduce

d 3
E[m(t) /QC U dx] + Em(t) /QC U dx

> m(0) /Q 68<u1(x) . %uo(m)wl(x) dx+ m(2) /Q (sl + ) s

t
+ f / m(s) (1wl + lul?) s dxds.
o Jar
We denote

Got) = m(®) [ uy d— %m(O) e (V)1 () dx
Q¢ Q¢
2 t
- —/ m(s)|u|Pyry dxds.
3 0 QC

It is worth noting that G3(0) = %m(O) ch eu1(x)@1(x)dx > 0. An elementary calculation

generates

%Gs(f) + 2632 ;m( /Q et () d

1 t
+ m(¢) (—Iutlp + |u|q>1ﬂ1 dx +/ m(s)|u|yr dxds
QC 3 0 QC

> 0.
It follows that G3(£) > e~2'G3(0) > 0, which leads to
2
m(t) f urp > 2m(0) [ 10 (x) (x) dx
QC 3 QC

2 t
+ = / m(s)|u|Pyr1 dx ds.
3 0 QC

Thus, we have

Fy(t) =

%M(O) euy (x)@1 (x) dx.
3 QE

Page 17 of 22
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This completes the proof of Lemma 7.1. O

Proof of Theorem 1.6 Taking ¢(x,£) = ¢o(x) in (2.2) with f(u, u;) = || + |u|?, we come to

F(;’(t)+(1 t)ﬂF’(t) /(Iut|p+|u|q)qbo(x)dx. (7.1)

Multiplying (7.1) by m(¢) leads to
[m(@)Fs@)] = m(e) | (lwel? + |1]7)po(x) dox. (7.2)

Q¢

Employing (2.4) gives rise to

t
Fy(t) > m(O)/ / (Iael? + 7)o (x) dx dit. (7.3)
0 Jac
Utilizing the Holder inequality and Lemma 2.3, we obtain

|us [P po(x) dx > | ch U dx|1’
* (Jaenni<t+ry (@0) 7" l(I/fl) yp-1

> C (4 R DGV Ry (g (7.4)

P
-1

It is deduced from (7.3), (7.4), and Lemma 7.1 that

F)(®) = m(0) / 4aPpoe) e .
0 Q¢

t
> Cyym(0)e? / (t + R)"mDE-D g, (7.5)
0

where Cyy = C"" D (2m(0) [o,c u1(x)1(x) dx)? > 0. It follows that

Fot) > CozeP (t + R)™n-Da g1, (7.6)
where Cy3 = Cyf(zn'i’g).

In the case of n > 3, applying the Holder inequality and Lemma 2.1 yields

| fqe uo(x) dx|?
ldx)i1

f o) dx >
Q¢ (fQ”ﬂ{\x\gﬂR}

> Coalt + R) V| Fo(1) | (7.7)

From (7.3) and (7.7), we achieve

E)(®) = m(0) /0 /Q Jultgo(o) dxds

t
> Coam(0) / (¢ + R |Eo(0)| d,
0
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which implies

Fy(t) > Cram(0) / t / S(r+R)‘”(q‘1)|F0(r)|qdrds. (7.8)
0 Jo

In the case of n = 2, we acquire

| ch u¢0(x) dx|q
In |x| dx)7-1

|| ¢po(x) dx >
s (f{\x\snR}\Bl 0)

> Cos(t+R)” 2a- 1)|F

where Cys = C-4"V(In(T + R))"V > 0. In the case of n = 1, we derive

Ich uo(x) dx|1
q
/ o) e 2 ( HRdex)‘l 1

> Cos(t + RV | Fy(t) |

It turns out that

t s
Fy(t) > Crym(0) / / (r + R4V |Ey(r)| " dr ds. (7.9)
0 Jo
Suppose that
Fo(t) > Di(t + R)™“th, t>0,jeN* (7.10)

with Dy = Cy3e?, a1 =(n-1)p, by =n+ 1.
When n > 3, inserting (7.10) into (7.8), we come to

Fo(t) = Dy ( + R+ £,

here D;,; = 2200 1), bju1 = bjq + 2. Theref ud
where Dj,; > W’a’” =ajq+n(g—1), b1 =bjg+ erefore, we conclude
aj :4‘1((;1— Dp/2+n) -
bj=q¢'(n+1+2/(q-1))-2/(g-1),

D CasD}
] = qz(/-1) ’

Coam(0)

where C28 m

A straightforward calculation gives rise to

Fo() > (¢ + R"E 7 exp(q (1),

where J(t) > log(¢'*/@-D-0-DpI2 D) _ Cyq, t > R. As a consequence, we deduce the lifespan

estimate

_ 2p(g-1)
T(e) < Ce 24+2-(r-Tplg-1

Page 19 of 22
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When # = 2, inserting (7.10) into (7.9) leads to

Cyym(0)D?
Folt) > CormOD) (t + R)a-D-ajazbja+2,
~ (bjg+2)?

Similar to the derivation in the case n > 3, we have J(£) > log(t'**@1-72D,) — C3,. Hence,

we arrive at the lifespan estimate
__2(g-1)
T(e) < Ce 2a+2-pg-1)

When # = 1, inserting (7.10) into (7.9), we acquire

q
Fo( ) > C(72b7 ( ;)DZ ( R)"”iq‘z(q"l)tb/qﬂ.

A simple computation indicates

) 2 C31D;~I,1

aj=2q"1 -2, b:( q/"—— D> ———.
/A J 1 J q2(1—1)

It is deduced from (7.10) that Fo(t) > (¢ + R)%~ 71 exp(p-1J(¢)), where J(¢) > log(Dy£77) -
Csy (t = R). Therefore, we derive the lifespan estimate

T(e) < Cs’p(ﬁqi)
The proof of Theorem 1.6 is finished. O

7.2 Proof of Theorem 1.7
Similar to the derivation in the proof of Theorem 1.6, we achieve

Fo(t) > CogeP ™ 1-(n-17
It holdsthatn + 1 — (n— 1) <1when p > 7. Taking advantage of (2.4) and (7.2) leads to
Fo(t) = Caset, (7.11)
where Cs3 = m(0) fQC u1(x)do(x) dx > 0. Inserting (7.11) into (7.8) gives rise to

Fo(t) > Caae(t + R) @D 14+2,

where Cz4 = % > 0. Assume that
Fo(t) > Dyt + Ry %ith (7.12)

with D; = Ca4e9, & = n(g-1), by = q + 2. Combining (7.8) and (7.12), we conclude

C24I’}’1 (O)D]q
> 7

> - t R)—qéj—n(q—l)tql;j-*—Z.
(gb; +2)?
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It follows that
2 i~
Fo(t) > (t+R)"t a1 exp(q"lf(t)),

where J(£) > log(¢4*2*2@-D-"4]|) _ C35, t > R. Thus, we obtain the lifespan estimate

The proof of Theorem 1.7 is completed.

Acknowledgements

The author Sen Ming would like to express his sincere thanks to Professor Yi Zhou for his guidance and encouragement
during the postdoctoral study in Fudan University. The author Sen Ming also would like to express his sincere thanks to
Professors Han Yang and Ning-An Lai for their helpful suggestions and discussions.

Funding

The project is supported by the Fundamental Research Program of Shanxi Province (No. 20210302123021, No.
20210302123045, and No. 20210302123182), the Program for the Innovative Talents of Higher Education Institutions of
Shanxi Province, the Innovative Research Team of North University of China (No. TD201901), and the National Natural
Science Foundation of P.R. China (No. 11601446).

Availability of data and materials
Not applicable.

Declarations

Competing interests
The authors declare no competing interests.

Author contributions
All authors contributed equally to this paper. All authors read and approved the final manuscript.

Author details

'Department of Mathematics, North University of China, College Road, 030051, Taiyuan, China. ?Department of Securities
and Futures, Southwestern University of Finance and Economics, Liutai Road, 611130, Chengdu, China. *Public Class
Teaching Department, Shanxi Financial and Taxation College, Qianfeng South Road, 030024, Taiyuan, China.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 7 June 2022 Accepted: 18 July 2022 Published online: 02 August 2022

References
1. Dai, X.Q, Han, JB, Lin, Q, Tian, X.T.: Anomalous pseudo-parabolic Kirchhoff-type dynamical model. Adv. Nonlinear
Anal. 11(1), 503-534 (2022)
2. Fan,M.T, Geng, J.B, Lai, N.A, Lin, J.Y. Finite time blow-up for a semilinear generalized Tricomi system with mixed
nonlinearity. Nonlinear Anal.,, Real World Appl. 67, 103613 (2022)
. Fujita, H.: On the blowing up of solutions of the Cauchy problem for u; = §u + u'*¢. J. Fac. Sci. 13, 109124 (1996)
4. Han, W.: Blow-up of solutions to one dimensional initial boundary value problems for semilinear wave equations with
variable coefficients. J. Partial Differ. Equ. 26(2), 138-150 (2013)
5. Han, W.: Concerning the Strauss conjecture for the sub-critical and critical cases on the exterior domain in two space
dimensions. Nonlinear Anal. 84, 136-145 (2013)
6. Han, W, Zhou, Y.: Blow-up for some semilinear wave equations in multi-space dimensions. Commun. Partial Differ.
Equ. 39, 651-665 (2014)
7. John, F: Blow-up for quasilinear wave equations in three space dimensions. Commun. Pure Appl. Math. 34, 29-51
(1981)
8. Lai,N.A, Liu, MY, Wakasa, K., Wang, C.B.: Lifespan estimates for two dimensional semilinear wave equations in
asymptotically Euclidean exterior domains. J. Funct. Anal. 281(12), 109253 (2021)
9. Lai, N.A, Schiavone, N.M.: Blow-up and lifespan estimate for generalized tricomi equations related to glassey
conjecture. Math. Z. (2022)
10. Lin, YH, Lai, N.A, Ming, S.: Lifespan estimate for semilinear wave equation in Schwarzschild spacetime. Appl. Math.
Lett. 99, 105997 (2020)
11. Ming, S, Yang, H., Fan, XM.: Formation of singularities of solutions to the Cauchy problem for semilinear
Moore-Gibson-Thompson equations. Commun. Pure Appl. Anal. 21(5), 1773-11792 (2022)

w



Ming et al. Boundary Value Problems (2022) 2022:52

12. Sideris, T.C.: Non-existence of global solutions to semilinear wave equations in high dimensions. J. Differ. Equ. 52,
378-406 (1984)

13. Wakasa, K, Yordanov, B.: Blow-up of solutions to critical semilinear wave equations with variable coefficients. J. Differ.
Equ. 266, 5360-5376 (2019)

14. Xu,R.Z, Su, J.: Global existence and finite time blow-up for a class of semilinear pseudo-parabolic equations. J. Funct.
Anal. 264(12),2732-2763 (2013)

15. Yordanov, B, Zhang, Q.S.: Finite time blow-up for critical wave equations in high dimensions. J. Funct. Anal. 231,
361-374 (2006)

16. Zhou, Y.: Blow-up of solutions to the Cauchy problem for nonlinear wave equations. Chin. Ann. Math. 22(3), 275-280
(2001)

17. Zhou, Y, Han, W.: Blow-up of solutions to semilinear wave equations with variable coefficients and boundary. J. Math.
Anal. Appl. 374, 585-601 (2011)

18. lkehata, R, Sawada, A.: Asymptotic profiles of solutions for wave equations with frictional and viscoelastic damping
terms. Asymptot. Anal. 98, 59-77 (2016)

19. lkehata, R, Takeda, H.: Critical exponent for nonlinear wave equations with frictional and viscoelastic damping terms.
Nonlinear Anal. 148, 228-253 (2017)

20. Imai, T, Kato, M., Takamura, H., Wakasa, K.: The lifespan of solutions of semilinear wave equations with the scale
invariant damping in two space dimensions. J. Differ. Equ. 269, 8387-8424 (2020)

21. Kato, M, Sakuraba, M.: Global existence and blow-up for semilinear damped wave equations in three space
dimensions. Nonlinear Anal. 182, 209-225 (2019)

22. Kato, M., Takamura, H., Wakasa, K.: The lifespan of solutions of semilinear wave equations with the scale invariant
damping in one space dimension. Differ. Integral Equ. 32(11-12), 659-678 (2019)

23. Lai, N.A, Schiavone, N.M.,, Takamura, H.: Heat like and wave like lifespan estimates for solutions of semilinear damped
wave equations via a Kato's type lemma. J. Differ. Equ. 269, 11575-11620 (2020)

24. Lai, N.A, Takamura, H.: Blow-up for semilinear damped wave equations with sub-critical exponent in the scattering
case. Nonlinear Anal. 168, 222-237 (2018)

25. Lai, N.A, Takamura, H.: Non-existence of global solutions of nonlinear wave equations with weak time dependent
damping related to Glassey's conjecture. Differ. Integral Equ. 32(1-2), 37-48 (2019)

26. Lai, N.A, Takamura, H.: Non-existence of global solutions of wave equations with weak time dependent damping and
combined nonlinearity. Nonlinear Anal., Real World Appl. 45, 83-96 (2019)

27. Liu, MY, Wang, CB.: Global existence for semilinear damped wave equations in relation with the Strauss conjecture.
Discrete Contin. Dyn. Syst. 40(2), 709-724 (2020)

28. Ming, S, Lai, S.Y, Fan, X.M.: Blow-up for a coupled system of semilinear wave equations with scattering dampings and
combined nonlinearities. Appl. Anal. 101(8), 2996-3016 (2022)

29. Wakasa, K.: The lifespan of solutions to semilinear damped wave equations in one space dimension. Commun. Pure
Appl. Anal. 15(4), 1265-1283 (2016)

30. Wakasa, K, Yordanov, B.: On the non-existence of global solutions for critical semilinear wave equations with
damping in the scattering case. Nonlinear Anal. 180, 67-74 (2019)

31. Chen, YM.: A new method for blow-up to scale invariant damped wave equations with derivatives and combined
nonlinear terms. Symmetry 14(2), 1-10 (2022)

32. Hamouda, M., Hamaz, M.A.: Improvement on the blow-up for the weakly coupled wave equations with scale
invariant damping and time derivative nonlinearity. Mediterr. J. Math. 19(3), 1-17 (2022)

33. lkeda, M, Tanaka, T, Wakasa, K.: Critical exponent for the wave equation with a time dependent scale invariant
damping and a cubic convolution. J. Differ. Equ. 270, 916-946 (2021)

34. lkeda, M., Tu, ZH., Wakasa, K.: Small data blow-up for semilinear wave equation with scattering dissipation and time
dependent mass. Evol. Equ. Control Theory 11(2), 515-536 (2022)

35. Lai, N.A, Zhou, Y. Global existence for semilinear wave equations with scaling invariant damping in 3-d. Nonlinear
Anal. 210, 112392 (2021)

36. Ming, S, Lai, S.Y, Fan, XM.: Lifespan estimates of solutions to quasilinear wave equations with scattering damping.
J.Math. Anal. Appl. 492, 124441 (2020)

37. D'Abicco, M, Reissign, M.: Semilinear structural damped waves. Math. Methods Appl. Sci. 37(11), 1570-1592 (2014)

38. lkehata, R, Inoue, Y. Global existence of weak solutions for two dimensional semilinear wave equations with strong
damping in an exterior domain. Nonlinear Anal. 68(1), 154-169 (2008)

39. Fino, A.Z.: Finite time blow-up for wave equations with strong damping in an exterior domain (2018).
arXiv:1804.01689v1

40. Fino, A.Z: Finite time blow-up for wave equations with strong damping in an exterior domain. Mediterr. J. Math.
17(6), 1-21 (2020)

41. Lian, W, Xu, R.Z: Global well-posedness of nonlinear wave equation with weak and strong damping terms and
logarithmic source term. Adv. Nonlinear Anal. 9(1), 613-632 (2020)

42. Yang, WH., Zhou, J.: Global attractors of the degenerate fractional Kirchhoff wave equation with structural damping
or strong damping. Adv. Nonlinear Anal. 11(1), 993-1029 (2022)

43. Chen, WH,, Fino, A.Z: Blow-up of solution to semilinear strongly damped wave equations with different nonlinear

terms in an exterior domain. Math. Methods Appl. Sci. 44(8), 6787-6807 (2021)

Page 22 of 22


http://arxiv.org/abs/arXiv:1804.01689v1

	Blow-up of solution to semilinear wave equations with strong damping and scattering damping
	Abstract
	Keywords

	Introduction
	Preliminaries
	Proof of Theorem 1.1
	Proofs of Theorems 1.2 and 1.3
	Proof of Theorem 1.2
	Proof of Theorem 1.3

	Proof of Theorem 1.4
	Proof of Theorem 1.5
	Proofs of Theorems 1.6 and 1.7
	Proof of Theorem 1.6
	Proof of Theorem 1.7

	Acknowledgements
	Funding
	Availability of data and materials
	Declarations
	Competing interests
	Author contributions
	Author details
	Publisher's Note
	References


