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1 Introduction

Fractional calculus is a generalization of integer calculus. Its order can be any real or com-
plex number. As an important branch of mathematics, fractional calculus has been widely
used in many fields, such as engineering, biology, neural networks, economics, control
theory, and so on. Compared with integer-order differential equations, fractional-order
differential equations can describe some problems more accurately. For applications of
fractional differential equations and details, we refer to [8, 11, 12, 14—16, 18] and refer-
ences therein.

The Hadamard fractional derivative and integral are an important part of fractional cal-
culus. For some recent results on the Hadamard fractional derivative, we refer the reader
to [1, 2] and references therein. Many researchers consider the boundary value prob-
lems of fractional differential equations with Hadamard derivative. For example, in 2016,
Tariboon [20] used the Leggett—Williams and Guo—Krasnoselskii fixed point theorems to
study the existence of nonnegative multiple solutions of Hadamard fractional differential
equations on infinite domain; in 2021, Zhang [22] used the generalized Avery—Henderson
fixed point theorem to study nonlinear Hadamard fractional differential equations with
nonlocal boundary conditions.
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In recent years, the stability analysis of solutions of fractional differential equations has
attracted extensive attention of researchers. The concept of Ulam—Hyers stability is very
important in numerical analysis, economics, and other disciplines. For applications of
Ulam—Hpyers stability in fractional calculus, we refer to [3, 5]. Fractional differential in-
clusions are considered as a generalization of differential equations and inequalities. They
are very useful in the study of dynamic systems, optimal control theory, and stochastic
processes. Many results have been obtained about this kind of equations. In 2016, Ah-
mad [4] studied mixed initial value problems involving Hadamard and Riemann—-Liouville
fractional integro-differential inclusions. In 2020, Ntouyas [21] introduced the boundary
value problem of Hilfer-type pantograph fractional inclusions and proved the existence of
solutions when the multivalued map has convex and nonconvex values.

Based on the above research results, we consider the following multipoint boundary

value problems for higher-order Hadamard fractional neutral differential equation:

(HD*Z)(t) = x(t,u(t)), tel[l,e,
Z1)=Z'(1)=---=Z"3(1) =0,
Z(\e) = uI® x (t, u(t)) ;- /e
HIPu() e = 20 il u(t) =g,

where ;D? is the Hadamard derivative operator of order «, and yI¢, yI?, and 17 represent
the Hadamard integral operators of orders «, p, and g respectively,« € (n—1,n],n € N,n >
3,pell,n-2l,gel0pl, 0 eR(j=12,...,r), 1<& <--- <& < x € C([1,€°] x R,R),
Z@) =u(t) - > a6 u®), Z e L(1,€*), gk € C([1,€*] x R,R), (uI"“Z)(t) € AC}[1,€%] =
(wI"*Z:[1,e*] - R: 8" YyI"*Z) € AC[1,€%]}, 8 = t%.

Using the Banach contraction mapping principle, Boyd and Wong fixed point theorem,
and the Leray—Schauder nonlinear alternative, we obtain the existence and uniqueness of
the solution of problem (1.1). Then we consider the Ulam—Hyers stability and generalized
Ulam-Hyers stability of problem (1.1).

Next, we study the following fractional inclusion equation:

(yD*Z)(t) € B(t,u(t)), tel[l,ée*],
ZW)=Z1)=---=2z"2(1) =0, (1.2)

HIPu(t) =2 = 20 il u(t) =g,

where Z(2) = u(t) = Y-, & (&, u(®), & : [1,€*] x R — P(R), P(R) represents all families of
nonempty subsets of R, and & has convex values.

When & is a multivalued map with convex values, we obtain the existence of the solution
of problem (1.2) by using several fixed point theorems.

The structure of this paper is as follows. In Sect. 2, we give some useful definitions, lem-
mas, and properties. In Sect. 3, we consider the existence and uniqueness of the solution of
problem (1.1) by using three fixed point theorems and give examples illustrating the feasi-
bility of the results. In addition, we prove that the solution of problem (1.1) is Ulam—-Hyers
stable and generalized Ulam—Hyers stable. Finally, in Sect. 4, we consider the existence of

solutions of multivalued problem (1.2) and give an example.
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2 Preliminaries
In this section, we introduce basic concepts of fractional calculus together with some im-
portant preliminary results.

Definition 2.1 ([13]) The Hadamard fractional integral of order « € C (R(«) > 0) for a
function u : [a,00) — R (a > 0) is given by

N D LY A A S ()

Definition 2.2 ([13]) The Hadamard fractional derivative of order o € C (Ji(«) > 0) for a
function u is given by

(D) () = 8 (") £)

d\" 1 LO N (o)
:<%> F(n—a)/a (ln5> o 7
where n = [R(a)] + 1.

Lemma 2.3 ([13]) Let () >0, n = [R(a)] + 1, u € Cla, 00) N L [a, 00), and (xI"*u)(t) €
AC¥[a,00). Then we have

n a—i
gl (xD%u))(®) = ut) - Y a; lnE , i=1,2,...,ma; €R.
a

i=1

Property 2.4 ([13]) Assume that R(x) > 0, R(B) > 0, and u € C[a, 00) N L![a, c0). Then

we have
(Hlﬂ (Hlo’u))(t) = (HIDHﬂM) (t)

Property 2.5 ([13]) Assume that 93(«) > 0 and 23(8) > 0. Then we have

. ¢ B-1 F(ﬂ) x a+f-1
(”I (I"Z) )(x)zr(aw)(]“E) '

Definition 2.6 ([7]) Let U be a Banach space. A mapping A : U — U is said to be a non-
linear contraction if there exists a continuous nondecreasing function ® : R* — R* such
that ©®(0) =0, and ©(¢) < ¢ for all ¢ > 0, and || Au — Av| < O(Jlu —v|) for all u,v € U.

Lemma 2.7 (Boyd and Wong [7]) Let U be a Banach space, and let A: U — U be a non-
linear contraction. Then A has a unique fixed point in U.

Lemma 2.8 (Leray—Schauder’s nonlinear alternative [10]) Let U be a Banach space, let E
be a convex closed subset of U, and let C be an open subset of E such that 0 € C. Suppose
that A:C — E is a continuous compact map. Then either

(i) A has a fixed point in C, or

(ii) there are u € 3C (the boundary of C in E) and € € (0,1) such that u = € A(u).
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3 Main results
First, we give a very important lemma for obtaining our results.

Lemma 3.1 Let ¥ € C([1,e*],R), g« € C([,e?*] x R,R), Z € L}(1,€?), (wI"*2)(¢t) €
ACY(1,€%], and

- I'(x) qasp-l _ I —1) wip3
" T(a+p) Ma+p-1)
F(Oé) - a+g-1 F(O{ - 1) d a+g—2
“Tard Za)j(lngj) a-1_ Tara-T) ij(lnsj) q

j-1 j-1

£0.

Then the function u is a solution of

(uD*Z)(t) = X(t),t € [1,€],
Z1)=Z'(1)=---=2Z"3(1) =0,
Z(Ve) = ul* X (1) 1= ve

P u(t)] ;o = Z;:l ijIqu(t)h:S].,

(3.1)

if and only if

(Int)*1 ~ (1nt)°“2>

u(t) = pl*x(t) + ng(t7 u(t)) + ( T 27

k=1

. |:Z ol (&) — uI* X (€%)

j=1

+ 2’: wirl? (Xm:gk(fp M(fj))) - ul? (Xm:gk(ezr ”(32))>:|’

k=1
where
Z() = u(t) = Y gi(t u®)).
k=1

Proof Applying the Hadamard fractional integral of order « to both sides of (yD*Z)(¢) =

X (¢) and using Lemma 2.3, we obtain

Zt) = gI*% @) + ar(n)* L + ax(In)* 2 + -+« + a,(Ing)*™".
From the boundary condition Z(1) = Z'(1) = - -- = Z"3(1) = 0 we obtain a3 = a4 = - -- =
ay_1=a,=0.

Then we get

Z(t) = gI*X(t) + a1 (In)* ! + ay(In£)*2



Zhang et al. Boundary Value Problems (2023) 2023:11 Page 5 of 26

and

1 a-1 1 o-2
Z(JE):HI“ﬂJam@) +a2<§> .

From Z(\/e) = yI*X(t)|,-/z we have a, = —%al and

u(t) = gI“x(t) + ng(t, u(t)) +ap(Ing)* ! - %al(ln 1% 2, (3.2)
k=1

Using equation (3.2) and Properties 2.4, and 2.5, we obtain

P u(t)| o2 = HI* P37 (€%) + pl? (ng(ez, u(ez)))

k=1
a [ (a)24P-1 ~ a (o = 1)20+72
C(a +p) W(a+p-1)

r
Z ijIqu(t)
j=1

t:E/'

ZQ)/HIOHL] cé;'] Z(,()]HI (Z tu(t)))

t:§/‘

r

0t+ 1_ alr(a 1) Gt+ 2
Zw,l,; a- TP 1Za),lg =

Ol+q

From the boundary condition yPu(t)|,..2 = Y .

i1 ijIqu(t)|t=gj we obtain

1| - -
a, = T |:Z ijIMqX(‘Ej) - ul"y (62)

+ Xr: wipl? (ki:gk(gj» M(Ej))) -ulf (,i:gk(ez’ “(62))>:|'

Substituting the value of a; into (3.2), we obtain

a 1 -1 1 a2
u(t) = nl”X () + ;gk(t, u(o)) + (( “2 _ (nth)r )

. |:Z IR (&) — uI* % (€%)

j=1

+ Zr: ;I (kigk(gj: M(?j))) - ul? (Xm:gk(eZ’ ”(32))>:|'

k=1

This completes the proof. d
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Let U = C([1,€?],R) denote the Banach space of all continuous functions with norm
lull := max,c(; 02) |u(¢)|. Define the operator A: U — U by

Aw)(t)

m Ing)¥! Int)*~2
- aleute) + Y aoue) « (- S )

k=1

-l x (6, u(0))

. |:Z wirl*y (9, u(9))

/:1 0=§]' (9=62
+Y ol (Z gk(G,u(G))) —ul? (Z gk(e,u(e))> } (3.3)
j=1 k=1 0= k=1 0=e?

We notice that problem (1.1) has a solution which is equivalent to a fixed point of the
operator A.
For convenience, we introduce the constants

el 20(—1 + 2a—3
Al = +
T(e+1) 17|

S ol e, 2T
' (121: m(]ng) e C(a+p+ 1))’ (3.4)
B 2a—l+2a—3 r - |a)1| m,zp
Az—m+( 7] )(121 F(qul)(lné,')MF(p+1)>, (3.5)

3.1 Existence and uniqueness of solutions
Theorem 3.2 Assume that:
(H,) there exist constants Iy, I, > O such that forall t € [1,€*], x, € R, i=1,2,

|x (t,%1) = x (£, %)| < Lloy — %2,

‘gk(trxl) —gk(t:xz)’ = 12|x1 - xal, k=1,2,...,m.
Then problem (1.1) has a unique solution on [1,e*] if A\ly + Ayly < 1.

Proof Let My = max[ .2 | x (t,0)| < 00 and My = max;<x<m{max,c( 2 |gk(¢,0)[} < 00.

Using condition (H;), we obtain
X (tu®)| <hllull+ M1, gt u®)| < Lllul + M,.

First, we prove that A(B,) C B,, where B, ={u e U : |u| <r}, r> %. Indeed, for

u € B,, we have

[A@w)(@)]

n t)a—z
27

m 1 a-1 1
< | (6 @)+ lax (6, u@)] + ‘( HQ -
k=1
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.[i|w,.|,,1a+q(|x(9,u<9))|)| ([ (0,6)))

j=1 0=§

O=€2

* Z |yl I <Z|gk ©, u(e))|) ng +nl? (ilgk(e,u(mn)

k=1

6=ez:|

TR 201 4 93
< —(ll||u|| +M1)/ (ln 5) 5(19 +m(lg||u|| +M2) + (|4)
1

() 7|
{ Dyl +M1
|w] & %'j a+q— l 2 a+p— 1
( F(a+q) (ln 5) a+p) ( ) _dg
(lzllull +M2)
|y 5 1 1 &9 2V

207142973 (N loy|(In)* 2
S{F(ot+1)+( Y] )(;F(a+q+l)+F(a+p+l)>}

(Ll + My)

2a—1 + 20(—3 r m - |a)l| m- 2P
' i””( Y] )(; Fgrn """ r(p+1)>}
(ol + M)

= A1(ll||u|| +M1) + A2(12||u|| +M2)
< Ay(Lir + My) + Ay (lor + Mp)

<r.

This shows that || A(u)|| = max,c(; .2) | A(u)(¢)| < r. Thus A(B,) C B,.

Now we prove that the operator A is a contraction. Let u1,u; € U. Then, for each t €
[1,€%], we have

| A(u2)(8) = A (1)

< ul®|x(tux(®)) - x (& ua(t Z\gk (tuax(®)) - g (6 w1 (1))

(Int)*t  (Ing)*2
Y T or

' |:Z |oojl 1 (| x (6, w2(0)) — x (6, u1(6))])

j=1 0=5

+ 1l (| x (6, u2(0)) — x (6, u1(6))])

O=e2

+ Z ;| 117 <Z|gk(9, u2(9)) —gk(é?,ul(e)) |>

j=1 k=1

o=t
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g C—

k=1

(9=e2:|

20 2(1—1 +2oz—3 r |wj|(1ng>_-j)a+q 20+p
S[1“(0[+1) +( Bd )(; Tla+q+l) F(a+p+1)>}

“hllug — |

ga-1 4 gu=3 " m- oy .o
+{m+( ] )(ZF( o 1))}
“hyllug — uy ||

= Arh|lug —up || + Aglollug — uy ||

= (Al + Asb)llug — ).
Thus

| AG12) — A1) || = tn[llavé]|A(u2)(t) — A(w)(®)] < (A1l + Aoby)||uz — ).

From the condition A;/; + Ayly <1 we get that the operator A is a contraction. By the
principle of Banach contraction mapping, A has a unique fixed point, so problem (1.1)
has a unique solution on [1, e?]. This completes the proof. d

Theorem 3.3 Assume that:
(Hy)

1 — %3]
W* + |x1 — x|
|1 — %3]

lgk(t,%1) = gi(t,22)| < () —————, k=1,2,...,m,
W+ |x1 — %,

|x (tx1) = x (&%) | < 61(0)

forallte [1,e%], where x; € R, i = 1,2, &i(t) : [1,€2] — R*, i = 1,2, are continuous nonde-
creasing functions, and the positive constant is defined as

a-1 o—3
W* = pI%¢i(€*) + m - §o(€%) + (%)

- (Z oy |51 (&) + pI* P 1 (€7) + m - Z il ?¢2(&) +m - HIPC2(€2)>-

j=1 j=1
Then the boundary value problem (1.1) has a unique solution on [1,€*].

Proof Define the operator A : U — U by (3.3) and the continuous nondecreasing function
O:R*— R* by O() = W*H
Note that ®(0) = 0 and O(:) < for all ¢ > 0. For all u;,u, € U, t € [1,€*], we have

|AG1)(8) = Au)(0)]

< ul®|x (tua(8)) - x (6 m2(®)) | Z|gk (t,u1(0) - gk (t, u2(0))|

Page 8 of 26
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|1 — u|
< (o)
<u (;1()W*+|ul_u2|)

2071 4 203 d |u1 — us|
) [ 2l W(; (9)7>
( T ) [,Zl W - ]

=<

Oty — u2l) .

(2023) 2023:11

(Inp)*!  (Inp)*2
+
T 27

j=1

+ H]Ol+p(|X (9, ul(Q)) -X (9, Mz(g)) |)

O=¢2

+ Z lwj| I <Z|gk(9: 11(0)) — g (0, u2(0)) |>
j=1 k

0=ezj|

|1 — us|
W* + |uy — uy|

=1

+yl? (Z|gk('9’ul(9)) —gk(Q,uz(e))|)

k=1

+ Z(Cz(e)
2 k=1

O=e

|61 — 13| >
ol ( ()
H <§1( )W* =) |y

d [ 00) - lug — us)
+ Z IcoleIq(Z(—W* P ))
1

k=1
9=e2:|

N[ 6(0) - w1 — us
+H1p(;( W* + |uy — us| ))
W |:HI“§1 (&) +m- o€ + (

6=¢;

. (Z |j| I8 (&) + 1" 81 (€7)

Jj=1

0=¢;

0=t

20(—1 + 2a—3

1T >

: [Z || 1% (| x (0, u1(0)) — x (6, u2(8))])

H=e?

j=1
_ O(|luey — usll) W
W*

= ®(||M1 - M2||),

thatis, || Auy — Ausy|| < O(||u1 —us ). Therefore A is a nonlinear contraction. By Lemma 2.7
the operator A has a unique fixed point, which is the solution of boundary value problem

+m Y |ojlul"ca (&) + m- HI”CZ(eZ))]

(1.1), and hence the proof is completed.

Theorem 3.4 Assume that:

(H3) there exist nondecreasing function ® € C([0,00), R*) and k; € C([1,€*],R*),i=1,2,

such that

Ix (& u)| < @OD(lul),

gkt )| < @@ (llull), k=1,2,...,m,

Sorall (t,u) € [1,%] x R;

0=

Page 9 of 26
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, L
(Hy) there exists a constant L > 0, such that IR 1.

Then the boundary value problem (1.1) has a solution on [1,€?].

Proof Let A : U — U be the operator defined by (3.3). First, we prove that .A maps
bounded sets in U to bounded sets.

Forr>0,let B, ={uec U :|u|| <r}. Then for all £ € [1,€*], we have

|A@w)(@)]

(lnt)"‘ 1 (Ing)*?
T oy

HI“‘)( tut) Z!gktut)

+ I (|x (0,u()])
0=t

O=€2

| [Z eyl 19(|x (6,(0))|)

j=1

+ Y laylnl <Z|gk(9,u<9))|>’ +H1P(Z|gk o, u(e>)|)
j=1 k=1 0=5

k=1

0=e2:|

D (Ilull) k1 (e%) + D(I|ull) iKz(t) + ®(Jlull) <%|2a_3>

k=1

: |:Z |wjl I i1 (&) + HIOHpKl(eZ)

j=1

+Z|w,|H1 (sz(s,)wl (Z 2(e ))}

k=1

2 2200 (g ge
§q>(”u”)”’(1”=r(a+1)+( IT] )(; F(Ol+q+1)+r(05+P+1)>}

2a—l+2a—3 r m- |(,()]| P
®(||M||)||K2||{Wl+ <T> (Z s 1)( £)7 + F(p : )}

= O(Jlull) k1 Ay + D(llull) 12| As.

In other words, || Aul| < ®()(ll«1ll A1 + [lk2ll As).

Next, we prove that A is equicontinuous. Let t1,, € [1,€?], t; < £y, u € B,. Then

|A@)(t2) - A@w)(11)]

t a-1 a-1
< L <<lnt_2) _(lnt_l) )Ix(G,u(G))IdG
['(a) 1 0 0 0

120 5\ x (6 u®))
+m/ﬁ; (11’15) 9 d@

+ Z|gk(t2» M(tz)) —gk(tl, U(tl)) |

k=1

Page 10 of 26
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(In)* ™t (In)*?  (Int)*'  (Ing)*?
- - +
T 27 T 27

. [Z oy 1 (|x (6, u(6)) )

j=1

+

(0,00

0=§ 0=

+ leﬂ;{ﬂ(Z\gk(@,u(G))\)‘ +H1P(Z]gk(8,u(8))])‘ :|
J=1 k=1 0=5; k=1 9=
llc1 [ P(r)

“T@+1) ’(ln £)" —(In tl)a‘ + Z’gk(tz, M(tz)) —gk(tb M(tl))’

k=1
. <|(ln )" = (Ing)* . |(In£;)*~% - (lntz)"“2|)
[ 2|7|

r |w/| s Qa+p
| [“ﬁ“‘“”(z Fargrn " m)

j=1

: - s P
ezl 90) (Z g+ F’“(p—fl)ﬂ

=1

By the continuity of gi we get |A(u)(¢;) — A(u)(¢1)] — 0 as £, — £. It follows that A is
equicontinuous. So by the Arzela—Ascoli theorem we get that A : U/ — U is completely
continuous.

For € € (0,1), let u satisfy u = € A(«). Then

lull = €| A@)| < |A@| < (lull) (Ikill A1+ lle2ll As),

[[ac]l
<1
DNl lrrll Ay + llx2]l Az)

By hypothesis (H,) there exists L such that ||u| # L. Let
C={ueC([L,€]R): lul <L}.

The operator A : C — U is a continuous compact map. By the choice of C, for € € (0,1),
there is no u € dC such that u = € A(u). Therefore by Lemma 2.8 the operator A has a
fixed point u € C, which is a solution of boundary value problem (1.1). This completes the

proof. d

Example 3.5 Consider

(D3 Z)(t) = S sinu(t), tel,é],
Z)=Z'1)=---=2Z"3(1) =0,

Z(Je) = ul % (% sinu(®))|, e

Hl3u(e) = 23 u(2) + $ul3 (),
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where
el 2u*(t) + 2|ult
Z(t) = u(t) - () + 21u(0) et +t2+1],
8(5¢2 + 3)2 1+ |u®))

10 10
n=4,a=73,p= 3,q ,m L,r=2w =2 S,wy= 2,51 2,6=7.

By calculation we get T = 0.6579, A; & 5.1052, A, ~ 32.252.

-t . 1t 9,2(p)42
Let (£, = 45" sinu and g, (£,10) = gy (2S0240) 1 2 4 42 1 1. Then

g
lt 1
|x (&%) - xtxz)|<—|smx1—smxz|< gl -l
el 1
tx1) - gi(t,xo)| < ———= 1w — x| < X1 — Xl
@1(t,x1) - @1 (8,%,)| 4(5t2+3)2| 2l = Sl

That is, we have found /; = é and [, = ﬁ such that x(t,u) and g1(¢, u) satisfy hypothe-
sis (H;) and A1y + Ayly & 0.7641343750 < 1. Therefore by Theorem 3.2 boundary value

problem (3.6) has a unique solution on [1,e?].

Example 3.6 Consider

D F2)(0 = (€ + ) i) + 3¢ =1 te (L)

=Z()=---=2Z03(1) =
Z(1)=Z'(1) Z"(1) =0, (3.7)
Z(Je) =l % (e2f+t2><2100+.u )+ 5t = Ule-yer

HH”(ez) = I—OH”M(Q) + gH“M(g) + §H14M(5):

where
) ) , |u(t)|
20 = ult) =@ (6 u(0) = ut) =2 g5 o )

n=57a=174:71p 41q 4,}4’1—1}" 3(,{)1— 0;602—2;(03—2;&—2’%_2—3:%-3—
We choose ¢;(t) = * + ¢? and &,(¢) = 2% By calculation we get T = 0.1139, W* ~
2098.586239. Let x (£, %) = (€* + tz)(m‘giml) +1t-landg(t,u) = 2f(2w'gjw) Then

2100()x1| —
‘X(t:xl) —X(t,xz)} < (62: +t2) (Je1] = [2])
21002 + 2100|x1 | + 2100]x2| + |x1]]%2]
<(*+2) = |
= 2098.586239 + |x; — x|’
2100(|x1 | — |x2])
‘gl(t:xl) _gl(trx2)‘ 2 2 -
21002 + 2100]x1| + 2100|xo| + |1 ||%2]
ot %1 — %3]
= 2098.586239 + |x; —xa|

Therefore by Theorem 3.3 the boundary value problem (3.7) has a unique solution on

[1,€].

Page 12 of 26
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Example 3.7 Consider

7 1- uS
(HD32)() = < (g Toefhs + 7 lu(®) cos(u(®)] + D + ), tell,e),
Z(1) —Z’(l) =...=2Z0m31Q) =0, 35)
Z(J@) = ul?| t2+5t+7(1é01'+7u5,3')| + 105 (@) cos(u@)] + 1) + Dlle- vz

Hl'S () = 2ulbu(3),

where

~ 1 1 |uP(@)] 1
Z(t) = u(t) - |:t2 Ay 3(@ Tt 100|u(t |cos(|u(t)] + 1) + 5)],

n:4,a:%,p:%,q:%,m:l,r:l,w1:2,§1:§.
Let
el 1 |u® 1 1
tu) = — + ——|u|cos(|u|+1) + =
x(&,u) /7t2+5t+7<1001+|u4| T0p #cos(l + 1) 2)
1 1 P 1 1
)= ———— ——— + —|ulcos +1)+ = ).
&it,u) t2+4t+3<1001+|u4| T leos(lul +1) + 5
Obviously,

xew == (M) e g (M4 2)
NS Seaeiao\s0 2) BEWI=n T 3\50 T

\X/e choose /q(t) - e

W’ Ko (t) = t2+4t+3’ and ®(u) = & + =. By calculation we get ||x1 || =

f’ lecall = 8, T ~ 0487, A1 ~3.9031, Ay ~ 53.1174, and there is L > 4.566344512 such

L
that GoaTaToTAD
has at least one solution on [1,€%].

> 1. Therefore by Theorem 3.4 the boundary value problem (3.8)

3.2 Ulam-Hyers stability
For ¢ > 0, consider the following inequality:

<e te[le]. (3.9)

D* (urr (6 - ng (t’ Ur (t))) - X (t’ Ur (t))

k=1

Definition 3.8 ([19]) Problem (1.1) is said to be Ulam—Hyers stable if there exists a real
number ¢ > 0 such that for each ¢ > 0 and for each solution u,, € C([1,€%], R) of inequality
(3.9), there exists a solution u € C([1,€%], R) of problem (1.1) such that [|u, —u|| <c-e.

Definition 3.9 ([19]) Problem (1.1) is said to be generalized Ulam—Hyers stable if there
exists ¢ . € C(R*,R*), ¢,.(0) = 0, such that for each ¢ > 0 and for each solution u, €
C([1,€%,R) of inequality (3.9), there exists a solution u € C([1,e?],R) of problem (1.1)
such that [|u; — ull < ¢, c(e).

Theorem 3.10 Assume that (Hy) holds. If for any t € [1,€?] and ¢ > 0, a _function u, :
[1,€%] — R satisfies inequality (3.9), then there exists a solution u : [1,e*] — R of problem

(1.1) such that |y — ul < —21

TAL A5 that is, problem (1.1) is Ulam—Hyers stable.
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Proof Since u is a solution of the boundary value problem (1.1), we have

1 a1 1 -2
(e) = 1l (t,(0)) ngtu(t ((‘”) L )

— " x (0,u(6))
0=¢

O=¢2

. |:Z wirl*y (9, u(@))

Jj=1

+ Z wjnl? (ng(é), u(é)))) —yl? (ng(e, u(e))>
j=1 k=1 =5 k=1

9=ez:|

Suppose that there exists a function X satisfying the fractional equation

(un(t) ngtuﬂu))) X (6 ux(0)).

k=1
Then
N m 1 a-1 1 -2
0=l 0) + D0 (( I )
: [ZwiHI“*qi(e,un(e>) — I 7 (6,12 (6))
=1 0=§ 0=e2
+ Zw,ﬁﬂ<2gk(9, lix (9))) —nl? (ng(e, iy (9))) }
j=1 k=1 0=5 k=1 0=¢>
Let
m 1 a—1 1 -2
W(8) = 1l x (b () + ;gk(r, e (0)) + (( “2 - (“2?( )
|:Za)HI‘“q O, u0)| = I x (6, u(8))
j=1 0= 0=¢2
+Y ol (Z‘gk(e, Uy (9))) —ul? (ng (60, 1n (9))) }
j=1 k=1 =5 k=1 t=e?
By (3.9) we have
| () = v(2)|

(Inp)*~!  (Ing)*2
+
T 27

< Hla |)?(t, Uz (t)) X (t; Uz (t)) | +

[Dw,mﬁ”q (0,u:(0)) - x (0,u:(0))))

0=ezi|

0=¢;

+ 1l (|X (6, ux (6)) — x (6, ux(6))])

Page 14 of 26
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= yl®

nD” (uﬂ )= ge(t v (t))) — x(tux(8))

k=1
(Inp)*!  (Inp)*2

+ +

T 27

) |:Z |wj|H1a+q< D (uﬂ(e) - ng@,u,,(@))) - X (9, Uy (9))
j=1

k=1
+ HIOH'p
0=¢2

2¢ 20l 003N\ [ || ar 2
S[Fm+1f+( 1] )(E:Fm+q+1fm§)q+rm+p+n>]&

Jj=1

)

0=t

uD* (u ©) =gk (0, ux (9))) - x(6,ux(6))
k=1

= Al&
Then
| () — u(2)|
< |u () = v(&)| + |v() - u(t)|
< Ave + pl®|x (6 ux (8) = x (6 w()] + D gk (6 ur (1)) - g (£ u(®)) |
k=1

(Inp)*!  (Inp)*2
+
T 27

. [Z il (| (6,4(8)) - % (6,u(6))])

j=1 0=4

+ HIOHP(|X (9, uﬂ(g)) =X (9’ M(Q)) |)

O=¢2

> |w,~|H1q<Z|gk(e,un(9)) —gk(e,u(e))|>

j=1 k=1
962]

Hence ||u; — u|| < Ar1e + Al ||ty — u|| + Asly||uy, — u]l. As a result,

6=¢;

+pl? (Z |2k (6,1 (0)) — gk (60, u(0)) |)

k=1

< Mg+ Aihllug —ull + Aobyllur — ul.

A
letr —ull < 1 - g:=c-e. (3.10)

Al - Asgly

Therefore problem (1.1) is Ulam—Hyers stable. This completes the proof. d

Remark 3.11 By setting ¢, .(¢) =c- ¢, ¢,,(0) = 0 in (3.10). So by Definition 3.9 we get that
problem (1.1) is generalized Ulam—Hyers stable.
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4 Existence of solutions for multivalued problems
To obtain the existence of the solution of the multivalued problem (1.2), we first consider
the equation

HD*Z)(t) = x(t,u(t)), te[l,e],
ZW) =21 =---=2"2(1) =0, (4.1)

HIPU() e = 20 il u(t) =g,

where Z(t) = u(t) - Y}, g(t, u(t)), and other conditions are the same as in problem (1.1).
Similarly to Lemma 3.1, we can easily draw the following conclusions.

Lemma 4.1 Let ¥ € C([1,*],R), g« € C([1,¢*] x R,R), Z € L'(1,¢€?), (4yI"Z)(t) €
ACY(1,€%], and

r

r
2(“1,_1 (0[) ij 1 %.1 a+q 1 #0

I« +p) Mo +q)
Then the function u is a solution of

HD*Z)(1) =X(), tellé,
Z1)=2Z'1)=---=2"31) =0, (4.2)

HIPu®) =2 = 20 il u(t) =g,
if and only if

(In t)"‘ 1

u(t) = "X (@) + ng (& u(@) +

k=1

: |:Z I Y (&) — 1" % (%)

Jj=1

¥ Zwﬂﬂ"<; (&, u(é,))) —ul? (Xm:gk(ez,u(ez))>:|,

k=1

where

Z(t) =u(t) - )y gt u(®).

k=1

For convenience, we introduce the constants

- 2 2a1 r | 1'| . Qu+p
Mt | (Zm( ng) q+m>, (4.3)

— " m -yl ’ m- 2P
Ay=m+ 7 (/Xl: r(q+1)(ln§’)q+—r(p+1))' (4.4)

Page 16 of 26
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For a normed space (U, | - ||), define P(U) ={Y C U : Y # @}, P.p,(U) ={Y C P(U):

Yis compact and convex}, and Py, .(U) = {Y C P(U) : Yis bounded, closed and convex}.
Take Sg, := {w € L'([1,€2],R) : (t) € (¢, u(t)), a.e. t € [1,€%]} as the selection set of &.
We define the solution of problem (1.2) as follows.

Definition 4.2 A function u € C([1,€?],R) is called a solution of multivalued problem
(1.2) if there is a function & € L1([1, €], R) with h(£) € &(¢, u) almost everywhere on [1, €2]
such that

m a—1 r
u(t) = gI°h(t) + Z g (tu(®) + (ln;_) [Z il h(&) — yI* P h(e’)

k=1 j=1
0=ez:|'
Definition 4.3 ([9]) Let §: U — P(U) be a multivalued map. Then:
(i) § is called upper semicontinuous if for each u € U, the set §(up) is a nonempty

+Za)]HIq<ng(9,u(9))> —H[P<ng(9,u(9)))
j=1 k=1 k=1

0=t

closed subset of U, and for each open set G of U containing §(uo), there exists an open
neighborhood Gy of 1 such that §(Gy) C G;

(ii) If the multivalued map § is completely continuous with nonempty compact values,
then 3§ is upper semicontinuous if and only if § has a closed graph, that is, u, — u., v, —
Vi, Vy € §(u,) imply that v, € F(u,).

Definition 4.4 ([9]) A multivalued map § : [1,€%] x R — P(R) is said to be Carathéodory
if

(i) for each u € R, ¢t — F (¢, u) is measurable;

(i) for almost all £ € [1,€?], u — F (¢, u) is upper semicontinuous.

In addition, a Carathéodory multivalued map F is called L!-Carathéodory if

(iii) for all z > 0 and u# € R with ||u| < z, there exists n, € L}([1,e?],R*) such that
15 w)| = supl|o| : @ € F(t, u)} < n,(t) fora.e. t € [1,€2].

Lemma 4.5 ([21]) Let U be a separable Banach space, let § : [1,€*] x U — Peep(U) be
an L'-Carathéodory multivalued map, and let B : L'([1,€*], U) — C([1,€?], U) be a linear
continuous operator. Then the operator BB o Sg, : C([1,€*],U) = P.,(C([1,€*],U)) is a
closed graph operator on C([1,¢*],U) x C([1,¢€%], U).

Lemma 4.6 (Bohnenblust—Karlin fixed point theorem [6]) Let U be a Banach space, and
let Q be a nonempty bounded closed convex subset of U. Suppose T : [1,€2] x R — P(R)

is upper semicontinuous with closed convex values, T (Q) C Q, and T (Q) is compact. Then
T has a fixed point.

Lemma 4.7 (Martelli’s fixed point theorem [17]) Let U be a Banach space, and let T :
U — Py (U) be a completely continuous multivalued map. If the set Q ={u € U : ou €
T(u),0 > 1} is bounded, then T has a fixed point.

Lemma 4.8 (Nonlinear alternative for Kakutani maps [10]) Let U be a Banach space, let
Q be a closed convex subset of U, and let H be an open subset of Q such that 0 € H. Suppose
T :H — Pey(Q) is an upper semicontinuous compact map. Then either
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(i) T has a fixed point on H, or
(ii) there exist u € OH and A € (0,1) such that u € AT (u).

Theorem 4.9 Assume that:

(01) & :[1,€*] x R — P,,(R) is L' -Carathéodory, that is, for each z > 0, there exists 1, €
LY([1, €], R*) such that for all u € R with |u|| <z, |G, u)|| = sup{|o| : @ € B(t,u)} < n,(t)
fora.e.tell,e?];

(O) there exists a constant G > 0 such that ||gx(t, u)|| = sup{|gk(t, u)|} < G for all (t,u) €
[1L,?] xR (k=1,2,...,m).

Then the boundary value problem (1.2) has a solution on [1,€%].

Proof Define the operator 7 : C([1,€%],R) — P(C([1, €], R)) by

e C((L,eLR),
HI*h(E) + 30 gt () + L

T () = (0 = [0 @l h(E) — 11" P h(e?)
+ 2o 0 (3 8O 1 (O)lo—g, — 1P (311 8k(05 1(0)))lg-2),
hGSQs,u.

Obviously, the fixed point of the operator 7T is the solution of the boundary value problem
(1.2). Next, we prove that the operator 7 satisfies the conditions of Lemma 4.6 in several
steps.

In the first step, 7 maps bounded sets into bounded sets in C([1,€%], R).

Let B, = {u € C([1,€*],R) : ||lu|| <z} be a bounded set on C([1,e*],IR). For all i € T ()
and u € B,, there exists & € Sg ;, such that

wu(t)

m a—1 r
=nlh(t) + ) gt u(t)) + (lng [Z @l Th(g) — 1P h(e?)

k=1
0=e2:|

Jj=1

+ Y wlf (ng(e, u(e))) ’ — ul? <ng (e,u(e)))
j=1 k=1 0=§

k=1

From assumptions (O;) and (O,) we get

|1 (0)]

m 1 a-1
<m0 + 3 g (b u0)] +| 2 ’
k=1

- [Z 1 (&) + (&)

Jj=1

ol (Xm]gk(@rﬂ(@)”)

k=1

9:62]

+ ) ljlul? <Z|gk(9,u(9)) |> ’
j=1 k=1

0=¢
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20{ 201 1 r |(,()1| o 20(+p
= (F(oz+1) T (Z m( &) q+m>) “nell

201 (T |yl P
+<’"+W<Zr(q+1>( " R 1)))

= Alnell + AsG.

Then
el < Avlin:ll + A2G.

In the second step, we prove that T is equicontinuous.
Let u € T (u), u € B,. Then there exists /1 € Sg , such that

wu(t)

o - (lnt)OFI - + o+, 2
=nlh(t) + Y g(t, u(e)) + > wul*h(E) — nI*h(e?)
k=1

T =)
9—62}.

—HI”< D& (9,/L(9)))
=3

r m
+ Za)jH[q(ng(G,,u )
-1 k-1
Let t;,t, € [1,€%], t; < t,. We have

’M(tz) - M(tl)‘

t a-1 a-1 ty a-1
L ((lnf_Z> _ (1n ‘_1) )Md9+ 1 <lnf_2) 1HON
') Ji 0 0 0 I'a) Jy 0 0

(Intx)* ' (Ingy)* !

Y T

+ Z|gk(t2»lt(t2)) —gk(t1,u(t1))| +

k=1

- [Z 1 (&) + (&)

j=1
+Z|w,|Hﬂ<Zlgk(9,u(9))l> +H1”(Z|gk(9’“(9))|) ]
=) P 0=¢; k=1 o=e
_l"(|1):72” e — )|+ Yot e) et 00|

k=1

|(n 1)~ — (Inty)* | ~ lojl(Ing)*rs 20
' 7] '[”’72”(; Fla+q+1) Tla+p+1)

d m - |w;l m-2
G(;Fm AP 1>>}

By the continuity of g, |(t2) — p(t1)] — 0 as t, — t;. Therefore, by the Arzela—Ascoli
theorem, 7 : C([1,€%],R) — P(C([1,€%],R)) is completely continuous.
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In the third step, we prove that for each u € C([1,€%],R), 7 (u) is closed.
In C([1, €], R), let {,}u=0 € T (1) and p,, — u(n — o). Let us prove that u € T (). It
is easy to get that 1 € C([1,€?],R), and there exist &, € Sg 5, such that for each ¢ € [1,€?],

tn(2)

m a-1 r
= 1l (0) + > gt () + ““;) [Z Ol (&) = 1I“Phy (€

k=1
062:|

Since ® has convex values, let /1, — h € L'([1,€*],R) (otherwise, we could find a subse-

Jj=1

k=1

+Y ol (ng(9, un(G))) ‘ —ul? (ng(& Mn(G)))
j=1 k=1 0=

quence converging to /), so & € Sg ,, and for each ¢ € [1,¢?], we have

() = u(t)

m a-1 r
=) + > gt (o) + “‘”T) [Z I h(E) - ul"Ph(e?)

k=1
6=e2i|

In the fourth step, we prove that for each u € C([1,€?],R), 7 (1) is convex.
If 111, 1o € T (u), then there exist /1y, hy € S, such that for each ¢ € [1, %],

j=1

—ul? (ng(e,u(e)))
0=§

k=1

+Y (ng(e, u(e))>
j=1 k=1
Hence u € T (u).
o (2)

m

Inf)*1 r
= Hlahp(t) + ng(t, Mp(t)) + ( ntT) |:Z ij1a+th(Ej) _H1a+php(62)

i =
+ Zr:wjﬁl" (i&@m@)))‘ -ul? (Xm:gk(G,Mp(G))> 2} p=12.
j=1 k=1 0=¢ k=1 f=e
Let 0 < B < 1. Then, for each ¢ € [1, %], we have
[Bir + (1 - B)ua](2)
BB+ (- Bs](0) + kf[ﬂgk(t, pa(0) + (L- Pl (0]
0

| D ol ([Bm(0) + (1- B ()]

(Ing)*! [ r
T =

0=¢

—ul*P([B11(0) + (1 - B)h2(6)])

O=e2

+ ijHIq (Z[ﬁgk(G,Ml(Q)) +(1- ﬁ)gk(&uz(@))])
j=1

k=1

o=t

Page 20 of 26
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9=e2:|

Because & has convex values, Sg,, is convex, and Bu; + (1 — B)us € T (1). So T () is

- ul? (Z[,ng(Q,lM(@)) + (1= B)gk (0, Mz(e))])

k=1

convex.
In the fifth step, we prove that the operator T is upper semicontinuous. By Definition 4.3
a completely continuous operator with a closed graph is upper semicontinuous. From the
first and second steps we have that the operator T is completely continuous, so it is only
necessary to prove that 7 has a closed graph.
Let u, — s, Uy — s, and pu, € T (u,). Since u, € T (u,,), there exists i, € Sg 4, such
that for each ¢ € [1, %],

n(t)

m a-1 r
= Hlahn(t) + ng (tr /'Ln(t)) + (lntT) |:Z ijlaJrqhn(Ej) - H1a+phn (62)

k=1
9=ez:|

j=1

+ijHﬂ(ng(e,un<9))) —HIP(ng(e,un(e)))
j=1 k=1 0=

k=1

We show that there is /, € S, such that for each ¢ € [1,¢€?],

M*(t)
o ¢ (ln t)a_l - o+ o+ 2
= 1l h(t) + ng(t,ll*(t)) M ijHI Th,(&) — yI**h.(e%)
k=1 j=1

+ Z wjrl? (ng(e; M*(e)))
j=1 k=1

- ul? (Zﬂ(&/@(@))
0=¢;

k=1

062i|

Consider the linear operator B: L'([1,€%],R) — C([1,€%],R) defined by

h— Bh)(t)

ijHIDth(E/) - H1a+ph(€2)

j=1
9:62:|

Therefore, by Lemma 4.5, B o Sg , is a closed graph operator, and w,(¢) € B(Ss 4,)-

m a-1
= Ih@) + Y gt k(o) + (lng [

k=1

+Zw,H1q(ng(@,h<e))) —HIP(ng(e,h(m))
j=1 k=1 6=¢;

k=1
Obviously, ||i, — p«|| — 0 as n — oo.

Since u, — u,, there exists /1, € Sg 4, such that

()

m a1 r
=pulh,(t) + ng (t, M*(t)) + (ln;) |:Z oI h, (&) — g I"*P b, (62)

k=1 j=1
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9=e2:|

From the above proof we can see that . € 7 (u,), that is, 7 has a closed graph, so 7 is

—ul? <ng(9r M*(e))>
k=1

+ Z wjnl? (ng(e, ,11,*(9))> ‘
j=1 k=1

0=t

upper semicontinuous.

To sum up, we obtain that the operator 7 is an upper semicontinuous compact multi-
valued map with convex closed values. It is known from Lemma 4.6 that the operator 7
has a fixed point, which is a solution of the boundary value problem (1.2). This completes
the proof. O

Theorem 4.10 On the basis of (O,), we assume that:
(03) &:[1,€%] x R — Py p(R) is L' -Carathéodory;
(Oy) there exists function ¢(t) such that for each u € R, |&(t, u)|| < ¢(¢) fora.e.t € [1,€%].

Then the boundary value problem (1.2) has a solution on [1,€?].

Proof Considering the operator 7 defined in Theorem 4.9, from the proof of the latter we
obtain that the operator 7T is a convex completely continuous multivalued mapping. So
we only need to prove that the set Q2 = {u € U : ou € T (1), 0 > 1} is bounded.

Let u € Q. Then ou € T (u), 0 > 1, and there exists a function % € Sg, such that

ou(t)

a—1 r
_HI"’h(t)+ngtQu(t)) L1 [Z 0l Th(g) — 1P h(e?)

k=1 j=1
9=ezi|

T
+Y ol (Z (6, 0u(6) > - Hﬂ’( (0, Qu(O)))
j=1 k=1 0=¢;
Because ¢ > 1, we have

|u(t)| < |ou(®)|

< ul®|h(®)] + Zlgktgu(t)ﬂ ;

k=1

- [2 )] + 1 ()

j=1
£ ljlul? <Z|gk(9,gu(9))|>‘ +H1P(Z|gk(0,gu(9))|> ]
j=1 k=1 0= k=1 f=e2

2 20 [ 2] M 2
< <—F(a+1) — (121 TSN v +p+1))> lgl

2071 (I m - |y m-2P
+ <m+ T (; (g + 1)(1n§j)q + 4F(p+ 1))) -G

= A1llgll + AqG,
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that is,
lull < A1ll@ll + ArG < 0.

Therefore the set 2 = {u € U : ou € T (u), 0 > 1} is bounded. By Lemma 4.7 the operator 7
has at least one fixed point, so the boundary value problem (1.2) has at least one solution
on [1,€?]. This completes the proof. d

Theorem 4.11 On the basis of (O1) and (O,), we assume that:

(Os) there exist a continuous nondecreasing function ¢ : [0,00) — (0,00) and a function
T € C([1, %], R*) such that for each (t,u) € [1,e*] xR, |&(t, u)| = sup{|o| : ® € &(t, u(t))} <
t(@®)e(llull);

(O¢) there exists a constant K > 0 satisfying N X

0(K)+A2G > 1.
Then the boundary value problem (1.2) has at least one solution on [1,e?].

Proof Considering the operator 7 defined in Theorem 4.9, from the proof of the latter we
just need to prove that there exists an open set H C C([1, €], R) such that for all A € (0,1)
and u € 0H, u ¢ AT (u).

Let u € AT (1) and A € (0,1). Then there exists & € L!([1,€%],R), & € Sg 4., such that for

te(l,é%],
u(t)
m a-1 r
(et h0) 2 gt uty) + 20 [Z Ol (&) - uI“Ph()
k=1 j=1

0=e2:|

+Zw]HIq(ng(9,u(9))> —HIP<ng(9,M(9))>
j=1 k=1 0=5

k=1

Since A € (0,1), for all £ € [1,€?], we have

)

(Int)*1

T

< ul|n(e)] + ) g (tu(e)] +

k=1

- [2 1 ()| w1 ()

Jj=1

> |w;|H1q<Z\gk(e, u(0)) \) ‘ +ul? (Z (60, u(6)) y) ‘ }
j=1 k=1 =5 k=1 o=e>

0=t
2 201 " ojling)  ae
< o+l Izlle(lul) + 7 {Ilrllw(llull) : (le TlatqgsD) " Tarps 1)>
" m- oy m- 2P )}
+G- (Ing)? + — ) ¢ + mG
(/Zﬂ:r(qn) 7 Tp+1)

= ArliTle(lull) + AsG.
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Therefore
lull < Arlizlie(llul) + AxG,

that is,

[l
Arlitlio(ul) + A2G

By assuming (Og) there exists K such that ||u|| # K. Let H = {u € C(I,R) : |lu|| < K}, and let
T :H — P(C([1,€%],R)) be a compact multivalued mapping with convex closed values.
By the choice of H, for A € (0,1), there is no u € dH such that u € AT (u). Therefore, by
Lemma 4.8, 7 has a fixed point u € H, which is also a solution of problem (1.2). This
completes the proof. O

Example 4.12 Consider

(D2 2Z)(t) € &(t, ut)), tel[l,e],
ZW)=Z1)=---=2z"2(1) =0, (4.5)

8 7 7 7
3 u(E®) = Sul5u(3) + Sulsu(3) + ulsu(3),

Z(t) = u(t) — (g1t u(0)) + g (¢, u(?)))

) B —(1-t)% M)]
= u(t) [(2tcos u(t) +1) + (2e 1+u@)) ]

n:S,a:%,ng,q:
Define

(t,1) = cost |u|+1 et |ul® +1
T B+ t)? 27150\ 1+ [u]2 4|

So for all u € R with ||u|| <z and for a.e. £ € [1,€?], we obviously obtain

1 1

||g1(t, i) || = sup {2tcosu+1} <2e*+1,
te[l1,e2]

||g2(t, u) ” = sup {26—(1—15)2'L|} <2.

te[1,e2] L+ |ul

Choose n,(t) = (3+1z)2 Az + %) and G = 2¢* + 1. Then all conditions of Theorem 4.9 are

satisfied. Therefore there is at least one solution of the boundary value problem (4.5) on
[1,€].
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5 Conclusion

Using different types of fixed point theorems described in Sect. 2, we have established the
existence and uniqueness of solutions of Hadamard fractional neutral differential equa-
tions with multipoint boundary value conditions and considered some suitable conditions
for the system to be Ulam—Hyers stable and generalized Ulam—Hyers stable (see Theo-
rem 3.10 and Remark 3.11, respectively). In addition, in Sect. 4, using the Bohnenblust—
Karlin fixed point theorem, the Martelli fixed point theorem, and the nonlinear alternative
for Kakutani maps, we have obtained the corresponding conditions for the existence of
solutions to fractional differential inclusion problems when multivalued mappings have
convex values. We also give some examples to show the applicability of the results. The
mentioned existence of solutions is rarely investigated for Hadamard fractional differential

inclusions and is very important.
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