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1 Introduction

Last decades witnessed an increased number of theoretical studies and practical applica-

tions of fractional differential equations in science, engineering, biology, etc. [1-10]. In

particular, fractional p-Laplacian has been used in modeling different problems [11-17].
In 2007, Su et al. studied the existence of positive solution for a nonlinear four-point

singular boundary value problem

(dp(q)) (z) + i(7)(q(r)) =0, O<T<],
m$,(q(0)) — n2d,(q'(£)) =0, (1)
n3$,(q(1)) + nadp(q’'(A)) =0,

by using the fixed point index theory, where 11,13 > 0, 172,74 > 0, 0 < § <A < 1, and

h:(0,1) — [0,00) [15]. Also, they applied the theory to study the existence of positive
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solutions for the nonlinear third-order two-point singular boundary value problem

(p(@" V) (z) + i(T)p(q(r)) =0, O<t<]1,
q(0) = q'(0) =--- =q"(0) = q"V(0) = 0, 2)
q(@) = Y7 niq(hy),

where
0<)\1<)\2<"'<)\m—2<1y Th‘>0:

with Z:’Sz nikf“z < 1 [18]. Chai in [19], considered the nonlinear fractional boundary
value problem

" Cri(p(" ' Grra) (@) + p(7,q(x) =0, 0<7 <,

: - ®)
q(0) = 0 =" Grrq(0) = q(1) + n(* Grrq(1) = 0,

on a cone and obtained some results and positive solutions, where 1 < 0, <2,0< 07, 03 <
1,0 <oy —03—-1,7 > 0, and p-Laplacian operator is defined as ¢, (&) = |& |P-2&, p > 1. Based
on the coincidence degree theory, Chen et al. gave new results about the problem

O ("GP q(1) = p(2,q(1), "GP q(r), T el01], @
"G q(0) = " GPq(1) =0,

where 0 < 01,09 <1 (1 <07 + 09 < 2) [20]. In 2018, Bai used the Guo—Krasnoselskii fixed

point theorem and the Banach contraction mapping principle to prove the existence and

uniqueness of positive solutions for the following fractional boundary value problem:

(6, Ggi ) (r) + p(7,q(r)) =0, 0<T<1, "
q(0) = " Ggi q(0) = G q(0) = " G q(1) = 0,

where 0 < 0y < 1,2 <07 <2 +03,° Gl and ©'GZ are the Riemann-Liouville and Caputo

fractional derivatives of orders oy, 09, respectively, p > 1, and g : [1},72] x R > R is a

continuous function [21]. Using the coincidence degree theory, Tang et al. gave a new

result on the existence of positive solutions to the fractional boundary value problem

V"GP G Q(T) = p(1,q(1), "' GRq(r), 0<o1,00<1, ©)
a0 =0,  “GZq(0) ="CPq(1),

where 1 < 07 + 09 <2 and °+Ggi (i = 1,2) denotes the Caputo fractional derivatives [13].

Torres studied the existence and multiplicity for a mixed-order three-point boundary

value problem of fractional differential equation involving Caputo’s differential operator

and the boundary conditions with integer order derivatives

(d)p(°+Ggq))’(r) +M(t)p(T,q(r))=0, O<t<l,

A (7)
GZq(0)=q(0)=q"(0)=0,  q'(1)=nq (),
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where n,A € (0,1), o € (2,3] [12]. In 2022, Alkhazzan et al. proved the existence and
uniqueness as well as the Hyers—Ulam stability for the following general system of non-
linear hybrid fractional differential equations under p-Laplacian operator:

VG2 (p(C"GIM (@ () = Tra(T, @2(7))) = = T11(7, q2(7)),
0+G822(¢p(0+ngl (q2(7) = Toa(r,qu (7)) = =Taul(r,qi(7)),
[, (G (@i (1) - Tra(z, 20N,

= [b,(C' G (qu(7) = Tia(T, ()], =0,
[y (TGP (qa() = Toa(r, a1,

= [, G2 (q2(0) - Taa(r, (D], = 0

8)

for i € RP1\ {1}, under the conditions
[Tu (T, Q2(T))](,i):0 = [ng(r,q1(f))](j):0 =0
for i e R,
@ Olezo=a" " @lec =0, @@ @lez0 =05 (@)llec1 =0

for i € R, and

ql(l) _ (m i 1)!q(1mfl)(()) =0, q2(1) — (mi 1)'q(2m—1)(0) =0,

where °+Ggi/, i,j = 1,2, are the Caputo fractional derivatives with m — 1 < 0;; < m and m is
a nonnegative integer number, T ; is a continuous function and belongs to L[0, 1], ¢,(7) =
|7|P~27 is a p-Laplacian operator, where bg = d);l and }7 + é = 1[14]. For more recent works
of the models, we refer to [22—-34].

In this work, we study the following p-Laplacian fractional boundary value problem:

P2 GE (P G Q))(T) + A(T)p(q(1)) =0, @<t <],
q(@) - Fo(P¥ GZq(@)) =0,
§,9@=0,  85q1)=ud, qn) + 4, ©)
PG q) = ~01, [P G )] (@)
=82, [, (PP G = 0,

where P GZL and P2 GZZ, (p1,p2 € R\ {1}) are the right- and left-sided Caputo—
Katugampola fractional derivatives, 2 < 01,05 < 3, ¢, is the p-Laplacian operator, i.e.,

bp(6) = €%, p> 1,

d k
k 1-
5p=<‘( pa) ’

F, is a continuous even function, g, /i are continuous and positive functions. 1 € (a,1),
0 <u<1,and A > 0. In this paper, we obtain some sufficient conditions ensuring the
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existence of at least one, two, and three positive solutions for fractional boundary value
problem (9). These results can be extended in some works such as [35-37].

The rest of the paper is organized as follows. Section 2 presents some basic definitions,
lemmas, and preliminary results. In Sect. 3, we derive some conditions on the parameter
A to obtain the existence of at least one positive solution. We derive an interval for A,
which ensures the existence of p-concave positive solutions of the fractional boundary
value problem in Sect. 4. In Sect. 5, we discuss the existence of multiple positive solutions.

Finally, we give some illustrative examples in Sect. 6.

2 Preliminaries and background material
In addition to the notations introduced with problem (9), let / = [a,1] C (0,00), and p > 0,
1: C(J) denotes the Banach space of continuous functions q on J endowed with the

norm ||qllc = max.¢; |q(7)|, and
C*()={qeC():q(r) > 0Vr €J}.
2: AC(J) and C"(J) denote the spaces of absolutely continuous and # times continuously
differentiable functions on J respectively.
3: LP(a,1) denotes the space of Lebesgue integrable functions on (&, ).
4: Cp(J) is the Banach space of n continuously differentiable functions on J with respect
to 8p:

Cr())={qe C():85qe CU)k=0,1,...,n},

endowed with the norm

n
lalle =>_I35allc-
k=0

5: [o] is the largest integer less than or equal to o. Throughout the paper, we use n = [o]

if o is an integer and # = [0] + 1 otherwise.

2.1 Fractional calculus

We present basic definitions and lemmas from fractional calculus theory [1, 2, 5-7].

Definition 2.1 (Function space) For r € R, consider the Banach space

: pdr 7
Mf(h,i):{q:]—)R:HqHMz;:: (/ |r’q(r)| T) <+oo}.

Remark 2.1 If r € R* and i < (pr)#", then C(J) — M~(J) and ||q||M1: < |lqll¢ for each
qeC()).

Now, we recall the Katugampola and Caputo—-Katugampola fractional integrals and

derivatives [38].
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Definition 2.2 The Katugampola left-sided ®“T¢ and right-sided ** I¢ fractional inte-

grals of noninteger order « > 0 of a function q € M¥(a, T) are defined by

i F(T)/ leelqE)dE, T

P2 q(t) = Tleplqe)dE,  T<i

F()

The Katugampola fractional derivatives of q are defined by

G0 =5 (T )0

pl n+o _ d n T o
o () [ e e e

PIIDEq(r) = (18 (I )q(0)

(_l)n 1-n+o ~ d n 1 o )
“Toa (Ma) [ e

When o is integer, we consider the ordinary definition.

In the following, we present some properties for left-sided integrals and derivatives. But
the same properties are also true for the right-sided ones.

Lemma 2.3 ([38]) Letr € R, 01,09,0 >0, and 1 < p < co. Then, on M~ (a,1), we have the
following:
(i) PI  ME (1) — ME(a,);

(ii) P ]D and ]I are linear;
(iii) ° ”1 0 P = 1, P4 D (P T2 q)(7) = P4 T2 " q(t) when oy > 03;
(iv) PIP o PHI = P,

Definition 2.4 ([38]) The Caputo—Katugampola fractional derivatives of a function q €
Ci([a,1]) (or € AC}([a,1])) are defined by

" Bealr) = "8, q()
and
" BEAm) = (1 (P78 q(0).

Lemma 2.5 ([38]) The Caputo—Katugampola fractional derivatives of a function q € C{(J)
(or € AC}(])) can also be written as
s p k
( - ) : (10)
P p

N k
()

. n-1 (Sk
psa Gqu(T) (pa G;é |:q( ) Z pCI(l')

n-1

- . Skq(f)
G = (7 GY) [q(r) - g(—nka

Page 5 of 38
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Lemma 2.6 ([38]) Let 0y > 01 >0, q € M¥(a,1), g € AC}()), or C}(J). Then we have
PECEK (P IR q(n) = TR (),

and for some real constants Ny and My,

n-1 < k
atno N ‘L’p —ap
I (P D) () = q(T)—ZNk< 0 ) ) (12)
k=0
PLOL (P TCL S 1P 7P\ f
I (P Dlkq)(7) = q(7) - ZMk 5 . (13)
k=0

Lemma 2.7 ([2]) If*“DZkq e C(J), then q € ().

2.2 Fixed point theorems
Let & be a real Banach function space, endowed with the infinity norm. A nonempty closed
convex set K C € is called cone

(i) if for each q € K and for all A > 0: Aq € K;

(i) forallqe K, if —q€ K, then q=0.
A continuous operator is called completely continuous operator if it maps bounded sets
into precompact sets. Let K be a cone, £ > 0,

Q ={qeK:|ql<t},
and i is the fixed point index function.

Theorem 2.8 ([39,40]) Let L: K NQy — K be a completely continuous operator such that
Lq #q,Vq € 0. Then

() ifI1£qll < gl for all q € 3, then i(L, 2, K) = 1;

(i) ifILqll = liqll for all q € 32, then i(L, 24, K) = 0.

Theorem 2.9 (Guo—Krasnoselskii [1]) Assume that Q, and Q2 are open subsets of € with
0€Qand Q C Q. Let L:KN(Qy\ Q1) = K bea completely continuous operator.
Consider

(D) 1£qll < gl for all q € K 199y and || Lqll > lIql for all q € K N 9Ss;

(D2) I1Lqll < lIqll, ¥q € K N 3R, and |£q]| = Iqll, ¥q € K N L.
If (D1) or (D2) holds, then L has a fixed point in K N (2 \ £1).

2.3 Convexity

Let q:J — (0, 00) be continuous.

Definition 2.10 ([41, 42]) We say that q is p-convex if

a([(1 = )z? + 77°]%) < (1 - n)q(c) + nq(?)

for each 7,7 €/, and n € [0, 1]. q is called p-concave if (—q) is p-convex.
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Remark 2.2 ([41, 42])

1. qis p-convex (concave) if and only if g (¢~!) is convex (concave), where ¢(7) = z®

? .
2. g is p-convex (concave) if and only if §,¢(q) is increasing (decreasing).

The following technical hypotheses will be used later.
(H1) % does not vanish identically on any closed subinterval of (a, ).

(H2) F, is even and continuous on R*, and there exist A, B > 0:
BV <F,(v) <A¥' (veRY).

3 Main results
We present some important lemmas which assist in proving our main results. Consider

the linear generalized fractional boundary value problem associated with (9)

PGl q(t) +w(r) =0, a<t<i
q(@) - Fo (P Ggiq(@) = 0, (14)
82,q@=0, 8% q@)— sk q(n) = 1.

Lemma 3.1 For w € C(]), the integral solution of (14) is given by

i P _ Pl i
q(0) - f gl(r,S)w(s>d5+u(m> / Ga(r, E)w(E) dé
TPL _ gP1 .
)\.(m) +FO(W(61)) (15)

fort,& €], where

1 (Tm_g;m )(Zpl—épl )arzsprl

I'(01-1) P1 P1
_ 1 rPI,SPI -1 -1
gl(LE) = - l"(al)(T)al P14, E<r, (16)
P1_;P1\ iP1—EPL \ g _ _
r(ai—l)(r mﬂ ) pf )N T
and
1 TP1_zP1y\, IP1_¢P1 —2 -1
F(Ul—l)( P1 ) P1 )7E
_ 1 TP1-§P1 5 2 -1
Ga(7,8) = - r‘(m—l)(T)”1 £n, §<r, (17)
P1_zP1\,iP1-gP1 _ _
e ML,

Proof By applying (12), equation (14) becomes

P1 _ P1 P1 _ ;P11\ 2
- () (i)
P1 P1

1-07 T

— pl
I'(o1) Ja

(lel _ Spl)“l‘lsprlw(é) de

Page 7 of 38
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for some arbitrary constants ly, /1, /, € R. From the boundary conditions of (14) we get

P1
q(t)=F, (w(a) <p1 1 a’u )
1 -1
“ Ty ( ) EP1wi(E) dég
1

TPl —gP1 i Zpl—épl o1-2 o
+< P1 >(1—/L)I‘(01—1)|:/&( 01 ) £ w(§)dE
T P1 _ £p1\ 0172
S (T e e
a P1
TP1 _ gP1
=F, y - -
(w(a))+k<pl(1_m>
1 T Tm_ém o1-1 o
_F(G1)/iz < P1 ) E1w(E) dg
)
P1 I'lo;-1)
/S I Y i R
+F(Ul—1)(1—u)]/;,( o ) EP1w(§)d§
TP1 _ gP1 n T Tpl—%'pl 01-2 o
_< P1 )(1—M)r(al_1)/& < o1 ) EP1w(§) ds.
Splitting the second integral in two parts permits us to write
b TPL-gPL [P —gPINTE
40 o [(ol-n(T) / ( ~ ) £ w(E) de
T 1 _ 1 o1-1
_/ (u) %—p]*lw(&-)dé
a P1
1 _ zP1 /s 1_ 1 o1-2
+(01—1)(Tp af )f (LP £P ) 5911W(€)d§'i|
P1 T P1
TPl — gP1 1 TP _gP 012 o
+<p1(1—,¢b)>r(gl_l)[/*(/iz ( o ) EP1Tw(&)dg
/3 1 _ 1 o1-2
+/ (LP &P ) épl_lw({s)dé>
T P1
T P1 _ £p1\ P2
S (P e
a P1

+ Fo(w(iz)) + k(ﬂ>

p1(1—p)

SP1
(—) / G (r, E)w(&) d&

TP1 _ gP1 .
(g, ) *F@)

The converse follows by direct computation. The proof is completed. d

:/ G, 5)w(s>+u(
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Now, consider the generalized p-Laplacian fractional boundary value problem associ-
ated with (9)

PG (p (P Glq(T) =w(x), a<tT<l,
q(@) - F.(P¥" Glq(@) = 0,
82 q@) =0, llq(i) - sl q(n) =1, (18)
PIE Gl q(l) = 8% [, (P CKC{)](ZZ)
=45, [d)p(pl“ Gex@)l@) =

Lemma 3.2 For w(t) € C*()), fractional boundary value problem (18) has a unique solu-
tion

q(r) - / gl(r,s)(bp( f H(s,s>w(s)ds> de
T
+u(m> / Go(r, s>¢p< / H(s,s>ws)ds> de
+A(M) +Fo(¢p( / LH(@&)w(s)ds)), (19)
P1— MUP1 a

where
oy () (R ym2g oot
H(z, €)= - r(}m(w)@ lgpa-l T <E, (20)

P2_¢P P2 _;P2
(‘2’2)(5 AP yo-2geanl g <,

F(UQ 1)
G1(7,&), Go(t,€) are defined in Lemma 3.1 and p = Ll

Proof From Lemma 2.6, equation (18) is equivalent to the equation

1P2 _ P2 302 _ P2\ 2
d)(plaGKq(T)):_lo_ll(L : )_IZ(L : )

P2 P2

+ PG w(T)
for some constants Iy, /1, /; € R. Using the second boundary condition, we get

$p(" Ceia(®) = 7 IPw()

1P2 _ P2 1 i Epz _aP2 092 oyt
_ , 4
( 5 )r(o'z -1) /a ( 0o ) £ w(g) dg

__ / H(r,&)w(E) de.

Consequently,

Gt =y [ i wie) i )

Page 9 of 38
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Thus, problem (18) can be written as

PLIa G q(T) + bp([L H(z,E)w(E)dE) =0, T € (&),
q(@) - F.(P" GZq(a) = 0 (21)
§2,q@=0,  85q@)= urSplq()

which, according to Lemma 3.1, has a unique solution of the form (19). O

Lemma 3.3 The functions Gi, G, and H, equations (16), (17), and (20) satisfy the follow-
ing:

(i) Gi(z,8), Go(x,8), and H(z,&) are continuous on [a,1] x [a,i].

(ii) Forall (t,&) € [a,i] x [a,1],

— Pl jP1-1
gl<r,s>s( i ) ‘ _l)/gl(r £)ds

—_gPf1 o1-1
( I'(o1)p1 >( )
— 5Pl
F(Ul +1) ( )

1P1 _glm) o1-2  3p1-1

1 I'(o1-1)

1 <<;p1 _ Pt )011 (,pl — Pt ><711>
~ T(o1) P1 - P1 ’

Hr s><(zpz‘5’p2>”2l e /ZH(r £)ds
[ 5 Pe-1 Jo

P2 _ gP2 P2 _ P2 \%27l 1 sie2 _ £P2 o2-1
~ pal'(on) << P2 ) - 0—2( P2 ) )
(iii) Forall (t,€) € [a,1)?: Gi(7,€) > 0, Ga(7,€) > 0, H(r,€) > 0.

(iv) Forall & €], the function T — G(1,§) is increasing and © — H(z,&) is decreasing.
In addition, ¥(t,€) € (a,1)* we have

gz(r,as( / G(r, &) de

p1 _ 5p1\ 011
(5s) @00 =60

P1—q

and

N op-1
(fpz - ’) Hw) < H,8)

(P2 — gP2

(v) Forall (t,£) € (a,1)?, we have

7P171p, 7\ P1e1-2) .
1P1 _ 4Pt 1- <7) gl(L!‘i:)

1
°LG,(,¢).

o1
<G08 = o
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Proof Using the definitions of G, G5, and H, (i) and (ii) are obtained straightforwardly. For
property (iii), we only consider the case £ < t as the other case is straightforward. When
& <1, we have

1 TP _gP1 TP _gP1 “1‘2\ o
(8= ['(o1 —1)< P1 )( P1 ) “
R B Gt 1k N
F(Ul)( P1 > “

p1 _gp1\ o171
> (i) &Pl—l[# _ Lil > 0
P1 I['op-1) TI'(o1)

because I'(o; — 1) < T'(07) for 2 < o7 < 3. Similarly, we can easily prove that G,(r,&) > 0
and H(z,£) > 0, ¥(t,&) € J*. Now, for property (iv), we first check that G;(t,£) is nonde-
creasingw.rt. v € /.

rP1-1 (lm 591)01 2501 1

3G, F(o1-1) P1
-1 ,;P1_gP
P —(1,&) = _ 1}(511 1)(r ! E Lyi-2ge1-1 g <, (22)
e e, o

Thus, G (7, &) is increasing with respect to T € /, and therefore G;(t,&) < G1(, &) fora < t,
& <. Furthermore, for T < &, we have

IHE) Tt (g oa\™E
ar  T(op-1) P2

(172—1)rpz 1( ) gP2-1
1—921 592_‘[92 -2 g:Dz aP2 -2
[( ) ( ; ) |
rP2-l 592 aP2 -2 gpz aP2 -2 _o
=T 1° P2 o
and for & < t, we have

H(r,8) gl fgpa 2\ 0272 or-1
= _F(Uz—l)( b2 ) =0

Thus, H(t,&) is nonincreasing with respect to t. Consequently, H(z,§&) < H(a, &), Vr,
& €J. On the other hand, when t > &,

Gi(r,§) _ (o1 = 1)(xP1 - aP)(Pr —£P)M172 — (zP1 —gP1)ni-t
Gi(1,§) (o0 —1)(Pr —aP1)(P - §P1)71=2 — (1P1 — gP1)n1-
1
- (o1 = 1)(IP1 — gPL)(iP1 — £P1)01-2 _ (jP1 — EP1)01-1

« |:(01 1) (eP—aP) (1P - 1)

o1 TPT —EP1
- (e -gn) l(rpl_am> ]

Page 11 of 38
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P_gP\O 0 _gP\C

P — P —

C) (B2,
TP —af “\(P—aPf

for o > 0, we obtain

gl(fxé) -

1

G1(1,8) ~ (o1 = 1)(iP1 —aP1)(iP1 — &P1)o1=2 — (1P1 — gP1)o1-1
« |:((71 _ 1)(,:91 —Zz‘)l)(lpl _ Epl)"l‘z

1P1 _gpl

-1
- (Tpl _épl)ﬂ1 (Zpl —aPf1

(-L—Pl _ &91)01—1
>

~ (iP1 — gP1)o1-1

(o1 = 1)(1P1 — gP1)(iP1 — £P1)01-2 _ (jP1 — £P1)01-1

x (o - 1) - &91)"1*1&91 _ &91)2*"1 (i1 - 501)"1*2

_ (Zpl _ gm)“l‘l]
(-L-Pl _hpl)Url

— (iP1 —gP1)o1-1

X (o1 = 1)(1P1 — gP1)(iP1 — £P1)01-2 _ (jP1 — £P1)01-1

1Pl _2191 o1-2 N N < o1-2
X ( — (Gl_l)(tm_apl)(tm_gpl)
T —a

_ (ZPI _ gpl)"l—l]

(-L—Pl _ 2{91)01*1
>

= (iP1 — gP1)o1-1 "
For t < &, we have

Gi(r,£)  p] et

(P1 —gP1)o1-1 ~ [(gy —1)

which is a nonincreasing function as o7 > 0. Consequently,

N )

(zP1 — gP1)o1-1 = (3P1 _5191)01—1’

which implies

1P1 P1

p1 _ zp1\ o171
Gi(r,6) > (%) G:(,6).

(zm _ gpl)"l’z

(¢P1 — gP1)o1-2’

Page 12 of 38
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Using similar techniques, one can prove that

P2 _ P2

l
H(r, &) > <m

o-1
> H(a, &)
fora < &,1 <. Therefore (iv) of Lemma 3.3 holds. Finally, for property (v), we can consider
two cases. Nevertheless, we prove the results for the case & < t only. The simpler case

a <1 <& <l can be treated with similar arguments. When & < t, we have

gl/t(f,é;-) (iPr — gP1) ~ (1P — gP1)T172 _ (7P1 _ gP1)01-2
N 1 - N ~P1_ o1—-1 °
Gi1(,§) ™7 pilo1—1) (g — 1)1 —gP1)o1-2 = 7(‘%;)1&_0;;211)
Consequently,
Gi(r,8) (e -aP) @21 — gonyr?
G1(1,§) 017 1p1(o1=1) T (g — 1)(iP1 — EP1)O1-2 %
- 1
T (o1 -1) - St
1
< .
(01-2)
On the other hand,

Gi,(1,6) (°1 = %) _ (o1 = DIE* — 071 — (P —£P1)71 2]

N 1 N 1P1-gP1)01-1
Gi(1,&) tP1-lp; (01—1)(191—591)"1‘2—%

(-L-Pl _591)01*2
B (iP1 —gP1)01-2

p1(01-2) 1_(§)p1 o1-2
)
1-(5)m
p1(01-2)
()

Thus, the proof is completed. O

~]

~/

Now, consider the Banach space E = Cgl (/). Suppose that 91;21*@,8&(1) is continuous on

J for all q € E, then from Definition 2.6 and Lemma 2.4 we can define the norm on E as

follows:
Il max{Ml,maer] |pl;a+@,g}(q(r)|}, 2<0,<3,
qll = .
max{M;, max. ¢ |85 q(7)|}, o1 =3,
in which

Y 1 2
M, = max{rrt1§11x|q(r) ’I?S}(|(Sp1q(r) ,nrlglxbplq(r) },
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and the cone

K ={q € E: qis nonnegative, increasing, and p;-concave}.

Lemma 3.4 Assume (H2) and let q be the unique solution of fractional boundary value
problem (18) associated with given w(t) € C*(J). Then q € K and the following inequalities
hold for t € [a., 1] C (a,1):

afL — P\ o2 _ge2 \ 17\ 1
max|q(r)] < ((m) (m) ) a(): 23
1 o] — 1 P1
Ml a0 = S o marlaol @
: agran T
nrlgjx|8p1CI(T)| < <(m> Z(LO)/; gl(bé)‘ﬁ)
1 1P1 _ 4Pl 01-2
X max|q(t)|, 25
F(01—1)< o ) na lq(7) (25)
ppatmol Zlgl -af ot S 2 S -
nrléllx| 1 Gch("—')| < ((m) Z(Lo)/& gl(L,E)dé:)
X ma]x|q(t) , Yo €(2,3], (26)
TE
aP1 _ gP1 o1-1
i > M , 27
i a0z (5= ) Al )
where
1P2 _ P2 03-1
Z(’):q’ﬁ((m) >
and
o . o1 — 2 Zpl —ilpl
Mjy =minq 1, —
o1-1 P1
1P1 _ gP1\ 21
min[l"(ol - 1)<7> ,1}
P1
aPl — 5P1 o1-1 . l .
X (\07\> X Z(Lo)/ gl(l,‘;)df}- (28)
1P1 — gP1 p

Proof From Lemma 3.2, we have

q(x) = / gl(r,s)%( / H(s,s>w(s)ds> de

TPl — gP1 i ;
“‘(m)fh 92("5)%(/‘} H(E»S)W(S)ds) d&

TPL _ gP1 ‘ N
e RECIVRCLED)]
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(1) The functions Gy, G,, and ‘H are nonnegative (Lemma 3.3(iii)). In addition, F,(v) is
nonnegative for v > 0 (thanks to (H2)). Thus, q is also nonnegative. Furthermore, as
G, is increasing w.r.t. T (Lemma 3.3(iv)), so it is the function q. To prove that q is
p1-concave, we need to show that 82)1 q(7) is decreasing on J (Remark 2.2), which

can be obtained from the negativity of the derivative

, rP1-1 TP _EPL 01-3
81 — p1-1
Cora™) =155 |, ( o1 ) :

X ¢5<[LH(§,s)w(s)ds> d¢ <0.

(2) As qis nonnegative and increasing, we have

r;lg}lq(r)l =q()

- / gl(z,s>¢,-9( / H<s,s)w<s>ds) dé
+( )fgzrsdap(/ms )s
— MP1
P1—g
+A<7> +F, ((bp(/ ’H(a,&)w(&)dé))
P1—MUP1
For t € [a,,1,], using (iv) of Lemma 3.3 and the fact that
aPl — gP1
=M
1Pl — gP1
we get
Lygpt _ e\ o1l i
a0z [(5m) atou( [ Hegwos) s
a \ (Pt —a®l p
aft — P 01-2 /2p1 _ ;P1
W(Z"l—iﬂ’l) <pl—upl>
fgz(ts%(f’ﬂss )s
() ()
A
iP1 — Pt P1— M1pP1
>P1 _ 5p1\ 9171 i
(G ) (o[ Heowed)).

Consequently,
aPr — 41 o1-1
q(r) > <m) Htleajxh(fﬂ,

and thus (23) holds.
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(3) We have

5! q()=1! /Ql(ré)d)p(f“rlés ))ds

/ Go(, s)cbp( / HE, s)w(s)ds> de+

(1-p)

e

From Lemma 3.3 ((iii) and (v)), we can deduce that § q(z) > 0 and

g
511({( ) < /Z; 2Lp1 am d)p(/ H(E,s)w ds) de
A
(1_ / g2(7-' S)(bp(/‘ H(E S)w(s)ds) d%‘ + ( M)
= o ;Lm [/ Gi, 5)‘1)19(/ H( E,S)w(s)ds> d¢
<p1 —Mp1>/ gz(f,é')d)p(‘/g; H(E,S)w(s)ss) dg
( — MP1 i|
1—1 P1 l . i
— 9Pl _ 4Pl |:/a gl(hé)‘bﬁ(/g; H(E,s)w(s) ds) dg
+)L<Zp1 —Zzpl>
P1—mP1
+M<Pl )/ Gz, ‘5)‘]’17(/ HE,s w(s)ds) dg
F, d>p(/ H(&,E)w(é)d&))}

+
on-1 p R
< L).
S ooz g

o
<

_ Pt
P1

Thus, we obtain (24).
(4) A straightforward calculus gives

2 _ 1 TP P s 1-1
Splq(T)__F(01—2)fa< P1 ) &

X ¢ﬁ<[ H(E,s)w(s) ds) dé.

Then we get

152 q(0)] < %( [ H(zz,aw@)ds)

—gP1 01-3 011
F(Ul 2)/( ) s

1 p1 _ ;P1\ %172
scb,a(f H(a,aw(s)ds)r(m_l)(f —
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Thus,

) i . 1 1P1 _ P11\ 9172
max |55, q(r)| < %( / H(a,s>w<s)ds) S ( s ) .
By multiplying both sides of the previous inequality by
P2 —gp2\ 2t
()
1P2 — gP2
we get
P2 P2 0z-1 )
op((G i) ) manlst,aco)
Lrip2 g2\l
< Cbp(/& (m) H(ﬂ,é)W(E)@)
1 101 _ zP1\ 0172
ol )
[(o1-1) P1
using Lemma 3.3(iv), we get
P2 P2 oz-1 )
¢p<<292 _;lpz> )nrlglx}&plq(r”

i 1P _ 5P1 9172
Edh‘a(f H(r,S)W(fE)d$>r(ml_1)<t pla ) . >

Multiplying both sides by Gi (7, &) and integrating over J w.r.t. §, we get

P2
max|8mq ’/ Gi(1,8&)d (( = —iF’Z) )dé
1 1P _ gP1\ o172 i
SF(<f1—1)< P1 ) fagl(r’é)
xc]);,(/j ’H,(S,s)w(s)ds) dé
1 291_2191 01-2 i
fr(al_1)< pl ) U Gi(x,6)
TPL _ gP1
X (I)p(/ HE,s w(s)ds) dé +A(ﬁ>
1_ Pt
. ( Mpl)/gzrwp(/msw(s ) dé
+Fo<¢;‘z< / H(a,s)w@)ds))]
1 291_;91 01-2
=r(a_1)( o1 ) 1)

1 101 _ P11\ 0172
< .
= Tlo1- 1)( or ) maxa(e)
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Furthermore, for T € [a,, o],
) P2 gP2 o3-1
/ gl(r,s>¢,—9(<zpz_&m) )ds

P _ yP1\ ¥ 1 i
> () 200 [ Gee
(P1 — gP1 P

and

P2
max|8mq t){/ Gi(r, 5)4917((%) )dé
P1 _ 4P1
N (%) f G1(1,8) dé max|3%, q(r)].

Thus, we obtain (25).
(5) From the first equation in (21), one can see that

P Gokq(r) = —<bp< / H(T,E)W(E)d-;*) (2<o1 =3). (30)

Thus,

Igg;cl"”’*G‘c’i<q(r)|s¢,;< / H(a,gf)w@)ds) (2<01 <3).

Asin (2), we can deduce (26).
(6) Equation (27) is a direct consequence of the previous results. O

Then, for given [a,,1,] C (a,1), we define the cone

&gl —aP1 o1-1
T = {qu min q(7) > (ﬁ) lelqll},

T€doylo] (P1

and the integral operator N, : T — E is defined for t € [a,,1,] by

Ni(@(x) = / gl<r,5)¢ﬁ< f %(s,s)h(s)p(q@)ds) de

(25) [t

1 P1 _ 4P1
X ¢p( f H(E, ) (a) ds) dt + x(l)

P1 — MUP1
oF, ((bﬁ ( / H ehE)p () ds)) (31)

When (H2) holds, we have N, (Y) C T, and the fixed points of ; are the solutions of (9).
To use some fixed point theorems, we need to show that ; is completely continuous.

Lemma 3.5 ([19]) Let c¢,s > 0. For any x,y € [0, c], the following propositions hold:
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(1) Ifs>1, then |x* —y'| <sc|x—yl;
(2) If0<s<1,then |x*—y| <|x—yl°.

Lemma 3.6 Assume (H2) is true. Then N, : Y — Y is continuous and compact.

Proof The continuity of V; is a consequence of the continuity and positiveness of G;, G,,
‘H, h, and g. To prove that V; is compact, let us consider a bounded subset  C Y. Then
there exists L > 0 such that for any q €  we have |p(q(7))| < L. For any q € ©, as N is
positive and G; is increasing w.r.t. T, we have

TgJXIM(q(T))I =N.(q®).

Consequently, using the previous inequality and hypothesis (H2), we get

TSJXIM(q(I))\Sf Ql(i,é)%(f ”H(El,S)fi(S)LdS> dg
; ( ‘“1)/g2(r5)
x §p <ftH(Zz,s)h(s)Lds) dé
1P _
+k<4) +A/ H (e, £)R(E)LdE =: L. (32)
P1— HUP1

Then, as in Lemma 3.4, we obtain |N;q|| < MsL, where
. -1
M3 =maxil, i L ,
o1 —2 \IP1 —¢gP1
1 jP1 _ ;P11\ 7172
el
[(o1-1) P1
apl _apl
() 2o [onon] )

Hence, NV, (2) is uniformly bounded. Furthermore, by using Lemmas (3.2), (3.5), (3.3), and
the Lebesgue dominated convergence theorem, we deduce the equicontinuity of N (£2).

Therefore, \; is completely continuous by the Arzela—Ascoli theorem. O

4 Existence of solutions in a cone
In this section, we derive an interval for A, which ensures the existence of p;-concave
positive solutions of the fractional boundary value problem.

Theorem 4.1 Assume that all conditions (H1) and (H2) hold, and that there exist 0 < £1 <
£y and

my € (0,Ma), my € (Ag, 00), (33)

here M4 = mln{ = A42, /\23 , N4, As} such that

Page 19 of 38
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(H3) Forall q €[0,£:], we have p(q) < min{d,(m£1), m1€1};

(H4) For all q € [y£s,£,], we have p(q) = ¢, (maly).
Then fractional boundary value problem (9) has at least one p;-concave positive solution
for A > 0 small enough, where

apr — P o=l |
Y= ( ) M, (34)

1P1 — gP1

and

i -1
Ay [A / H(iz,é)ﬁ(é)dé] :

i . 1P1 _ 5P1 i .
A= [(fa Gi6,5)dg +M<pl—plu>/a gz(t,s)df;)
i -1
><d>p( / ’H(il,é)ﬁ(é)dé)] ,
-1 ;s .
e L
1 1 -1
r / gz(z,s)ds)%( f H(a,s)ﬁ(s)ds)} ,
1 1P1 _ zP1\ O172 i . -1
Aai= [F(Gl—l)( o ) d”}</h H("’s)ﬁ@)dg)} ’
i -1
Asi- [%( f H(Zz,sm(s)dsﬂ ,
>p1 _ ;P10\ o171 i
A= [y(‘z’;l_;l) Z(zo)( f G1(¢)

1PL _ Pl i -1
+u< )gza,ads)%( / H(é,é)ﬁ(é)d%‘ﬂ . (35)
P1— MP1 4

+

Proof Let Q¢ ={qeK:|lqll < ¢} and A satisfy

1
0<A§§(1—M)£1min{l, o } (36)

1P1 — gP1

so that

1P1 _ 4P1
2)»( > <4,
P1—HUP1

and 21 <£;(1 - ). Let q € KN 0y, ie, [Iq]l = €. From (H2) and (H3), we get

a(%( / H(a,s)ﬁ(sm(q@))ds))sA / Hiw ©hE)p (q(e) de
<A / HG )R(E) de,

%( f H(u&)h@)p(q(s))ds)Smlzlcbﬁ( / H(r,sm(s)dsr).
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However,
ngg]x |M (q(‘L’)) | = Nx (CI(Z))

=[ Q1(Z,E)d>p([ H(S»S)ﬁ(S)so(q(S))dS) dé

s Mm)/gz(TSd)p(/H%'S a(9) ds ) de
(S ) e (n / H@ £ E)p(a(8)) s))

Then

_ 5P1 l
max|\V (q()| < 261[(/ i) (=22 [ Gutee)ce)

A i
x ¢ﬁ<f H(&;,g)h(s)ds)} . 31 + %/ H(a, &)n(E)dé.

Consequently,
b b4 4
max| G (q(0)| = 7+ 5+ 7 = llall
4 2
Similarly, we obtain
max[kglgg}ngaﬂ@ M(Q(T))|'T2}(|pm+G8<|} <llqll

Therefore, we conclude that |\, q|l < |Iq]| for all g € K N3, . Then Theorem 2.8 implies
that

i, Q,,K) = 1. 37)

On the other hand, let us consider Q, = {q € K : [|q|| < £3}. Then, for any q € K N 9L2,,
by Lemma 3.4 one has €5 > min,cp;, ;. q(t) > y£,. Using hypothesis (H4), we get

N = (5 )m I G060 (/ (e IH6I9(a5) &) de
; u(p_‘::) [ Gale, ) ( | e s () ds) &
+/\<2:11__Z;1> +F, (d)p ( / () ds))]

= (5 )m_lmzezyzoo)( | G6.6)

SP1 _ 5P1 i
+u(‘ a )gz(r,s)ds)%( / H(az,sm(s)ds)
P1— MUP1 a
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;lgl —aP1 o1-1 R 1 R
> <m) A6£2yZ(Lo)<f Gi(1,€)

7P1 _
+u(‘p . )gz(f s)ds)%(/ H, sm@)ds) = 5= 4l

which implies that ||\, q|| > [Iq| for any q € K N 3€2;,. Hence Theorem 2.8 implies that
iV, Q¢,,K) = 0. (38)
Therefore, by equations (37), (38) and ¢; < £5, we have
iV, Qp, \ ¢, K) = 1.
By employing Theorem 2.9, one can see that the operator ; has at least one fixed point
q € KNQy, \ R, which is a p;-concave positive solution of fractional boundary value

problem (9). O

Theorem 4.2 Assume that all conditions (H1), (H2), and (H4) hold. Then FBVP (9) has
no p1-concave positive solution for A large enough.

Proof Suppose that 3N € N and (4)); such that limj_, A; = +00 and fractional boundary
value problem (9) has p;-concave positive solution g; (j > N), ie.,

q;(f)=f gl(f,é)%(/ H(S,S)ﬁ(S)so(q(S))dS) dé

T
+M<p17>/ Ga(r, f)d)p(/ HE,s ﬁ(s)p( (s)) ) de
TP1 _ gP1 i
PO ° p \: I d .
e Sk (0o [ H@ @0 (0) a ) )
Thus,
5P1 _ P17\ o171
qj(z)>(7m :Pl) |:f Gi( S)‘1)17(/ H(E, s)h ())ds)df;‘
1P1 _ gP1 D i
+M(91—M91>/a gz(f,f)d)ﬁ(/& HE,s)us)p(q(s)) ds) d&
1P1_ ;P :
(S e (0 [ e merntae) ce) )|
Consequently,
N aft —aP\*t e g
o= <m) Aj(Pl —Mpl>‘

Without loss of generality, we can suppose that N is large enough to get, for j > N,

[ P1—up1 a’!
)L">]< P —gP )([Pl_ﬂpl) ’ (39)
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Then we have q;(i) > j. Consequently, lim;_, . [q;[| = +o0. Using (H4), we deduce that
there exist 715 > Ag and {3 > 0 such that p(q) > ¢, (m2€,) for all q € [y €y, £2]. Again, we
can choose N large enough to get llg;ll = €2, Vj > N. By writing n1, = A¢ + @, where @ > 0,

we get

llgjll = q;(2)

>P1 _ P10\ 911 i ;
> (%) [/ G1(L,&)dp (/ H(E, )N(s)p(q(s)) ds) d&
1P1 _ 4P1 i ;
+ M<m> /ﬂ Ga(7,8)dp (fa H(E, s)h(s)p(qls)) ds) dg
1P1 _ gP1 i .
+ A(M) +F, (d)ia (/; H(a,é)h(g)p(q(g)) dg))}

1_ yp1\ 011 i
>era(5550) 200 [ G0

—aPf1

1P1
+//«<p1 Mpl>g2(t$ dE)d’p(/ H(a, &)h(E)by(q (5))d$)
b5

o

ﬂpl ﬂpl
t

> |lqjll(Ae + uT)V<

o oo

P1 — ﬂpl)
) (/ H, sm@)ds)

291
. u( )gz(f £)de
P1—

= llgll(1 + wAgl),

which leads to a contradiction || q;|| @ Ag' <0. The proof is completed. O

Remark 4.1 Let

#(q) IR 21 ()]
m — o = lim .
q—0* min{,(q),q} 9= ¢,(q)

§0 = (40)

If 9 = 0 and g, = 00 hold, then conditions (H3) and (H4) hold respectively. Moreover, if

the functions g and F, are nondecreasing, the following theorem holds.

Theorem 4.3 Assume that the hypotheses of Theorem 4.1 hold and that @ and F, are
nondecreasing. Then there exists \* > 0 such that fractional boundary value problem (9)
has at least one p-concave positive solution for )\ € (0,A*) and has no p1-concave positive
solution for 1 € (\*,00).

Proof Let Tc R* be the set of all A such that fractional boundary value problem (9) has
at least one p;-concave positive solution and A* = sup Y. It follows from Theorem 4.1
that T # ¢, and thus A* exists. We denote by qo the solution of fractional boundary value
problem (9) associated with Aq and

K(qo) = {q € K: q(r) < qo(x),VT €J}.
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Let A € (0, A9) and q € K(qo). It follows from the definition of A, (31) and the monotonicity
of f that, for any 7 €/,

N (q(1)) =N (qo(1)) = qo(7).

Thus N, (K(qo)) € K(qo). Now, Schauder’s fixed point theorem implies that there exists a
fixed point q € K(qo) such that it is a positive solution of (9). The proof is completed. [

Theorem 4.4 Suppose that conditions (H1) and (H2) hold. Assume that g also satisfies:
(H5) g0 = o1 € [0, min{k?"}, k}), k = LMy;
(H6) o0 = w2 € ((354)771, 00).
Then fractional boundary value problem (9) has at least one p;-concave positive solution
for A small enough.

Proof Firstly, from the definition of gy, for all € > 0, there exists an adequate small positive

number §(¢) such that
o) < (e + wl)min{q”’l,q} <(e+ wl)min{gp’l,g},
¥q € [0,8(¢)]. Then, for € = min{k?~!, k} — @, we have

o(q) < min{kp’l,k} min{g(e)p’l,g(e)}
< min{kp_lg(e)p’l,kg(e)}

< min{(2k5(e))" ", 2k3(¢) ).

It is enough to take £; = §(¢) and m; = 2k € (0, M), i.e., condition (H3) holds. Next, since
(H6) holds, then for every € > 0 there exists an adequate big positive number £, # £; such
that

Q) > (@ — ) > (- )yl (q=yla).

2A6\p—
Hence, for € = @, — (5¢)? 1 we get

p-1
p@= (220) (rer - eacy )

By considering m; = 2A¢ > Ag, condition (H4) holds by Theorem 4.1, we complete the
proof. O

5 Several solutions in a cone
In order to show the existence of multiple solutions, we will use the Leggett—Williams
fixed point theorem [43]. For this, we define the following subsets of a cone K:

Q.={qeK:|ql<c},

Q(b,d) = {qe K:b < ¢(q),llqll < d}.
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A mapIT: K — [0,00) is said to be a nonnegative continuous concave functional on a cone
K of a real Banach space €, if it is continuous and

IT(Aq + (1 - 2)q) = AIl(q) + (1 - MTI(Q)
for all g,q € K and A € [0,1].

Theorem 5.1 ([43]) Let T : Q. — Q2 be a completely continuous operator and ¢ be a non-
negative continuous concave functional on K such that ¢(q) < ||q|| for all q € Q.. Suppose
that there exist constants 0 < a < b < d < ¢ such that

(D3) {q € Qy(b,d):¢(q) >b}#D and ¢(Tq) > b if q € K,(b,d);

(D4) 1T qll <4 if q €

(D5) @(Tq) > b for q € 2,(b,c) with || Tq|l >d.
Then T has at least three fixed points qi, qu, and qz such that ||qi1|| < &, b < ¢(q2), and
llqsll > & with ¢(q3) < b.

Theorem 5.2 Suppose that conditions (H1) and (H2) hold, if there exist &, b, c with 0 < a <
yb < b < ¢ such that
(H7) p(q(r)) < min{dy(ma), mid} for (r,q) € ] x [0,4];
(H8) (q(r)) = dp(mayb) for (v,q) € [ao,10] x [y, b];
(H9) p(q(r)) < min{d>p(m1C),m1c}f0r (r,q) €] x [0,c];
(H10) 0< < E8 min{1, o2Lo0);
where the constants my and m are defined in (33). Then fractional boundary value problem

(9) has at least three positive p1-concave solutions qi, qa, and qs satisfying ||qu|| < &, yb <
¢(qq), and ||qs|| > & with ¢(q3) < by for A small enough.

Proof We prove that fractional boundary value problem (9) has at least three positive
p1-concave solutions for A > 0 small enough. By Lemma 3.6, \; : T — Y is completely
continuous. Let ¢(q) = min,¢;, ;.1 q(7). Obviously, ¢(q) is a nonnegative, continuous, and
concave functional on K with ¢(q) < ||q| for q € Q.. Now we will show that all conditions
of Theorem 5.1 are satisfied. Suppose that q € Q,, that is, ||q|| < c. For € J, by equation
(31), Lemmas 3.4, 3.5, we acquire

max| A% (a(0) - [ gl(z,mpq(r)( / H@,s)ﬁ(s)p(q(s))ds) d

+u( Mpl) / Gulr, s)%( / HE IHs) (a() ) "
1P1 _ 5P1 i .
+A<m) +F, (d)p('/; H(a, &)(E)p(q(8)) dfg)),

From (H2), (H9), and (H10), we get

max| A (q(7)| = / gl(z,sm( / H(zz,s)h(s)&o(q(ﬂ)ds) dé

P1_ ;P
+M<ﬁ>/ Ga(z, ‘E)d)p(/ H(a,s)I(s)p(q(s)) ) dé
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S f H(@ §)h(E)p(q(6)) d&

<mlC[(/ Gi@,
_ P11
u(‘ a ) / G(r, sms)%(/ H swsm&)
+Af H(&,é)ﬁ(é)dé} +§
Asc
ET[(/ gl
+u(‘ ) / Gz, s>ds)¢p( / H(a,sm(s)ds)]

and

max{ max max[55, A’ (4() |, max| " GEN; (a() | <l

Therefore, we have
IMiq(@)] <c (¥qe o).

This implies that N, : Q. — .. By the same method, if q € Q3, then we can get |V, q(7)| <
3, therefore (D4) has been checked. Next, we assert that

{aeQ(yb,b):9(@) > yb} #0

and ¢(N;.(q)) > b for all q € Q,(yb,b). In fact, the constant function yb;b € Qy(yb,b)
and (p(@) > yb. On the other hand, for q € Q,(y b, b), we have

yb<¢(q) =minq(r) < lqll=b (Vt € [a0,1.]).

Thus, in view of (31), Lemmas 3.3, 3.4, 3.5, and (H8), we have

telao,lo]

T
“<p1—> f Galr, s)d»p( f He, S)ﬁS)@((I(S))ds) &
TP1 _ gP1 ) .
”(m) 5 °(¢ﬁ< | Haonep(ae) dg))]

pNog) = min [/ Gi(r, S)%(/ H(E,s)h (S))dS> dé
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>y[ / gl(z,sm( f H@,s)ﬁ(s)p(q(s))ds) dé
1P1—gP1
+u( Mm) / Gz, s)%( / Hs,s>h<s>p(q(s))ds) dé
291_219
d
Ao o)
P1 _ 4P1
>ymzb[y<%> o)(f ai(@,
Zpl
+u( )gz(f s)d&)«bp( f He sm@)ds)]
pP1—
>P1 _ 5p1\ 011 i
>yA6b[y(%) Z(zo)( / G1(1,€)
zpl
+u( )gz(f s)ds)cbp( / H, sm@)ds)]
p1—

=yb.

Thus, (D3) has been verified. Finally, we need to show that if q € Q,(y b, b) with [N Aq] >
b, then | NV, ql|l > yb. In fact, to see this, suppose that q € €2, (y b, b) with |N,q]| > b, then

through Lemma 3.4 we have

eN.q) = min (N,q)(7) = y[Nagll > vb.

do<t=<lo

Thus (D5) is satisfied. Hence, an application of Theorem 5.1 completes the proof. O

Corollary 5.1 Suppose that conditions (H1) and (H2) hold. If there exist constants
O<ri<bi<ybi <ry<by<yby<---<ry,

for1 <j<mn-1and the following conditions are satisfied:
(H11) 9(q(7)) < min{¢,(m1r;), mir;} for (t,q) €] x [0,7;];
(H12) p(q(r)) > by(maby) for (t,q) € [ao,lo] x [¥b), bjl;
(H13) 0<a < 997 max(1, 2050 ).

Then fractional boundary value problem (9) has at least 2n — 1 positive p,-concave solu-

tions.

Proof By the induction method, we get the proof. 0

6 Applications

In this section, we give some examples to illustrate the usefulness of our main results.
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Example 6.1 Let us consider the following p-Laplacian fractional boundary value prob-

lem:

P2 Gy (1 G )(T)

() -0 2

* @) In@=09) e<t<é?,

ale) - /171" GEaqle) =0, 42)
85.q(e)=0,  5§3.q(e?) = 385 qle?) + 2,
P GERA(E) = =85 (bp (" CERD)(E)

= 53 (6, (P G Q)(€) = 0.

Here, ] = [e,’], 01 =03 = 2 € (2,3],
1 8 SN 32 7/4
Mzie(ofl); n:eS E], [aoyto]:[e ,€ ]C]'
We put
3
p1=05eR\ {1}, p2 =13 e R\ {1}, p=3

andsop=3,A= %, B= % p1;e+Gg{<2 and pa;ez_Gg/KZ are the left- and right-sided Caputo—
Katugampola fractional derivatives, F,(v) = /|v| and

1
T /22-In(x))(n(®) - 09)

h(t)

We can easily show that (H1), (H2) hold, and from (40) we get p(q(t)) = (q(7))>? satisfies

3
. £(q) . q?
= lim ———————— = lim ——— =0,
80 q—0* mln{d)%(q),q} q—0* mm{%ql,q}
(q) 3 3
oo = lim 2L fim L~ jim L -
q—00 (1)%((1) q—00 q|q|§—2 q—00 |q|7
Then, obviously, Z(i,) = 0.05549,
o A1 Ay Az
M, = min Z,T,Y,AAL,A:; ~ (0.00007, Ag >~ 0.000007.

Tables 1 and 2 show the numerical results (for getting the technique, see Algorithm 1).
So, by assuming that A = 1.5 and ¢; = 12, all conditions of Theorem 4.1 hold, then we can
choose ¢, > £; and A satisfying

1
0<i=50 —M)Zlmin{l, P

— } =2.4542789 < {5,
(P1 — gP1

P11 gP1
2A<7> =3.42259 <12 =1¢;,
P1—MUP1
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Table 1 Numerical values of [1G1(,€)dE, My, v, [} G0, &) dE, [LH(G E)h(E) dE, and

A= c]),-)(faZ H(@,E)RE)dE) in Example 6.1 for T € J

T Fagde % [ G06de  [TH@EMEDE A
27183 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
3.0377 0.2357 0.0039 0.0011 0.3462 3.7320 13.9275
3.3947 05121 0.0085 0.0025 0.6944 10.0873 101.7541
3.7937 0.8293 0.0138 0.0040 1.0416 184145 339.0940
4.2395 1.1850 0.0197 0.0057 1.3835 28.8166 830.3948
4.7377 1.5738 0.0261 0.0076 1.7148 415311 1724.8351
52945 1.9852 0.0329 0.0095 2.0276 56.8307 3229.7341
59167 2.3994 0.0398 0.0115 2.3105 74,9520 5617.7976
6.6120 27785 0.0461 0.0133 2.5445 95.9883 9213.7513
7.3891 3.0207 0.0501 0.0145 2.6809 119.6935 14,326.5251
Table 2 Numerical values of Ay, Ay, A3, A4, As, Ag, and M4 in Example 6.1 for T € J
T A] Az A3 A4 A5 A6 /\7’4
27183 Inf Inf Inf Inf Inf Inf Inf
3.0377 0.178637 0.585071 0.179564 0.043506 53.867322 0.071800 0.043506
3.3947 0.066090 0.045238 0.011463 0.005955 1.916555 0.009828 0.005731
3.7937 0.036203 0.009195 0.002150 0.001787 0.240558 0.002949 0.001075
4.2395 0.023135 0.002839 0.000621 0.000730 0.051977 0.001204 0.000311
47377 0.016052 0.001104 0.000227 0.000351 0.015226 0.000580 0.000114
52945 0.011731 0.000499 0.000097 0.000188 0.005456 0.000310 0.000049
59167 0.008895 0.000252 0.000047 0.000108 0.002278 0.000178 0.000023
6.6120 0.006945 0.000140 0.000025 0.000066 0.001090 0.000109 0.000012
7.3891 0.005570 0.000085 0.000015 0.000042 0.000612 0.000070 0.000007
0.06 T T T T T T T

Figure 1 2D-graph of Mz for T € [e,e?] in Example 6.1

and 2A < £;(1 — ) = 10.5 such that

Q, ={qeK:lqll <1},

@ ={qeK: gl < ).

Figures 1, 2, and 3 show a graphical representation of the variables. As shown in Fig. 1, M,

is directly related to 7 € [e,e?] and increases with increasing 7. It can be seen in Fig. 2(a)

that all values of A; for i = 1,2,3,4,5 are inversely proportional to t. Also, M4 has the
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(a) AZ (Z =1,2,3,4, 5)

M.

0.045

0.04

0.035

0.03

0.025

0.02

0.015

0.01

0.005

0

J\VA =min {I

A Ay Ay
IT.An.A;}

3

55 6 6.5

35 4 45 5
.
(b) My

Figure 2 Graphical representation of A; (i=1,2,3,4,5) and My for T € Jin Example 6.1

Figure 3 2D-graph of A¢ for T € Jin Example 6.1

same behavior for T € J, which can be seen in Fig. 2(b). Finally, the trend of variable Ag

with respect to 7 is shown in Fig. 3. Then we can show that fractional boundary value

problem (42) has at least a positive solution g € K N (Q—g2 \ Q¢,) for A small enough.

Example 6.2 Let us consider the following p-Laplacian fractional boundary value prob-

lem:

82%61(1) =0,

P2 G (b (P GERQ)(T)

+ ¥ In(7)p(q(r)) =0, 1l<t<e,
q(1) - K" GEq(1) =0,
‘Sl%q(e) = %%q(«/@) +4,
12T GERq(e) = 88, [by (2N G

=83, [, (' G2 q)](e) = 0.

(43)
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Here, ] = [1,€], 01 =03 =  €(2,3],

M:%G(O,l), 77:\/26]’ [Zlo,zo]z[«/g»%]C]'

We put

3
p1=0.5eR\ {1}, pa=2€R\ {1}, =3

andso p=3,A =3, B=1 Pil'G3? and P2 G2 are the left- and right-sided Caputo—

Katugampola fractional derivatives, F,(v) = +/|v| and

(r) = ¥ In(z),

and

6q2, q < 1’
»(q) =
5+q'%, q>1.

Through a simple calculation, we have fle He, &)R(E)dE = 12.5716,

2P1 _ e\l 025 _ 1\ 3
Yy = <m) M, = ( 05 1 ) x 0.4325 = 0.1253.

Tables 3 and 4 show the numerical results (for getting the technique, see Algorithm 2).

- A Ay As
My =miny —, —, —, A4, A5 { ~0.001499,
4 4 2
and Ag >~ 1.583636. Figures 4, 5, and 6 show a graphical representation of the variables.
As shown in Fig. 4, M, is directly related to 7 € [1,e] and increases with increasing . It
can be seen in Fig. 5(a) that all values of A; for i = 1,2,3,4,5 are inversely proportional
to 7. Also, M, has the same behavior for 7 € J, which can be seen in Fig. 5(b). Finally, the

Table 3 Numerical values of fal Gi1(LE)dE, My, y, fal Go(1,€)déE, fa‘ H(@, E)RE)dE, and
A= Cbp(f; Ha, €)hE)dE) in Example 6.2 for T € J

T [ Gi,&)dg M % fG0.8)dg fy H(@,E)nE)dg A

1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
1.1052 0.0602 0.1059 0.0307 0.0384 0.0119 0.0001
12214 0.1299 0.2284 0.0662 0.0771 0.0793 0.0063
1.3499 0.2091 03677 0.1065 0.1157 0.2572 0.0661
14918 0.2975 04325 0.1253 0.1539 0.6196 0.3839
1.6487 0.3942 0.4325 0.1253 0.1913 1.2649 1.5999
1.8221 04975 04325 0.1253 0.2273 23154 53612
20138 0.6046 0.4325 0.1253 0.2610 3.9084 15.2758
2.2255 0.7105 04325 0.1253 0.2913 6.1656 38.0151
24596 0.8056 0.4325 0.1253 03162 9.1216 83.2040
27183 0.8654 04325 0.1253 0.3307 125716 158.0444
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Table 4 Numerical values of Ay, Ay, Az, As, As, Ag, and My in Example 6.2 fort € J

T A1 A2 A3 A4 A5 A6 M4
1.0000  Inf Inf Inf Inf Inf Inf Inf
11052 56.016486 16599423 46,453.302726  5493.069851 1132699598  7060.155197  4.149856
1.2214 8.405999 7.690366 487.818288 123.697821 243.285192 158986839  1.922592
1.3499 2.592400 4.749445 28.980434 11.764874 93355843 15.121205  0.648100
14918 1.075949 3.242105 3.526105 2.02659%4 54.177100 2604749  0.268987
1.6487 0.527061 2217810 0.641322 0486300 37.060645 0.625034  0.131765
1.8221 0.287924 1.382433 0.152208 0.145124 23.101100 0.186526  0.071981
2.0138 0.170572 0.744218 0.044104 0.050933 12436232 0.065463  0.022052
22255 0.108126 0.361888 0.015127 0.020467 6.047314 0.026305  0.007563
24596 0.073086 0.175974 0.006109 0.009351 2.940615 0.012019  0.003055
27183 0.053030 0.094769 0.002998 0.004923 1.583636 0.006327  0.001499

0.45 T T

04 b

035 b

03[ b

025 1

=

02 1

015 b

01 ]

0.05 ]

0 L L L L L L L L
1 12 14 1.6 1.8 2 22 24 2.6 2.8

500

450
400
350 -
300 F

< 2501
2000
150"

100

2 22
r

24 26 28

(a) Al (Z =1,2,3,4, 5)

(b) My

Figure 5 Graphical representation of A; (i=1,2,3,4,5) and /W for T € Jin Example 6.2
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1200 T T T T T T T T

1000 [

800 [

< 600f

400

200

0 L L L g |
1 12 1.4 16 1.8 2 2.2 2.4 2.6 2.8

Figure 6 2D-graph of Ag for T € Jin Example 6.2

trend of variable A¢ with respect to 7 is shown in Fig. 6. Choosing & = 1072, b = }—(1), c=10°,
my = 0.001 € (0, My), m; = 13 € (Ag, 00) = (1.583636, 00), we get

©(q) < 9(1072) =6 x 107* < min{ P, (@my), am; |

=am; =8 x 107" €[0,107%],

11\ 4
p(q(t)) >5+ (myyb)* =5+ (0.1253 x 13 x E) ~1.1570 > b, (y bmy)

11 11
~0.739467251 € | —v, — |,
10° " 10

ga(q(t)) < ga(104) =15< min{d)p(cml),cml}
= ¢, (cmy) = +/8000.001q € [0,10%],

Y
0<A§%:2.5x10‘3.

Then, conditions (H7), (H8), and (H9) are satisfied. Therefore, it follows from Theorem 5.2

1

that fractional boundary value problem (43) has at least three 3

concave positive solutions

q1, 92, and q3 such that

_ 11 _
llqill <1072, oV <¥@):  lasll>10 %,

with ¢(q3) < 13-

7 Conclusion

The paper presents a new p-Laplacian boundary value problem of two-sided fractional
differential equations involving generalized Caputo fractional derivatives, and we inves-
tigate the existence and multiplicity of p-concave positive solutions of it. We made some
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additional assumptions to prove some important results and obtain the existence of at

least three solutions by using some fixed point theorems.

Appendix

Algorithm 1 (MATLAB lines for calculation of variable values in Example 6.1)

1 clear;

2 format short;

3 syms t raxsbve;

4 uprho_1=0.5; uprho_2=1.3;

5 sigma_l= 5/2; sigma_2= 5/2;

6 ga=exp(l); gi=exp(1l)"2; gacirc=exp(1)"(3/2); gicirc=exp(1)"(7/4);

7 eta=exp(1l)"8/5; mu=1/8;

8 p=3/2;

9 barp=p/(p-1);

10 = 3/2; B = 1/2;

11  hslash=1/sqrt((2.2-log(x))*(log(x) -0.9));

12 fcirc=sqrt(abs(v));

13 Zedgi=upphi(barp, gi);

14 Zedgicirc=upphi(barp, gicirc);

15 column=1;

16 row=1;

17  tau=ga;

18 while tau<=gi

19 RMatrix (row, column)=row;

20 RMatrix (row, column+1)=tau;

21 xi= ((gi*uprho_2-gicirc*uprho_2) ...

22 /(gi”ruprho_2-ga”uprho_2))~(sigma_2-1);

23 Zedgicirc=upphi(barp, xi);

24 RMatrix (row, column+2)=Zedgicirc;

25 if tau<=gi

26 Gl=1/gamma(s-1)*(t r-a”r)/r*x((brr-x"r)/r)"(s-2)...

27 #xM(r-1)-1/gamma(s) *((t r-x"r)/r) (s-1)*x"(r-1);

28 else

29 Gl=1/gamma(s-1)*(t*r-a’r)/r*((b r-x"r)/r) (s-2)*x"(r-1);

30 end;

31 intGl=int (subs(Gl, {t, s, r, a, b}, {gi, sigma 1, uprho 1, ga, gi}), x, ga,
tau);

32 RMatrix (row, column+3)=intG1;

33 breveM_2 = min(min(1, (sigma_1-2)/(sigma_1-1)...

34 #(giruprho_1-ga®uprho_1)/uprho_1),

35 min (1, gamma(sigma_1-1)«((gi”uprho_1-ga®uprho_1)...

36 /uprho_1)"(2-sigma_1)) *...

37 ((gacirc*uprho_l-ga®uprho_1)/(gicirc?uprho_l-ga®uprho_1)) ...

38 AN(sigma_1-1)xZedgicircxintGl);

39 RMatrix (row, column+4)=breveM_2;

40 vargamma =((gacirc*uprho_l1-ga®uprho_1) ...

41 /(gi”ruprho_1-ga”uprho_1))"(sigma_1-1)xbreveM_2;

42 RMatrix (row, column+5)=vargamma;

43 if tau > ga

44 GH=1/gamma(s -1)*(b Ar-t"r)/r*((x*r-a’r)/r) (s-2)*x"(r-1)...

45 ~1/gamma(s) *((x"r-t"r)/r) " (s-1)*x"(r-1);

46 else

47 GH=1/gamma(s -1) (b r—t"r)/r*((x*r-a’r)/r) (s-2)*x"(r-1);

48 end;

49 intGHhslash=int ((hslash)*subs(GH, {t, s, r, a, b}, {ga, sigma_2, uprho_2,
ga, gi}), x, ga, tau);

50 RMatrix (row, column+6)=intGHhslash;

51 Lambdal =1/(AxintGHhslash) ;

52 RMatrix (row, column+7)=Lambdal;

53 if tau<=gi

54 G2=1/gamma(s-1)*(t r-a’r)/rx((brr-x"r)/r) (s-2)...

55 #*XxM(r-1)-1/gamma(s-1) *((t r-x"r)/r) " (s-2)*xx"(r-1);

56 else

57 G2=1/gamma(s-1)*(t r-a’r)/r*((b r-x"r)/r) (s-2)*x"(r-1);

58 end;

59 intG2=int (subs (G2, {t, s, r, a, b}, {gi, sigma_1, uprho 1, ga, gi}), x, ga,
tau);

60 RMatrix (row, column+8)=intG2;

61 upphiintGH=upphi(barp, intGHhslash);

62 RMatrix (row, column+9)=upphiintGH;

63 temp=intG1l+mux((gi~uprho_1-ga®uprho_1) ...

64 /(uprho_1-uprho_l*mu))*intG2*upphiintGH;

65 Lambda2=1/temp;

66 RMatrix (row, column+10)=Lambda2;

67 Lambda3=1/((sigma_1-1)/(sigma_1-2)xuprho_1...

68 /(giruprho_1-ga”uprho_1) ...

69 #(intGl+mu/(1 -mu) *intG2)*upphiintGH) ;

70 RMatrix (row, column+11)=Lambda3;

71 Lambda4=1/(1/gamma(sigma_1-1)x((gi”uprho_1-ga®uprho_1) ...
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72 /uprho_1)*(sigma_1 -2)*upphiintGH) ;

73 RMatrix (row, column+12)=Lambda4;

74 Lambda5=1/upphiintGH;

75 RMatrix (row, column+13)=Lambda5;

76 Zedgicirc=upphi(barp, gicirc);

77 Lambda6 = 1/(vargamma*((gac1rc uprho_1- ga Auprho_1) .

78 /(gi*uprho_l-ga”*uprho_1))"(sigma_1-1)...

79 *Zedgicirc*(temp));

80 RMatrix (row, column+14)=Lambda6;

81 RMatrix (row, column+15)=min(Lambdal /4, min(Lambda2/4, min(Lambda3 /2,

82 min (Lambda4, Lambda5))));

83 lambda=1.5;

84 elll =12;

85 RMatrix (row, column+16)=(1-mu)/2*elll+min(1, uprho_1/(gi*uprho_1-ga”uprho_1
86 RMatrix (row, column+17)=2xlambdax*((gi*uprho_1-ga”uprho_1)/(1-muxuprho_1));
87 RMatrix(row column+18) (1-mu)*elll;

88 tau = (exp(1l))"(1+row/9);

89 row=row+1;

90 end

Algorithm 2 (MATLAB lines for calculation of variable values in Example 6.2)

ga,

1 clear;

2 format short;

3 syms t raxsbyve;

4 uprho_1=0.5; uprho_2=2;

5 sigma_l= 5/2; sigma_2= 5/2;

6 ga=1; gi=exp(1l); gacirc=sqrt(exp(l)); gicirc=exp(1l)"(1/4);

7 eta=exp(1l)"8/5; mu=1/8;

8 p=3/2;

9 barp=p/(p-1);

10 A= 3/2; B = 1/2;

11  hslash=5xsqrt(pi)*log(x)/4

12 fcirc=sqrt(abs(v));

13 Zedgi=upphi(barp, gi);

14 Zedgicirc=upphi(barp, gicirc);

15 mathringa=10"(-2);

16 column=1;

17 row=1;

18 tau=ga;

19 while tau<=gi

20 RMatrix (row, column)=row;

21 RMatrix (row, column+1)=tau;

22 xi= ((gituprho_2-gicirc?uprho_2) ...

23 /(gifuprho_2-ga*uprho_2))~(sigma_2-1);

24 Zedgicirc=upphi(barp,xi);

25 RMatrix (row, column+2)=Zedgicirc;

26 if tau<=gi

27 Gl=1/gamma(s-1)*(t*r-a’r)/r*((brr-x"r)/r)"(s-2) ...

28 #xM(r-1)-1/gamma(s) *((t r-x"r)/r) (s-1)*xx"(r-1);

29 else

30 Gl=1/gamma(s-1)*(t r-a’r)/rx((brr-x"r)/r) (s-2)*x"(r-1);

31 end;

32 intGl=int (subs(Gl, {t, s, r, a, b}, {gi, sigma_1, uprho_ 1, ga, gi}), x,
tau);

33 RMatrix (row, column+3)=intG1;

34 breveM_2 = min(min(1, (sigma_1-2)/(sigma_1-1)...

35 *(gl’\uprho 1-ga®uprho_1)/uprho_1), ..

36 min (1, gamma(sigma_1-1)x ((gl uprho_1- ga Auprho_1) .

37 /uprho_1)"(2-sigma_1)) x

38 ((gacirc*uprho_1-ga uprho 1) /(gicirc?uprho_l-ga*uprho_1)) ...

39 A(sigma_1-1)xZedgicircxintGl);

40 RMatrix (row, column+4)=breveM_2;

41 vargamma = (( gacirc*uprho_1-ga”uprho_1) ...

42 /(gi”ruprho_1-ga®uprho_1))"(sigma_1-1)xbreveM_2;

43 RMatrix (row, column+5)=vargamma;

44 if tau > ga

45 GH=1/gamma(s -1) * (b r—t r) /r*((x r-a”r)/r) (s -2)*x"(r-1)...

46 —~1/gamma(s) *((x"r-t*r)/r) (s-1)*«x"(r-1);

47 else

48 GH=1/gamma(s -1) (b r-t"r)/r*((x*r-a’r)/r) (s-2)%x"(r-1);

49 end;

50 intGHhslash=int ((hslash)*subs(GH, {t, s, r, a, b}, {ga, sigma_2, uprho_2,
ga, gi}), x, ga, tau);

51 RMatrix (row, column+6)=intGHhslash;

52 Lambdal =1/(A*intGHhslash) ;

53 RMatrix (row, column+7)=Lambdal;

54 if tau<=gi

55 G2=1/gamma(s-1)*(t*r-a’r)/r*((b r-x"r)/r)"(s-2) ...

56 #xM(r-1)-1/gamma(s-1) *((t r-x"r)/r) " (s-2)*x"(r-1);
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57
58
59
60

61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86

87
88
89
90
91
92 end

else
G2=1/gamma(s-1)*(t*r-a’r)/rx((brr-x"r)/r) (s-2)*xx"(r-1);

end;

intG2=int (subs (G2, {t, s, r, a, b}, {gi, sigma_1, uprho_1, ga, gi}), x, ga,

tau);

RMatrix (row, column+8)=intG2;

upphiintGH=upphi(barp, intGHhslash);

RMatrix (row, column+9)=upphiintGH;

temp=intG1l+mux*((gi”uprho_1-ga”uprho_1) ...
/(uprho_1-uprho_lxmu))*intG2*upphiintGH;

Lambda2=1/temp;

RMatrix (row, column+10)=Lambda2;

Lambda3=1/((sigma_1-1)/(sigma_1-2)xuprho_1...
/(gi*uprho_l-ga”uprho_1) ...
#(intGl+mu/(1 -mu)*intG2)+upphiintGH) ;

RMatrix (row, column+11)=Lambda3;

Lambda4=1/(1/gamma(sigma_1-1)x((gi®uprho_1-ga®uprho_1) ...
/uprho_1)*(sigma_1 -2)*upphiintGH) ;

RMatrix (row, column+12)=Lambda4;

Lambda5=1/upphiintGH;

RMatrix (row, column+13)=Lambda5;

Zedgicirc=upphi(barp, gicirc);

Lambda6 = 1/(Vargamma*((gac1rc uprho_1-ga”uprho_1).
/(gi*uprho_1-ga”*uprho_1))"(sigma_1-1)...
«Zedgicircx(temp));

RMatrix (row, column+14)=Lambda6;

RMatrix (row, column+15)=min(Lambdal/4, min(Lambda2/4, min(Lambda3 /2,
min (Lambda4, Lambda5))));

lambda=0.02;

elll =3;

RMatrix (row, column+16)=(1-mu)/2xelll*min(1, uprho_1/(gi”uprho_1-ga”uprho_1
))s

RMatrix (row, column+17)=2%lambdax*((gi?uprho_l1-ga”uprho_1)/(1-muxuprho_1));

RMatrix (row, column+18)=(1-mu)=*elll;

tau = (exp (1))~ (row/10);
row=row+1;
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