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the approximation difference in a suitably weighted space H! (R) is of the order of the
damping coefficient and of some kind of exponential weight form. As a comparison,
we also study the long-time behavior stability, i.e, for 0 < t < +o0, the solutions are
approximated by a long curve on the family of solitary waves with the exponential
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depends on the damping coefficient € and the exponential decay coefficient 8.
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1 Introduction
This work mainly considers the long-time and long-time behavior stability for the weakly

damped one-dimensional Korteweg—de Vries (KdV) equation

_ 1,2
ut—_ax[uxx+ Qu ]—eu, t>0’xe]R’ (11)
u(x,t) = u(x,0), t=0,x eR,

where 0 < € < 1 is a small damping parameter.

The authors in [1] first derived the KdV equation as a model for planar, unidirectional
waves propagating in shallow water in 1895. Then, the authors in [2, 3] considered the
KdV equation to feature wave motion for many other physical situations. Meanwhile, the
initial value problems were studied in [4, 5] for the undamped KdV equation (i.e., € = 0)
and in [6-8] for the damped case (i.e., € # 0). They showed that, in both cases, the solution
u(x, t) of the initial problem satisfies, for V¢ > 0, u € C([0, t], H2) N C*([0,t], H™!) and e**u €
c([o,¢], H')n C([0,¢], H3).
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To give a more explicit picture, we describe the undamped and damped KdV equations
separately.
Undamped Case: If € = 0 in equation (1.1), one can define the Hamiltonian

L 13
H(u)_42|ux| 6” dx, (1.2)

and the impulse functional (see [9, 10])
1 2
T(u)=— | u dx. (1.3)
2 Jr

Obviously, the profiles of traveling-wave solutions of the KdV equation are critical points
of the Hamiltonian H for fixed values of Z, namely, relative equilibria (see [4]). The family
of all traveling-wave profiles is called the manifold of relative equilibrium (MRE), which
is the two-dimensional manifold of the form u(x, ) = u.(x —ct + y) forall¢> 0, y e R. In

addition, the profile of the solitary wave conforms to u.(y) — 0 as |y| — oo, i.e.,
2 . 1
uc(y) = asech’cy witha =3¢, ¢ = 5\/2, (1.4)
which uniquely (up to the space translations) satisfies the equation (see [11])

—8§uc+cuc— %uf =0. (1.5)

A solitary wave has a permanent phase shift or a different speed when a solitary wave
acquires a small perturbation. Therefore, the orbital stability of solitary waves was intro-
duced in [12-14]. Weinstein in [15, 16] and Bona, Souganidis, and Strauss in [17, 18] as-
serted that a solution that is initially close to a solitary wave u.(x — ct) in the Sobolev space
H(R), will forever remain close to the set of translates u.(x — ct + y) of the wave. More

precisely, for sufficiently small § > 0, one has
inf||u(~, t) —u(-+ 7/)HH1 <38, V>0, (1.6)
2

if the same quantity is small at the initial time ¢ = 0.

In particular, Pego and Weistein showed the asymptotic stability of the traveling wave in
[9] that if u(x, £) is initially a small perturbation in the weighted norms space H*(R) N H}(R)
of a given solitary wave u.(x — ct + y), then

||u(x, £ —ue, (x—cit+ y+)| — 0 ast— +00, (1.7)

|H2 (R)NHL(R)

for some ¢, near ¢ and y, near y. Here, the exponential weights are of the form e* (a > 0)
as follows:

Ly = {vle?ve LX(R)} with |[v]|,2 = [e”v],,, (1.8)

H, ={vle”ve H'(R)} with Vil = le®v] - (1.9)
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Damped Case: If € # 0 in equation (1.1), one can deduce

%I(u) = (I/(u), O H(u) - eu) = (I'(u), Bx'H(u)) - (I’(u), eu)

=—€ A udx = -2¢Z(u), (1.10)

where 0,H(u) = —0c[ther + %uz]. Clearly, Z(u(t)) = Z(u(0))e>*. This implies that
limy_, 400 Z(14(¢)) = 0 and lim,—, , u(¢, %) = 0 almost everywhere in R.

The authors in [19, 20] used the symmetry group to reduce the energy momentum and
then obtained the stability of relative equilibria. In [21, 22], the authors analyzed the spec-
trum property of the self-adjoint operator generated by an energy functional, and then
they found sharp conditions for the stability and instability of solitary waves or multisoli-
tons. Specifically, Derks and Groesen in [23] considered the damped KdV equation in the
bounded periodic domain x € [0, 27]. By applying the implicit theorem, they constructed
an energy-decaying manifold M, ~ O(e %), which is related to the damping coefficient ¢,
and then they obtained the long-time behavior stability of solutions near the constructing
manifold M., where the approximation difference is O(ee™2*).

Here, inspired by the ideas about the spectral analysis given in [9] and the construction
of the energy-decaying manifold given in [23], we study the long-time and long-time be-
havior, respectively, for the weakly damped equation (1.1) in the whole space x € R. Our
first result is about the long-time behavior:

Theorem 1.1 Let u.(x —ct + y), ¢ >0, y € R, be the solitary-wave solutions of the un-
damped KdV equation (1.1) (namely € = 0). Then, considering the initial problem for the
weakly damped (0 < € < 1) KdV equation (1.1) with data

u(x,0) = uey (x + yo) + vo(x), (1.11)

if the perturbation vy € H* 0V H with |volly + ||volly1 < €, then for 0 <t < T(= O(L£)), we
have

|, 0) — e ue(- —ct+ y)| o < Ce' ™,

|u-+ct—y,t)—euc||,n < Cee,
’ (1.12)
it .8y b < Cel-ree 0,

|c(t) - co| <Ce"™” and |y(t) - yo| < Cel™%,

where 0 < a < \/g, T< %, C are constants.

Remark 1.1 1. The restriction 0 < a < \/g is imposed in Theorem 1.1 since the expression
a(c — a®) is maximized at a = \/g (see Proposition 2.5 in Ref. [9]).

2. It is natural to expect the solution to approximate the initial solitary wave as long
as possible if the initial value has a slight perturbation. However, (1.10) implies that all
solutions will vanish as ¢ — +00. Hence, it is valid to consider the stability near the initial

solitary wave in the long-time period 0 <t < T = O(Ei,) satisfying that 0 < € < 1, 7 < %,
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where T = O(},) means the same order T ~ }, and the restraint on the quantity ei, follows
from (2.35).

3. To analyze the property of the damping condition and solitary wave, the solution to
equation (1.1) will be formally expressed in the form

w(x, £) = € - gy (x + G(t)) + V(x +0(p), t), (1.13)
where 0(t) = y(t) - fot c(s)ds and the leading (dominant) term u.)(x + 6(¢)) is an exact

solitary-wave solution of (1.1) with € = 0, when c(t), y(¢) are just near the initial ¢, y.
4. Substitution of (1.13) into (1.1) yields an equation of the form

0pv = OyLpyv — €v — (COc + ¥ 0y ther) + S(Ueie), V), (1.14)
where J(u.(, v) will be given in (2.6) and
Lo=—0] +c— it (1.15)

Meanwhile, differentiating (1.5) with respect to y and ¢, we know that the operator 9,L. in
L? is degenerate, i.e.,

Oy Ledyue =0,  0)Ldt, = —dye. (1.16)
These give rise to solutions d,u, and d.u, — td,u, to the linearized problem
0sv = 0yLv. (1.17)

5. Asin References [16, 24], to obtain more exponential decay, it is appropriate to require
that the right-hand side of (1.14) is orthogonal to the 2-dimensional generalized kernel
of the adjoint of 9,L.. These constraints yield two coupled first-order differential equa-
tions for ¢(¢) and y (¢) (called modulation equations), which are coupled to the infinite-
dimensional dispersive evolution equation for v(-, £).

Next, we discuss the long-time behavior stability of solutions. In contrast to the restric-
tion c¢(t) near ¢y given in Theorem 1.1, we need that c(¢) decays exponentially to zero as
t — +o00. This is presented as follows:

Theorem 1.2 Let u.y)(y), y =x— fot c(s)ds + y (t), be the solitary-wave solutions with c(t) =

coe PY0 < B < 1), of the undamped KdV equation (1.1) (namely, € = 0). Then, considering
the initial problem for the weakly damped (0 < € < 1) KdV equation (1.1) with data

u(®,0) = e, (% + ¥0) + vo (%), (1.18)
if the perturbation vy € H*> N Hy with ||vollp + Vol < €, then for 0 < t < +00, we have

() — e uc(- —ct + y) ||H1 < C(e +m(e, B, 1))e, (1.19)
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where C is a constant and m(e, B, t) depends on €, 8, and t such that

Oe/t), 0<t<]1,
m(e, B,t) = (et (1.20)
O(ﬁ), 1<t<+o0.

Remark 1.2 Note that here it is impossible to consider the long-time stability of solutions

in weight space H} as in Theorem 1.1, since a — 0 as £ — +oc follows from a < ,/ % and
c(t) = coe P (0< B <1).

Remark 1.3 The approximation exponent given in (1.12) of Theorem 1.1 and (1.19) of
Theorem 1.2 strictly depends on the damping coefficient €. This is in sharp contrast to the
asymptotic stability (1.7) with the exponent weight emale=a)t of decay given in Reference

[9]. In other words, the weakly damped term will dominate the exponential decay rate.

The rest of this paper is organized as follows: In Sect. 2, we justify the representation
(1.13) of the solution for nonlinear equations, and derive the equation of motion of the
new variables (c(£), y (t), w(y,t)). Moreover, we study the long-time behavior to finish the
proof of Theorem 1.1. In Sect. 3, we also justify the new representation (3.1) and prove
Theorem 1.2 for the long-time behavior stability. In the Appendix, we review the spectral
analysis and certain smoothing and exponential decay estimates of the linearized operator
d,L, in (1.14).

2 The long-time behavior stability

2.1 Decomposition of the solution

Due to the weak damping term, we use time-dependent tubular coordinates in a neigh-
borhood of solitary waves and skillfully represent solutions of the initial value problem
(1.1) in the form (see also (1.13))

u(x, t) = e_Etuc(t) 0/) + V()’: t)’ (21)
where
¥ =y =5 /0 (s)ds + v (2) 22)

and u.()(y) belongs to the family of traveling waves.
In order to achieve exponential decay for the perturbation v(y, t) in the weighted space

H}, we wish to impose the constraint that
w(y, t) = e?v(y, t) € range(Q) = ker(P), (2.3)

where the projections P, Q are given in Proposition A.2 (see the Appendix). This require-
ment corresponds to the two scalar constraints (w, nx) = 0, k = 1,2, cf. (A.14), which fol-
lows the modulation equations, namely, two coupled first-order differential equations for
c(t), y(t)ast>0.

As this point, let us begin the proof of Theorem 1.1.
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The solution u(x, t) of the initial problem (1.1) satisfies, for V¢ > 0,
ue C([0,t], H*) N C'([0,¢], H™), e“ue C([0,¢], H') N C'([0,¢], H™®). (2.4)

Moreover, u is a classical solution of (1.1) for ¢ > 0. Given the initial data in (1.11), if the
perturbation ||vy|| Hl is sufficiently small, it is easy to prove decomposition (2.1) exists in
[0,t], with (y,¢) € C1([0, ], R?).

We now derive evolution equations for y (¢), c(¢), and v(y, ) that are valid pointwise for
¢ > 0. Substituting (2.1) into (1.1), we have

3 L,
0 =0+ 0,u+ 0 Eu +€u

= [at + (y - C(t))ay + af](e_étuc(t)(y) + V)

+, %(e-“ucm(y) +v(0,0))" |+ (e e 0) + v 1)

= (B + (¥ —c(®)0y + ) v + (3 + (¥ — c(0)) 9y + 3] ) e ste() (9)

+, %(e’“um(y) v, 0)” | + e[euan ) + v, )]

= (0 + (y —c(®)0, + 8;)1/ +(0+ (y —c(0)0, + Bys)e’“uc(t)(y)

1, . 2] e
+ 0y 5(6 ey () + V(1)) | + €€ uen () + €v(y,t)

. e - e Ou,
= (0 + (y — () 0y + 8;’)1/ + {yaye Cuten(y) — €€ Uy (y) + e ”Ec + e O ()
1
+ Byse“uc(t)(y)} + By[i(e“ucm(y) +v(, t))Z] +ee uy(y) + ev(y,t)
° 3 . —€t —€t ou,
= (0, + (v — ()0, + By)v+ yoye Cuy(y) +e 3¢
1
+ e (0ptter) () + Bys U () + 8y|:§ (e ey (y) + vy, t))z} +ev(y,t)
. 3 . —€t —€t au .
= (0, + (v — ()0, + By)v+ yoye Cuy(y) +e 3¢
1
+e 0y (—c(Oucr () + Byzuc(t)(y)) + 8y|:§ (e “uery(y) + vy, t))2:| +ev(y, t)
° 3 ° —€t —€t ou,
= (0, + (v — ()0, + By)v+ ev(y, 1) + ydye upn(y) +e P
—et 1 2 1 —et 2
+e —iay (Mc(t) ()’)) + 0y 3 (e uery(¥) + v(y, t))
d
= (0, + (v — ()0, + 83)1/ +ev(y,t) + 0y (ueyv) + Y 9y Lute(y) + e_“a—ué
c

+et (—%Eg(wm ()/))2> + By B (€™ uety ) + v, t))z] ~ 0y(ugyV)

d
= (0, + (v — ()0, + Byg)v +ev(y,8) + 0y (ueyv) + ¥ dye Cuen (y) + e‘“a—ué
c
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1 1 1
+0y [Ee—zauz +euv + Evz - e‘“iu2 — U, v:|. (2.5)

Hence,

d
dv = 8y[—8y2 +Co— Ugy [V — €V — e‘“|:)?8yu + ca—z:|

1 1
= 0y[(y —c(®) + co)v] - 8y|:—e_2”u2 ey + 51/2 - e‘“§u2 — U, V]. (2.6)

Now, w(y, t) = e?v(y, t) satisfies (and set A, = €9, L e with L, = —83 + €0 — Ugy)
ow=A,w—ew+7g, (2.7)

where we write
§=—e"e”(co, + y0y)ucy — yeP o, e ®w+ F,

1 1
F =e"0,(c(t) —co)e™w— e“yay[iezduz - e“iuz]

1
- e, [e‘“uv + Evz - ucov] (2.8)

1 1
= e, (c(t) — co)e Pw - e“y8y|:§e_2”u2 - e‘“iuz]

1
ay —€t 2 —€t —€t
- By|:e uv+—2v —e uCOV+(e —l)ucov .

Meanwhile, (2.4) implies that this equation is initially justified in C([0,¢], H~3), but also
holds in C([0, ¢], L?) and moreover is pointwise. The constraint w € range(Q) in (2.3) now

yields the following system of evolution equations for (w, y,¢):
ow=A,w-ew+QgF, PF=0. (2.9)

Weritten as an integral equation, the initial value problem for (2.9) becomes:

t
w(t) = 4w (0) + / A=) % (s) ds. (2.10)
0

The equation P§ = 0 yields equations for y, ¢ as follows. Introduce the notation

ei(y,t) =¥ (ay”dt) ) = dyue, ()/)),
62()/: t) =e? (acuc(t) ()’) - acl’lco (J/)),

(2.11)

and note that (e?d,e™®w,nr) = —(v,9,7x) for k = 1,2, by integration by parts. Then, by
(A.14), the condition PF = 0 is equivalent to

0=(y[e“E1+e)+ Oy —a)w]+ce (& +e) - Fome)y k=1,2. (2.12)
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Using the biorthogonality relation (£j, k) = 6, we obtain a system of equations for y (¢)

and c(¢):

ap (V) = (m (2.13)

4 (F,m2)
and
—et —et _ o€t -t —€t
A() = e_d +e ey, n_ljt e ~(v, 8{?;)’6_“(62’ n1) ' (2.14)
e ey, m) —e v, 0,12), 67" + e~ ez, m2)

The matrix 2A() satisfies

A(t) = eI+ O(|c(t) — co| + Ivllz2)  as|c(t) = co| + lIvIl2 — O. (2.15)

In order to obtain reversibility of the matrix 2((), in some sense, we need the term e /] ~ I.
In other words, it is possible to consider stability in the long-time period 0 <¢ < T = O(}r)
(given in (2.35)) instead of the long time “t — +00” Otherwise, eI — 0 as t — +00.

2.2 The long-time behavior
In order to complete the proof of Theorem 1.1. It remains to establish the priori estimates
from the evolution equations in (2.10)—(2.13). We have

Proposition 2.1 There exist §, > 0, €9 > 0, C > 0 such that, if the decomposition (2.10),
(2.11), and (2.12) exists for0 <t < T = O(},) withO0<e K 1,7< % and satisfies

WD), + |eO) = col + |, <60 0= T= o(ei) (2.16)
and if the perturbation ||voll 1 + I[Volly < € < €9 in (1.11), then

| w(d),0 <Ce, 0<r<T= o<€i>

@),y Ce' T, 0<e<T= O(E%),

|c(t) —co| < Ce'™**, 0=<t< T=O<Eir), (2.17)

ly(®)—yn| <Ce'™, 0<t<T-= O(Eir),

v, D) ,p <Ce™*, 0<t=<T= O<€ir)

Proof The proof follows the two stages as given in Proposition 4.1 in Ref. [9] but with
different detailed estimates.

(i) Local energy-decay estimate: Estimates of the weighted perturbation, w(y,f) =
e“v(y,t), in H 1 via the integral equation (2.10), the modulation equation (2.13), and the
linear semigroup estimates of Lemma A.2 (see the Appendix).

Page 8 of 26
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If §, is sufficiently smalland 0 < ¢t < T = O(},), then 2A(¢) defined in (2.13) has a bounded

inverse, so we may estimate (2.13) to find
171 +lel < CllF 2. (2.18)

From (2.8), using that e?” d,e* = 9, — a and the expression (1.4) (or the following estimate

(3.19)), we obtain the estimates

I < C>I7 1+ Wl ) + 16l + 1 F N2 < C+ Wl ) IF 2,
I1FNlz2 < C[(|e®) = co| + IVl + (1= e )) Iwln, + (67— e7>)] (2.19)

<C(+ (1—e)) Wl + Ce = 7).

Now, we may choose b, b’ with b+ € < b’ + € <a(c - a®) + €, such that b, ¥/, satisfies the

condition of Lemma A.2. We may then estimate (2.10) as follows, for ¢ > 0:

[w®]

t
<Ce "+ | w(0)| . + C / (t—9) eI Pl 2 ds
0

t
< Ce*(b’+e)t||w(0) ||H1 + C/ (t _S)—I/Ze—(b’+e)(t—s)(1 3+ 6*)
0
x [ (8 + (1 =€) ||w(s) ||Hl +(e7 —e7>)] ds. (2.20)
Now, define

M,, ,(t) = sup elb+e)s ”w(s) || (2.21)
0<s<

<s<t

H

where the variable b is constrained in Remark A.1 (see the Appendix).
Then, multiplying (2.20) by e+, we find, for ¢ > 0,

P |we)]

< Ce(b+s)te—(b/+s)t ” W(O) HH1

t
+ C/ (t_s)—l/Ze—(b/Jre)(t—s)(l + 3*)(8* + (1 _ e—es))e(lﬂe)t “W(S) ||]-[1 dS
0

" C/t(t _ S)—l/Ze—(b’+e)(t—s)e(b+e)t(e—es _ 3—265) ds
0
< Ce " w(0)] 1

t
+ C/ (t—5) e 91 1 5,) (5, + (1 - e))elbralt=s)elbros [w(s)| 1 ds
0
t
+ C/ (t _ S)—1/26—(b/+e)(t—s)e(b+s)t(e—es _ 6—265) ds
0

t
< w01 + Co.Mus0) [ (6=5) 200 as
0

Page 9 of 26
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t
+ C/ (t_s)—l/Ze—(b’Jre)(t—s)(l _ e—és)e(b+e)(t—s)e(b+e)s ”W(S) ” ldS
H
0
t
i Cf (f _ s)—l/Ze—(b’+e)(t—s)e(b+e)t(e—es _ e—Zes) ds
0
t
< Cwl0)] y + C8.Mius(®) / (£ = )72 s
0
t /
+ CM,,(£) / (t —s5) 2 WD) (1 =) ds
0
t
" C/ (t - S)—1/26—(b’+e)(t—s)e(b+e)t(e—es _ 6—265) ds. (2.22)
0
It is sufficient to estimate the terms A(e) £ fot (t — 5)"12e~'-D)(t=9) (1 _ ¢=¢5) ds and By (€) £
f(f (t — )12~/ +e)t=s) (bre)t (o=€s _ =265) g in (2.22) above. We first deal with the latter term
Bb (6)
t
By(e) = / (t—s)2 e (brelt=9) flbre)t (gmes _ 25 g
0
t
_ / (t— S)-% o (U -D)t=s) bre)s ( e _ e-zes) ds
0
¢ 1 /
= / (t—-s)2e ’b)(H)ebs(l - e*s) ds. (2.23)
0
If we set b = 0in (2.23), Bp-o(€) = A(e). The substitution ¢ — s = ¢ yields
¢ 1 /
By-o(€) = A(e) = f (t—-s)2e "D (1 - ™) ds
0
¢ 1 ’
= / (t—s)2e” @09 (1 ) ds
0
¢ 1 /
= / (t-s)2e? (1) ds
0
¢ 1 ’
= / et (1 e t) d. (2.24)
0

Considering the long-time point ¢ £ Ty(= O(?)) in the first instance, we have

S(1-e"e)e ds. (2.25)

Page 10 of 26
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Due to lim_, ¢+ et = 0, integrating (2.25) by parts, we have

T
. 1Y _ _1
0< llmf s 2e €s(l—e’es)e 2 ds
0

e—>0*

1 [T 1 Y
< lim 26‘7/ s 2e €%ds
0

e—0t
: 11 ¢ v [*1 v

= lim e 2{s2e <’|j+— | s2e <°ds
e—>0*t € Jo
o, s T

= € =V, .
lim b'e™2 s2e €°ds=0 2.26
e—>0" 0

where the last inequality follows from the monotone theorem and the fact that
lime_or 3¢ %3 =0, Vs € [0, 7].
After derivation to € of Bj_o(¢) defined in (2.24), we have

—o(€) = /OT s_%e‘h?/s(l - e‘fes)e‘% ds — /: s_%e‘h?/s(l - e‘fes)e‘% -b'sds. (2.27)

Similarly, as (2.25) and (2.26), it is easy to deduce

elir%)l+ B,,_o(€) =0. (2.28)
Therefore, one can deduce

|Bp-o(€)| < C(m)e™, V¥meN. (2.29)
Hence, inserting (2.29) into (2.22), we have for b =0,

e w(e) |1 = e WD) o < Cl[w0)]| 1 + C(8s + €™)Myppo(To) + C(m)e™. (2.30)
Taking the supremum over 0 < ¢ < Ty(= O(f)), we find that if §, is sufficient small, then

My, p-0(Tp) = . supT e\ wt) | 1 < Cw(0)||,;1 + Clm)e™. (2.31)

Next, we estimate |c(¢) — co|. Using (2.18) and (2.31), we find that

|c(t) - co
< |e(0) - co +/0 |&(s)| ds
= |C(0) - Co| +/0 C[(|C(t) —c0| + VIl + (1 —e_“))||w||Hl + (e—es _ e—zes)]ds
= |C(0) - Co| + C(S* + /(;t(ees - e’z“) ds)Mmb:O(t) + /Ot(e“ - 3*2“) ds

e 2t _2e ¢t 11
)Mw,b=0(t) e (2.32)

e 2 _ 2t + 1

§|c(0)—c0|+C<8*+ o
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For fixed ¢, we have

e 2t et 4 1

lim ——— "~ . (2.33)
e—>0* 2¢e
However, if we consider (2.33) on the long-time point To(= O(7)), we know that
e2To _9e=€To 4 1 e 2T _2e T 41
lim = lim = 00. (2.34)
e—0* 2¢€ e—>0* 2¢€

To obtain a small estimate |c(¢) — co|, we need to consider the more appropriate long-time
point t 2 T(= O(ei,)) (clearly, < Ty). Meanwhile, the estimates (2.24)—(2.31) are still valid
in the short long-time period 0 < ¢ < T'(= O(ei,)).

By calculating, in the new long-time point ¢ £ T'(= O(}T)), one can deduce that

T *
€
lim (e‘“ - e‘z“) ds~ lim (e_“ - e‘zes) ds
e—0* 0 e—>0* 0

T

1-t 1-
e e 41

= lim

e—0* 2e
i =D AT

e—0* €T

. (1--e7)

= lim

e—0* €T
i Lm0
B ei)O* €2r-1
= e]_i>n01+(1 - r)z(e_elfr)el_zr. (2.35)

Obviously, it is sufficient to choose 7 < % such that lim,_, o+ fo‘lr (€72 — e7*%) ds = 0. Simi-
larly, the fourth estimate of (2.17) holds.

Conversely, in the new long-time period 0 <t < T(= O(},)), we return to estimate the
term B, (e) with choosing b = €7 in (2.23) instead of b = 0 in (2.24). This supplies that the
quantity e« | w(t)||;n (ie., (2.22) with b = €7) has more exponential weight decay than
eHlw@) |l g, (ie., (2.22) with b = 0), that is

t
Bbzgr (E) = / (t — S)_%e_(b/*'f)(t—s)e(b%)t (e—és _ e—2es) ds
0
¢ 1 /
= / (t — 5) 2¢O -D(E=9) glbre)s (e—es _ e—zgs) ds
0
t 1 /
= / (t-s5)2e _b)(t_s)ebs(l —e)ds
0

t
= / = s)’% e’(b/’éz)(t’s)eers(l - e’“) ds. (2.36)
0

Page 12 of 26
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Dueto e b and 0 <t <T(= O(eir)), by the Holder inequality and the mean value
principle, we have

t
1 /
By-er (€) = / (t—s5)2e —GT)(f—S)eeTs(l _ e—es) ds
0
t 1 . 4 T
= / (t-s)_ie_(l’ —€ )(t—S)eE S(e—é-O _e—ss) ds
0
t 1 ;T
< C/ (t—s) 2 C < gs . qup (e0—e®)
0 s€[0,¢]
t 1 ;T
< C/ (t—s)"2e U9 g . eeeis
0
t 1 /_ T
=< Cl/ (t—s)2e N g e
0
‘ L~ -€V)(t-s) 1
Y N (237)
0

Also, the substitution ¢ — s = £ follows

t
1 /T
/ (t—s) 2 U9 g

0

t
:/ e =<t g
0

1 t
:/ o Paduatl dS+/ gae =Nt g
0 1

1 / T
=2+ e =", (2.38)

Hence, by (2.36), (2.37), and (2.38), we have

Bper(€) < Cel ™. (2.39)
Hence, inserting (2.39) into (2.22), we have, for b = €7,

el w(p) |1 < Cw(0)]|, + C(8s + €)My poee (T) + Ce' . (2.40)
Taking the supremum over 0 <t < T'(= O(éi,)), we find that if 8, is sufficient small, then

My p-eo(T) = OsupTe(‘T*)t ||W(L‘)||H1 < C|w(0) HHl + Cel™, (2.41)
<t<

Remark 2.1 In some sense, there is a balance between the long-time point 7' = O(},) and
the exponent weight b = €*. In other words, if the long-time point is smaller, then the
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exponent weight of decay is larger. Here, we cannot obtain the exponent weight of decay
e~4=a) a5 in Ref. [9] due to perturbation estimates (2.23) and (2.36) caused by the weakly
damped term.

Proof (ii) H! estimate: We make use of the damping quantity

Em) = H(u) + coZ(u) = /00 %(E)xu)2 dx — [w éus dx + /00 %cou2 dx. (2.42)

—00 o0 —00

Since u,, is a critical point of the functional £, we have for any z € H L

*1 1 1
Eue, +2) — E(ugy) = / —(8,2)* + E(CO - uco)z2 - 823 dx. (2.43)

00 2

Now, we take z = u(x, £) — 1, () = € ‘1o (y) + v(9, t) — e, (y) above, and observe that §& =
E(u) — E(ue,) is decaying in time. Indeed,

ds&y  d(E(u) - E(up))
dt dt

d€

T ar

L, L,
= —0yxlh — —U” + CoUh, =y | Uyx + —U” | —€u
2 2
1 1 1
={—( drt + =12 ), =0, | thyr + =12 ) ) + {cort, =0 | th + —14*
2 2 2
1,
+{— Ot + Eu ,—€u )+ {cou, —€u)
2 € 3 2
:—e/|ux| dx+—/u dx—coe/u dx
R 2 Jr R
L, 1 2
=-3eE(u) +€ —u dx+ —co | u dx
R 2 2 Jr
1 1
=-3eE(u) +¢€ /—uidx+—00/u2dx
R 2 2 Jr

= -3¢ (E(w) — E(uo)) — 3eE (uo) + e</ %ufcdx+ %Co/ ,ﬂdx)
R R

1 1
=—3€8€0—365(u0)+6</ —uﬁdx+ —CO/ uzdx>
R 2 2 Jr

1 1
=-3e8&) - 3eC + e(/ —ui dx + —cof u? dx). (2.44)
R 2 R

2

Moreover, multiplying equation (1.1) by u,,, one has

1d
5 g 1l = =€l 2. (2.45)

Due to decaying estimates about [|z||;2 and ||u,| ;2 given in (1.10) and (2.45), one can de-
duce from (2.44) thatfor 0 <t < T = O(Eir)

889 < e'8Ey(0) + C(1 - e7>)
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<e386(0) + C(1—e' 7). (2.46)
At the same time, we estimate (2.43) as follows. Note that, for §, sufficiently small,

e uery = theg || 1 = ||l tteiry — €1ty + € Latey = they |

§C(|c(t)—c0|+ |e‘“—1|). (2.47)
Then, for some k; > 0,
©1 L, 1 ) 2 e P2
E(Syz) + Ecoz dy < killvliza + C(!c(t) - co| + ‘e - 1| ) (2.48)

Since e u,,(y) is bounded in y, we may estimate

o0
/ g )22 dy < suple @ty )| 12l 2| €2 2
- y

o]

< C(|c(®) = co| + e = 1| + Ivll2) (|e(®) — co| + €7 = 1| + [Iwll2)
1
< Elq”vlliz + Clle() = cof* + Iwl, + e =17, (2.49)

where we have used the estimate ab < §a® + C(8)b?* for a suitably small §. Finally, since
Izl g1 < C(le®) = col + Vil + |1 — e™¢%]) < C(84 + |1 — e7¢|), we have

*1
/ gzs dy < Clizll}, < C(8, + [1—e™|)(|c(0) —co|2 + vl + e = 1|2)

o0

killvliZ, + C[|e(®) - co|* + [e = 1[7]. (2.50)

=

=

Hence, if 8, is sufficiently small, (2.43) with (2.48), (2.49), and (2.50) yields

1 2 2 —et 2

Skillvilzy = 880+ Clle(@) - o + e = 1]7]. (2.51)
Due to (2.35) and (2.46), we know that

Vlim < C(\/(E+ le(t) - co| + | — 1))
< Clvollyn + Cer ™ + ‘c(t) _ Co|

< Cre + Crel™™ + C3el™?"

< Cel™, (2.52)

This completes the proof of Proposition 2.1, which implies the conclusions of Theo-
rem 1.1. g

3 The long-time behavior stability

3.1 A new decomposition of the solution

Note that, in the long-time stability case, the expression (2.15): 2(¢) = eI + O(|c(¢) — co| +
[Ivll;2) may not be reversible as t — +oo, which is derived by setting the form of solution
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(2.1). Hence, we subtly analyze the following new form of the solution

u(x,t) = e ucn () + v(3, 0)], (3.1)
where
Y=yt =x— /O e(s)ds + v(2) (32)

and u,((y) belongs to the family of traveling waves with c(£) = coe #/(0 < B < 1).
Substituting (3.1) into (1.1), we similarly derive evolution equations for y(¢), c(¢), and
v(y, t) as follows:

_ 3 1,
0=0;u+0,u+0x 2u +€u

=& [0, + (7 — c(0)d, + 0] (e (y)+V) SN CROORRD)

+ 0y ; e > ue () + vy, t)) + €™ (e () + v(3, 1))

Ce (B (7 - )y + 0 )v+e (8+ (7 - )y + 8o )

+0y ; 2 (e (9) + vy, t))

e (3 + (y —c(t)dy +0 )v + e*“(( —c(£))dy) e ()
+ & (Bt (9) + e (9) + ay[%ew(um) ) +v(y, t))2:|
=e (0, + (y — c()0y + 3] )v + e ((y — c(1))0)) the() (9)
09, (—e(Ouen(y) + Duen (9) + ay[%e-kf(uc(t) ) +v(y, t))2:|

e (3 + (y —c(1)dy +0 )V +e " ((y = c(®)0y) e ()

+e‘“(—18 , (y)> +9 |:—e‘2“(uc y(9) +v(, 1)) :|
—et| - ou,

- (8t+( —c(t))a +9 )V+e “{yayuc(t)(y)+ac}

—€t 1 2 1 —2¢et 2 —2€t 1 —2et_ 2
+e (—an“c(:)()’)) + 3y|:§e Uy ) + € un vy, ) + Ee v (9 t)]

e (3 + (y —c(1)dy +0 )V+ e‘“{)}{iyuc(t)(y) + g—zc}
+, B (2 i) + e gl t) + 50, t)]

ou

= (0, + (7 — )3y + 92)v -+ 0, ey + 6'“{7}@““) 0)+ 8_6}
[

1 1
+ay[5(e-2“ e ul () + e u (t)(y)v(y,t)+§e"2”v2(y,t)]—e_étay(ltc(t)V)
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. _ I ou ,
=e (0, + (y — ()0, + 8;’)1/ +e Loy (upv) +e “{yayuc(t)(y) + %c}
1
£, SN 0) e g )
1
+ Ee_mvz(y, t) - e"t(uc(t)v):|. (3.3)
Hence,
—€t —€t 2 —et]| .- . du et .
e“‘Ov=e 8y[—8y +c(t)—uc(t)]v—e yayu+ca— —e "9y [yv]
c

1
—dy |:§ (e - e‘“)ufm &) + e uyp ()v(y, t)

1
+_
2

e (y, ) — e“(uc(t)v)]. (3.4)
Therefore,
9 . . 0u .
0V = ay[—ay +c(t) - uc(t)]v - |you+ ca - 0,[yv]

1
— eet ay |:§ (e—Zet _ e—et)ug(t) (y) + eizduc(z) (y)v(y, t)

1
+ Ee_ktvz(y, t) - e’“(ucu)v)]. (3.5)

Since here the speeds c(¢) of the traveling wave will decay to zero, the exponential weight

a(< \/Z?f)) will also decay. On the other hand, due to the fifth item in Remark 1.1, we can-
not initially set the exponential weight a = 0 in H!. Otherwise, it may follow more than a
2-dimensional generalized kernel. Hence, in contrast to the long-time stability case by set-
ting (2.3) to prove Theorem 1.1, we need to set w(y, £) = e*®v(y, t), A,(t) = e*®? Oy L) g0y
and Ly = —8y2 + ¢(t) — ugp). Then, we deduce that

da
osw = |:Aa(t) + Ei|w+%, (3.6)
where, for simplicity, writing a = a(¢) if there is no risk of confusion,

§ =—-e7(Co. + yy)ucw — yeP de Pw+ F,

1 1
F= _eeteayay |:§ (e—2et _ e—st) M?(t):| _ eeteayay |:(e—2€t _ e—et)uc(t)v + Ee—ZetVZ] . (3'7)
Meanwhile, (2.4) implies that this equation is initially justified in C([0,¢], H~3), but also
holds in C([0, t],L?) and moreover is pointwise.
As in the long-time behavior case above, we wish to impose the similar projections P, Q
given in Proposition A.2

w(y, t) = e?v(y, t) € range(Q) = ker(P). (3.8)
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However, here, we should denote them by P(¢), Q(¢). Indeed, the current assumption of

Proposition A.2: 0 < a(t) < \/Z;) depends on ¢, from which it follows that the & = &;(¢) and
Nk = Nk(¢) depend on ¢ for j, k = 1,2. This requirement corresponds to the two scalar con-
straints (w, ni(£)) = 0, k = 1,2, cf. (A.14), which also generates the modulation equations,
namely, two coupled first-order differential equations for c(t), y(£) as ¢ > 0. Hence, the
constraint w € range(Q) in (3.8) now vyields the following system of evolution equations

for (w,y,¢):

dw = [Aa + %]w +Q3F, PF=0. 3.9)

Written as an integral equation, the initial value problem for (3.9) becomes:

t
wi(t) = o1+ G Ndsyy0) 4 / eli Aa+ GO ds () s, (3.10)
0

Then, similarly by (A.14), the condition P§ = 0 is equivalent to
0= <;} [e“yayuc(t) +(0 - a)w] +ce? ey — F, 77k>: k=1,2. (3.11)

Using the biorthogonality relation (£, k) = 8, we obtain a system of equations for y (¢)
and c(¢):

]} <f» m
A = 3.12
© (c) <<f, m)) (3.12)

and

~

A(r) = (€™ dyuue(ey; M) + ((8y — @)w, 1), (€ Octhe(s), M)
(eayayuc(t)’ 772) + <(3y - ﬂ)W, ﬁZ): <eayacuc(t)7 7)2>

[ (e Oyucy,m) + (€P e w, i), (€7 Detter), 1)
(€™ dyuuc(r); m2) + (€ 0ye™ W, 1j2), (€7 0cthe(r), N2)

_ [ (P ducw,m), (€7 et M) . (e dye™w, 1), (€™ dctte(), N1) . (3.13)
(eayayuc(t)r 7]2)’ (eayacuc(t)r 772) (eayaye—ayw’ 77]2): <euyacuc(t)’ 12

The matrix 2A(¢) satisfies
A(t) =1+ O(|Ivll;2) as|vlz— 0. (3.14)

3.2 The long-time behavior
Now, we will estimate the weighted perturbation, w(y, t) = e?v(y, ), in H', via the integral
equation (3.10), the modulation equation (3.12), and the linear semigroup estimates of
Lemma A.2.

Since ||v||;2 decays to zero with respect to t, in the expression (3.14), 2((¢) has a bounded
inverse as 0 < t < +00. We may estimate (3.12) to find

171+ lcl < ClIlFll 2. (3.15)
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From (3.7), using that e?9,e™* = 9, — a, we obtain the estimates
1B < C>IpI(L+ wlien)) + el + I F N2 < C+ 1wl ) 1 F Nl 2,

L -
1712 = ‘ —e“e“yay[g(e e Et)”f(r)}

1
— eeteayay[(e—kt _ e—et)uc(t)v + 56—261“/2]

12
(3.16)

1 1
—e“y8y|:§ (e - 1)uf(t):| - e“yay[(e_“ =1y + Ee‘”vz]

12

IA

1
e e+ (1-e )Pty

+—e | e” o, ||L2.

1
2

Now, we may formally choose &’ with b < b’ < a(c — a?), such that ¥/, as well as b, sat-
isfies the condition of Lemma A.2. Meanwhile, we should note that in (3.10) the term
el G ONds O(1) since a < \/Z = Le‘gs(,B > 0). Hence, one can similarly estimate (3.10)

37 V3
as follows, for ¢ > 0:

t
[w@lp = ce*
0

w(0) ], +C / (t—s) et ) Fl 2 ds

< CeVt|w(0)|,0 + C /0 t{(t —5) 2t
<50y |+ (1=t
% ”LZ] } ds (3.17)

Now, formally define

Mup(®) = sup " | w(s) |, (3.18)
<s<t

where the variable b = b(t) is similarly given in Remark A.1.
Moreover, the following crucial estimates follow from (1.4).

Lemma 3.1 Assume that the solitary waves u.y(y) have the traveling speed c(t) = coe™?
as 0 <t < +o00. Then,

e @) 2 ~ € 55 ey (5, 0) 2
|tety )] oo ~ €77 |11 (%, )| s (3.19)

[ytter )]0 ~ €[00, 0} -

For simplicity, also writing b = b(¢) if there is no risk of confusion, and then multiplying
(3.17) by €”, we find from (3.19) that, for ¢ > 0,

& [wio)]

Page 19 of 26
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< e |wO)]
t
G R R [ A
0
t
+ C/ (t- s)’l/ze_b/(t_s)ebt(l —e ) | e” 0, (ucpyv)| 2 ds
0
t
+ C/ (t _ S)—I/Ze—b’(t—s)ebte—ssHeayayVZ HL2 ds
0
< Ce " wl0)] 1
t
' C/ (£ =) P2V (1 - ) Byl | 0 ds
0
t
+ C/ (£ —5) 2 e (1 ) [1Bytaeqey 100 + lltbeio Iz | [w(S)] 0 s
0
t
+C f (£ =) 2 e e v o | wis) |1 ds
0
< Ce P w(0) |,
. C/t(t ~ S)_l/ze_b’(t—s)ebt(l _ e—es)e—%ﬂs ds
0
t
+C / (t—5) 2 (1= ) [ 11,10 0o + Nty 1z |€? | wls)| 1 ds
0
t
e / (£ =) 2 eyl oo | w(s) 1 ds
0
< Ce " wO)]
+ C/t(t_s)l/zeb’(zs)ebt(l _ e—es)e—%ﬂs ds
0
t
r [[lt=9 2 1 )
0
t
s C/ (- )12 e [y oo | wls) |1 s
0

< CeW'-br [w()|| 1 + (e, B,0) + (e, B, £) + I (€, t).

(3.20)

We first deal with the term /. For 0 <¢ <1 and 0 < 8 < 1, one can easily deduce that

t
I(e, B,t) = / (t- s)‘l/ze‘b,(t’s)ebt(l - e’“)e’%ﬂs ds
0

t
SCe/ (£ —s)" 2 ds
0

= Ce/t.

On the other hand, for 1 < ¢ < 0o, one has

t
I(e,B,t) = / (t—s)_l/ze_b/(t_s)ebt(l—e‘“)e_%ﬂsds
0

(3.21)

Page 20 of 26
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t
= / (t- S)—%e—(b/_h)(t—s)ebs(l _ e‘“)e‘%ﬁs ds
0
t 3
= / (t — S)’%e*(b/*b)(tfs)e*(75*h)s(1 _ efss) dS
0
¢ 1
<e / (t—s)2ePP5ds witht—s=1¢
0
t 1
- e/ (-2~ B-D-0 gy

0

t/2 t
= ef (3" B-DE-0 gp 4 e/ ¢3¢ B-DE-0 gy
0 12

t/2 1 t *% t
<e / 7 2de- ef(ﬂfb)(tfé) +€ <—) / e B-D=0 gy
0 2 12

12 , ¢ -3 et
<e€ f 02de-eBD2) 4 ¢ (—) / e~ B-D=0 g0
0 2 t2

1 -
e L) etmiet ot 1 [ D) _1]. (3.22)
2 2) p-b

Nl

Since b(¢) — 0 as t — +00, we can choose any $ > 0 satisfying 8 — b > 0. Hence, one can
deduce from (3.22) that I(¢, 8,t) ~ O(ﬁ) as 1 <t<+o0.
For the term Ii(e, B,¢t) = fot(t — §) 12 b (=5)(1 — em€5)ePsebt || w(s) || 1 dis, as in (3.21) and

(3.22), we have

t
e )= =9 =) B )
0

t
< / (t— S)—1/2€—b’(t—s)(1 _ e—es)e—ﬂseb(t—s) ds - sup ebs ||W(S)||H1
0 se[0,t]

t
< f (t—s)’l/ze’(b’b/)(t’s)(l —e)e P ds- sup €| w(s)|
0 s€[0,t]

{Hl
t
< / (t- s)_m(l - e‘“)e"gs ds- sup e ||w(s)||H1
0 s€[0,t]
< Ce - sup e |wl(s) |- (3.23)

s€[0,¢]

For the term IIl(e, t) = fot(t — 5) V2 9 o€ || y|| oo € | w(s) || 1 s,

t
I(e,t) = / (t—5) e ey oo [ w(s) |, dis
0
t
< / (t_S)—I/Ze—b/(t—s)e—es”V”LOOeb(t—s)ebs HW(S) ”H1 ds
0
t
< / (t—s) V2V 97 | y|| oo e?) ds sup ebSHw(s) ||H1
0 s€(0,¢]

L
< / (t —5) 2D 1y oo ds sup e | w(s) |
0 s€[0,t]

Page 21 of 26
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t
< / (t—s) V2 O D965 1y oo ds sup € [w(s) ||H1 witht—s=4¢
0 s€[0,¢]
t
< / (712D e =01 || 0 dl sup e |w(s) (™
0 s€[0,t]

< Clvllz sup e”||w(s)|
s€(0,¢]

< Ce sup " |w(s)| - (3.24)
s€[0,z]

In sum, (1.19) and (1.20) follows from the inequalities (3.20), (3.21), (3.22), (3.23), (3.24),
and the fact that H} = H' if a = 0. The proof of Theorem 1.2 is finished.

Appendix

For the reader’s convenience, we list out the spectral property and developing analysis
of the operator Ag = 9,L. given in (1.17) in the space L? and L2. The interested reader is
referred to References [9, 25, 26].

A.1 Spectral theory in L? and L2
The spectrum of the operator Ay = d,L. on L?* consists of a discrete spectrum (isolated
eigenvalues of finite multiplicity) and an essential spectrum (everything else in the spec-

trum).

Lemma A.1 (Theorem 2.1 Ref. [9]) Ag has no isolated eigenvalues whose spectrum coin-

cides with the imaginary axis.

In fact, if A is an eigenvalue of Ay with L2-eigenfunction Y (y), then
AoY(y) = 9L Y (y) = 8,[-0) + c— u(»)]Y () =AY (9). (A1)

Since the solitary wave u.(y) — 0 at an exponential rate as |y| — oo (see (1.4)), it follows

that the constant coefficient equation is
3y(=05 + )Y () = 1Y (9). (A.2)

Hence, the essential spectrum of Ay = 9,L. is the imaginary axis and the corresponding
eigenvalue function Y(y) exponentially decays to zero as y — oo.

The following functions are also described in [9], in relation to the isolated eigenvalue
L =0 of Ag in the space L2.

gl = ayucr 52 = 0., (Ag)

y
77]1 = 91 / Bcuc dx + 921/!5, ﬁz = 93145. (A4)
-0
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Here,

d -1
91 = <%I[uc]) )
1/d [+ rd -
=—| — —7 = —U1.
0, 2<dc /:OO ucdx> <dc [uc]> and 6;=-0;

The functions &;, &, and 7, decay exponentially as |y| — oo, at the rate eV, The func-

(A.5)

tion 77, decays like eV’ as y — —oo, but is merely bounded as y — +0o0. In addition, these
functions have the following properties:

achél =0, ach§2 = _é:l,

(A.6)
Loy =12, Lcdymp =0,
and
(&) = S0 Jok=1,2, (A7)
where (u,v) = [ uvdx.
Making a change of variables,
W) = e”Y(y), (A.8)
the eigenvalue equation (A.1) is transformed into the equation
AW =P Lee W = (3, — a)[~(3y — a)* + c — u ]W = A W. (A.9)

Thus, the spectral theory of Ag = 3,L. in L? is equivalent to the spectral theory of A, in
L. Since u.(y) and d,u.(y) decay to zero at an exponential rate as |y| — 0o, the essential
spectrum of A, also agrees with the spectrum of the constant coefficient operator

A} =0y —a)[-(3y —a)* +c]. (A.10)
Hence,

Proposition A.1 (Proposition 2.5 Ref. [9]) For 0 < a < «/c/3, the essential spectrum of A,
is a curve parametrized by

T (it —a)=(it —a)[—(ir —a)?+ c] (A.11)

=it® - 3at’ + (c - Saz)ir - a(c - az),
where lies in the open left half-plane.

Define

ker(4) = {w € dom(A)|Aw = 0in L*}, kery(A) = _Jker(4¥). (A.12)
k=1
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For the generalized eigenspaces of A, and its adjoint A} = —e™L.0,e%, one has:

Proposition A.2 (Proposition 2.8 Ref. [9]) Assume % Z0 and 0 < a < «/c/3. Then,
A =0 is the only eigenvalue for A, with algebraic multiplicity two, and

kerg(A,) = ker(A2) = span{&;, &}, kerg (A%) = ker(A%?) = span{n1, 12}, (A.13)
where & = e“ygj and n; = e “y; forj=1,2, i.e.,
& =e?du,, & = e?0.u,, (A.14)

y
n=e? (91 / OcUo dx + Ozuc), Ny = e ?0su,, (A.15)
-0

where 61,04, and 05 are as in (A.5). In addition, the § and 1 are biorthogonal, with (&, ni) =
ik for j,k = 1,2. Thus, the spectral projection P for A,, associated with the eigenvalue A = 0,
and the complementary spectral projection Q, are given by

2

2
Pw=) (wn)é  Qw=U-Pw=w-) (w,m)é, (A.16)

k=1 k=1

for w € L%, These projections satisfy PA,w = A,Pw, QA,w = A,Qw, for w € dom A,.

A.2 Decay of smoothing estimates
After the substitution

w(y, t) =e“v(y,t), a>0, (A.17)
the linearized undamped evolution equation (1.1) becomes

ow=A,w withA, =e9,L.e™. (A.18)
Denote A, = AY + (9, — a)u, with

Ag =(0, - a)(—(ay —a)?+ c) = —8; + gaa; + (c - 3a2)8y - a(c - az). (A.19)

Since u. exponentially decays to zero as |y| — oo, the coefficients in (A.18) converge to
those of the free evolution equation

dw=A%. (A.20)
Using the Fourier transform, one obtains:

Proposition A.3 (Proposition 4.1 Ref. [9]) For any integer n > 0, and 0 < a < /c/3, there
exists C = C(n,a) such that, for any w € L? and for all t > 0,

|aretetwl),, < Ce2e e ) . (A.21)
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For the semigroup e”«, by restraint on the invariant subspace range Q (see (A.16)) com-
plementary to the generalized kernel of A,, a decay and smoothing estimate is also valid:

Lemma A.2 (Theorem 4.2 Ref. [9]) Let the assumptions of Proposition A.2 hold. Then, A,
is the generator of a C° semigroup on H® for any real s, and, for any b > 0 such that the
L2-spectrum o (A,) C {M|Re A < —b} U {0}, there exists C such that for allw € L* and t > 0,

et Qw| 1 < CE e ||wl 2. (A.22)

Remark A.1 The smoothing-decay estimate (A.22) will be used in the proofs of Theo-
rem 1.1 and Theorem 1.2. Also, Lemma A.2 implies that for 0 < a < Jc/3, A, hasno eigen-
values in the open left half-plane. Therefore, —b, the exponential rate of local energy decay,
can be taken to satisfy —a(c — a®) < -b < 0.
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