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1 Introduction

Let Q be an open bounded set of R? with a sufficiently smooth boundary I' = 'y U Ty, I’y
and I'; are closed and disjoint. Denote by v = (v, v;) the external unit normal to I", and
by n = (v, v1) the unitary tangent positively oriented on I'. In this paper we consider the
following von Karman system with memory:

t
Wy — kAwy + Azw—/ h(t — s)A%w(s)ds = [w,v] in Q x (0, 00), (1.1)
0
A%v=—[w,w] in§ x (0,00), (1.2)
v:ﬂzo onT x (0,00), (1.3)
Jav
ow
w=—=0 onTI} x (0,00), (1.4)
av
t
Blw—Bl{f h(t — s)w(s) ds} =0 onTI7; x (0,00), (1.5)
0
3wtt t
Bzw—ka— - B, / h(t-s)w(s)ds; =0 onT; x (0,00), (1.6)
% 0
w(x,y,0) = wo(x,y), wi(x,9,0) = wi(x,y) in L, (1.7)

where the function / satisfies some conditions to be specified later and von Karman
bracket is given by

(W, V] = WyaVyy — 2WayViy + Wy Vs
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Here
Biw=Aw+ (1 -u)Biw and Byw= 9Aw + (1 — w)Byw,
where constant (0 < u < %) is Poisson’s ratio and
Byw =201 0yWyy — vlzwyy - v%wxx, Bow = ;—n[(vf — v%)wxy + V10 (W), — wxx)].

The equations describe small vibrations of a thin plate of uniform thickness. The second
term in (1.1) represents rotational inertia.

Munoz Rivera and Menzala [2] discussed the exponential decay of the energy for prob-
lem (1.1)—(1.7) under the usual condition

—coh(t) <H'(¢) < —c1h(t), 0=<Hh'(t) < coh(¢) (1.8)

for some ¢;, i = 0,1,2. Moreover, they showed that when the kernel /z decays polynomially,
the energy also decays with the same rate. Raposo and Santos [3] generalized the decay
result of [2]. They investigated the general decay of the solutions for problem (1.1)—(1.7)
under a more general condition on % such as

W) <-£@0h@), &6>0, &@®=<0, Vt=0, (1.9)

where £ is a nonincreasing and positive function. Kang [4] proved that the solutions for
problem (1.1)—(1.7) decay exponentially to zero as time goes to infinity in case

H(£) + yh(t) >0, [h/(t) + yh(t)]e‘” e L'(0,00), V>0,

for some y,a > 0. Lately, Kang [5] improved the decay result of [3] without imposing any
restrictive assumptions on the behavior of the relaxation function at infinity. The author
considered the general stability result for problem (1.1)—(1.7) under a relaxation function

satisfying
H(t) < -H(h(?)), (1.10)

where H is a nonnegative function, with H(0) = 0, and H is linear or strictly increasing
and strictly convex on (0, 7] for some r > 0. Recently, Balegh et al. [6] studied the general
decay rate of the energy for problem (1.1)—(1.7) with nonlinear boundary delay term. The
relaxation function / satisfies

W(t) < -€0)H (h(2)), (1.11)

where £ is a positive nonincreasing differentiable function and H satisfies the same con-
ditions as (1.10) for some 0 < r < 1.

For the case /2 = 0 in (1.1) with nonlinear boundary dissipation, Horn and Lasiecka [7]
and Bradley and Lasiecka [8] proved the uniform decay rates for the solution when ¢ goes
to infinity.
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Moreover, Cavalcanti et al. [9] considered the following problem (1.1) with the rotational

inertia coefficient k = 0:

Uy + A%y — foth(t —8)A%u(s)ds = [u,v] in Q x (0, 00),

A%v = —[u, u] in Q x (0, 00), (1.12)

u=2%=0, v==220 on T x (0,00),
where the relaxation kernel / satisfies (1.10) and H is a positive, strictly increasing, and
convex function with H(0) = 0. The rotational inertia ensures the regularity of solutions
that is needed in the estimates. They proved the global existence of weak and regular so-
lutions and provided sharp and general decay rate estimates without accounting for reg-
ularizing effects of rotational inertia by using the method introduced in [10]. Park [11]
established an arbitrary rate of decay for problem (1.12) using the assumptions on the
relaxation function due to Tatar [1].

When k = /2 = 0in (1.1) with nonlinear boundary dissipation, Favini et al. [12] and Horn
and Lasiecka [13] proved global existence, uniqueness, and regularity of solutions and
uniform decay rates of weak solutions, respectively.

For the case k = 1 = 0in (1.1) with memory-type boundary condition, Feng and Soufyane
[14] obtained an optimal explicit and general energy decay result. For more results on von
Karman plate equation with memory-type boundary condition, we refer to [15, 16].

On the other hand, for the viscoelastic wave equation, Cavalcanti et al. [17] proved ex-
ponential and polynomial decay under the usual condition (1.8). Later, this assumption
was relaxed by several authors [18—20]. Messaoudi [21] considered general stability for

the viscoelastic equation
t
Uy — Au+ / h(t—s)Au(s)ds=0 in Q x (0,00), (1.13)
0

where the relaxation function / satisfies

() < ~EOh(0), L(t):fkm 5050, E(H)<0, Vi=o. (1.14)

1£(2)

Tatar [22] investigated polynomial asymptotic stability of solutions for problem (1.13) un-
der the condition

H(t) <0 foralmostallt>0. (1.15)

Moreover, Tatar [1] established an arbitrary decay rate for problem (1.13) with assump-

tions as follows:
/ h(s)y (s)ds < +00, (1.16)
0

where a nondecreasing function y () > 0 such that % = n(¢) is a decreasing function. As
for problem of decay of the solutions for a viscoelastic system under condition (1.16), we

also refer the reader to [11, 23] and the references therein. Later, Mustafa and Messaoudi
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[24] showed a general decay rate result for problem (1.13) with condition (1.10) on a re-
laxation function. The stability of the solutions to a viscoelastic system under condition
(1.9) was studied in [25—28] and the references therein.

Motivated by these works, we study an arbitrary decay of solutions for problem
(1.1)—(1.7) for relaxation functions satisfying condition (1.16). This result improves earlier
ones concerning exponential and polynomial decay for problem (1.1)—(1.7).

The plan of the paper is as follows: in Sect. 2, we prepare some notation and material
needed for our work. In Sect. 3, we show an arbitrary decay result of the solutions for
problem (1.1)—(1.7).

2 Preliminaries
We define

d
V:{weHl(Q);w:OonFo}, W:{WEHZ(Q);W28—W=OOHF0}.
v

Integration by parts formula yields

(Azw, V) =a(w,v) + (Bow,v)r — (Blw, %) , (2.1)
r

where the bilinear symmetric form a(w, v) is given by

a(w,v) = L{wxxvxx + Wy Vyy + W (WaxVyy + Wyy Vi) + 2(1 — /L)nyvxy} ase,
where d2 = dxdy. Because I'g # ¥, we see that for ¢y >0 and ¢; >0,

C0||W||f{2(9) <a(w,w) < C1||W||§{z(9)- (2.2)
The Sobolev imbedding theorem implies that for positive constants C, and C;,

[wl*> < Cpa(w,w), IVw|? < Caa(w,w), VYwe W. (2.3)
By the symmetry of a(-, -), we get that for any w € C(0, T; H*(Q)),

alh*w,w;) = —%h(t)a(w, w) + %(h/Dazw)(t)

- %%{(hDaZW)(t) - < /O e ds)a(w, w)}, (2.4)

where
(h*xw)(t) = /th(t —s)w(s)ds,
0
(hDBZW) () := /th(t - s)a(w(-, t) —w(-,s), w(-, t) — w(-,s)) ds.
0

We introduce relative results of the Airy stress function and von Karman bracket.
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Lemma 2.1 ([2, 29]) Let w,u € H*(2) and v € HX (). Then
/ wv,uldQ2 = / viw, u] dS2.
Q Q
Lemma 2.2 ([12]) Ifw,v € HX(RQ), then [w,v] € L*(Q) and satisfies

IVlw2oo) < cliwlizpg and | wvl| < clwlmgliviivec ),

where ¢ > 0.

As in [1], we consider the following hypotheses on the relaxation function /(t):

(H1) h(¢) > 0 for all £ > 0 and
0<l::/ h(s)ds < 1.
0

(H2) #'(t) < 0 for almost all £ > 0.
(H3) There exists a nondecreasing function y(£) > 0 such that

Y'(t)
y(2)

:=n(t) isadecreasing function and / h(s)y(s)ds < +o0.
0

(2.5)

(2.6)

(2.7)

(2.8)

By using Galerkin’s approximation, we get the following result for the solution (see [2]).

For (wo,w1) € W x V, k>0,and T > 0, system (1.1)—(1.7) has a unique weak solution. For

(wo, w1) is 2-regular, the weak solution satisfies

we C([0, T, W N H(Q)), w, € C([0, TT; V N H?(R)).
We define the energy of problem (1.1)—(1.7) by

E(t) = %”wt(t) |? + §|| Vw, @) + %a(w(t),w(t)) + iumu%

3 Arbitrary decay of the energy

(2.9)

To obtain the stability of problem (1.1)-(1.7), we introduce the following notations as in

[1, 30]. For every measurable set M C R*, we denote the probability measure h by

(M) = % fM h(s) ds.

The flatness set of / is defined by

Fy, = {s eR*:h(s)>0and #'(s) = 0}.

(3.1)

(3.2)

Let ¢y > 0 be a number such that foto h(s)ds := hy > 0. We define the modified energy by

1 k 1
E® = 5 [m@)] + §||th(t) [*+ Znav®

%(1 - /:h(s) ds)a(w(t),w(t)) + %(hDazw)(t).

+

Page 5 of 14
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Multiplying (1.1) by w,(¢) and using (2.4), we have

() = —%h(t)a(w(t),w(t)) + %(h’ljazw)(t). (3.3)

From (2.7) one sees that
1
E@) < ﬁg(t)’ vt > 0. (3.4)
First, we define the standard functionals
®(t) = / we(E)w(t) d2 + k/ Vw(£)Vw(t) dS,
Q Q
t
U(t) = / (kAw(2) — we(2)) f h(t - s)(w(t) — w(s)) dsd,
Q 0
and the new one
t
E(t) = / G,(t- s)a(w(s), w(s)) ds,
0
where
6,0)=y®" [ hy©ds
t
Now let us define the perturbed modified energy by
F(t) = ME(t) + &1D(¢) + £W(2) + £ E(2), (3.5)

where M and §;(i = 1,2, 3) are positive constants to be specified later. Using the methods
presented in [1, 4, 5], we get the following lemmas.

Lemma 3.1 Assume that (H1) holds. Then, for M > 0 large, there exist oy > 0 and o1 >0
such that

ap(E@) + B®) < Ft) <an(E() + E(1)), VE=0. (3.6)

Proof From Young'’s inequality, (2.3), and (2.7), we obtain

0] < 3 [m@]*+ S [vwo + T awo, o) < cie (37)
and

W) < S w)| + §H w(o)|* + W(mazw)(m < GE®), (3.8)
where C; = max{1, 25} and C, = max({1, (C, + C;k)I}. By (3.7) and (3.8), we find that

|F(t) - ME(2) - EE(1)] < CE(),
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where C; = §;C; + £C,. Setting og = min{M — Cs, &3}, oy = max{M + Cs,&3} and taking
M > 0 large, we complete the proof of Lemma 3.1. O

Lemma 3.2 Assume that (H1)—(H3) hold. Then, for each ty > 0 and all measurable sets
M and N with M =R*\ N, it is satisfied that

F'@) < {81+ E62—ho)} |[we | + k{&1 +£:(82 - 20)} | Vwe(0)|*

+F4u—m(&+y§M§+&@ﬁmﬂ

-& (1 - é) +&G, (0)}4(W(t); w(?))

+ 521(14——61]10 +1+ % + 2%2) /Mt h(t - s)a(w(t) —w(s), w(t) — w(s)) ds

+&Lh(N) (1 +8, + %) /M h(t — s)a(w(t) — w(s), w(t) — w(s)) ds

3

& & (1 - ho)
2 2

M &h(0)(Csh + Cp)
* (7 - 45,

(T0%w) (8) +

/ h(t - s)a(w(s), w(s)) ds
Nt
)wnywm

+ (% - éa) /ot’%t = s)a(wls), w(s)) ds

~&nOE@) -&lAvI®,  Ve=t, (3.9)
where C, is a positive constant.
Proof From (1.1)—(1.6), (2.1), (2.5), and (2.7), we have
®'(2) = |we®)|” + k| Vw0 - a(w(e), wie)) + % ( /o o) ds)a(w(t), w(t))
+élﬁw—wdwmm@»m—%wmwmu+WAw2
< 0+ K| 9w - (1- 5 Jalute) wto)

+ % /Oth(t - s)a(w(s),w(s)) ds — %(hD32w)(t) —|lAv|? (3.10)

Similarly, we conclude that

w'(t) = (1—/th(s)ds> /th(t—s)a(w(t)—w(s),w(t)) ds
0 0
h(t - - | h(t- - dr )d
+/0 (¢ s)a(w(t) w(s)/o (¢ T)(W(t) w(r)) r) s

K / W= 5)(ViE) = Vls), Vi) ds
0

Page 7 of 14
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_ / W= 5)(w(8) — wls) wi(D)) i
0

_ / h(t - s)(w(e) — w(s), [w,v]) ds - (/ h(s) ds) [[we(2) Hz
0 0

- k( /O ) ds> |Vwi(e)|*
=(1- | his)ds|h+L+---+1
( /(; (s) S) 1+i2+--+ 15
—< f h(s)ds) ||wt(t)||2—k< / h(s)ds) | Vw0 (3.11)
0 0

For all measurable sets M and N such that M = R* \ A/, using Young’s inequality, (2.7),
and (3.1), we obtain that for §; > 0,

L = /M h(t - s)a(w(t) —w(s), w(t)) ds + (/ h(s) ds)a(w(t), w(t))

t

- / h(t - s)a(w(s), w(z)) ds
Nt

< (81 + 3lh(Jv))a(w(t), w(t)) + ﬁ /M h(t - s)a(w(t) —w(s), w(t) — w(s)) ds

+ % /M h(t—9)a (w(s), w(s)) ds, (3.12)
where M; := M N [0,¢] and NV; := NN [0, ¢]. Similarly, we have that for §; >0,
L = a(/oth(t —8)(w(t) - w(s)) ds, /Ot h(t - s)(w(t) - w(s)) ds>
= a(/ h(t - s)(w(t) - w(s)) ds,f h(t —5s) (w(t) - w(s)) ds)
Mt Mt

+2a (/ h(t - s)(w(t) - w(s)) ds,/ h(t - s)(w(t) - w(s)) ds)
M,

t

' a(//\/z h(t =) (w(t) = w(s)) ds, /M h(t - s)(w(t) — w(s)) ds)

< (1 + i>l h(t - s)a(w(t) —w(s), w(t) - w(s)) ds
8 M;

1

+(1+ 801?1(/\/)/ h(t— s)a(w(t) —w(s), w(t) — w(s)) ds. (3.13)

t

Applying Young’s inequality and (2.3), we get that for §, > 0,

t 2
5| < k8, | Vwi(8)|” k f ( / h/(t—s)|VW(t)—VW(s)’d5> e
Q 0

LK
48,

< ké, ||VW,(t)||2 - %(Wueﬂw)(n, (3.14)

L] < 8 | w, (@) - HO)C, (HD18%w)(2). (3.15)

46,

Page 8 of 14
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By Young’s inequality, we find that for §3 > 0,

2

|Is5| < 8] [w, ] ||2+4—;3H /0 h(t — s)(w(£) — w(s)) ds]| . (3.16)

Using (2.2), (2.6), (2.9), (3.4) and the fact £(t) < £(0) = E(0), we see that

A 2
117 = €40 00 gy = it i) (200

2
< C—a(w(n,w(t))(%(f_ Z)Sm) < CLE2(Oa(wlt), w(t),

4c4
a1-02"

where C, = From Young’s inequality, (2.3), and (3.1), we obtain

2

/t h(t - s)(w(t) - w(s)) ds
0

2

) H /Mt h(t =) (w(t) = w(s)) ds + /M h(t - s)(w(t) — w(s)) ds

<2 / h(t - s) | w(t) — w(s) | ds + 20h(N) / h(t - s)| () — w(s)||* ds
M, Ni
<2IC, / h(t - s)u(w(t) —w(s), w(t) — w(s)) ds
M

+ 211:1(N)Cp/ h(t - s)a(w(t) —w(s), w(t) — w(s)) ds.
Nt

Inserting these estimates into (3.16), we have

|I5] < 83C.E*(0)a(w(t), w(t)) + 16, / h(t - s)a(w(t) — w(s), w(t) — w(s)) ds
283 J m,

Ih(N)C,
2683

+

/ h(t - s)a(w(t) —w(s), w(t) — w(s)) ds. (3.17)
Nt
Substituting (3.12)—(3.15) and (3.17) into (3.11), we arrive at
W(t) < k<52— / th(s) ds) [Vw:e)|” + (52- / th(s) ds) [wee)|*
0 0
/f 31h(N) )
+ {(1 — [ k(s ds) (81 r— ) +683C.E (O)}a(w(t),w(t))
0

t 1 1 C
+1 1—/h(s)ds — +1+—+ -2
0 46, 8 283

X / h(t = s)a(w(t) — w(s), w(t) — w(s)) ds
M,

+ l]:l(N) (1 +01 + 2%’;) /M h(t - s)a(w(t) —w(s), w(t) — w(s)) ds
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1 t
+ 5 <1 - /(; h(s) ds) . h(t - s)a(w(s), w(s)) ds
~ h(0)(Csk + C,)

/ 2
3, (HD0*w)(2). (3.18)

A differentiation of E(¢) yields

y'(t—s)
y(t-s)

- /t h(t - s)a(w(s), w(s)) ds
0

B'(t) = Gy(O)a(w(t), w(t)) —/0 G, (- s)a(w(s),w(s)) ds

<G, (O)a(w(t), w(t)) -n(t)E(¢) - /0 h(t - s)a(w(s), w(s)) ds, (3.19)

where we have used the fact that V = n(¢) is a nonincreasing function. Since / is positive,
we get fo h(s)ds > hg for all t > to, and combining (3.3), (3.5), (3.10), (3.18), and (3.19), we
obtain the desired estimate (3.9). (I

Now, we are ready to prove the following arbitrary decay result.

Theorem 3.1 Assume that (H1)—(H3), E(0) < \/T’ and h(Fh) <3 L hold. If hy > and

G,(0) < w , then there exist positive constants ty, w, and C such that

E(t) < y(—f)w fort>t,.

Proof Asin [1, 30], we introduce the sets
M, = {s eRY:ul'(s) + h(s) < 0} and N, =R*\M,, neN.

Observe that

UM =R\ {FUN,),

n=1

where Nj, is the null set where /' is not defined and F, is given in (3.2). Because N,,;1 C N,
for all n and N2, N, = F, U Ny, we have

lim A(N,) = h(E,). (3.20)

n—00

Choosing M = M, N' = N,,, and 83 = % in (3.9), we find that

F'(t) < {1+ &(82 — ho) } || we(2) ||2 + k{&1 + £2(82 — ho) } | Vwe(2) H2

Ih(N, !
+ {52(1 —]’lo)<51 + > (ZA/ )) ‘2:21 (1 - —) +§G, (O)} (w(t), w(p))

{ <1—h0 1 2C.C,EX0)&, 1 (M &hK(0)(Csk + Cp,)
oo 25025 et )

+1+—+
45, 51 2-0& n\ 2 48,

Page 10 of 14
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X h(t—s)a (w(t) —w(s), w(t) — w(s)) ds

Mnt
A C.C,E?
; {ézlh(/\/n)<1 o 2(2117[)?3)52) o }(hmaz W)(6) — Esn(OE()
+{§2(12—ho) __g?,}/h(t s)a(w(s), w(s)) ds
—&llAv)®, V=1, (3.21)

where M,,, = M,, N [0,t]. For small 0 < & < hy, by taking & = (ho — €)&», (3.21) yields

F(t) < &8 — &) [we0)|* + k&2(85 — &) | Vi 0) |

Ih(N, I
+{§2(1—h0)<51+3 ;A/)> (ho—&)&2(B+ (1 - ,3))(24)

+&G, (0)}a(W(t), w(t))

{ (1—h0 1 2C*Cp152(0)> 1<M szh(O)(Csk+cp))}
+1&l —r ) -

1 —
35, s T2 Dhe-9) n\2 43,

X h(t—-s)a (w(t) —w(s), w(t) — w(s)) ds

Mnt
. 2C.C,E2(0) \ ho— _
+ Eg{lh(Bn)(l +81+ - l)fho - s)) - 02 £ }(th)ZW)(t) —&n(H)E(2)
{52(1 - ss} / (e - )a(wls), wls)) ds
—(ho = O)&IIAVI?,  VE>t, (3.22)

where 8 = ii; lh") From (3.20) and }Az(Fh) < %, there exists ny € N large such that

h(N,) < % (3.23)

for n > ny. By (3.23), we get that for n > n,

(1—ho>(3lh(2N”)) ﬁho( 4’)

Then we can take a constant g1 > 0 such that

1- h0)<3lh(2/\[n)> < Bhy - s)(zT_l) forn>nyandO<e <ée;. (3.24)

Because [ = fooo h(s)ds and E(0) < there exists ¢; > 0 large such that

‘/CC’

[
3 <hy and /C,C,E(0)<ho<l forty=>t,

Page 11 of 14
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and then there exists a positive constant &, > 0 with g, < &1 small such that

[
§<h0—8 and /C.C,E(0)<hy—e<l forty>t;and0<e <e,. (3.25)

By (3.23) and (3.25), we have that for £y > t;, n > np, and 0 < & < &,

- 2C,C,E*(0) ho—¢ - ~ 2C,C,E*0) ho-¢
lh(./\fn)(1+ (2—l)(h0—£)> - < Ih(N,) + h(N,) e 2
Loh—e (3.26)
8 4

Then, from (3.24) and (3.26), we can choose §; > 0 small enough such that for ¢, > t;,

n>ng,and 0 < ¢ < g,

(1—h0)(51 + Blh;M1)> —/S(hQ—E)(ZT_l) <0, (327)

" 2C.C,EX(0) \ ho—¢

lh(/\/'n)(1+81+ (2—1)(h0—8)) - <0. (3.28)
(8-Dho-31

> 0. Once ny, &9, and £; are fixed, we

i
From the fact & <hg<l,weseethat1 -8 = 0o

choose n = ny, € = &9, and ¢y = £;. Next we take &, and &; satisfying

£ (8 — l)ho — 31

E < 53 < 32GV (0) EQ. (329)

This is possible if G, (0) < W. Using (3.25) and (3.29), we obtain

52(12_ ) ¢ <0 (3.30)
and
-1 —Dho -3l ho —
§3Gy(0)—§2(1—ﬂ)(h0—8)(2T)<(8 )160 > (%— 0h08)52<0~ (3.31)

Finally, we select §; > 0 small enough and M > 0 large enough so that

8y—€<0 (3.32)
and
1-ho 1 2C.C,E*(0) 1(M &h(0)(Csk + Cp)
‘i:Zl< 45, +1+g+7(2—1)(h0—8))_;(?_—482 <0, (3.33)

respectively. Combining (3.22), (3.27), (3.28), (3.30)—(3.32), and (3.33), we deduce that

F'(t) < -Ci&(t) - En(t)E(), t=> 1k,
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for some positive constant C,. Using the fact that n(t) is decreasing and Lemma 3.1, we
find that

n(t)
“(to)
—on(t)F (@), t=>to, (3.34)

F'(t) —2E(t) - &n()E@) < —Csn(0)(E() + E(2))

IA

where Cs = min{%, &land w = g—f From (2.8), (3.6), and (3.34), we conclude that

t y'(s)
a0(£() + BB) < F(t) < Flto)e 0" = F(zg)e o 77 %

= Flto)y (t)?y (), t=to.

By the fact E(¢) > 0 and (3.4), we infer that

E(t) < ¢ t>t
_y(t)wr = Loy

F o)y (to)®
where C = W. O

Remark We give some examples to illustrate the decay of energy given by Theorem 3.1
(see [1, 11]).
(1) y(t) =e*, a >0, gives n(¢) = o and E(¢) < ﬁ for some positive constants C and w.
(2) y(®) =1 + )%, a >0, leads to n(¢) = (1l + £)™! and E(¢) <
constants C and w.

M for some positive

4 Conclusions
In this paper, we study the von Karman plate model with long range memory. Our result
is obtained without imposing the usual relation between the relaxation function /# and

its derivative. Assume that (H1)—(H3), E(0) < \/%, and ljz(Fh) < l hold. If /g > 83—_11 and

G,(0) < (8- lho &l , then there exist positive constants %, w, and C such that

C
E(t) < —— fort>¢t.
y () 0
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