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1 Introduction

This paper is concerned with the problem

~Aou= (@) |uldy + haG)llul],, 1€,

u=0, xe€dQ,

(1.1)

where @, y are positive constants, || - || ;v (resp. || - ||;4) isanormin LY () (resp. L*(R2)) and
the nonlinearities /1, /1,: [0, +00) — [0, +00) are continuous functions, Q@ C RN (N > 3) is
bounded with 3Q € C?, Agu = div(p(|Vu|) Vi), where

2]
d(t) := / o(s)sds. (1.2)
0

Here p € C' : [0, +00) — [0, +00) and it satisfies (see [10])
(p1) tp(t) is differentiable for V¢ > 0,
(p2) lim;_o+ tp(t) = 0, lim,, ;o0 £p(£) = +00,

and that there exist «,s € (1, N) such that
(ps) k—1< LU <51, ve>0.

Note that (p3) implies that

2
(p3) K < 296 <5,Vt>0.
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Problem (1.1) was proposed in [10] and generalizes some problems in [3, 5, 6, 8, 17-20].
As the authors of [10] pointed out, there are some difficulties to study problem (1.1):
(1) variational methods cannot be used directly because of the nonlocal terms; (2) the pres-
ence of the concave—convex nonlinearities leads to invalidness of the Galerkin method;
(3) there is no ready-made sub-supersolutions method as in [2] and [7] because of the
®-Laplacian operator. In [10], for the first time, using monotone iterative technique,
Figueiredo et al. obtained the sub-supersolution theorem for problem (1.1) in which they
needed an important condition that /1, /;: [0, +00) — R are nondecreasing. As its appli-

cation, the authors discussed the following problem:

—Aq>u:uﬁ||u||zq,, x €,

u=0, xe€df.

(1.3)

with the assumption that «, 8 > 0 with 0 < & + 8 < ¥ — 1, and got the existence of a positive
solution.

Another interesting work appeared in [9], in which Dos Santos et al. studied the problem
as follows:

71(x)
15&)?

—AG, 1l ) Ay oyt = Py (20, 2) [ 1a]| 25 + P (11, ) |

u=0, xe€df.

x € Q,

Note that /1; and %, are not nondecreasing in this paper.

Motivated by [10] and [9], we try to present the sub-supersolution approach for problem
(1.1) without the assumptions that /; and %, are nondecreasing.

Our paper is divided into four sections. In Sect. 2, some needed properties of Orlicz
spaces and the main results are listed. In Sect. 3, we prove a new sub-supersolution theo-
rem for problem (1.1) via the pseudomonotone operator theory and, using obtained theo-
rem, we present a new existence result on positive solutions of problem (1.3) when « > 0,
-1< B <0, with 0 < ¢ <« — 1. Our work complements the conclusions in [10] and [9]:
(1) we obtain the existence of a nontrivial solution of problem (1.1) when /; and /4, have
no monotonicity; (2) problem (1.3) is studied when 8 € (-1,0).

2 Preliminaries and main results
Now we shall list some main definitions, properties, and conclusions in the setting of
Orlicz—Sobolev spaces. For more information, please refer to the literature [1, 4, 13, 15,
16, 22].

In (1.1), because of the existence of assumption (ps)’, it is easily to see that the A, con-
dition is true for ®(¢) (see [10]).

Lemma 2.1 The function ® is nondecreasing on [0, +00).

Proof Obviously, it is enough to prove that for any 0 < w; < w,, we always have the result

®(w;) < P(ws). Since P is convex from the definition of an N-function, we have

Plw1) = 2(0) _ (wn) - (1)

a)1—0 - Wy — W1
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that is,

®(w1) -0 - D(wy) — P(w1)

6()1—0 - Wy — W1

Then we have ®(w,) — ®(w;) > 0, that is, ®(wy) > P(w1). Therefore, the function ® is

nondecreasing on [0, +00). O

Definition 2.2 If a positive function w* with w* € Wh®(Q) N L>®() satisfies

—AoW* = (W)L (W) + bW (W), x€Q,

w'>0, x€09,

then w*(x) is called a supersolution of problem (1.1).
If a positive function w, with w, € W®(Q) N L>(Q) satisfies

—Aow, <m(wIh(w,) + hh(w)hWw,), x€,

w,<0, x€0%,
then w, () is called a subsolution of problem (1.1).

For more information on L®(2) and its norm, please refer to the literature [10]. Let

C(u,x) = max{ (%), mln{uw x)}},

ve(0,1), ypx):=—(w,—1)+

47

(t-w)
VAR 14C20] =inf“{§>0 (IC(u x)l) }’

Jatw) = € )| :inf”{g>0:/ﬂA(M) 51},

S

In addition, ¥ and A are N-functions satisfying the A, condition, and they are also non-
decreasing on [0, +00).
For an N-function &, the corresponding Orlicz—Sobolev space is defined as the Banach

space
1o @ v @ .
W (Q) = lve 12(Q) ’ — L™ @fori=1...N
Xi
endowed with the norm
IVilLe = IVVIie + VL.
Specially,

3
Wh(Q) = {v c1%(Q) ’ a—v cL®(Q)fori=1,...,Nandv=0,x ¢ asz}.
Xi

For their properties, one can refer to the literature [10].
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Lemma 2.3 ([10]) Let ® be an N-function defined in (1.2) and satisfying (p1), (02), and
(p3). Denote

£(¢) = min{¢*, '}
and

& (¢) = max{¢, ¢}, t>0,
then

&) P(0) < Plot) <&(@)P(0), 0,t>0,

so(uuum)sfgé(u)ssl(||unm), uel®(Q).

Lemma 2.4 ([10]) Let A >0, let ® be given by (1.2), and suppose Q C RN is an admissible
domain. Consider the problem

—A¢Z)L:)\., x €,
z,=0, x€0Q.

where z, is the unique solution. Define

1
Po=——""7""
2|QIN Cy

If & > py, then
1
23|00 < C*ART,
and
1
|Z)»|L°° < C*)\ﬁ
if A < po. Here C* > 0 and C, > 0 depend on n, s, N, and Q2.
For z, which is defined in Lemma 2.4, it follows that z, € C'(2) with z; > 0 in Q.
Lemma 2.5 ([11]) There is a ko > 0 satisfying

D(|¢ — €)'

ED¢ = pllel)e) - (€ =€) = ko o1
(o(I£1)¢ = p(lel)e) ¢ 0(q>(|§|)+<1>(|6|))?

fort,e e RN, ¢ #0.

Theorem 2.6 Ifthe functions hy, hy : [0, +00) — R are continuous and nonnegative, o,y >
0, w* is a supersolution and w, is a subsolution with 0 < w, <w*, problem (1.1) possesses
a nontrivial solution u with w, < u <w".
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Theorem 2.7 Suppose that 0 <« <k — 1 and -1 < B <0, where « is given in (p3). Then
equation (1.3) has a positive solution.

3 Proofs of the main results

Proof of Theorem 2.6 We consider

—Aou =H(u,x,h1(¢(u,x)), ha(¢ (u,%))), x€,
u=0, xe€0%,

(3.1)

where
H(u,x,s,t) = J1(u)s + ()t — y (u,x).

We have the following claims:
Claim 1. Problem (3.1) has a solution in Wol"b(Q) NL>®(2).
Define B: W,'® () :— W () as

(Bw.w) - [

Q

~Aouw - L[h1(é(u,x))]1(u) + Iy (£ () o (1) = y () | w

:/;Z,O(WMI)(VM-VW)—/;z[hl(C(u,x))]l(u)+h2(§(u,x))]2(u)
- y(u,x)]w, Yu,w e WOI'CD(Q),

where p satisfies (01), (02), and (p3).

First, we want to show that B is continuous, bounded, and coercive.

It is easy to see that the conditions on p and the continuity of /; and 4, guarantees that
B is bounded and continuous.

According to (p3)’, there exist «,s € (1, N) such that

<s, Vt>O0,

which implies that

(B(w),u)  Jo p(UIVul)IVul® = [o[hi (¢, 2))]1 () + (¢ (1, %)) ]2 () = y (1, %)

1,0 llzell 1,0

K Jo ®(Vul) = [o (& @,x)]1 (1) + ha (g (u, )2 (1) — v (1, %) |1

llll 1,0

From the Lemma 2.3 and Lemma 2.1 in [12], we have
min{ || V]S o, | Va5 o } = &0 (I Vull ) E/ (|Vul)
Q

and
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then we deduce

(Bo,u) _ § min{|Vullfo, | Vullo) + § minf§l5s, 15150)

lulle — llzell 1,0
Sl @)1 (w) + ha (& ()2 (1) = y (4, %) 1u
llzell 1,0 ’
It follows that

K [ ®(Vul) K [y ®(Vul)

llell1,0 IVulre + [ulpe

_ sminIValfo, | Vallyo) + § mindl§15s, 15150)

[Vulpo + ulpe

e min{|Vull g, [ Vulls o)+ min{l1 4], 14150}
= — —>

2 [Vulio + |u| o

if ||u||1,0 — 0o. Then we have

(B(u), u)

llzell1,0

(lllly,0 — 00).

Hence we can conclude that the operator B is coercive.

In the end, we will prove that operator B is pseudomonotone, i.e., if

U, —u in Wy ®(Q) N L®(Q)

and
lim sup(B(un), (u, — u)) <0,
n—00

then
lim inf(B(u,), (4, - w)) > (Bw), (u—w)), Vwin Wy'®(Q) N L>(Q).
n—00

From
,/g;[hl ({ (Mnrx))jl(un) +g(§ (un’x))]Z(un) - )/(me)](un - ”) -0
and

lim sup(B(uy,), (u, — u)) <0,

n—0o0

we obtain

limsupf o(IVunl) (Vi - V(uy — 1)) <0.
Q

n—0o0

(3.2)

(3.3)

Page 6 of 17
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From Lemma 3.1 in [12], we infer
[V -0 = [ @( V-0

From Lemma 2.5, we can obtain a ky > 0 such that

(|9, - )

_ [@(Vua)) + O Vul)]F

= Ll
K+
kO

x [p(IVttnl) (Vi - V(s — 1)) = p(IVutl) (Vir - V1t — ) |57,

that is,

[ @(vtan )
Q
[(I Vi) + D Vae])] o1

1
K+
ko

X [p(qunl)(Vun -V, - u)) - p(|Vu|)(Vu - V(u, - u))]ﬁ }

< { / [@(lwnnmuvm)mrl}&l
= o

X {/Q[p(|Vu,,|)(Vu,, -V (ty — 1)) = p(IVul) (Ve - V(g — u))]}wl.

Since u,, — u, we have
/ o(IVul)(Vu - V(u, —u)) - 0,
Q

which, together with (3.3), guarantees that

/ p(IVun|) (Ve - V(uy — ) — p(IVul) (Vi - V(uy — 1)) - 0 asn— +0c.
Q

From (3.5), (3.6), and (3.7), we have

/Q O(|V(uy —u)|) -0,
that is,

IV, —w)|,o — 0.
Therefore,

s — 0,

lttn = tll v = Nty — ull o + |V (i — )|,

which implies that (3.2) is true.

Page 7 of 17
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According to Lemma 2.2.2 in [21], there isa u € Wol’cp(Q) N L*(2) such that for Vw €
Wy ? (),

(B(u), w) =0.

Therefore, we know that u« is a (weak) solution of problem (3.1).

Claim 2. We show that the solution u of problem (3.1) obtained above is a solution of
(1.1).

We shall prove that

w,<u<w" inQ. (3.8)

Choosing w = (1 — w"), as a test function, we have

/Q—Aq>u(u—w*)+:/Q[H(x,u,hl(g“(u,x)),hg({(u,x)))—y(u,x)](u—w*)+

_ /Q 112 (£ G, )1 1) + P (¢ 0t ) o 0) — y (2 0) | 12— ) >
Define
Q= [xe Q| usw).
Then
o200+ e )0 =y ) =),
_ /Q R /ﬂ U (e0) 0+ 00—y 9] 4 7), .
3.10

- /Q [ (£ (a1 ) + P (2 2t ) o 00) =y (2,0)] (1t = ), + 0
= [ )t a7 - (=) (=),
Since W and A are increasing, from Lemma 2.1 and |¢ (&, x)| < W*, we have
1€ (u, %) w
2ol [+(557) =} 2{s ol [+(5) =]
and

(ol LA(5) =2 lsol [A(5) =1}

which implies that

L(Cwx) <h(W),  R(wx) <RW). (3.11)
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From (3.9), (3.10), and (3.11), we have

/Q—A¢u(u—w*)+§/

By Definition 2.2, we have

/Q—A¢M(M—W*)+§/

Q

[-A0W" = (u=3") ] (u- ")

e

Hence

/Q_AW(”—W*) /QAcbw (1~ W*)+§/Q[—(u—w*):“]50,

ie.,

[ 00y vu= o () vw) - V(u-w), < [ [-@-5):"] <0,

+
Q

From Lemma 2.5, there exists a ky > 0 such that

[ 009 Vu= o[ v - (- ),

O(|Vu- V)T  V(u-w),
k .
Z/Q 0( d(Vul) + (VwH))« V(—-w)

Since

/ O(|Vu- VW) e Vu-w), f O(|Vu - VIF'|) &
ko — - k 1
(@(Vul) + o(VIH)x VE=W)  Jo, (o(|Vul) + D(VF )

and & is continuous, we obtain that there is an M; > 0 such that

/ OV - Vit ]) S kof
ko - = @
o (P(|Vul) + (VW) M Juswy

1

K+l
_*) ©

From (3.12), (3.13), and (3.14), we have
/ o(|Vu-vw'|)* <o.
{u>w*}
From Lemma 2.2 in [11] and [14], we obtain

K+l
u—-w\ © 5]
/ c1>(| ') 5/ (|Vu - V') * <0,
{u>w*} d {u>w*}

where d = diam(£2). Therefore, we can conclude that

s> =0,

and then u < w*.

@) + ha()a(7) = (4= 97), ] (4= 77),.

(3.12)

(3.13)

(3.14)

Page 9 of 17
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A similar argument shows that u > w,.
Therefore, (3.8) is true and thus u is a solution of problem (1.1).

The proof is completed. d

Proof of Theorem 2.7 In order to get positive solutions of problem (1.3), we study the

following problem:

—Aou=(+2)Plulty, xe

u=0, xe€0%,

(3.15)

for n > 1. We will use Theorem 2.6 to discuss problem (3.15).
First, we will construct a supersolution % of problem (3.15).

From Lemma 2.4, problem (2.1) has a unique positive z;, € W/& ¥ (Q) which satisfies
0<z(x) <KAFT, xeQ (3.16)

for A > 0 big enough, where K is independent of A.
Let M = KA#1. Then

KAFT <z (x) + M < 2KAFT, x€Q.
The condition 0 < @ < ¥ — 1 implies that there is a A > 1 big enough such that
a 1
AT2KTy <A, M=KA+T >1

and (3.16) holds. Hence
1\’ o
(Z,\ +M+ ;) lza + Mll7w < llzo + M7y < AT]2K][fy <A
and
1\#
Aoz + M) =-Agpz) = A > (zk + M+ —) 1z + MllJs-
n

Therefore, z; + M is a supersolution of (3.15).

Second, we will construct a positive subsolution u, of problem (3.15).

Define d(x) := dist(x, 9$2), then by a direct calculation one can deduce that |Vd(x)| = 1.
Because 92 is C2, we can get a constant T > 0 such that d € C*(Q3,) with Q3, := {x € Q:
d(x) <3t} (see [9, 10]). Let w € (0, ). Define

pdx) _ 1 for d(x) < w,

€ ’
)= {7 1+ [29 9P (2)1 gy, for w < d(x) <21,

e’ —1+ f;r ke”d(x)(%)ril dt, for 2t <d(x),
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where ¢ > 0 is an arbitrary number. Direct computations imply that

—ﬂ@(x);t(p(m)u 0w — P(OW)OX)Ad, for d(x) < w,
Qo ()X m*
OO 4 (p(e)0)| )t Oox () ET
— p(Oox (x)71)O x (%) =T Ad, forw <d(x) <27,
0, for 27 < d(x),

—Ao(un) =

with ©(x) = uve’@®, O = ure’™, and x (x) = 24 dw for all > 0.
There are three cases: (1) d(x) < w; (2) @ < d(x) <21;and (3) d(x) > 27.
(1) We consider the case d(x) < @

Since Ad is a bounded function near 92 and « > 1, there is a ¢ large enough such that

d
~Ag(un) = —pe’ ™ — (p(2)t) - p(nore” ™) pe’ @ Ad
dt t= e d)
<02’k - 1)p (;u? puoe’® x)) p(uﬁe”d("))uﬁeﬁd(”)Ad

= ue” ™ p (e’ @) (9 (k - 1) - Ad)

<0,

which implies that

~Ao(un) <0 < (un)?unl%y,

when d(x) < @ and ¢ is large enough.
(2) We consider the case @w < d(x) < 24.
From the condition (p3) and Lemma 2.3, we have

20—d@)\*1 1 \d
weﬁw( $ )( i (x)) ( ) (o(0)t)
k-1 2t —w 27 - dt t=uﬁeﬁw(221;—_dg))"‘1

so( S \[2r-d@)\FT s-1 oo (27 —d(x)\ 7T
S uve <x—1)<2z— ) <2r—w>p<’we <2t—w) )

s( s )( s—1 >s¢(uﬂem(2§{—d§)ﬁ) 1 (3.17)

k-1)\2t1-@ Mﬁelm(% 4y 2y —227;15;‘)

: -1 (27 - d(x) | ED D
= g u max (m?e’“’)s 121 -dWw) ,
k-1/\2t-= 2T — @

w1 (2T —d(x) * GG+
(noe”™) l<m> ®(1).

Now s,k > 1 implies «(27) — s(=5 + 1),8(5) — s(=*5 + 1) > 0, which, together with 0 <

22TT dw <1and (3.17), guarantees that

swf S 27 —d(x) 1l 1 d
e (K—l)( 21 - ) (ZT—w)E(p(t)t)

_s_
=9 (g0 R

Page 11 of 17
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( > <2r - )qD(l)maX{(Weﬂw)H' (noe’™) ) (3.18)

where C; = S(S’fw is a constant independent of y and . Similarly, one has
27 —d(x)\ 71 27 — d(x)) 7T
e () B
21 —w (2t — )71

27 —d(x)\ 7T 27 —d(x)\ =T
< p<Mﬁel9w <r7(x)> )Mﬁel’W(;(x)> sup |Ad|
2t - 2t —w fore

¢(Mﬁe1’m(h 0y

21-w

e (B4 ey (3.19)

where C, is a constant independent of @, ¢, and . Thus from (3.18) and (3.19) we have

—Agpu < max{ s C2} max{(uﬁeﬂm)s—l’ (Mﬁe,yw)x_l},

21 —-w

when @ < d(x) < 2t.

ln2

Letw = %2 and pu = e7?, then e’ = 2. Since

@) 2t — ¢
n(x):eﬂw—1+/ Peld (ZT ) dt
w T—-—w

W0 9p g\ 7
>2—1+219/ ( ) dt
- 2t —w

=1+1.9C3

>1

)

where C; > 0 is a constant, we have that when p is small enough and # is large enough,

1\?#
(M’?"’;) lunlfe > lunlfe

=inf“{g>0:/\I/<M><1}

Q 9
=inf“{tu>0:/\P<M)<l}

Q TH
oo [(() <1}
=pinf*{t>0: [ ¥ — ) <1

Q T

Page 12 of 17
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Z Iu‘a C4)
where C,4 > 0 is a constant independent of ¢ > 0.
Since 0 < @ < k — 1, we have the result

k-1

P ey~ O

In view of

Cl N o S k-1
_w,Cz}max{Z ) 1}<e_ﬁ) s

choose a 99 > 0 large enough such that

SR
2T

C4 > max L C max{ZS’1 2"_1} L_l
4 = 97 _ 2’ 2 ’ eV (k-1-a)

v

for all ¢ > ¥%.
Thus,

1\
—Ag(un) < <,U«77 + Z) lunlfw

in the case @ < d(x) < 2t for ¥ > 0 large enough.
(3) We consider the case d(x) > 27.
Obviously,

N
—Ao(un) =0 =< i+ ) Al

It is obvious that w, < w" if M is large enough and u is small enough. And (w,, w") is
a sub-supersolution pair of problem (3.15). Now Theorem 2.6 guarantees that problem
(3.15) has a solution u,, which satisfies 0 < un < u, <z, + M.

Now we consider the set {,}.

From Lemma 2.2 in [12], one has that ||u||;,¢ and ||| Vu||| ¢ defined on WOI’CD are equiva-
lent. And from the proof of the coercivity of the operator B, we know that if || Vu|||;e > 1,
then

f &(1Vul) = 1 Vull,o,
Q
that is,

/ O(|Vul) = llull1e,
Q

when ||u]|1,0 > 1.

If ||uyll1,0 <1, then u, is bounded in W(}’q)(Q) naturally.
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If ||I/ln||1,q> >1, then

Nl 5/ (V).
Q

By the condition (p3)" and due to

N o
_A<Dunun = U\ Uy + — ”un”L\ll:
Q Q n

we have

1\?
K/ q)(|vun|)§f¢(|Vun|)|vun|2=/ un(”n"'_) ””n”z\yr
Q Q Q n

which, together with & > 0, -1 < 8 <0, gives

[ o = ¢ [ 5
Q K Jg

that is,
1 —xfB+1 ||k || @
ltnllie <= [ w|w ”L‘l"
K Ja

Therefore, {u,} is bounded in WOI’CD(Q).
Since Wol’q)(Q) is reflexive, {u,} has weakly convergent subsequences in Wol‘q)(Q) n

L*°(L2), and we still use u,, to denote its subsequence. From the analysis in [3], we have
U, —u in Wy () N L>®(RQ)

and
uy (%) 25 u(x), xeQ.

Since
w,<u, W, x€g,

Lebesgue theorem implies

u, — u inLi(Q)Vq e [1,+00). (3.20)

Since u,, is a (weak) solution of (3.15) for all » € N*, we have

IR
_ACDunW = Up + — ”un”L\lJ w,
Q Q n

for all w e Wy'®(Q2).
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Denoting w = u,, — u, we have

0N
A_A¢un(un_u)=£2<un+z) ”un”L\P(un_u)'

Since
1 B
(un+—> <wl, xeq,
n

one has

1 B
f(»w—) ||un||°gw|un—u|s/mfmn—mnunnzw
Q n Q
1 1
p 4 q
5[[ @znunnzw)] -t |
Q Q

where p,g > 1, 117 + 011 =1, and B € (-1,0). From (3.20), we have
1 1
p q
U (v_vfnunn;w)”] [/ |t — uw} -0,
Q Q
and so

IR
U+ = | Ntnllfolthy —ul =0 asn— +o00,
Q n

which implies
/ Aoty (1, —u) — 0.
Q

Obviously,

/;Z—Aq)u(u,, —u) — 0. (3.21)
Similar to the previous proof, from (3.4), (3.6), and (3.21), we have
u, — u in Wy (Q)NL¥(R),
and so
lunllFo — llullfe-
Therefore, taking the limit as # — oo in (3.15), we have
~Dou=uulfy.

The limit value u is just the solution which we are looking for, and it satisfies w, < u <w",
obviously. Therefore, the proof is finished. O
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