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1 Introduction and the main results
In this paper, we study the fractional Schrédinger equation

(=AYu+u = ax)|ul?2u + b(x)|u|2u, w1
u € H(RN), '

where the fractional Laplacian (—A)® is defined by

(~AYW(x) = CN,SP.V./ wdy, v e S(RY),

RN |x _y|N+25

P.V. stands for the Cauchy principal value, Cy is a normalizing constant, S(RY) is the
Schwartz space of rapidly decaying functions, s € (0,1), N > 25, 2 < p < g < 2}, and 2 is the
fractional critical Sobolev exponent.

In the last few years, the time-dependent fractional Schrodinger equation has been stud-
ied extensively in the literature. It appears widely in optimization, finance, phase transi-
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tions, stratified materials, crystal dislocation, flame propagation, conservation laws, ma-
terials science, and water waves (see [5]). The standing waves have a wide range of applica-
tions in the real world. Musical instruments generally emit sound due to the standing wave
generated by the vibration of a string. In the nonlinear fractional Schrodinger equation,
the question of the existence and stability of the standing wave solution is an important
research topic. It has been applied in many areas of physics, such as constructive quantum
field theory, plasma physics, nonlinear optics, and so on. A basic motivation for the study

of Eq. (1.1) arises in looking for the standing wave solutions of the type
W(x, t) = e B y(x)
for the following time-dependent fractional Schrodinger equation:
) B N
e~ =¢ (APW + (V) +E)¥ —f(x, V), (x,t) eRY xR. (1.2)

Equation (1.2), introduced by Laskin [16, 17], describes how the wave function of a phys-
ical system evolves over time. Unlike the classical Laplacian operator, the usual analysis
tools for elliptic PDEs cannot be directly applied to (1.2) since (—A)* is a nonlocal opera-
tor. Cafferelli and Silvestre [6] developed a powerful extension method, which transfers the
nonlocal equation (1.2) into a local one on a half-space. Recently, Di Nezza, Palatucci, and
Valdinoci [9] gave a survey on the fractional Sobolev spaces, which are more convenient
for fractional Laplacian equations. Lee, Kim, Kim, and Scapellato [18] examined the exis-
tence of at least two distinct nontrivial solutions to a Schrodinger-type problem involving
the nonlocal fractional p-Laplacian with concave—convex nonlinearities. Since then, there
have been some works on the existence, multiplicity, and concentration phenomenon
of solutions to the nonlinear fractional Schrodinger equation (1.2) and other differential
problems driven by Laplace-type operators; see [1, 2, 7, 10-13, 15, 19-21, 25, 28-32].
When s = 1, (1.1) is the classical semilinear elliptic equation in RY with sign-changing
weight functions. Equations of this type have been studied extensively in recent years,
mainly on bounded domains. Below we briefly describe some of this work. Berestycki et

al. [3] studied the existence and nonexistence of positive solutions to the problem

—Au+mx)u =alx)u?, xec<,

Bu(x) =0, x € 0Q.

(1.3)

Here m and a may be sign-changing functions, 1 < p < 2*, Bu = u, and Bu = d,u (respec-
tively, the Dirichlet and Neumann boundary conditions). Brown and Zhang [4] considered
a problem similar to (1.3) by splitting the Nehari manifold into three parts correspond-
ing to local minima, local maxima, and points of inflection of the fibering map and then
looked for minimizers of the energy functional on the first two parts. De Paiva 8] studied
the problem

—Au=alx)u’ + \b(x)ul, xec<,

ulx) =0, x €08,

(1.4)
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where 0 < p <1< g <2* -1, a changes sign, and b > 0. He proved that there exists A* €
(0, +00) such that (1.4) has at least one nonnegative solution for 0 < A < 1* and there is no
such solution for A > A*. For an unbounded domain, we can mention Wu [27], who studied

the multiplicity of positive solutions for the concave—convex elliptic equation

~Au+u=fx)u’t +g,(ull, xeRN, L5)

ue H'(RN), '
where 1 < p <2 < g < 2%, the parameters A, u > 0, fi = Af; +f, (fr := max{0, £f}) is sign-
changing, and g, (x) = a(x) + ub(x). Here the author used the idea of Brown and Zhang [4]
mentioned above and has split the Nehari manifold into three parts considered separately.
See also [14, 24], where related (singular) problems with sign-changing weights in RV
are studied by similar techniques. To our best knowledge, there is no similar result for
nonlocal problem (1.2) with sign-changing weight functions, so in this paper, we will fill
this gap.

Our purpose here is to study the fractional Schrodinger equation (1.1). We are interested
in the situation where one of the weight functions a and b is sign-changing, and unlike the
papers mentioned above, we are mainly concerned with the existence of infinitely many
solutions. In what follows, we assume that a and b satisfy some of the following hypothe-
ses:

(H)) aeL’(RV)and b e L'(RN), where 1 < 25 < 27 1< A< %

(Hy) a,be L®RN),lim SUP|, 00 @(%) < 0, and limsupy, , , b(x) < 0.

(H3) b>0in RN, and the set {x € RN : b(x) > 0} has a nonempty interior.

(Hy) a<0inRY, and the set {x € RN : b(x) > 0} has a nonempty interior.

For example, a(x) = e sin x| and b(x) = e satisfy assumptions (H;) or (H,) and (H3).
a(x) = —e"* and b(x) = e™™ sin |x| satisfy assumptions (H) or (H,) and (Hj).

Our main results of this paper is the following:

Theorem 1.1 Assume that (Hy) or (H,) and (Hs) or (Hy) hold. Then problem (1.1) has

infinitely many solutions.

Under the assumptions above, we prove that the Nehari manifold is closed and of class
C? and that the energy functional corresponding to problem (1.1) is bounded below. When
(H1) or (H) is satisfied, we show that the energy functional satisfies the Palais—Smale con-
dition on the Nehari manifold, and then using some arguments based on the Krasnoselskii
genus, we establish the existence of infinitely many solutions for problem (1.1).

This paper is organized as follows. In Sect. 2, we describe the functional setting to study
problem (1.1) and prove some preliminary lemmas. In Sect. 3, we complete the proof of
Theorem 1.1.

2 Variational settings and preliminary results

We denote by | - |, the usual norm of the space IP(R3), 1 < p < 00, by B,(x) the open
ball with center at x and radius r, and by C or C; (i = 1,2,...) positive constants that may
change from line to line. By g, — a and a,, — 4 we mean the weak and strong convergence,

respectively, as n — oo.
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2.1 The functional space setting

Firstly, fractional Sobolev spaces are convenient for our problem, so we will give some
sketches on them; a complete introduction can be found in [9]. We recall that for s € (0, 1),
the fractional Sobolev space H*(R?) = W*?(R?) is defined as follows:

(]RS) {u GLZ(Rs) /3(|§|23|]:(u)}2 + |.7-"(u)‘2) dé < oo}
with the norm
- f (P Fa + | Fw)?) dt,

where F denotes the Fourier transform. We also define the homogeneous fractional
Sobolev space D%*(R?) as the completion of C5°(R?) with respect to the norm

1
|u(x) — u(y)|® 2
”I/l”DxZ (R3) (‘//I‘@XH§3 |x y|3+2s dx dy = [M]HS(RB).

The fractional Laplacian (—A)*u of a smooth function u : R? — R is defined by

F(AYu)©) = 1§ Fw)E), §eR

that is,

F(9)E) =

1 it
15X d
Q)3 / Pl

for functions ¢ in the Schwartz class. Also, (—A)*u can be equivalently represented as (see

(9

ulx+y) +ulx—y) — 2u(x)

|y|3+25 dy’ xERB’

(-AYu) = 50 /1; 3
where
(1-cosé&) -1
Cls) = ( 5 Wﬂjds) . E= (618 E).

Also, by the Plancherel formula in Fourier analysis we have

2 s
) = 18 2l

As a consequence, the norms on H*(R?)

2 3
Uur— / |u| dx+// Jutx) - u(yl dx dy) )
R3ES X —y3*%

U (/Rs(|s|25|f<u)|2 + |f<u)|2)ds>2,
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1
u—> </ |u|? dx + ||(—A)5u||§)2
R3

are equivalent.

For the reader’s convenience, we consider the space X := H*(RN) with the norm

1

s 2

llull = (/ |ua|? dxc + ||(—A)7u||§) ’
]R3

and we review the main embedding result for this class of fractional Sobolev spaces.

Lemma 2.1 ([9]) Let 0 <s < 1. Then there exists a constant C = C(s) > 0 such that
2 2
”u”LZ;‘ (RS) = C[M]HS(RS)

for every u € H*(R®), where 2; = 3 is the fractional critical exponent. Moreover, the em-

bedding X — L"(R®) is continuous for any r € (2,2¥] and is locally compact whenever
re(2,2}).

Lemma 2.2 ([22]) If {u,} is bounded in H*(R?) and for some R > 0,

lim sup/ |u,|*dx =0,
Br(y)

n—>00, g3
then u, — 0 in L"(R3) forall 2 < r < 2.

2.2 Properties of the Nehari manifold
Set X := H*(RN), and let A, B: X — R be defined by

Alu) ::f a(x)|ul? dx, (2.1)
RN
B(u) := /1;1\/ b(x)|ul? dx. (2.2)

Remark 2.1 Since 2 < p < q < 2%, itis easy to see that if (H;) or (H) is satisfied, then A, B €
C2(X,R).

It is clear that problem (1.1) is the Euler—Lagrange equation for the functional J : X — R
defined by

)= 3l - I% fR )l dx - ; fR bl ds 2.3)

By this remark the action functional / € C2(X,R), and its critical points are weak solutions
of problem (1.1). Moreover, for all #, v € X, we have

(' (), v) = /R N(-A)%u(-A)%vdx- /R y a(x)|ul?2uvdx — /R i b(x)|u|T >uvdsx.

Hence in the following, we consider critical points of I using the variational method.
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We first introduce the Nehari manifold associated with the functional J:
N = {u e X\[0}: /' (w), ) = 0} = {u € X\ {0} : lue]l® = A(w) + B(w) ).

Now we define the fibering map corresponding to u# € X\ {0} by setting «,,(¢) = J(tu), t > 0.
Then

t? 74 td
au(t) = = llull* - —A(u) - —B(w),
2 p q

and
o (t) = tl|ull* - P Au) — t7 B(u).
Moreover, tu € N if and only if o/ (¢) = 0.

Lemma 2.3 Suppose that either (Hy) or (H3) is satisfied.
(i) If (Hs) holds, then the equation o, (t) = 0 has only one solution t, > 0, provided that
A(u) > 0 or B(u) > 0. Moreover, J(u) >0 forallu e N
(i5) If (Hya) holds, then the equation o, (t) = 0 has only one solution t, > 0, provided that
B(u) > 0. Moreover, J(u) >0 for allu e N.

Proof Suppose (H3) holds. If A(u) < 0 and B(x) =0, then «,,(t) > 0 for all £ > 0. If B(x) > 0,
or B(u) = 0 and A(u) > 0, then «,, has a positive maximum.

Suppose (H3) holds. Since now A(u) <0, «,,(t) > 0 for all £ > 0 if B(x) <0, and o, has a
positive maximum if B(x) > 0.

It remains to show that the equation o, () = 0 has at most one solution. Since «,(z,) > 0,
it will then follow that () > 0 for all u € V. Let &), (¢1) = ), (£2) = O for 1,2, > 0. We have

) = &2 Au) + 2 B(u)

and
lel)® = &7 Au) + £ B(u).
Therefore
(&2 =87 ul® = (a2 (] — £57) Bw). (2.4)

From (2.4) we see that either ¢; = £, or B(u) < 0. However, in the second case, «; is never 0

under our hypotheses. O

Lemma 2.4 Suppose that (Hy) and either (Hs) or (Hy) is satisfied. Then the Nehari mani-
fold N is a closed C?-manifold. Moreover, N is bounded away from zero.

Proof Let u € N. Then from the Sobolev and Hélder inequalities and (H;) we have

lloel® = A(w) + Bw) < lal,|ul,, + |blslull, < Cilal |ull? + Clblllull?, (2.5)
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where ' = 75, s = %7, and Cy, C; are positive constants. Since 2 < p < g < 27, inequality
(2.5) implies that the Nehari manifold is bounded away from 0.
Now we show that it is a closed C?-manifold. Define v : X — R as

¥ () = (' (), u) = lul® - A(u) - B(w).

By Remark (2.1), ¥ € C*(X,R)M and by the definition of ¥, " = ¥»"1(0)\{0}. Since N is
bounded away from 0, N is closed. If we show that every point of N is regular for v,
THEN the proof will be complete. Let u € N = ¥~1(0)\{0}. Then

llell* = A(u) + B(u) (2.6)
and

(V' (@), u) = 2|1ull* - pAw) - gB(w). (2.7)
It follows from (2.6) and (2.7) that

('), u)= 2= p)llul® + @ - q)B@w). (2.8)

Since, according to Lemma 2.3, B(x) > 0 if u € V, the right-hand side of (2.8) is negative.
Hence every point of N is regular for . O

Lemma 2.5 Suppose that (H,) and either (Hsz) or (Hy) are satisfied. Then the Nehari man-
ifold N is a closed C*-manifold. Moreover, N is bounded away from zero.

Proof Consider u € N and assume that a, b € L*(RY). Then by the Sobolev inequality we
have

el = Aw) + B() < |aloolualt + BlooluelZ < Cilalool|ull” + Calbloo 1], (2.9)

where Cy, C, are positive constants. Using (2.9), we deduce that A/ is bounded away from 0.
The rest of the proof is the same as that of Lemma 2.4. d

A functional I € C1(X,R) is said to satisfy the Palais—Smale condition at the level c € R
(the (PS).-condition for short) if every sequence {u,} C X such that

I(u,) > c and I'(u,)—0 (2.10)
admits a convergent subsequence. A sequence satisfying (2.10) is called a (PS).-sequence.

Lemma 2.6 Suppose that the assumptions of Lemma 2.4 or 2.5 are satisfied. Then u # 0 isa
critical point of ] if and only if it is a critical point of J | nr, and {u,} C N is a (PS).-sequence
for ] if and only if it is a (PS).-sequence for J| ar.

Proof 1t is clear that if u # 0 is a critical point of /, then u € . Let u € N By (2.8) we
know that (¥'(u), u) < 0, and therefore X = T,,N' & Ru. Since J' («)|r, = 0 by the definition
of \V, the conclusion follows. O
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3 Proof of Theorem 1.1
To prove Theorem 1.1, we need to recall the definition of the Krasnoselskii genus and an
abstract multiplicity result in [23]. A set F C X is said to be symmetric if F = —F. Let

¥ :={F C X : F is closed and symmetric}.

For F # () and F € %, the Krasnoselskii genus of F is the least integer # such that there
exists an odd function f € C(F,RN\{0}). The genus of F is denoted by y (F). Set y () := 0
and y (F) := oo if for all », there exists no f with the above property.

Theorem 3.1 ([23]) Suppose ] € C1(M,R) is an even functional on a complete symmetric
CY-manifold M C V\{0} in some Banach space V. Suppose also that ] satisfies the (PS).-
condition for all ¢ € R and is bounded from below on M. Let

P(M) = sup{y (F):F C M is compact and symmetric}.
Then the functional ] possesses at least y (M) < 00 pairs of critical points.
We first need some auxiliary results.

Lemma 3.1 Suppose that assumption (H1) holds. Then the functionals A and B defined by
(2.1) and (2.2) are weakly continuous:

A(u,) — A(uw) and B(u,) — B(u) asu, — u.
Moreover, A',B' : X — X* are completely continuous:
Au,) — A'(w) and B(u,) — B'(u) asu, — u.

Proof We only prove the lemma for A and A’; for B, B/, the proof is similar. Let «, € X and
u, — u. Using the Rellich—Kondrachov theorem, up to a subsequence, we have

U, —~u inkX,
uy, —>u inL{ (RY),2<1<2}, (3.1)

uy(x) —> ux) a.e. inRV,
Let w, := |u,|P2u, — |ulP~u. By (3.1) we get

wu(x) —> 0 a.e. inRN. (3.2)
Assumption (H;) and the Sobolev inequality imply

Wal 7T < Ci(|tul? + |ul?) € L7T (RV). (3.3)

The boundedness of {u,} in X, (3.2), and (3.3) imply that {|w,| =) } is bounded in L#1 (RN)
and up to a subsequence,

P

[Wal7T =0 in L1 (RY). (3.4)
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Now let v € X with ||v|| < 1. Using the Holder and the Sobolev inequalities, we deduce that

|(A/(u,,) —A/(u),v>| = ’/}RN a(x)w, dx

p-1

< (AN|a(x)||v|de)" (fRN}a(xmwA%)p
<t s ([ Jawliw, 77

1 v
< Clal? vl (/ |a(x)|[w| T
RN

1 2 \7
< Claly (/ |a(x)|lwn|1’1> ,
RN

where C > 0 is a constant. Since |w,,|14’%1 — 0 in L*1(RY) and 4 is in the dual space of
L#1(RN), the right-hand side above goes to 0 uniformly with respect to ||v|| < 1, which
this implies that A’ is completely continuous. By the definition of A,

Au) = 1<A’(u), u)
p

Thus

1

Au) - Au,) = 1<A/(u),u> (A/(u,,), un> —0
V4 V4

by the complete continuity of A". This proves the weak continuity of A. d
Let
a*(x):= max{O,a(x)}, a (x):= max{O, —a(x)}, (3.5)

and define b*(x) similarly. Also, put

Ai(u) = A;N a® (x)|ul? dx, Bi(u) := /]RN bE(x)|u|? dx.

Lemma 3.2 Suppose that assumption (H;) holds. Then A, , B, are weakly continuous, and
A, B, : X — X* are completely continuous.

Proof We only prove the lemma for A,, A’ ; for B,, B, the proof is similar. Let u, € X and
u, — u. Using the Rellich—-Kondrachov theorem, up to a subsequence, we have

U, —u inkX,

u, —u inLi (RN),2<1<2}, (3.6)

uy(x) > u(x) ae. inRY,
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As in the preceding proof, let w, := |u,|P2u,, — |ulP~>u. We see from the Krasnoselskii
theorem (see [26]) and (3.6) that

b
wy, —0 inL{ ' (RV). (3.7)
It follows from (H;) that for any ¢ > 0, there exists R > 0 such that

a*(x) <& whenever x| > R. (3.8)

Using the Holder and the Sobolev inequalities and (3.7), we obtain

p-1

r a 117
§|“+|oo</ Iwnlf"ldx) (/ IVI”dx)
|| <R |x|<R
o N\T (3.9)
§C1<f |wn|p1dx)
|x|<R

-0

sup
Ivii=1

/ a*(x)w,vdx
[x|<R

as n — 00. By inequality (3.3), {w,} is bounded in LI%(]RN), hence inequality (3.8), the
Holder and the Sobolev inequalities imply that there exists a constant C, > 0, independent
of ¢ > 0, such that

/ a*(x)w,vdx
|x|>R

Using (3.9) and (3.10), we deduce that

sup < Cye. (3.10)

Ivi<1

sup {(Ai(u,,) - A (), V)| = sup / a® (x)w,vdx| — 0.
Ivi=1 Ivil<1] /RN
Since
1 /
A+(u) = —(A+(M), M),
p
we see as in the proof of Lemma 3.2 that A, is weakly continuous. O

Lemma 3.3 Suppose that (H;) or (H,) and (Hs) or (Hy) are satisfied. Then the functional
] satisfies the (PS).-condition on N for all c € R.

Proof Let c € R, and let {w,} C N be a (PS).-sequence. Then
lle6all® = A(u4,) + B(st) (3.11)
and

]/(Lt,,) — 0, J(u,) — c.
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If (H3) holds, then B(x) > 0, and we have, using (3.11) and the boundedness of J(u,,),

c+1>]J(u)

1 1 1
= —|lul®* - =A(u) - —B(u)
2 p q

3.12
=(%—1)WW+(3—1)mm .
p r q

for all # large enough.
If (Hy) holds, then A(u,) <0, and using (3.11) again, we have

c+1>J(u)

1 1 1
= —|lul* - =A(u) - —B(u)
2 p q

(3.13)
-(5-3 )= (5 - Jaw
q p q
z(%—lymw
q

for all n large enough. Hence in both cases, {u,} is a bounded sequence. So there exists
u € X such that passing to a subsequence, u,, — u. Since J(u,) — 0, it is easy to see that
J(u#) = 0, and it follows that

(/' () = J' (), tty — 1) > 0
or, equivalently,
N2t — uall® = (A () = A’ (), — 1) = (B () — B' (), — 1) — O. (3.14)

If (H;) holds, then by Lemma 3.1, A’(u,,) — A’(«) and B'(u,,) — B'(u). Thus from (3.14)
we get u,, > uin X.

If (H>) holds, then since the function u > |u|* is convex for ¢ > 2 (in particular, for ¢ = p
and q), we have (|v|"2v — |u|"2u)(v — u) > 0. Therefore, using (3.14), we have

”un - MHZ - (A:.(un) - A (u): Up — M) - <B/+(L£,,) - B:_(u), Up — u)

= ”un - u||2 - (A/(un) —A’(u), Uy — Lt) - (B/(un) - B,(L{), Uy — Lt)

— 0.
Since A’ (u,) - A, (u) and B, (u,) — B, (u), we see that u, — u in X again. O

Proof of Theorem 1.1 By Lemmas 2.3-2.5 and 3.3, \V is a closed symmetric C*>-manifold,
J(u) > 0 for all u € \V, and J satisfies the (PS).-condition on NV for all ¢ € R. If we show that
for any j > 1, there exists a symmetric compact set F; C N such that y(F;) > j, then the
conclusion will follow from Lemma 2.6 and Theorem 3.1.



Chen and Jin Boundary Value Problems (2022) 2022:86 Page 12 0f 13

Letj > 1, let X; be a subspace spanned by j linearly independent functions vx € C3°(RY)
with supp v C {x € RN : b(x) > 0}, and let

St=XNn{xeX: ul =1}

Then we have B(x) > 0 for all u € §71, and it follows from Lemma 2.3 that the equation
a,(t) = 0 has exactly one solution ¢, € (0,00). Hence the mapping ¢ : ! — N given by
@(u) := t,u is well defined, and it is obviously odd. If it is continuous, then F; := ¢(5!) is
homeomorphic to §71, and it follows from the properties of genus that y (F)) = y(97!) =}.

We need to show that u > £, is continuous. An easy computation shows that if the
(necessary and sufficient) conditions for the existence of ¢, given in Lemma 2.3 are satis-
fied, then «,(¢) < O for ¢ = t,,. Hence the continuity of ¢, follows from the implicit function
theorem. O
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