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small. Moreover, we also establish the suitable negative Sobolev norm estimates and
obtain the optimal decay rates of the higher-order spatial derivatives of the strong
solution.
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1 Introduction

In this paper, we consider the following equation modeling epitaxy thin film growth

dh +vi AL+ v2A%h =03V - (IVR*VR) + v A V> = v5|Vh], 1)
with the initial condition

h(x,0) = ho(x), @

on R? with d > 3. Equation (1) arises in epitaxial growth of nanoscale thin films, where
h(x,t) denotes the height from the surface of the film in epitaxial growth [23, 26]. The
term A2y denotes the capillarity-driven surface diffusion, div(|V4|?V) correspond to the
upward hopping of atoms, A/ can be used to describe the diffusion due to evaporation-
condensation, A|V#|? is related to the equilibration of the inhomogeneous concentration
of the diffusing particles on the surface, and the term |Vk|? is related to the density vari-
ations, respectively [15—17]. Similar to [1], in this paper, we assume that the coefficients

satisfy v, V3, V4,05 > 0 and v, > 0.

Remark 1.1 There are many papers studied equation (1) with v = v5 = 0, see, for instance,
[5,6,10,11, 13, 18]. For the case v3 = v5 = 0, we refer the reader to [22, 25] and the reference
therein.

© The Author(s) 2022. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The
images or other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise
in a credit line to the material. If material is not included in the article’s Creative Commons licence and your intended use is not

L]
@ Sprlnger permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright

holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13661-022-01656-4
https://crossmark.crossref.org/dialog/?doi=10.1186/s13661-022-01656-4&domain=pdf
mailto:duanning@mail.neu.edu.cn
http://creativecommons.org/licenses/by/4.0/

Duan and Yuan Boundary Value Problems (2022) 2022:77 Page 2 of 9

In 2015, Agélas [1] studied the global regularity of solutions for the Cauchy problem
(1)-(2) in 1D and 2D cases. The author assumed that the condition v,v3 > v proved the
existence and uniqueness of global strong solutions for problem (1)—(2). In this paper,
we continue this research and study the global well-posedness of solutions for problem
(1)-(2) in R? with d > 3.

To study the global well-posedness of problem (1)—(2) in R with d > 3, the main chal-
lenge is caused by the strong nonlinear term A|V#|?. Because of this term, it is difficult
to obtain the higher order estimate of /, and we cannot obtain an idea of the global well-
posedness result without any additional condition. Hence, in this paper, assuming that the
initial data is sufficiently small and using the pure energy method, we show the following
result:

Theorem 1.2 (Small initial data global well-posedness) Let iy € HN (R?) with N > 2 + %i
and d > 3. Assume that there exists a constant § > 0 such that if

”hOHH[d%l] =< 80; (3)

then system (1) has a unique solution satisfying that for all t > 0,

t
717 +/ (I ARG + IVAIGN) ds < Cllholl - (4)
0

For dissipative equations, there are many different kinds of styles for large time behavior,
e.g., global attractor, exponential attractors, and so on. However, since we only obtain the
small initial data global well-posedness for problem (1)—(2) in R?, and there exists a strong
nonlinear term A|Vh|?, it is difficult to consider the global or exponential attractors. In
this paper, we consider another style of large-time behavior and study the temporary al-
gebraic decay rate of strong solutions of problem (1)—(2) in R? with d > 3 provided that
Theorem 1.2 holds. More precisely, we prove the following theorem:

Theorem 1.3 (Large-time behavior) Under the assumptions of Theorem 1.2, if hy € LP(R%)
(ﬁ <p<2),thenforallt>0andl=0,1,...,N -1,

! 5G4
[V h@®) || s < CA+1)72 07272 ®)

Remark 1.4 One of the main tools to study the decay rate is the Fourier splitting method
introduced by Schonbek [19, 20] in the 1980s. Since then, it has become a standard way
(also a powerful tool) to establish the decay rate of solutions (see, for example, [2—4, 12, 27]
and the reference therein). Here, as the structure of the equation is so complex, it is not
suitable to deal with the decay rate of solutions for problem (1)—(2) using the Fourier split-
ting method and the Zhou method. Motivated by [8, 24], we establish suitable a priori es-
timates in the negative Sobolev space H-S (0<s< %), use the Hardy-Littlewood—Sobolev
theorem (L?(R3) ¢ H*(R3) with s = d(}g - 1) €10, £]), and obtain the decay estimate.

In the following, V/ with an integral / > 0 stands for the usual spatial derivatives of order
1.1f [ < 0 or [ is not a positive integer, V/ stands for A’ defined by

AV f(x) = A% (x) = /1; @ . ©)
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The rest of this paper is organized as follows. We prove Theorem 1.2 in Sect. 2. The
proof of Theorem 1.3 we give in Sect. 3.

2 Preliminaries
We first give the Gagliardo—Nirenberg inequality proved in [14]:

Lemma 2.1 ([14]) Suppose that 0 < m,« <, then

”Vaf”LP(Rd) 5 vaf”;?u{d) ”Vlf

0
L’(]Rd)’ (7)

where 0 € [0,1] and

o 1 m 1 [ 1
E—;Z(g—;)(l—9)+(2—;)9. (8)

Here, when p = 00, we require that 0 <6 < 1.
The Kato—Ponce inequality is so important in the proofs of our main theorems.

Lemma 2.2 ([9]) Let 1< p < 00,s>0. Then, there exists a constant C > 0 such that

|80 ~f Mg < COV N | A7 e o + 1A o Vi) ©
and

| A%, = CUF N [ A% o + [AYF |y Iglse2, 10)
where pa, s € (1,00) satisfying £ = L+ L = L+ L.

We also introduce the Hardy-Littlewood—Sobolev theorem, which implies the following
L? type inequality.

Lemma 2.3 ([7, 21]) Let0<s< %, l<p<2and % +5= }7, then

Wl < I e (11)
The following special Sobolev interpolation lemma will be used in this paper.

Lemma 2.4 ([21]) Let s,k >0 and > 0, then

1
[+1+s

[Vl = [V 1 s with 6=

(12)

3 Proof of Theorem 1.2
Rewrite problem (1)—(2) as

h — va Al + vy A%h + v A|VH|?
=3V - [(Vh+ [ 2w0) - (VR [ P22 w0) VH] + vs5|VH|?, (13)
h(x, 0) = ho(x),
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where wy is a unit vector. Assume that for sufficiently small § > 0,

[%57]
&)= Hu(t)”H[%] <4. (14)
Applying V¥ to (13),, multiplying by V¥4, and integrating over R, we deduce that

L P e e LT

:1)3/ vk{v.[(vm ”1+V2w0>-<Vh— v1+v2w0)Vh“~thdx (15)
R4 V3 V3

—v4/ Vk|Vh|2-VkAhdx+v5/ VXIVh|? - V¥hdx.
R4 R4

For the first term of the right-hand side of (15), applying the Kato—Ponce inequality, we

estimate as

O (N I B

= IV [(V}H /”””2 ) (Vh— /"“’”2 ) }
<C”Vk+1h|| (H ( /v1+v2 ) /v1+v2w ”Vh”Ld
Vk<Vh— v1+v2wo> /U1+ 2. IVhIILd
V3
v |vas [T ”Zwo - /”1 e H | V50| o )
V3 Ld-2
< C||Vh||i@_1 ||v’<+2hHL2 <C&| Vk+2h||L2.
(16)
The second term of the right-hand of (15) satisfies
_u4/ VHIVH? - V¥ Ahdx < C| V2R 5 VAl | VR 20
R4 Ld-2 (17)
<CIVAI s, [V < V4R 3,.
Moreover, the third therm of the right-hand of (15) can be estimated as
1)5/ VKV - V¥hdx < C|V¥R| o VR 4|V 0| 20
R4 Ld-2 L2 Ld-2
< CIVAN oy, | V<] [ V20 s

< Co(|v*2hlz + [V ] ).

Page 4 of 9
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Combining (15)—(18) together gives

1d 2 2 2
5 7 |Vl v [V + [V (19)

< () (IV*2nl 2 + [0 2).

We close the energy estimates at each /th level in the weak sense. Suppose that N > 1 and
0 <!<m-1with 1 <m < N. Summing up the estimates (19) from k = [ to m, we arrive

at

d

— 2 AV 30 (19 e + [ VR0 )

dt
I<k<m I<k<m (20)
<G(5+8%) 3 (v k] + [ V*2h] ).

I<k<m

Since § > 0 is sufficiently small, there exists a positive constant C3 such that for 0 </ <

m-1,

d
5 2 IVl + Cs 30 (19 ] + [ V2] ) <o. (21)

I<k<m I<k<m

Define £"(t) to be Cis times the expression under the time derivative in (21). Hence, we

may rewrite (21) as
d
0+ (| VRU|2, + |VEh2,) <0, forO<i<m-1. (22)

Taking /=0 and m = [%] in (22) and integrating directly in time, we have

t
2 2 2
O s+ [ VRO e, + | RO 0 e -

(441
<C&* (0)§C||ho||2[@]~
H' 2

Then by a standard continuity argument, this closes the a priori estimates (14) if at the
(4

initial time &, * ' = ||k |? (41 is sufficiently small. This in turn allows us to take / = 0 and
2 n

]
m = N in (23) and then integrate it directly in time to obtain (4).

4 Proof of Theorem 1.3

In this section, we consider the temporary decay rate of strong solutions of problem (1)—(2)
provided that Theorem 1.2 holds. First of all, one need to derive the evolution of the neg-
ative Sobolev norms of solution to problem (13) (which is equivalent to problem (1)—(2)).

To estimate the nonlinear terms, we need to restrict ourselves to that s € (0, %’).
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Applying A~ to (13);, multiplying the resulting identity by A~/, and then integrating
over R? by parts, we derive that

1d
2dt

3/ A—s{v. [(vm Mw0>
R4 V3

x (w _ v a)o> Vh“ A ~hdx
V3

[ AR+ va A=A o+ v | A~V

(24)

—u4/ A’S[A|Vh|2]~A’Shdx+V5/ AZ|\Vh]* - A hdx.
R4 R4

First, we assume that 0 < s < g —1, then % + 5 < 1. Moreover, on the basis of Theorem 1.2,
we have ||Ah| ;2 + [|AVh| ;2 < C. Using estimate (11) of the Riesz potential in Lemma 2.3,
we find that

w;f A~|Vh)? - Ahdx
]Rd

<C|A~h| | AV,
< ClA=h] L NVAPI 2

L2%4d (25)
< C[A™h] L IVA VA 4

%—s—l

+Ss
| 12

_d
< C|A=h| LI VAl 2 ARl IV ARl

< C|Ah|,,(IVAIZ: + AR, + |V ARLZ,),
—v4/ AZ[AIVAP] - A hdx
R4

= Cla=n] s A aIvAE]

1

L2%d (26)
< C[A™h| LI AVAIL VA o

s

=Clazn|p[avar]

2—%+s

4 51
22 VAR

< C|A~h| LI AVl AR

< C|A7h| L (1 AR + IV ARIZ,),

and

\)3/ A"S{V~[<Vh+ ”1+"2w0).(Vh- U1+v2w0>Vh]}~A‘shdx

R4 V3 V3

AS{V-[(Vh+ v1+v2w0)~<Vh— U1+U2a)o>Vh:|}
V3 V3

=Clazh]

+
<A~ V-[(vm A ”20)0).(Vh_ ”1+”2w0>v14] 1
V3 V3 I.s
L2%4
+ +
§C||A‘Sh||L2<|A<Vh+ [t ”2w0> vh— 222000 1val .
V3 12 V3 1o Ls
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V1 +V V1 + Vv
(Vh— [t ) e 1A
V1 +V
| | Vh- AARRCIN ||Ah||Lz>
V3 Ls
_s 2—7+s 2 —s-1
< Cl A L (IAVAI VA g | AR, 1V AR,

—s—1
|2

+ 1 AVAI VA d+1]IIAhII “IvV AR

2-5+s —s—1
+ A, t IIVAhII2 IIVhII.[m]IIAVhIIH)

2—7+s

< C|A=H] (1A, AR 00 AR

244 —s-1 dys —s-1
+ VAN a1, 1 AR ’ ||VAh||2 +||Ah|| 2 ||VAh||2 ||Vh||H[d%1])

< ClA7h] o (1ABIL + 1V ARIL + IVAIP 41)- (27)
Combining (24)—(27) together gives

d
AR v AT AR + w | A= VA[L

(28)
< CATH| (1VRIGe + IV )
Define
E() = | ARO)|2s
Consider inequality (28), integrating in time, we find that
t
£ <EL0+ [ (IVhE+IVHI 4 )V dr
0 e (29)
< Co(l + sup \/E,s(t)dr>,
0<t<t
where we have used the inequality (4) in the above. It follows from (29) that
s 2 d
|A=h(@)|;, < Cor Vse 0,5 -1 (30)
Moreover, using Lemma 2.4, if / = 1,2,...,N — 1, we have
1+L
[V = CIASF 77 V']
Then, by this facts and (30), we get
1
[V hl = Co(| VRl 2) . (31)

Hence, for 1 =1,2,...,N — 1, the following inequality holds:

1
19/ -1 = Col(|V hlgpr) 7

Page 7 of 9
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Thus, we deduce from (22) with m = N the following inequality

d L
EEZNJrCO(g,N)“M <0, forl=12,...,N-1 (32)

Solving (32), we find that
EN() < Co1+t)™"s, forl=1,2,...,N-1. (33)

Note that the Hardy-Littlewood—Sobolev theorem implies that for p € [ﬁ, 2], I’(R3) C

H(R3) with s = d(i - %) e [o, % —1]. Therefore, based on Theorem 1.2 and (33), we obtain

dil 1 l
V') |, < CA+6)72%7 272, fori=0,1,...,.N-1, (34)

which complete the proof of Theorem 1.3.
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